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On the LP-geometry of autonomous
Hamiltonian diffeomorphisms of surfaces

MICHAEL BRANDENBURSKY AND EGOR SHELUKHIN

We prove a number of results on the interrelation between the LP-
metric on the group of Hamiltonian diffeomorphisms of surfaces
and the subset A of autonomous Hamiltonian diffeomorphisms.
More precisely, we show that there are Hamiltonian diffeomor-
phisms of all surfaces of genus g > 2 or g =0 lying arbitrarily
LP-far from the subset A, answering a variant of a question of
Polterovich for the LP-metric.

1. Introduction and main results

In contrast to the case of finite-dimensional Lie groups, the subset of elements
A of the group G of Hamiltonian diffeomorphisms lying on a one-parameter
subgroup, called autonomous Hamiltonian diffeomorphisms, is very thin from
several points of view. For example it is folklore in symplectic geometry that,
analogously to the case of general diffeomorphism groups, A does not contain
a neighborhood of the identity transformation in, say, the C'*°-topology.

L. Polterovich has proposed to study the inclusion A C G from a metric
point of view. We study the geometry of this inclusion when G is endowed
with the LP-metric, given by taking LP-norms of Hamiltonian vector fields
with respect to an auxiliary Riemannian metric and volume form. The main
result of this paper, applicable for surfaces of genus g =0 and exponent
p > 2, 0or g > 2 and exponent p > 1, is that with respect to the LP-metric, A
is not coarsely dense: for every given number C' > 0, there exists an element
¢ € G whose LP-distance to any element of A is greater than C. Analogous
results for the Hofer metric [15, 18] on G, given by taking the C%-norms
of normalized Hamiltonian functions, have recently been obtained for e.g.
surfaces of genus g > 2 by Polterovich and the second named author [22].
Note that for exponents 1 < p < 2, neither result follows from the other.
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We further refine our main result showing that for every positive integer
k, the same conclusion holds when A is replaced by the subset A* C G,
the image of A x -+ x A (k times) in G under the multiplication map. We
remark that {A*}ien form an increasing sequence of subsets of G whose
union is the whole group G, i.e. A is a generating subset for G.

Our methods involve quasimorphisms on the group of Hamiltonian dif-
feomorphisms G of a surface that were introduced and first studied in [14]
(and were further investigated in numerous other publications [8-10, 21, 23]).
The class of quasimorphisms on G that we use is produced by an averaging
procedure from quasimorphisms on the fundamental groups of spaces upon
which G acts. The spaces are configuration spaces X,,(2,) of distinct ordered
n-tuples of points on the orientable surface 3.

These quasimorphisms were shown to be Lipschitz in the LP-metric in
many cases |8, 10| and are conjectured to have this property for all n and
all surfaces 3, the higher genus case seeming more technically involved.
In particular in the case of T? no such quasimorphism has been shown to
be Lipschitz in the LP-metric which shall be the subject of a subsequent
work. Sometimes the above quasimorphisms have the additional property
of vanishing on the subset A of autonomous Hamiltonian diffeomorphisms.
Whenever both properties are satisfied, our result holds.

We therefore continue to show that for each surface 3, other than T2
there exists an integer n > 0 and an infinite-dimensional subspace of homoge-
neous quasimorphisms on G transgressed from quasimorphisms on X, (%)
with the required two properties. The vanishing property follows from an
analysis of the braids traced by the flow of an autonomous Morse Hamil-
tonian in the genus g = 0 case, and by mapping class group considerations
in the higher genus case, the passage from Morse Hamiltonians to general
Hamiltonians being enabled by the Lipschitz property.

Whenever the vanishing property holds, we can show that the word met-
ric with respect to the generating set A has infinite diameter, which we hence
prove along the way for all genera other that g = 1, thus reproving results
from [5, 9, 14] in detail.
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1.A. Preliminaries

1.A.1. Autonomous Hamiltonian diffeomorphisms. Let X, be a
compact connected orientable surface of genus g with k boundary com-
ponents equipped with a symplectic form w, and as usual we denote by
G = Ham(3X, ;) the group of Hamiltonian diffeomorphisms (cf. [2, 20]) of
Y,k Let H: 3, — R be a smooth function which vanishes in some neigh-
borhood of 0%, }. It defines a time-independent vector field Xy which is
uniquely determined by the equation dH (v) = w(v, Xg) for each vector field
v. Let h be the time-one map of the flow {h;} generated by Xpg. The dif-
feomorphism h preserves w and every diffeomorphism arising in this way is
called autonomous. Since X has the property of being tangent to the level
sets of H, each diffeomorphism h; preserves the level sets of H.
We define the autonomous norm on the group G by

| fllaut == min{m € N| f = hy - - - hy,, where each h; is autonomous} .
The associated metric is defined by

dAut(fa h) = Hfh_lHAut-

Since the set of autonomous diffeomorphisms is invariant under conjugation
the autonomous metric is bi-invariant. For the same reason the subgroup
generated by the autonomous diffeomorphisms is normal (and non-empty).
Hence by a fundamental theorem of Banyaga [2| stating that G is simple
for £ =0 and the kernel of the Calabi homomorphism is simple for k # 0,
it is easy to see that the set of autonomous diffeomorphisms generates G.
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Therefore the autonomous norm of any element f € G is well-defined. We
note that since the autonomous norm is subadditive, its stabilization

1
o := lm =¥ au
Il = B ¥l
is well-defined.

1.A.2. The LP-metric. Let M denote a compact connected oriented Rie-
mannian manifold (possibly with boundary) with a volume form u. We
denote by G = Diff.o(M, i) the identity component of the group of dif-
feomorphisms of M preserving u, that are identity near the boundary if
OM # 0. Alternatively, in the case of non-empty boundary, one can consider
the open manifold M \ M and take compactly supported diffeomorphisms
preserving /.
Given a path {f;} in G between fy and f1, we define its LP-length by

Wb = [ ar (] mw)i ,

where X; = % v—=tfy o f;1 is the time-dependent vector field generating the
path {f;}, and | X}| its length with respect to the Riemannian structure on
M. As is easily seen by a displacement argument, this length functional
determines a non-degenerate metric on G by the formula

dp(fo, f1) = inf 1,({/:}),

where the infimum runs over all paths {f;} in G between fy and fi. It is
immediate that this metric is right-invariant. We denote the corresponding
norm on the group by

1Fllp = dp(1d, £)-

Clearly d(fo, f1) = Ifify [[p- Similarly one has the LP-norm on the univer-
sal cover G of G, defined for f € G as

1fllp = inf L({£:}),

where the infimum is taken over all paths {f;} in the class of ]7 For more
information see [1].

We note that up to bi-Lipschitz equivalence of metrics (d and d’ are
equivalent if %d < d' < Cd for a certain constant C' > 0) the LP-metrics on
G and on GV are independent of the choice of Riemannian structure and of
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the volume form p compatible with the orientation on M. In particular ques-
tions on the large-scale geometry of the LP-metric enjoy the same invariance
property.

1.A.3. Quasimorphisms. The notion of a quasimorphism will play a key
role in our arguments. Quasimorphisms are helpful tools for the study of non-
abelian groups, especially those that admit few or no homomorphisms to the
reals. A quasimorphism ¢: I' = R on a group I' is a real-valued function
that satisfies for any two v1,v2 € I' the relation

d(1172) = d(m1) + d(2) + b(71,72),

for a function b: I' x I' — R that is uniformly bounded:

Dy := sup |b] < oc.
I'xI

A quasimorphism ¢: I' = R is called homogeneous if ¢(f*) = ko(f) for
all fel and k € Z. To any quasimorphism ¢: I' = R there corresponds
a unique homogeneous quasimorphism ¢ that differs from ¢ by a bounded
function:

sup ¢ — ¢| < o0

It is called the homogenization of ¢ and satisfies

o)
5= fim =

The key property of a homogeneous quasimorphism is that it restricts to
an actual homomorphism on every abelian subgroup. A homogeneous quasi-
morphism ¢: I' = R is called genuine if it is not a homomorphism. We refer
to [11] for more information about quasimorphisms.

1.B. Main results

Let G = Ham(3X,) be a group of Hamiltonian diffeomorphisms of 3,. The
main technical result of this paper is the following

Theorem 1. Letg=0andp > 2, org>1 andp > 1. Then there exists an
infinite-dimensional space of homogeneous quasimorphisms G — R that are
both Lipschitz in the LP-metric and vanish on all autonomous Hamiltonian
diffeomorphisms.
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Remark. Let D? denote an open unit disc in the Euclidean plane, i.e D? :=
30,1. Then the above theorem follows from Theorem 2.3 in [9] combined with
Theorem 2 in [§]. If g # 1 then the statement of the above theorem holds
in the case of Ham(X, ;) as well. The proof of this fact follows immediately
from the proof of Theorem 1.

As a corollary we obtain the main result of this paper, showing that
A C (G,dp) is not coarsely dense. For a diffeomorphism f € G and a subset
S € G we define the distance dp(¢,S) from f to S by

4,(/,5) i= int dy(f,h).

Corollary 1.1. For every K > 0 there exists a Hamiltonian diffeomorphism
[ € G such that dp(f', A) > K.

Proof. Let ¢ be a non-vanishing homogeneous _quasimorphism provided by
Theorem 1. Hence there exists f € G such that ¢(f) # 0. Then for h € A we
have the following inequalities:

()] — Dy < [8(F) + 6(h™") + (£, b)) = [B(Fh 1) < C5 - dy( £, h),

where the rightmost inequality follows from the Lipschitz property, and the
leftmost inequality follows from the vanishing condition, since A~ € A. We
conclude that

[6(f)| = Dz < C5 - dy(f, A).
Therefore denoting ¢ := |[¢(f)| > 0 and taking f’ = f™, we observe that
d,(f', A) satisfies
c-m — Dg S Ca dp(f/,.A),
and the proof follows. O
Slightly upgrading the proof, we have

Corollary 1.2. For every K >0 and k € N there exists a Hamiltonian
diffeomorphism f' € G such that d,(f', A¥) > K.

Indeed for each h = hy o --- o hy € AF we have |¢(h)| < (k — 1)Dg. There-
fore d,,(f™, A¥) satisfies

6(f) - m — kD3 < C5 - dy(f™, AF).

By taking a sufficiently large m and f’ = f™, we conclude the proof of the
corollary.
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Remark. Note that every homogeneous quasimorphism provided by Theo-
rem 1 is genuine. This fact together with Corollary 1.2 imply that the metric
group (G,days) has an infinite diameter. Moreover, the same fact implies
that G is stably unbounded with respect to the autonomous metric, i.e. there
exists g € G such that ||g||st > 0.

2. Proof of the main technical result

Our proofs of the genus zero case and of the case of hyperbolic surfaces are
different. Before we start proving the main result, let us recall two construc-
tions, one due to Gambaudo and Ghys [14] and the other due to Polterovich
[21], of quasimorphisms on the group G of Hamiltonian diffeomorphisms of
compact surfaces.

2.A. Quasimorphism constructions

Let ¢ = 0. In what follows we recall a construction due to Gambaudo and
Ghys [14], cf. [10], of a homogeneous quasimorphism on the group G of Hamil-
tonian diffeomorphisms of the two-sphere S? which is produced from a quasi-
morphism on the spherical pure braid group P, (S?).

2.A.1. Gambaudo-Ghys construction. Let {f;} € G be an isotopy from
the identity to f € G and let w € S? be a basepoint. For each x € S? let us
choose a short geodesic from w to  and denote it by s,,. For y € S? we
define a loop 7.1 [0,1] = S? to be a concatenation of paths sy, fai—1(y)
(here ¢ € [§, 2]) and s ()0-

Let X,,(S?) be the configuration space of all ordered n-tuples of pair-
wise distinct points in the sphere S?. It’s fundamental group (X, (S?))
is identified with the spherical pure braid group P,(S?). Fix a basepoint
z=(21,...,2,) in X,(S?). For almost every x = (x1,...,2,) € X,(S?) the
n-tuple of 100ps (Yz, 25 - - - Va2, ) 18 a based loop in the configuration space
X, (S?). Let

V(ft’x) € Pn(SQ) = ﬂ-l(Xn(S2)vz)

be an element represented by this loop.
Let ¢: Pn(Si) — R be a homogeneous quasimorphism. Define the quasi-
morphism ®,,: G — R by

n({fe}) / o(v(ft; )
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The fact that the above function is a well defined quasimorphism follows
from [10]. Recall that Smale proved that m1(G) = Z/2Z, see [24]. Hence the
homogenization ®,, of ®,,, being a homomorphism on all abelian subgroups
(cf. [11]), descends to a well defined homogeneous quasimorphism ®,,: G —
R which neither depends on the choice of short geodesics, nor on the choice
of the base point. For any choice of an isotopy {f;r} between the identity
and f* it can be computed as

671(]0) = klglgo (I)n({ft,k})/k‘

2.A.2. Polterovich construction. Let g >1 and z € X,. Denote by
Diffy(3,,w) the identity component of the group of area preserving diffeo-
morphisms of 3, and by G its subgroup of Hamiltonian diffeomorphisms. It is
known that the group 71 (%, z) admits infinitely many linearly-independent
homogeneous quasimorphisms, see [12]. Let

¢:m(Xg,2) > R

be a non-trivial homogeneous quasimorphism. For each = € 3, let us choose
an arbitrary short geodesic path from x to z. In [21] L. Polterovich con-
structed the induced non-trivial homogeneous quasimorphism @ on
Diffy(24,w) as follows.

For each x € 3, and an isotopy { fi };c(o,1] between Id and f let f, be the
closed loop in M which is the concatenation of a short geodesic path from
z to x, the path f;(z) and a short geodesic path from f(z) to z. Denote by
[f2] the corresponding element in 71 (3, 2) and set

of) = [@lse B = Jim 1 [FH(HDe
3, 3,

k—o0

The maps ® and ® are well-defined quasimorphisms because the center
Z(m(Xy,2)) is trivial and every diffeomorphism in Diffo(3,,w) is area-
preserving. In addition, the quasimorphism ® depends neither on the choice
of the family of geodesic paths, nor on the choice of the base point z. More-
over, if ¢ is not a homomorphism, then ® is not a homomorphism, i.e. if ¢
is genuine then ® is also genuine. For more details see [21].

Recall that G is the commutator subgroup of Diff((3,,w) (cf. [2]). It fol-
lows that every genuine homogeneous quasimorphism ¢ on m1(Xg, 2) defines
a genuine homogeneous quasimorphism ®g on G which is the restriction of

P to G.
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2.B. Continuity of the Gambaudo-Ghys and Polterovich
quasimorphisms

The aim of this subsection is to prove the following technical results which
will be used in the proof of Theorem 1.

Theorem 2.1. Let H: S - R and {H}3°, be a sequence of functions
such that each Hy: S*> — R and Hj —> H in C'-topology. Let hi and

hi1 be the time-one maps of the Hamzltoman flows generated by H and Hy,
respectively. Then for each n

lim 6n(hk’1) = 6n<h’1)7
k—00

where ®,, is a quasimorphism induced by the Gambaudo-Ghys construction.

Theorem 2.2. Letg>1, H: ¥, — R and {H}}2, be a sequence of func-
tions such that each Hy: 3, — R and Hp % H in C'-topology. Let hy

and hy 1 be the time-one maps of the Hamzltom(m flows generated by H and
Hj, respectwely Then

hm @(hk 1) (hl),

k—o0

where ® is any quasimorphism induced by the Polterovich construction.
Proof. In [10] the authors proved the following

Theorem 2.3 ([10]). Letn >0 and ®, be a homogeneous quasimorphism
induced by the Gambaudo-Ghys construction. Then ®,, is Lipschitz with
respect to the L3-metric on the group G of Hamiltonian diffeomorphisms of
S2?, i.e. there exists C > 0 such that Vh € G

P (h) < C|llls.
In addition, in [8] the first named author proved the following

Theorem 2.4 ([8]). Let £, be a closed hyperbolic surface, and ® a homo-
geneous quasimorphism induced by the Polterovich construction. Then ® is
Lipschitz with respect to the L3-metric on the group G of Hamiltonian dif-
feomorphisms of 34, i.e. there exists C' > 0 such that Vh € G

B(h) < |1
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Lemma 2.5. Let g# 1 and H: ¥, — R be a smooth function. Then for
any € >0 and p € N there exists 0, > 0, such that if H is 6,-close to a
smooth function F: ¥, — R in C-topology, then

dS(hpa fp) <€,

where hy and fy are the Hamiltonian flows generated by H and F' respectively,
and h and f are time-one maps of these flows.

Proof. We replace D? by ¥, and da with d3 in the proof of Lemma 3.7 in
[9]. Now the proof is identical to the proof of Lemma 3.7 in [9]. O

Proposition 2.6. Let g # 1 and H: X, — R. Then for any € > 0 there
exists § > 0, such that if F: 3, — R is 6-close to H in C*-topology then:

[W(h) =¥ (f)] <e

where ¥ = ®,, in case when X, = S?, and U = & in the higher genus case,
and h and f are time-one maps of flows generated by H and F'.

Proof. Fix some € > 0. Denote by K the constant which was defined in Theo-

rem 2.3 in case of genus zero (it was denoted by C), and in Theorem 2.4 in the
higher genus case (it was denoted by C’). Take p € N such that % <e.
It follows from Lemma 2.5 that there exists J, > 0, such that if F' is d,-close

to H in C'-topology, then d3(fP, h?) < 1. Thus we obtain

[T(f) - T(h)| = _DWJFW(fph_p)‘.

[W(f7) —w(h")| < )

1
p
Depending on the case, it follows from Theorem 2.3 or from Theorem 2.4
that

[W(fPhP)| < Kds(Id, fPhP) = Kds(f?, hP) < K.

Thus

— = Dg+ K
\xp(f)—q/(h)|<q’T<e. -

Proposition 2.6 concludes the proof of Theorems 2.1 and 2.2. 0
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2.C. Proof of Theorem 1 — the spherical case
Let B,, and B, (S?) be the standard Artin braid group and the spherical
braid group on n strands respectively. The group B,, admits the following
presentation:

B, = (01,...,0n-1 | 0i0; = 0j0;, |i —j| >2; 0i04410; = 0i11040i11,)

where o; is the i-th Artin generator of B,,. The group B,,(S?) has the same
generators and relations as B,, and one extra relation given by

Op =01~ an,gag_lan,g o1 = 1.
It follows that these relations define an epimorphism
II: B, — B,(S?).

Note that if n > 3 then both B,, and B, (S?) are infinite groups. Fix n > 3
and let n;, =051~ 020%02 ---0;_1 € B, be the braid presented in Fig-

ure 1.

N

i—1

o~

Figure 1: The braid ;.

Denote by A,, < B,, the free abelian group of rank n — 1 generated by
{nin}? s, and by A, (S?) < B,(S?) the abelian group II(A,,).

For a group I' let us denote the space of homogeneous quasimorphisms
on I' by Q(T"). Since the mapping class group of an n-punctured sphere is
isomorphic to the quotient of B,,(S?), and by results of Bestvina-Fujiwara [3]
the space of homogeneous quasimorphisms on the mapping class group of an
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n-punctured sphere is infinite dimensional (recall that n > 3), it follows that
dim(Q(B,,(S?))) = oo. The group A,,(S?) is abelian of finite rank, hence

dlm(Q(Bn(82)7 An(s2))) = 00,

where Q(B,,(S?), A,,(S?)) is the subspace of Q(B,(S?)) which consists of
homogeneous quasimorphisms on B,,(S?) which vanish on A,,(S?).

Let Q(G,.A) be the space of homogeneous quasimorphisms on G which
vanish on the set A of autonomous diffeomorphisms. Also denote by

66,: Q(Bn(5?) = Q(9)

the linear map which is given by the Gambaudo-Ghys construction. By the
result of Ishida [16] the map &®,, is injective for all n. Since for n > 3 we
have

dlm(Q(Bn(s2)a An(SQ))) =0

and &®,, is injective, then in order to show that
dim(Q(G, A)) = o0
it is enough to show that

Im(68, |, (s2),A.,.(s2))) C Q(G, A).

Let p > 2. In [10] the authors proved that every quasimorphism which
lies in the image of the Gambaudo-Ghys map &®,, is Lipschitz with respect
to the LP-metric on G. It follows that in order to complete the proof, it is
enough to prove the following.

Proposition 2.7. Let ¢: B,(S%) — R be a homogeneous quasimorphism
which vanishes on A, (S?). Then the induced homogeneous quasimorphism
®,,: G — R vanishes on the set A.

Proof. Since Morse functions on S? form a dense subset in the set of all
smooth functions in the C'-topology [19], by Theorem 2.1 it is enough to
prove the statement for Morse autonomous diffeomorphisms. We say that
a Hamiltonian diffeomorphism h is Morse autonomous if it is generated by
some Morse function H: 82 — R. The set of all Morse autonomous diffeo-
morphisms is denoted by Aniorse-

The idea of the proof relies on the fact that n points on different level
curves of H trace a braid which is "almost conjugate" to a braid in A,,(S?).
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More precisely, let h € Aniorse Which is generated by a function H and take a
point x = (1,...,7,) € X,(S?) such that each z; lies on a different regular
level set of H. Let {h¢};c(0,00) be the Hamiltonian isotopy generated by H
and put h := hy. We have the identity of braids

1,h,k,x Ian—l,h,k,m

m
’)/(hk,fl') = ah7k7$/81 n—1 O/h,k,arv

where the word length of the braids ay,j , and 04;1 1. 18 universally bounded
by some natural number C' which depends only on ’n, all the braids (; com-
mute with each other and each f3; is conjugate in B, (S?) to some II(n;,) €
A, (S?). Note that a similar identity of braids in the case of a disc was
established in [7, Theorem 4.5|, cf. [6]. It follows that

SO o |9kl + 160 40

lim <
k—o00 k—o00 k
Y Iminkall6(B)] + 2D
+ lim .
k—o00 k

Since ¢ is a homogeneous quasimorphism, the value of ¢ on conjugate ele-
ments is the same and by our hypothesis ¢ € Q(B,(S?), A, (S?)), that is
¢(I1(n;,n)) = 0 for each i, we conclude that

Recall that H is a Morse function, and so it has finitely many critical
points. Thus the complement in X, (S?) of the set of all the n-tuples of
different points in S? which lie on different regular level sets of H is of

measure zero. Note that since h is an autonomous diffeomorphism we have
h¥ = hy. Therefore

X, (8%) X, (8%)

where the second equality follows from the Fatou lemma, and the proof
follows. O

2.D. Proof of Theorem 1 - the hyperbolic case

2.D.1. Curves traced by Morse autonomous flows. Let {h;} be an
autonomous flow generated by a Morse function H: 3, — R and set h := h;.
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Denote by Regy the set of regular points of H in X,. Note that the
measure of 3, \ Regy is zero. For each x € Regy let ¢;: [0,1] = X, be
an injective path (on (0,1)), such that ¢;(0) = ¢;(1) = 2 and its image is
a simple closed curve which is a connected component of H~(H(z)). For
every y1,y2 € 34 choose an injective map sy,4,: [0, 1] = X, whose image is
a short geodesic path from y; to ys. Define

S22(3t) for t € [0, 1]
(1) Yo(t) == Q c(3t —1) forte [%, %} .
Sz2(3t —2) fort e [%, 1]

Denote by [v;] the corresponding element in (X, 2). Let « € Regy and
let [hy] be an element in 71 (3, z) represented by a path which is a concate-
nation of paths s.;, h(x) and sj(,).. Then for each k € N the element [hF]
can be written as a product

(2) [h];] = a;z,k,x 0 [’Yr]mh’k’m o ag,k,x )

where my, . is an integer which depends only h, £ and z, and the word
length of elements a;”w ’a%,k,x in m (X, 2) is bounded by some constant
Ch, which is independent of £.

Denote by MCQ; the mapping class group of the surface ¥, with one
puncture z. Recall that there is the following short exact sequence due to
Birman [4]

(3) 1= (%, 2) = MCGy — MCGy — 1,

where MCG, is the mapping class group of the surface 3,. Hence we view
m1(3g, z) as a normal subgroup of MCQ;.

Proposition 2.8. Let g > 1. There exists a finite set S, of elements in
MCQé, such that for every Morse function H: 3, — R and every x € Regy
the loop [vz] € m(Xg,2) < MCQ; is conjugate to some element in Sy.

Proof. Let x € Regy. If the loop ~,(t) is homotopically trivial in 3, then
[v2] = 1pqegr - Suppose that 7, (t) is homotopically non-trivial in 3,. We say
that simple ‘closed curves 9,0' € 3y are equivalent § = ¢, if there exists a
homeomorphism f: ¥y — X, such that f(0) =¢". It follows from classifi-
cation of surfaces that the set of equivalence classes &, is finite. Let ¢, be
the simple closed curve defined in (1). Since 3, and ¢, are oriented, the
curve ¢, splits in X, \ {z} into two simple closed curves ¢, 4 and ¢, — which
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are homotopic in X4, i.e. ¢; 4+ and ¢, are boundary curves of a tubular
neighborhood of the curve c,, see Figure 2.

Figure 2: Part of the curve ¢, is shown in Figure a. Its splitting into curves
Cz,+ and ¢ — is shown in Figure b. The left curve in Figure b is ¢, 4+ and
the right curve is ¢, .

The image of the element [v;] in Mcg; under the Birman embedding (3)
of 11 (X, z) into ./\/lCQ;7 is conjugate to t., , o tcji, where t., , and t., _ are
Dehn twists in 3, \ {«} about curves ¢, 4 and ¢, _ respectively, see e.g. |13,
Fact 4.7].

Note that if ¢, = ¢ then there exists a homeomorphism f: 3, — ¥, such
that f(cy) =6, hence f(cy4) = 04 and f(cg,—) = 0—. We have

ts, =fote, of b ts =fote of

This yields
fo (tcw,+ o tc_ml_) o f_l = t5+ o t&il‘
Therefore an element [;] is conjugate in MCQ; to some t5, o tg_l, where 9 is

a representative of an equivalence class in &;. Let {(5&?5{’ be a set of simple
closed curves in X, such that each equivalence class in &, is represented by
some 0;. Let

-1 —1
(4) Sg = {ttgl’Jr Ot61,_7"'7t5#£g,+Oté#gg,_}'

It follows that [7,] is conjugate to some element in S;. Noting that the set .S,
depends neither on H nor on x, we conclude the proof of the proposition. [

2.D.2. Mapping class group considerations. Recall that the group
71(Xy) is a normal subgroup of MCQ;. Denote by Qrcg: (m1(2g), Sg) the
space of homogeneous quasi-morphisms on m1(X,) so that:
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e For each ¢ € Qmcg (m1(Xyg), Sg) there exists b e Q(MCQ;) such that
a\m(gg) = ¢, and (/5 vanishes on the finite set Sy,

where S, is the set defined in (4). The group 71 (2,) contains a non-abelian
free group, and thus is not virtually abelian. It is an infinite normal subgroup
of MCQé and hence is a non-reducible subgroup of MCQ;, see [17, Corollary
7.13]. Now, by a result of Bestvina-Fujiwara |3, Theorem 12| we have the
following

Corollary 2.9. The space Qmcg: (m1(Xyg), Sq) is infinite dimensional.

2.D.3. End of the proof. Denote by Polt,: Q(m1(2,)) — Q(F) the map
induced by the Polterovich construction. Recall that Polt, is injective mod-
ulo homomorphisms, see Section 2.A.2. Since the space Qrqeg: (71(2yg), Sy)
contains no non-trivial homomorphisms, it follows that the restricted map

Polt,: QMCQ}, (m1(2g), Sg) = Q(9)

is injective. Recall that Q(G,.A) denotes the space of quasimorphisms on
the group G = Ham(X,) that vanish on the set A of autonomous diffeomor-
phisms. Since by Corollary 2.9

dim(Qreg: (T1(2g), 5g)) = o0,

and by [8, Theorem 1| every quasimorphism which lies in the image of the
map Polt, is Lipschitz with respect to the LP-metric, finishing the proof of
the theorem reduces to proving the following.

Proposition 2.10. The image of the map

Polty: Qreg: (m1(Zg), Sg) = Q(G)
lies in the linear space Q(G,A).

Proof. Let ¢ € Qumcg: (m1(Xg), Sg) and h€ G an autonomous diffeomorphism.

We need to show that ®(h) = 0, where ® = Polt,(¢). Since Morse functions
on ¥, form a dense subset in the set of all smooth functions in C'-topology
[19], by Theorem 2.2 it is enough to show that ®(h) = 0, where h is the
time-one map of the flow generated by some Morse function H: ¥, — R.
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Recall that using Fatou lemma we have

= lim ¢ hk / lim Mw

k—>oo k—o00 k

Since the set Regy is of full measure in X, it is enough to show that for
each x € Regy the following equality holds

L (kD)

k—o00 k =0

The group (%) admits the following presentation

(5) m(Xg) = <ai7/8i | 1<i<g, H[O‘i»ﬁi] = 1> :

i=1

For every o € 11 (%) denote by [(«) the word length of a with respect to the
set of generators given in (5). Since ¢ € Qqcgr (11(Xy), Sy) and each «;, B;
are conjugate to elements in Sy, it follows that for every a € m1(%,) we have
|p(a)] < Dgl(c). It follows from (2) that for every k¥ € N and x € Regy we
have

[A5] = g © 1] ™ 0 e

where my, 1, , is an integer which depends only h, k and z, and I(a}, ;. ),
Z(O‘Z,k,x) are bounded by some constant C}, , > 0 independent of k.
Hence for every k € N and x € Regy we have

() |0, 12|+ [mn gzl + lo(ag . ) +2D5
Y k

Since ¢ € Q MCG: (71(Xy), Sy), by definition ¢ extends to a homogeneous
quasi-morphism on MCQ and vanishes on the set S,. Hence by Proposi-
tion 2.8 we have ¢([v,]) = O and hence

o< lp([RF))] _ 2Che - Dy +2Dg _ 2D5(Chz +1)
- k - k k '

By taking k£ — oo we conclude the proof of the proposition. [l
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