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Quantitative uniqueness estimates for
second order elliptic equations with
unbounded drift

CARLOS KENIG AND JENN-NAN WANG

In this paper we derive quantitative uniqueness estimates at infin-
ity for solutions to an elliptic equation with unbounded drift in the
plane. More precisely, let u be a real solution to Au+ W - Vu =0
in R?, where W is real vector and ||[W||»grz2) < K for 2 < p < co.
Assume that u satisfies certain a priori assumption at 0. For 2 <
p < 00, if [|ul|pe(me) < Co, then u satisfies the following asymp-
totic estimates at R > 1

inf  sup |u(z)| > exp(—C1 R*™?/Plog R),
|ZO|:R\z—zo\<1

where C7 > 0 depends on p, K, Cy. For p =2, if |u(z)| < |z|™ for
|z| > 1 with some m > 0, then

inf  sup |u(2)| > Cqexp(—Cs(log R)?),

[z0|=R |z—zo|<1

where C5 > 0 depends on m and C3 depends on m, K. Using the
scaling argument in [BK05], these quantitative estimates are easy
consequences of estimates of the maximal vanishing order for solu-
tions of the local problem. The estimate of the maximal vanishing
order is a quantitative form of the strong unique continuation prop-
erty.

1. Introduction

In this work we consider the second order elliptic equation with an unbounded
drift term

(1.1) Au+W -Vu=0 inR?

where W = (W7, Ws) is a real vector-valued function with LP bound for
2 < p < co. Here we are interested in the lower bound of the decay rate for
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any nontrivial solution u. When p = oo, the problem is related to Landis’
conjecture [KL88]. That is, let u be a solution of (1.1) with |[[W||p~®r2) <1
and [|ul| L~ g2y < Co and |u(z)| < exp(—Clz|'") for some C > 0, then u is
trivial. If one applies a suitable Carleman estimate to (1.1) and a scaling
devise in [BKO05], the best exponent one can get is 2, namely, under the same
conditions stated above except |u(z)| < exp(—C|z[*T), then w is trivial (see
[Dal2], [LW13] for quantitative forms of this result). Moreover, in [Dal2],
the author constructed a Meshkov type example showing that the exponent
2 is in fact optimal for complez-valued W and wu.

In a recent paper [KLW14], the authors studied Landis’ conjecture for
second order elliptic equations in the plane in the real setting, including (1.1)
with real-valued W and u. It was proved in [KLW14] that if v is a real-valued
solution of (1.1) satisfying [u(z)| <exp(Colz|), [Vu(0)|=1, and [|W || (r2) <
1, then

(1.2) | irllfR sup |u(z)| > exp(—CRlogR) for R>1
Zo|=8 | z—2z0|<1

where C' depends on Cj.
In this paper, we would like to study estimates like (1.2) for 2 < p < oo.
For complex-valued W satisfying

(1.3) W (z)| < C)7%, s3>0,

where (z) = /1 + |2|2, the lower bound of the decay rate for u is exp(—R?~2
f(log R)) for s < 1/2 and is exp(—Rf(log R)) for s > 1/2, where f(log R)
and f (log R) are functions of log R which grow slower than any positive
power of R (see [Dal2|, [LW13]). Here our assumption on W will be an
integral bound rather than a pointwise bound as in (1.3). Precisely, we prove
that

Theorem 1.1. Let uEVVi’Cp(RQ) be a real solution of (1.1) with 2<p<oo.

(i) Assume 2 < p < oo. Let |u(z)| < Cy for some Cy > 0,
(1.4) WlLeme) < K,
and |Vu(0)| = 1, then

inf  sup |u(z)| > exp(—C1R*"?/Plog R)
|z0|=R |5 — 2| <1

for R> 1, where C1 depends on p, K, and Cy.
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(ii) For p =2, assume that |u(z)| < |z|"™ for |z| > 1 with some m > 0. If

(1.5) WL me) < K
and
1< [ v,
By
then
(1.6) inf  sup |u(2)| > Cyexp(—Cs(log R)?)

lz0|=R |z — 2| <1
for R> 1, where Cy depends m and Cs depends on on m, K.

Hereafter, we denote By(a) the ball of radius r centered at a. When a = 0,
we simply denote By(a) = B,.

Using the scaling argument in [BK05], Theorem 1.1 is an easy conse-
quence of the estimate of the maximal vanishing order of the solution v
to

(1.7) Av+A-Vu=0 in Bs
with
(1.8) [Allzr (B < K.

It suffices to take K >1. The proof of the maximal vanishing order of v relies
on a nice reduction of (1.7) to a d equation. Having the d equation, we then
derive the vanishing order by using Hadamard’s three circle theorem. The
case p = 2 needs special attention due to the fact that the Cauchy transform
fails to be a bounded map from L?(Bg) to L>(Bs).

One can also study the same problem in an exterior domain. However,
the arguments used here can not be applied to the case of exterior domain
due to the non-simplicity of the scaled domain for the local problem. Pre-
cisely, there will be a “hole” in Bg for (1.7). Nonetheless, it may be possible
to apply the method, based on the Carleman estimate, used in our early
paper [KLW14] to treat the exterior domain problem. We leave such exten-
sion to the interested reader.

The estimate of the maximal vanishing order of v provides us a quan-
titative form of the strong unique continuation property (SUCP) for (1.7).
Note that A € L? is a scale invariant drift in R? in the sense that if v(z)
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solves (1.7), then v.(x) := v(rx) satisfies Av, + A, Vv, =0 in By, with
Ap(z) =rA(rz) and

1Al 2oy = (1A 22(Bs,.)-

It is clear that v(z) = exp(—|z|~¢) for € > 0 is an easy counterexample of
SUCP for A € LP with p < 2. For the dimension n > 3, Kim [Ki89] proved
that SUCP holds for (1.7) when A € L} = with p = (3n —2)/2 and Wolff
[Wo90] improved the exponent to p = max{n,(3n —4)/2}. On the other
hand, if n > 5, counterexamples to the SUCP with A € L}! . were given by
Wolff in [Wo94] (or see [Wo093]). Counterexamples of the unique contin-
uation property (UCP) for (1.7) with A€ LP, p<2, or A€ queak, weak
L? space, were constructed by Mandache [Ma02] and Koch-Tataru [KT02],
respectively. We also would like to mention that a counterexample of UCP
for the Schrodinger operator Au + Vu = 0 with V € L' was constructed by
Kenig and Nadirashvili [KN0O] for dimension n > 2. For n =2 and A € L2,
it seems likely that a variant of the Carleman estimate proved in Kim’s the-
sis for n > 3 [Ki89, Theorem 3] is available for n =2 and the SUCP will
follow from it (see the remark in [Wo90, Page 156]). Here we provide an
explicit proof of the SUCP for (1.7) in two dimensions, where 4 € L? is a
real-valued vector. Using the same method, we also study the SUCP for

(1.9) Av+V-(Av) =0 in R?
where A is a real-valued vector with bounded L120c norm. We would like to
remark that our proofs work for Equations (1.7) and (1.9), but not corre-
sponding differential inequalities.

The structure of the paper is as follows. In Section 2, we consider the
case where 2 < p < co. The case of p = 2 is treated in Section 3. We study
the SUCP for (1.9) in Section 4. Throughout the paper, C stands for an
absolute constant whose dependence will be specified if necessary. Its value
may vary from line to line.

2. The case of 2 < p < c©

We consider any solution v € W’i’f(Bg) to Equation (1.7) with A = (A4;, A2)
satisfying (1.8). Denote g = v, — ivy. It is easy to see that

(2.1) g = %Av = —%(Alamv + A20,v)

1 . 1 . _
_Z(Al +iAs)g — Z(Al —iA9)g,
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where in the last step we used that v is real. As usual, we denote 0 =

(Or +1i0y)/2. Let us define

a(z) =

—1(A1 +ids) — 5(A1 —id)d  if g #0,
0 if g=0,

then (2.1) can be written as

(2.2) dg = ag in Bs.
Therefore, any solution of (2.2) is represented by
(2.3) g =exp(w)h in Bg,

where h is holomorphic in Bg and

(2.4) w(z) :-1/3 6(5) de.

i.e., w is the Cauchy transform of a.
From (1.8) and the definition of «, we have that

ey () < K

with 2 < p. In view of the mapping properties of the Cauchy transform (see
for example [Ve62]), we see that

(2.5) lw(z)| < CK for z € Bg,

where C' depends on p. Since h is holomorphic in Bg, Hadamard’s three
circle theorem implies

1l B2y < NPNG~ (B, 1PN 4
where we choose r/4 < 1 and

__log(6)
log(24/r)"

Standard interior estimates imply that

(2.6) Rl 5,y < CO IRl 2B, ) 1Rl (s, -
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On the other hand, it is not hard to prove that v of (1.7) satisfies the
following Caccioppoli’s inequality

HLsz CK?
(2.7) /rv 2Pl < 7 g, 07 <0<

where C' depends on p. The derivation of (2.7) follows from the standard
procedure using a cutoff function. We omit the details here. Combining (2.3),
(2.6) and (2.7), we have that

(28)  exp(~CK)|[V||p=(5,) < C(r~" exp(CK)|v]|1~(5

) HUHLoo(BS)

Based on (2.8), we immediately prove

Theorem 2.1. Letv € M/li’f(Bg) be a real solution of (1.7) with A satisfy-
ing (1.8). Assume that v satisfies |v(z)| < Co for all z € Bg and supg, |Vv(z)|
> 1. Then forr < 1/e,

(2.9) 0] = (5,) > r K
where C1 depends on Cy and Co depends on p.

From Theorem 2.1, we can easily derive the following quantitative unique-
ness estimate, which is (i) of Theorem 1.1.

Corollary 2.2. Let u € W2P(R2) be a real solution of (1.1) with |u(z)| <

loc

Co and |Vu(0)| = 1. Assume that
W | o (rey < K.
Then

(2.10) | i]\nfR sup  |u(z)| > exp(—~CR*™?/Plog R)
20 |z—z0|<1

for R>> 1, where C' depends on p, K and Cj.
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Proof. We use the scaling argument in [BK05|. Precisely, let |z9| = R with
R > 1, and define ur(z) = u(R(z + 20/R)). Then up satisfies

Aup +Wpg-Vur =0 in By,

where Wgr(z) = RW(R(z + z9/R)). It is clear that

1/p /p
() <[ )" <
Bs R?

Also, we observe that
|[Vugr(—20/R)| = R|Vu(0)| =R > 1.
Taking K = KR'"?/P and r = R™!, estimate (2.9) yields (2.10). O
3. The case of p = 2

Likewise, we consider the local problem (1.7). Here we assume that
(3.1) [ AllL2(Bs) < K.

We first establish an estimate of the maximal vanishing order of v to (1.7)
under the assumption (3.1).

Theorem 3.1. Let v € W22(Bg) be a real solution of (1.7) with A satis-

loc

fying (3.1). Assume that v satisfies |v(z)| < M (M > 1) for all z € Bg and
IVollz2Bs,5) = 1-

Then for r < Cy

(3:2) [0]| o (,y > M ~CopCalog My Cak?

where C1,...,Cy are absolute positive constants.

The proof of Theorem 3.1 is more involved. Note that the formula (2.2)
remains valid, i.e.,

(3.3) 0g = ag in Bx,

and

a2y < K.
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Likewise, let

w(z) = = /B 218) ge,

T £E—z

then any solution of (3.3) is represented by
9(z) = exp(—w(z))h(z) for z € By
where h is holomorphic in Bg. It is not hard to see that
lwllwrz(sy) = lwllLesg) + [IVwllas,) < CK.

In the sequel, we need to estimate fBr exp(2|w|) for r < 2. For this end,
we recall the following Trudinger’s Sobolev embedding theorem in the plane
[St72], [Tr67]. Assume that f € W'2?(By) and || f|lwr2(p,) < 1, then there
exist two absolute constants &, and é* such that

/ exp(dnf?) < C..
B
By Poincaré’s inequality, we immediately obtain that

Corollary 3.2. If f € WY2(By), fBl f=0,and ||V flr2p,) <1, then there
exist oy and Cy such that

/ exp(a*f2) < C,.
B,
Our task now is to prove

Lemma 3.3. Forq >0 and 0 <r < 2, we have that
1

(3.4) ’B|/ exp(glw]) < Cr~1® exp(qCK + ¢*CK?).
r B,

Proof. By a scaling argument, we can deduce from Corollary 3.2 that if
f S W1’2(B7‘)7 fB,. f = 07 and ”fo[/2(37‘) < ]‘7 then

(3.5) 7“12/13 exp(ay f?) < C..

To verify (3.5), we define f,.(z) = f(rx) for x € By and observe that

/ VA= / G
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Then (3.5) follows directly from Corollary 3.2.
Let us define w,(z) = w(x) — w,, where W, = \Bil~| fB w. We first con-
sider the case when [|[Vw,||r>(p,) > 0. We can write

w
3.6 /equwr :/exp<q Vw2 T'T>:/expaf ,
6 [ esplalwnd= | e (alVurlim | o | ) = [ eselals)
where
Wy
a = q||Vw,|r2p,) and =t
| lz2(B,) f AP

Note that ||[Vw,||2(p,) < CK. It is helpful to study the function e** for z >
0. We first consider the case when az < oz*:nQ, i.e., x > a/ax. In this case, it
is trivial that e** < e In the case when z < a/a, we have e < e@’ /o
Consequently, we obtain that

2 2
€M < T /5.

Therefore, it follows from (3.5) and (3.6) that

s explalun]) < /| (el + | ewla/a)

B’V‘
< (Cy + exp(a®/an))r? < Cr? exp(*?CK?).

Next we want to estimate |w,|.

Claim 3.4.
|w,| < CKlog(1/r)+ CK.

Proof. Note that

. 1 _
|w1”_w27": ‘|Br|/BTw_w2T
C _
= Bl g '“’“’“SC<
T 2r

1/2
<C (/ |Vw]2> < CK.
B27‘

<1 /| G|

< = w — W2

B,] /s, '
1

1/2
|w ng‘2>

|B2r| B,

It is clear that

(38) |wr‘ < ’mr - EZ'I’| + |w2r - w4r| + -+ |w2kr|-
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We now choose

k= {10;2 log(i)J +1<Clog <i> ,
where | -] is the floor function. With the choice of k, we can see that
1<2Mr <2
Each term of (3.8) is bounded by C'K. The claim follows immediately. [
It is clear that Claim 3.4 implies
(3.9) exp(q|w,|) < exp(¢CK)r 1K,

Combining (3.7) and (3.9) yields

/B exp(glul) < / exp(glw — ) explqlw, |

T r

< Or? 19K oxp(qCK + ¢*CK?).

Now if [|Vw,||r2(p,) = 0, then w(z) = w, in B,. Hence, we have

| ewlalul) = [ explafu)) < O 1K exp(eC).

r T

The derivation of (3.4) is now completed. O

As above, we will apply Hadamard’s three circle theorem to h = exp(w)g
with 79 =6/5, r3 =2, and 1 =r/4 < 6/5, i.e.,

(3.10) | exp(w)gllL=(B,,) < | eXp(w)gH%m(Brl) [ eXP(w)QHi;e(Brs)’
where
(3.11) g — 108(10/6)

- log(8/r)

We will estimate the terms on both sides of (3.10). We begin with the terms
on the right hand side. Note that v here also satisfies Caccioppoli’s esti-
mate (2.7) for p = 2. On the other hand, using the Poisson kernel of the
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unit disc, it is easy to see that for any holomorphic function h

1
Il s, < /B Inl

Putting all estimates together and in view of g = v, — iv,, we have that

(3.12) | exp(w)gl| L= (B, )

C
=|hlre(B, ) < 5 exp(w)g
Ihlli~is.,0 < (g | el

1

) Lo :
<c / exp@u]) | | o / Vo2
(‘B’r/2’ Br,v/z ‘BT’/2‘ Br,v/z

<Cr= K exp(CK?)||Vv| 12, )
< OKr= K exp(CK?)|[v]| (.
<CU K 0| s,

where we used (3.4) with ¢ = 2 in the third inequality and Caccioppoli’s esti-
mate in the fourth inequality. Using (3.12) on the right hand side of (3.10)
gives

(3.13) | exp(@)glz (s, .| exp(w)gl; <,
< (CO 0]l e (8,) Y (CH 87K 0| oo ()
< MCYKH(CORK =Ky e (5,))".
We now turn to the estimate of || exp(w)g|| L (p,,) = || exp(w)g|| Lo (Bs,s)

on the left side of (3.10). From (3.4) with ¢ =4 and r = 6/5, it is readily
seen that

(314) 1< ||VU||L2(B€,/5) = “g“L2(BG/5) = ”exp(_w)h||L2(Be/5)
< lexp(|w) | 2 (Bo,) 1Bl 22 (Bojs) < CCF MRl Lo (B4 0)-
Combining (3.13), (3.14) and the form of 0 (see (3.11)), we immediately

arrive at the estimate (3.2). The proof of Theorem 3.1 is completed.
Now we can put everything together to prove (ii) of Theorem 1.1.

Proof of (ii) of Theorem 1.1. Let |z9| = R > 1 and v(2) = u(R(z + 20/ R)).
Then v solves (1.7) and with A(z) = RW(R(z + z0/R)). Note that

Al (By) < K
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since || W z2r2) < K. The assumption of u implies [|v][z(p,) < 9" R™, i.e.,
M = 9™R™. On the other hand, we can see that for Zy = —z9/R (|20| = 1)

L<||Vullz2 sy = IVUIlL2(B nzo)) < VU L2(Bs )
provided R is large. Therefore, letting » = 1/R in (3.2), we obtain that

[ull Lo (B, (20)) = V]| Lo (B, 0)) = (9mRm)_C2R—Cs 10g(9'”Rm)R—C4K27

> C exp(—Cy(log R)?)

provided R is sufficiently large, where C depends on m and C5 depends on
m and K. m

Note that v(z) — v(0) is also a solution of (1.7). Thus the estimate of
vanishing order (3.2) remains valid for v(z) — v(0). Consequently, we obtain
the following (SUCP) result.

Corollary 3.5. Assume that Q is an open connected domain of R?. Let
v € W22(Q) be any solution of

loc

Av+A-Vo=0 in €,

with real-valued drift A € L*(Q), then v satisfies (SUCP), namely, if for
some zg € €

lv(z) —v(z0)| = O(|z — 2N)  for all N €N, as |z — 2| — 0,
i.e., if for N € N, there exist Cny > 0 and rn > 0 such that
lv(2) — v(z0)| < Cnlz — 20N, V|z— 2| <7n,
then v(z) = v(2o) for all z € Q.

Proof. 1t suffices to consider a real solution v. First assume that zg = 0 and
Bg C Q. We can always assume this by translation and scaling. Note that
| Allz2(By) 1s finite. If v(2) # v(0) in Bg/s, then [|[Vol|pz(p,,,) > C for some
C > 0. The estimate (3.2) implies that v(z) —v(0) cannot vanish at 0 to
infinite order. Therefore, we must have v(z) = v(0) for all z € Bg/5. A chain
of balls argument then finishes the proof. O
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4. SUCP for an equation of divergence form
In this section, we would like to prove the SUCP for solutions of
(4.1) Av+ V- (Av) =0 1in Q,

where 0 C R? is an open connected domain and A = (A, As) is a real-
valued vector satisfying

(4.2) [Allz20) < Co.

In other words, we will show that

Theorem 4.1. Letv € VV;}S(Q) be any solution of (4.1). Let zp € Q and
[o(2)| = O(lz = 20") s |z — 20| = 0

for all N >0, then v =0 in €.

Proof. As before, it suffices to consider a real solution v. We first assume
zo = 0, Bg C € and consider

(4.3) Av+V-(Av) =0 in Bs.

Since (4.3) is of divergence form, there exists o with 9(0) = 0 such that

(4.4) 0y ~: 0,v + Aqv,
—0,0 = Oyv + Agv.

Let f = v+ i0, then f satisfies
_ 1 1 _
(4.5) Of = 5 (A1 +ida)v = L (AL +ids)(f + f) = af,

where

il

e 1AL +iA)(1+ %) if f#0,
0 if f=0.

It follows from (4.2) that

(4.6) ladlzs(s,) < Co.
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Any solution of (4.5) in Bg is written as f = exp(—w)h, where h is holo-

morphic in Bg and
_ 1 [ a§)
w(z)—ﬂ_/ng_zdﬁ.

[wlwrzs,) < C,

As before, we have that

where C' depends on Cj.
Applying Hadamard’s three circle theorem to h = exp(w)f with r =
r/4 <1, ro =1, r3 = 2, we have that

A7) exp) e < llexp(w) fllgs, ol exp(w) FIL .
where o 2
og
0=0(r) = 28
") = Tog(s/m)

As in the estimate (3.14), we can see that
(4.8) [l 2By < I fllz2(Byy = [l exp(=w)hl|L2(s,)
< |lexp(|w)ll L+ 1Pl 2By < ClIhll L~ (B,)-

This estimate will give us a lower bound on the right hand side of (4.7).
It is not hard to prove that a Caccioppoli’s type inequality holds for the
solution v of (4.3), i.e., for r < p < 8, we have

C
(4.9 |19 < ol s,y

As in the derivation of (3.12), we can obtain that

C
4.10 exp(w) fllr=(B,,) = 1Pllr=(B, ) < 75— exp(w) f
(4.10) lexp(w) fllz=(B,,.) = IhllL=(B.,.) B, ] B,,,/z‘ (w) £

1 1

e ( / exp<2|w|>> 2 ( / |f|2> 5
<cr ¢ </B/ \f\z);

< CT_C(H’UHL'Z(B,,_/Q) + H’IN)HL2(BW'/2))7

where 0 < r < 8. We now need to estimate ||9||z2(p
we can use (4.4) and (4.9) to compute

) in (4.10). To this end,

r/2
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2
dx

(4.11) /BW \@(a:)P:/BT/Q lﬁ(x)—ﬁ(O)Q:/r/z /IVf)(t:c)-xdt
< (r/2) / /\W (tz)|*dtda
e
\B| Vot ds

<Cr /
0
r/2
<o / / <|w<y>|2+|Av\2>dy}ds
o B ),
< CT3/
0

/2 HUHQoo(B ) ”UHQoo(B)
2s + s / A2dy dS
{ 2B T 1Bl Js
/2 HUHQW B HUH%W B
S Cr?)/ ( 25) + ( s) dS.
0 { 32‘35’ | Bs|

The assumption that v vanishes at 0 to infinite order implies that there
exist C4 > 0 and 74 < 8 such that

lv(2)| < Cylz|*, V|z| < 74

The estimate (4.11) gives us

ra/2 19]12 5 10117 (5
4.12 / iP<c / / 0 s
(4.12) 0] ( 2 s2|B,| | Bs|

Combining (4.10) and (4.12) yields

(4.13) lexp(w) fII; 5,y < C'

for all 0 < 6 < 1, where C’ > 0. Now if we assume that

(4.14) V]l L2, > e

for some k£ > 0, then we obtain from (4.7), (4.8), and (4.13) that
v < |l exp(w) 1l =8,

where C' depends on C’. However, using the fact that v vanishes at 0 to
infinite order, (4.10), (4.11), we have that there exist Ny > Ck and ry, so
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that
lexp(w) fllz=(5,,.) < Cngr™°

for all » < rp,. This leads to a contradiction. In other words, we must have
[0l L2,y < e " for all k > 0 and hence v =0 in B;.

Now we consider the general case, i.e., v vanishes at some zg € () to
infinite order. We choose a g satisfying Bsg,,(z0) C 2. We define 0(z) =
v(zo + r92) and fl(z) = roA(zo + roz). Then

A+ V- (A?) =0 in Bg

and

/ |A?dz = / |A]2dz < Cy.
Bsg Bsro(20)

Hence, we have that 9(z) =0 in Bj, namely, v =0 in B, (z0). Using simi-
lar arguments as in the proof of Corollary 3.5, we then conclude that v is
identically zero in 2. O
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