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Deformations of CR manifolds,
parametrizations of automorphisms,
and applications

GIUSEPPE DELLA SALA, ROBERT JUHLIN AND BERNHARD LAMEL

We prove a parametrization theorem for maps of deformations of
minimal, holomorphically nondegenerate real-analytic CR mani-
folds. This is used to deduce results on biholomorphic equiva-
lence; we show that one can, for any germ of a minimal, holo-
morphically nondegenerate real-analytic CR manifold (M, p) con-
struct a function which completely characterizes the CR mani-
folds biholomorphically equivalent to (M,p). As an application,
we show that for any p € M, the equivalence locus E, = {¢ € M :
(M, q) biholomorphically equivalent to (M, p)} is a locally closed
real-analytic submanifold of M, and give a criterion for the global
CR automorphism group to be a (finite-dimensional) Lie group.

1. Biholomorphic equivalence and equivalence loci

Let M and M’ be connected, real-analytic CR manifolds, p € M, q € M’.
We will write (M,p) ~ (M’,q) and say that the germs (M, p) and (M’,q)
are biholomorphically equivalent if there exists a neighbourhood U of p in M
and a real-analytic CR diffeomorphism h: U — M’ h(p) = ¢. In this paper,
we shall present a number of results which give answers to the question
of how to decide whether (M,p) ~ (M’,q) for real-analytic CR manifolds
which are holomorphically nondegenerate (in the sense of Stanton [16]) and
minimal; and we shall discuss some applications of these results.

In order to illustrate our later results, let us start with what is essentially
an (important) application. The equivalence locus E, of a point p € M is
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defined by

One can ask a number of questions about Ej; our main result for the local
structure of this set is the following:

Theorem 1. If M is a connected real-analytic CR manifold which is min-
imal and holomorphically nondegenerate, then for every pc M, E, is a
locally closed real-analytic submanifold of M.

Let us recall that M is minimal if for every connected CR submanifold
N C M of the same CR dimension as M we necessarily have N = M. The
second condition which we assume in Theorem 1, holomorphic nondegener-
acy, can be phrased in a number of different ways. It is equivalent to the
space of germs of infinitesimal CR diffeomorphisms hol(M, p) being totally
real for some (or equivalently all) p € M; it is also equivalent to the fact
that for no p € M, (M,p) ~ (M x C,0) for some real-analytic CR manifold
M; finally, for a minimal real-analytic CR manifold M, it is equivalent to
dim Aut(M, p) < oo for (one or all) p € M by [9].

Theorem 1 answers a question raised at the “Kmerging applications of
complexity for CR mappings”! workshop at the American Institute of Math-
ematics in 2010 in the (important) setting of real-analytic, minimal, holo-
morphically nondegenerate CR manifolds. It gives interesting insights into
the structure of CR manifolds: in a sense, it exhibits homogeneous CR man-
ifolds as the building blocks of more general CR manifolds. The notion of
homogeneity employed here is that a CR manifold M is homogeneous if for
any p,q € M there exists a neighbourhood U(p) and a CR~diffeomorphism
h: U(p) - M with h(p) = ¢q. We will discuss one application of this fact
later, when we discuss the group of global CR automorphisms.

More generally, we show that given a real-analytic deformation of a germ
of a real-analytic CR manifold (M, p), the locus of deformation parameters
giving rise to a biholomorphically equivalent germ forms a semianalytic set in
the space of deformation parameters. A real-analytic deformation (M., p)-cx
of such a germ (M,,, p) by real-analytic parameters ¢ € X (which we assume
to be a real-analytic manifold for simplicity, an assumption which the reader
will see can be relaxed considerably), can be realized in the following way:
First, (M,p) can be thought of as a generic, real-analytic submanifold of
(CN,p), where N = n +d, n the CR dimension of M, and 2n + d the real

'see http://www.aimath.org/pastworkshops/crmappings.html
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dimension of M. The deformation is then given by a germ of a real-analytic
CR submanifold of CV x X at {p} x X having the same CR dimension as
M., with (7175 (20), p) = (M.,,p), where ; is the projection onto the first
resp. second component; we write w1y 1(8) = M..

Theorem 2. Let (M,p) be a germ of a real-analytic CR manifold which is
minimal and holomorphically nondegenerate, and assume that (Mg, p)eex is
a real-analytic deformation of (M,p) as above. Then the space

EM = {5 €X: (Mup) ~ (Ms)p)}
is a semianalytic subset of X.

The stronger conclusion that Fjs is a submanifold fails in the setting
of a general deformation, since E)s, unlike F, above, need not possess
any homogeneity properties. For an example, we consider the deformation
Imw = |2]? + f(¢)|2|® of the Heisenberg hypersurface, where f is any germ
of a real-analytic function at €g. Then we have that (Ejr,e0) = {e: f(e) =
0}, since the Chern-Moser normal form [7] implies that a hypersurface
Imw = |2]? + ¢|z|®, where ¢ € R\ {0}, is not biholomorphically equivalent
to Imw = |z|2. We will discuss a number of examples later in Section 7.
Theorem 1 is an immediate consequence of Theorem 2 since in Theorem 1,
E, is also homogeneous. Indeed, any semianalytic subset is a real-analytic
submanifold in a neighborhood of some of its points: since, by definition,
E, is acted upon transitively by local holomorphic diffeomorphisms, it is a
closed real-analytic submanifold around any of its point.

A natural question which occurs at this point is whether the nice struc-
ture of the equivalence loci described here is a real-analytic phenomenon. We
shall show in Section 7 that there are counterexamples in class C*, k < oo;
we do not know at the present time of any counterexample of class C*°.

On the other hand, it would be interesting to study the set Fj; (and
equivalence locus E,) in the presence of additional structure, for instance
if M and the deformation M. are real-algebraic. We conjecture that, in
this situation, E; should be a semi-algebraic subset rather than just semi-
analytic: the methods used in the paper, however, are of an intrinsically
analytic nature and do not allow at the moment to draw this stronger con-
clusion.

The proof of Theorem 2 is based on a parametrization theorem for map-
pings of deformations of real-analytic, minimal holomorphically nondegener-
ate CR manifolds. In order to state this theorem, it is helpful to have another,
more extrinsic, point of view for deformations of CR manifolds. Recall that
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every germ of a real-analytic CR manifold (M, p) can be identified with a
germ of a real-analytic generic submanifold of some CV, where N = n + d,
dimg M = 2n + d, and dimgr M = n. In this setting, a deformation is just
a germ p of a real-analytic map (CV x X, {p} x X) — R? with

(2) p(p,e) =0, pz, N---ANpzy(p,e) #0, e€X.

With this notation, (M., p) is given by the defining function Z — p(Z,¢).
We will write G’; (CN) for the space of k-jets of germs of biholomorphisms
of (CV,p). For germs of real-analytic CR manifolds (M, p), (M’ p'), we
write Bihol((M,p), (M’,p’)) for the space of germs of real-analytic CR dif-
feomorphisms from (M, p) to (M’,p’); if (M, p) and (M’ p') are generic, real-
analytic submanifolds of C, we have the natural inclusion Bihol((M,p),
(M',p")) € Bihol((CV,p), (CV,p")) into the space of germs of biholomor-
phisms of CV at p which map p to p'.

Theorem 3. Let (M,p) be a germ of a generic real-analytic submanifold

of CN, which is minimal and holomorphically nondegenerate, and assume

that (Mg, p)eex is a real-analytic deformation of (M,p) = (M.,,p). Then

there exists an integer k, a finite set L and for each J € L, a germ of

a real-analytic function ey: G’;((CN) x X — R, which is a real polynomial

in its first variable, at G’;(M) x {eo} and a germ of a real-analytic map

Uy CN x GE(CN) x X — CN at {p} x {es # 0}, holomorphic in its first

variable, with the following properties:

i) For any H € Bihol((M, p), (M, p)) there exists J € L such that eJ(jj,fH,

g) #0;

it) If H € Bihol((M,p), (Me,p)) and e;(jiH,e) # 0, then U (Z, jiH, e) =
H(Z) as germs at p;

ii1) Wy can be written as

Pa(A,€)

Vi(Z ANe)=
28 (A,2)™

(Z _p)av
aeNn €J

for some po (A, e) which is a real polynomial in A and real-analytic in
€, and some integers dq.

As a sidenote on terminology, if we speak about a real polynomial in
a complex variable s, we mean that it is a polynomial of the underlying
real coordinates of a complex variable, i.e. an element of C[s, 5]; a complex
polynomial in s is an element of C[s] as usual.
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The result from which Theorem 3 follows is more general: in it, we use
the defining function of the deformed manifold as a parameter. We recall
that in general, the space of k-jets of holomorphic maps (CL,0) — (C9,0),
which we denote by Hol((C%,0), (C9,0)), is defined by

k _ mC{z}?
JE(€2,0), (C7,0)) = MY,
where m is the maximal ideal in C{z}. Also recall that
JE((€2,0),(C7,0) = MCIT oy,

where m is the maximal ideal in C[z], and that the canonical projection,
which we denote by

jo = mCla]? — J*((CE,0), (C%,0)),

restricts to the canonical projection of mC{x}? onto J*((C%,0), (C%,0)); we
shall consequently use the same notation for both. The space Hol((C%,0),
(C%,0)) gets endowed with the natural inductive limit topology of uniform
convergence on a compact neighbourhood. Typically, we shall denote a vari-
able in jet space by the symbol A € J*¥((C%,0),(C9,0)), and the reader can
identify A with the collection

A=(Aa: 0 €1 < 0] <),

with each A, a variable in CY, such that

ol |
iFH = 1< < .
iH = (e ©: 1< ol <k

As a last point, the jet group mentioned above is realized as
GG (CY) = j§ (Bihol((CY,0), (C,0))) € J*((CY,0), (CV,0)).

When we say that we use the defining function of the deformed manifold
as a parameter, we will use its complex form: If (M,0) C (CV,0) is a germ of
a generic real-analytic manifold of real codimension d, then there exist coor-
dinates (z,w) € C" x C? and a germ of a holomorphic map Q(z, x,7): C" x
C" x C? — €4 such that M is defined by the equation w = Q(z, z,w) for
(z,w) close to 0.
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Theorem 4. Let (M',0) be a germ of a generic minimal real-analytic sub-
manifold of CN which is holomorphically nondegenerate and minimal at 0,
of real codimension d, and write n = N — d. Then there exist an integer £, a
finite set L, for any J € L a real polynomials e; on J¢((CV,0), (CN,0)) x
JE(C?*40),(C2,0)), and a real-analytic map ¥ ; defined on the open sub-
set

Uy = {(A’ Q(27X7T)): eJ(Aa.ng) # O} - JZ((CN70)7 ((CNvo)) X (C{Z7X7T}d7

where (z,x,7) € C* x C" x C?, with values in Bihol((CN,0), (CV,0)), which
have the following properties:

i) if w=Q(z,Z,w) defines a germ of a real-analytic submanifold Mq at
0 and if H € Bihol((Mg,0), (M’,0)), then there is a J € L such that
es(j6H, 76Q) # 0;

i) if H € Bihol((Mg,0), (M’,0)) and e;(j5H, j§Q) # 0, then

H=V,jH,Q);

ii1) each Wy can be written in the following form:

pocA]O «
\Ij Z AJZQZdZ’

where p,, are real polynomials, and cy, d, are integers.

Remark 1. In the statement of Theorem 4, we use the following notion
of real-analyticity: A real-analytic map A defined on an open subset U of a
complex vector space E is defined as a holomorphic map A on U x U C E x
E which agrees with A along the diagonal, i.e. A(e) = A(e, €); a holomorphic
map is a map which is Gateaux-holomorphic and continuous. In fact, our
maps fulfill an even stronger version of holomorphicity, i.e. the coefficients
of the W fulfill “convergence estimates” of the form discussed in e.g. [12].

The last theorem has a rather interesting consequence for the question
of deciding whether two minimal, holomorphically nondegenerate CR mani-
folds are biholomorphically equivalent. This question, which in general goes
under the biholomorphic equivalence problem, goes back to Poincaré [15];
Theorem 4 allows us to find all CR manifolds which are biholomorphically
equivalent to a fixed real-analytic CR manifold, which is minimal and holo-
morphically nondegenerate; to be more precise, we have the following theo-
rem.



Deformations of CR manifolds 1095

Theorem 5. Let (M',0) be a germ of a real-analytic generic submanifold
of (CN,0), of CR dimension n and real codimension d. Then there exists
an integer £, a finite set L, and for each J € L there is a real polynomial
ey which is defined on JE((CN,0),(CN,0)) x JE((C?>* 0),(C%0)) and a
real-analytic map Yy defined on the open subset

Uy = {(AvQ) eJ<A7ng) # 0} - Je(((CN7O)7 (CN7O)) X C{27X7T}da

where z, x are variables in C" and T a variable in C* with values in C{z,x,7},
which satisfy the following properties:

i) If w = Q(z,z,w) defines the germ of a real-analytic generic submanifold

(Mg, 0), then Mg is biholomorphically equivalent to (M',0) if and only

if there exists Ag € G§(CN) and a J € L such that e;(Ao, j§Q) # 0 and

Ys(Ao, Q) = 0.
it) Writing Y = (z,x,T), each 1y is of the form

AOYY) = Pra 0" @)y 0
¢J( 7Q)( ) 6](A,j£@)da >

(e}

where ¢, do are integers.
The ey and pj o are real polynomials which can each be computed in finitely
many steps from finite order data of (M',0).

Let us explain how Theorem 4 implies Theorem 5. We choose a germ of
a real-analytic defining function p(Z, Z) for (M’,0), and fix J. We write the
function

PZ.CA,Q) = p (WM. Q)(2), ¥5(A,Q)(C))

and note that there exists a biholomorphism H from (Mg,0) to (M’,0)
which satisfies e;(j§H, Q) # 0 if and only if 5(Z, ¢, j5H, Q) = 0 on (Mg, 0).
We therefore set (A, Q)(z, x,7) = p(z,Q(2,Xx,7), X, 7, A, Q) to obtain a
map v; with the required properties. A short computation involving iii)
of Theorem 4 shows that the 1); is of the form required in ii).

Theorem 4 solves the biholomorphic equivalence problem in the following
sense: In order to decide whether Bihol((M, p), (M’,p')) is empty or not, we
first choose normal coordinates for M’ and assume that p’ = 0 and then
normal coordinates (z,w) for (M,p) such that p =0 and M is given by
w = Q(z,x,7) near 0. With the polynomials e; and pj, from Theorem 5,
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we thus just need to decide whether the real-algebraic sets

Wy = {A € JY(CN,0),(CN,0)): pra(A,j5*Q) = 0 for all a} ,
vy = {4 € J(ETY,0),(CY,0)): es(A, j6Q) = 0}

satisfy W; C Vj for all J or not; in the first case, there does not exist a map,
in the other case, for any A € W;\ Vy, ¢ ;(A, Q) € Bihol((Mg,0), (M’,0)).

We will now return to the question of the equivalence locus. A particular
point is that one would-of course-like a way to actually compute E,. Our
next theorem shows that this is, in principle, a linear problem (if we want to
compute the connected component of E, containing p, at least). Recall that
hol(M,p) denotes the space of germs of infinitesimal CR automorphisms,
which if (M, p) is realized as a generic real-analytic submanifold of CV is
the space

d
hol(M,p) =< X = g aj(Z)ﬁ: aj € Op, ReX tangent to M
- J
J

of holomorphic vector fields whose real part is tangent to M near p (we note
that in what follows, we shall abuse notation slightly and write hol(M, p)
for this space and the “intrinsic” space interchangeably; it will be clear from
the context which point of view to take).

Theorem 6. Assume that M is a real-analytic CR manifold which is min-
tmal and holomorphically nondegenerate. For any p € M, we have

T,E, = hol(M, q)(q)

for all ¢ € E,. In particular, p — dimg F,, is a lower semicontinuous func-
tion. More generally, there exists a neighbourhood U C E, of p in E,, a

neighbourhood V' of p in M, and a map ¥ (w,q) defined in V x U, such that
w — Y(w,q) is a real-analytic CR diffeomorphism on V' and ¥ (p,q) = q.

Theorem 6 can be used to produce a general jet parametrization result
which allows points to move in the equivalence loci; this result is stated and
proved in Section 8 as Theorem 15.

Our last application concerns another question, namely the global auto-
morphism group of a real-analytic CR manifold M. This is the subgroup
Autgp(M) C Diff“ (M) of real-analytic CR diffeomorphisms h: M — M,
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where we consider Diff* (M) with the real-analytic compact-open topology.
This group has been studied quite extensively, see e.g. [3] and [13]. With the
tools developed in this paper, we can prove

Theorem 7. Let M be a connected, real-analytic CR manifold which is
minimal and holomorphically nondegenerate. Assume that there exists a
compact subset K C M with the property that for every p € M, the connected
component V, of E,, containing p intersects K nontrivially. Then Auté (M)
is a finite dimensional Lie group in the real-analytic compact-open topology.
Furthermore, there exists a k € N such that the C* compact-open topology
on Aut@p (M) and the real-analytic compact-open topology on it agree.

In particular, the automorphism group of every compact, real-analytic
CR manifold which is holomorphically nondegenerate and minimal is a finite-
dimensional Lie group, a fact which in the case of manifolds embedded in
Stein spaces had been proved by [13].

The plan of the paper is as follows: In Section 2 we discuss the map-
ping identities which we need to use for our parametrization. In Section 3,
parametrizations “along the Segre varieties” are deduced in the spirit of
Theorem 4, i.e. leaving the defining function of the source manifold as a
parameter. The proof of Theorem 4 is given in Section 4. Theorem 2 needs
some preparations which are given in Section 5; it is based on some results
from real-algebraic geometry and finite order equivalences. These also allow
us to prove a weaker statement of Theorem 6 in the setting of a general
deformation, which actually implies Theorem 6 in the homogeneous setting.
In Section 8 we shall discuss how to deduce Theorem 7 from the earlier
results, using well-known arguments from the literature.

2. Deformation-stable mapping identities

Our goal in this section is to derive the mapping identities which we will use
in order to construct a parametrization of automorphisms of deformations;
none of the techniques or results in this section are new, but we need to
prepare the equations in a particular way suitable for our treatment. We
consider germs (M,0) and (M’,0) of generic, real-analytic submanifolds of
CY, of the same real codimension, which are given in normal coordinates by
w=Q(z,z,w) and w = Q'(z, zZ,w), respectively. Assume that H = (f, g) is
a germ of a biholomorphism near 0 € CV. Then we have the basic identity

(3) g(Z,Q(Z,X,T)) :Ql(f(Z,Q(Z,X,T)),H(X, T)):
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which is valid in a neighbourhood of 0 € C?V; as usual, H denotes the map-
ping obtained from H by taking the complex conjugates of the power series
coefficients. Differentiating with respect to z, one obtains

(4) guw(2,Q)Q= = QL(f(2,Q), H(x,7))(f- + fuQ-),

where we have suppressed the independent variables in () to make the equa-
tion more compact, and use matrix notation, i.e.

1 1 1 1
FEEEE . Q/zl R Q,zn
Q= | ! s Q= Fol
d d d d
z an Q/zl e Q,Zn
flvzl o flyzn f17’UJ1 T fLwd
fn,zl o fmzn fn,wl o fn,wd
gtaw, Glwg
Juw = )
gd,Uh e gd,wd

Since the n x n-matrix f, + fi,,@Q. when evaluated at 0 is just f,(0), which
is invertible, the inverse (f, + f,@.)~! is again defined in a neighbourhood
of 0, and we can apply it to (4) to obtain

By Cramer’s rule, the entries of the matrix on the right hand side are rational
functions in f,, fu, @, gw, with the denominator being given by det(f, +
fuw@:2); i.e. for every j, there exists a polynomial P, such that

Pej (fz(27 Q)a fw(zv Q)»gw(z7 Q)? QZ(Z, X?T))
det(f2(2, Q) + fu(z, Q)Q-) ‘

Continuing this process, we obtain for every a a polynomial P, with

(5)
lea (f(za Q(Za XvT)v B(XaT)) =

Q. (f(% Q2 x,7), H(x,7)) =

Py (j57‘Q(Z7X,T))H7 Q.5 (2,x,7): 8] < ’O‘D
(det(f2(2,Q) + fulz,Q)Q.))2

It is convenient to express these formulas in terms of the map

wher M = HE(CY),  7m(Z,¢) = j5Se,
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and the analogous map 7 ; here M and M’ denote the complexifications
of M and M’ respectively, H 5 (CN) denotes the bundle of k-jets of germs of
complex submanifolds of CV of codimension d, and Se=1{7:(Z,¢) e M}
is the Segre variety associated to (. In terms of our normal coordinates
Z = (z,w), we introduce conjugate variables ( = (, 7), so that M is given
by w = Q(z,¢), and M’ by w' = Q'(',(’). We can thus use coordinates
(z,x,7) for M (and also M’). In terms of these coordinates,

(6) T (,¢) = (QLa(2,¢): |a] < k).
We can now formulate

Lemma 1. For every k € N there exists a polynomial P such that for
any germs of real-analytic generic submanifolds (M,0) and (M’,0) given
in normal coordinates Z = (z,w) € C" x C* =CN by w = Q(z,x,7) and
w = Q' (2, X, 7)), respectively, if H= (f,g): (M,0) — (M’,0) is a germ of
a btholomorphism, then

P, <j§H, (Qze (2, C))|o¢|§k)
(det(f2(2, Q) + fulzQ)Q:)) T

(7) e (H(Z), H(C)) =

3. Inverting the reflection map

In this section, we will collect some definitions and facts from [9], reformu-
lating some of them following [11] and making them suitable for our purpose
here. First of all, we will use the following notion of type of a power series in
variables (z,t) (where we think about x as “tangential” and t as “transver-
sal” later):

(8)  tpp(x,t)=tp Zcpa,ga:atﬁ = min {(|a|, 18]) € N2: Pa,8 F 0} .
o,

The minimum here is taken with respect to the lexicographic ordering on
N? defined by

n <l or

,n) < (k,1) if and only if
(m,n) < (k,1) if an Onyl{n—landmgk.

We also define the determinantal type dtp ®(z,t) of a matrix-valued power
series map ® as the minimum of the type of the determinants of its minors
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of maximal size, and the determinantal type of a map ¥(z,t) as the deter-
minantal type of its Jacobian. We allow here one of the sizes of the matrix
to be infinite (with the understanding that the corresponding minimum is
actually already realized by a submatrix of finite size).

In order to define the Segre maps associated to a generic real-analytic
submanifold given in normal coordinates Z = (z,w) by w = Q(z,x,7), we
use the following notation for coordinates: (z[\¥; t) € C™ x CY, where Ak
= (27,...,2%). We then inductively define S7: C" x C? — CV:

SOt) = (0,1); S'(a't) = (a'0),
Sl — (o1, (1, 32l 0;)) )

If we evaluate at ¢t = 0, we denote the corresponding maps by Sé (m[l?j]) =
S7 (m[m]; 0). An important property of the Segre maps thus defined is that

the map
S9(zldl ) = (Sq—l <$[2,q];t) . 51 (g;[l;q};t))

is valued in M. We can now recall the sequence of invariant pairs (nf,nd)
introduced in [9] to measure the vanishing of my¢. We thus consider the
differential dwf\,l as a matrix-valued power series map and define

1,nd) = min dtp (drk, 0 S);
(ny,n3) min p (dmjq 0 S7);

the minimum is again taken with respect to the lexicographic ordering
defined above, and is finite for every ¢ (i.e. not equal to (0o, 00)) if and only if
M is holomorphically nondegenerate (see [9]). (nf, n) measures how dtp m
vanishes “along the Segre maps” and form a lexicographically decreasing
sequence in q. We can now summarize the results of §3 of [9] as follows:

Lemma 2. The numbers (n{,nd) are stable in the following sense: If (M, 0)
and (M',0) are generic real-analytic submanifolds of CN and H: (M,0) —
(M',0) is a germ of a biholomorphic map, then with the biholomorphism
H=(H(Z),H(C)) between M and M’ we have

dtpdmpp o (H 0 87) = (nf,n3).
Finally, we recall the definition of the transversal jet space JF((Ch, C{,0),

C"), which is the set of equivalence classes of germs of holomorphic maps h
from (C% x C{,0) to C" with respect to the equivalence relation of agreeing
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up to order k in ¢, that is,

TR €00, €)=

and we have the natural map h — jfoh € JF((CE,Cf,0),C"), which after
choosing coordinates is given by

Jfoh = (hie(2,0): 1 < |a] < k).

Thus we can essentially identify JF((CL,C{,0),C") with a space of germs of
power series in x.

We now recall the following result, which is essentially a restatement of
Theorem 7 and Theorem 8 of [9]:

Theorem 8. Let P: (C",0) — (C*,0) be a holomorphic map of generi-
cally full rank s, and (n1,n2) € N2. We write k(¢) = max(2ny — 1,n9 + £).
Then there exists an integer ko, a finite number of Zariski-open subsets
Vi ..., Vdc Jko((CPT9,0),(C",0)) covering J*((CP*4,0),(C",0)) and for
every £ € N holomorphic mappings

VI JRD((CP % €9,0),€%) = JH((CP x C7,0),C)
with the property that

k(¢
(9) jtoh =} (3§, g (P o))
whenever dtp Pyoh = (ni,n2) and jg“h e V.

Moreover, ®; can be chosen to be of the following form.:

Pa(A, A IBI <a+bla) ,
(10) ®)(A, Al2)(z) = > 5 Ay z°,

aEeNP

where po and e; are polynomials, Vi = = {e; =0}, and a, b, and dn, are
integers, and we write A(z) = >.8 AgaP.

Before we can deduce our first parametrization result, we also need to
recall the following lemma on derivatives.
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Lemma 3. For every q € N, k € N, there exists a real-analytic map

Di: JE((Cam+ 0), (C™,0)) x C{z, x, 7}
— Hol((C*,0), J*((CY,0), (C™,0))),

which is a complex polynomial in its first argument, such that for any power
series map h(z,w), we have that

(11) ikh = D} (g (h 0 59),Q)

Z:S(I(x[l;Q] 7t)

where Dé‘ s of the form

DEA, Q)2 8) = 3 pas(A, i Q) (el
o,B

for some polynomials p, g (which are complex polynomials in their first and
real polynomials in their second variable).

For the notion of analyticity used here, we refer the reader to Remark 1.

Proof. In the proof of this Lemma, we write S (259l 4) = (21, U7 (2189 1))
according to the decomposition CN = C" x C¢ and employ again the matrix
notation (see Section 2). We are going to use the facts that UZL (0;0) = Opxq
and U}(0;0) = I5q. We start by verifying the claim for k = 1: setting f =
h o S?, we have (here the dimension of the matrices involved is left implicit
and we write (z,t) for (z19; 1))

for (@, t) = ho(SU(z,8)) + ho(SY (2, t)) - Ul (2, 1),
fe(x,t) = hy(S9(z, 1)) - Ul (x,t).

When (z,t) = (0,0) the system reduces to f,:(0,0) = h,(0,0), f:(0,0) =
hw(0,0), so that it can be solved for h, and h,. By Cramer’s rule, the
solution is a linear function of f,i(x,t), fi(x,t) with coefficients which are
rational functions of UY, (z,t), Uf(z,t); the conclusion for k = 1 then follows
from the definition of UY.

Assume, now, that k£ > 1 and that the conclusion is valid for k — 1; we
decide here to abuse notation in a pretty straightforward manner, and leave
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it to the reader to make the computation formally correct:

E=10( +
hzw=s (S Zq Gt f o 7 Q)ae?,
E=2,1( +
h’zkfzw Zq ,t)f"](|)04 ‘B|Q)xatﬁa
0,k— 1
a1 = S5 Gl 3@

where each qué(A, @) is a complex polynomial in A and a real polynomial
in (the appropriate jet of) Q. Differentiating this system with respect to '
and (only the last equation) with respect to ¢, we obtain

(0,0 + (0, 0) U )
ZT mt f, j‘alHB‘Q)xatﬁ,

hzk,lw(SQ( 2,1)) + hor (S9(x, 1)) - UYL (1)
= ZTk 1 1 ]éngt fa ](‘]a|+|B‘Q)IL‘at67

hzwkfl(sq( )) + hwk (Sq(l‘,t)) : Ug(cll (:L‘,t)
_ Z 1 k 1 jk: (\)MHB\Q)%%Q

hwk(sq(x t)) UY(z,t)
= Z T([))é’, Jf t)f’ ‘a|+|B‘Q)xatlg7
a7ﬁ

where each r;jﬂ (A, Q) is again a complex polynomial in A and a real poly-
nomial in Q. Computing in (z,t) = (0,0), one sees that the system can be
solved for h.i,s as a linear function of the right hand sides, with coefficients
which are rational functions of U, (x,t), U{(x,t); in the same way as before,
this implies the claim. Il

Remark 2. In the following, we will often have to substitute j(’)“«p into
functions which depend on jégp for ¢ < k; in order to lighten the notation,
we suppress the application of jg in that case; i.e. if ¢ (A) is a function which
depends on a k-jet A, we define 1 (A) for an f-jet A by 1(A) = ¥ (jEA).
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We can now state and prove the parametrization theorem for deforma-
tions, first along the Segre varieties.

Theorem 9. Let (M’',0) be a germ of a real-analytic generic submanifold of
CN which is holomorphically nondegenerate. Then for every (q,¢) € N? there
exist an integer s(q,l), a finite set L = L(q,¢) and for each J € L a Zariski-
open subset V7 C J3 @O ((CN,0), (CV,0)) x JI@O((C2+4,0), (C2,0)), and
a real-analytic map \Pie defined on V' x C{z,x, T} with values in Jﬁo(((C"qud,
0), (CN,0)) such that

jto (H 0 57) = w), (61, 559Q.Q).

if w=Q(z,z,w) defines a real-analytic generic submanifold Mg in nor-
mal coordinates (z,w), and H is a biholomorphism taking the germ (Mg, 0)
into (M',0) satisfying (jg(q’f)H, jg(q’e)Q) e V7, for any such H and Q, there
exists at least one J with this property. Furthermore, \I/i ¢ can be chosen
such that

da(A, J5" Q)

12 (A = 0 —<La®

(12) q,e( , Q) () - |€J(A)‘2da -,

with real polynomials qo, complex polynomials ey for which V7' = {e; # 0},
and integers cq, de-

Proof. The proof is by induction on g. We start with ¢ =1 and choose k

large enough such that dtp drrfw = (n%, n%), and use Lemma 1 to see that

Pk ]k Ha (Qzﬂ(07$1)t)) <k
(13) koM oS = ( 00 o= )
det(f.(0,t) + fu(0,8)Q.(0, 21, ¢))2k—1
Pas (jgkalﬁIH’ j§+|a\+|ﬁlQ>

7 det f(0)P I

=: P,%(H, Q)(x,t).

()t

The last expression P} (H, Q) then defines an analytic map in our sense (as
a composition map). For any s € N, we write

JioPr(H, Q) = Q) ,(i§T°H, Q).
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By Lemma 2, dtp dﬁfw oH oS! = (nl,nd). We can now apply Theorem 8
with P = 7%, and (n1,n2) = (nl,nd) and obtain an integer k1 and polyno-
mials e; such that with ¢ = H o S we have

, <i (ke k(C .
Jtop(a' ) = (‘I)i (J§ @, drs Tagr © w) , &) <J§ e Tt © so))

whenever dtp dmay o @ = (ni,nd) and éj(jglga) # 0, where we split ® into
components (®, ) corresponding to the coordinates (Z, () for M’, with the
analogous notation for p. We also note that by the definition of mx and
the construction of the €; and ® we can actually write

. =ik~ k(£ ci kA k(C
rop(at,t) = (‘Di (]o so,Jt,(())WM/ o w) , D) (]0 %Jt,[())m/w o 90))

whenever ¢; (jglgb) # 0. In particular, if w = Q(z,x, 7) defines the germ of
a complexification of a real-analytic generic submanifold in normal coordi-
nates, H takes w = Q(z, z,w) into (M’,0)

(14) o (HoSY) = (&] (i (Ho ") it mam oMo S,
& (i (08t mm o HoS'))

the second component of which is just

0 Gl ad ok F a1\ Lk

il 0 8 = &) (j§" (/0 8") it mar o (o 8))
We note that

i (705 = R (8 7.50Q):

here R is some polynomial. Furthermore, at least one of the €; o R is nonzero
if H: (Mg,0) — (M’,0) is a biholomorphism. We can now define L' =
{1,...,d} and e;(A) = (det A\g)és(R(A)), where Ay is the part of A corre-

sponding to f.(0).
Now by (10), we have with A denoting the jet variable in

JEH((CN,0),(CN,0)) x J§H (€24, 0), (C%,0)),

that

L, pa(AAg: |B] <a+bla)) ,
o (A A@) = YN v
aeNP ej(A) :
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so that if we choose ¢, large enough and define

) BIP, 5(A, k) )
« A, = Pa R(A ’ (det \)lel+81
o) = b | T (((det)\)“'“’g ﬁsk(f)>|ﬂSa+blal

There exists a real polynomial ¢, and an integer d, such that

QQ(A? H‘) — qOL(A7 'L{':)
&j(R(A))d= les(A)|%”

(15)

and (13) and (14) together with the last computations then show that under
the assumptions of the Theorem, we have that

JtoH 0 8' = W (3 H,j3Q.Q) = ¥)(R(E H. ji Q). Ok 4 Uis T H. Q).

for which we set s(1,¢) := s = max(k1, k + k({)); clearly, the ¥ thus defined
is of the form (12). This proves the conclusion of the theorem for ¢ = 1.

We now prove the induction step, and assume that the conclusion of the
theorem holds for ¢ — 1. In order to do so, we again choose k large enough
and use Lemma 1 to see that

(16) 7hy oMo Si(zlh4 1)
Pk (qu—1(x[2;q] t)H, (sze (5527 gq(x[l;fﬂ; t))I,BKk) |
det (f (S9= 1($[2’q t)) + fw(S1 1(z[27q ))Qz(ﬂf? Sq( [1;q];t)))2k—17

in this equation, we substitute for qu 1 (glzia) t)H using Lemma 3 and the
induction hypothesis applied for the maF |correspond1ng to one of the J € L
B

which satisfies eJ(] S—LIBIR) gy H,j k+|al+ Q) # 0, to see that

(17) 7k, oM o SU(xlid; 1)
PO (ol MR e+l )

= 7948 —
Z detf 0)2k=1+lal+18l (e, (jEH, jEQ))9- ¢ = Plg,J(H’ Q)(z,1).

Here K and g, are some integers. Analogously to the case ¢ = 1, we will
write

k+s 1,s+k
]tOPk J(H Q) = ksJ(J olg—Let )H Q)

We again apply Theorem 8, this time with (n1,n2) = (nf,nd), and with
P= wa; we thus obtain similarly as before in the case ¢ = 1 an integer k,
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finitely many complex polynomials e;, j =1,..., 54, and for every such j a
map ®77 such that

ol 0 8% = &7 (jy* (H 0 §%) i1 w0 (Ho S77)).

We are thus lead to define LY = {1,...,s} x L¢" ! and e; ; = e;e;, and see
that if we put s(q, ) = max(kq, k(€)+s(¢ — 1,k+k(¢))), then if ejJ(jg(q’@H,
jg(q’Z)Q) # 0, we have that

jtol 087 = vl (55,309, Q)
24, kg 7 kg .s(q,k
= a7 (R (o H,5Q) Qg 5V H.Q) )

where we have written quI:I 087 = R4 (jg"I:[, quQ). We conclude that if we
define

v (0, Q) = 8] (R1(A), 9 4 (A Q).

the requirements of the theorem are fulfilled; a computation along the lines
of the first part of the proof shows that again ¥ is of the form (12) as
desired. O

4. Inverting the Segre map

In the last section, we have obtained a general deformation of the param-
etrization of biholomorphisms along the Segre varieties. If we furthermore
assume that (M’,0) is minimal, we shall now obtain the proof of Theorem 4.

First, we need to recall a theorem from [9] which we are going to use; in
order to formulate it, we need some definitions. For a formal map A(z): (C™,
0) — (C™,0) we denote by v(A) the minimum order of vanishing of minors
of the Jacobian of A. We denote by D = {(01,...,6,) € {1,...,m}": 6 <
<+ < 0p}, and for 6 € D and a map A € Hol, we define

A, .. 94
8251 825"
(18) 6(A)=| : :
0A, . 0A,
8251 87;5"
We can thus define
(19) v(A) = minord 6(A).

o0eD
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We will simplify notation and write Hol(m, n) (Hol(m,n)) for the space
of (formal) holomorphic maps (C™,0) — (C",0). If the dimensions are clear,
we simply write Hol or Hol. We can thus consider v: Hol — N; note that the
maps of generic full rank are exactly the ones for which v < cc.

Theorem 10. For every s > 0 there exists a finite family of polynomials

Y1, Yoy on JETL((C™,0),(C™,0)) and corresponding holomorphic func-
tions
(20) Bu(4, f): T x C[e] = Clwl, 1<k < (s),

where Uy, = {A € Hol : ¢y (ji T A) # 0}, Uy = {A € Hol : ¢ (j§ T A) # 0},
and ®y is linear in its second variable, such that with A*g = go A we have
that

(21) ®(A, A*g) =g, for every g and for A € Uy, with v(A) = s,
and

JUx o {A € Hol: v(4) = s}, | JUr D {4 € Hol: v(A) = s}
k k

Furthermore, if A € Uy, the operator ®r(A,-) restricts to a linear operator
from C{w} to C{z}, and the map ®y: Uy x C{z} — C{w} is holomorphic,
where Hol, C{w}, and C{z} are all equipped with their natural inductive
limit topologies.

Moreover, ®i(A, f) can be written as

Par(io VA 3o F)
wk (j8+1A)2\a|—1

(22) (A, Pw) =3

[0}

The crucial observation is that one has the necessary invariance property
of the Segre maps to apply this theorem to the Segre maps of a biholomorphic
perturbation of any fixed CR manifold.

Lemma 4. Let S¢(zld:t): Cte — C*t4 be the Segre map of order q
associated to (M,0) given in normal coordinates (z,w) by w = Q(z,Z,W),
and let v(SE) < 400 be defined as above. Assume that M' = {w' = Q'(7', 7,

w')} is biholomorphic to M, and denote by S(/)q the Segre maps based on Q.
Then v(Sy!) = v(SQ).
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Proof. Let ¢ € N, and let Y : C"t¢ — C+ Yy = (y, ..., y%,u), y € C",
u € C?, be defined as

Yy = F(STH (PR g)), g = (ST (@),

u=G(z%t) (q odd), u=G(z%;t) (q even),

where H = (F,G) is a germ of a biholomorphism taking (M, 0) to (M’,0).
We first claim that Y is a germ of a biholomorphism at 0. To compute its
differential, we use the notation

Aoy = <8y;”)
xJ - ; )
al'é r,s=1,...n

geoey

and similar ones for dgiu, diy™ and dyu. Since Y is defined in an upper

triangular way, we have (where we set X = (z!,...,29,1))
dpy'(X)  deey'(X) - dpy' (X)) dey'(X)
0 dery?(X) -+ dpay?(X)  dyy*(X)
dY(X) = : : : :
0 0 o dpy(X) dyy?(X)
0 0 e dgeu(X) dyu(X)

By definition, dz«u(0) = dy«G(0,0) = 0 and |d;u(0)| = |d:G(0,0)| # 0, thus
in order to check that dY'(0) is invertible it is sufficient to verify that the
determinants |dxy*(0)|, k = 1,..., ¢, don’t vanish. Assume that k = 2j + 1
(the other case is analogous); then

yP LX) = F(S72 (@RI 1)) = Pa2t, Qa1 ST (gl 2ality))
from which follows (here (z,w) € C" x C? are the normal coordinates)
dy2i1y®TH(0) = d.F(0) 4+ du F(0) - d.Q(0).

Since d,Q(0) =0 (in fact d(,)Q(0) =0) and |d.F(0,0)| # 0, the claim is
verified.

The Lemma is now a direct consequence of Lemma 3 in [9] and of the
claim after restricting to ¢t = 0 (since G(x%,0) = 0). O

Proof of Theorem 4. By the Baouendi-Ebenfelt-Rothschild minimality cri-
terion [1], there exists a ¢ for which S’¢ is of genmerically full rank, i.e.
v(Sg1) < 00. By Theorem 9 there exist an integer s(g,0) and a finite fam-
ily of complex polynomials ey, J € L? defined on J*@0) ((CV,0), (CV,0)) x
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JH@0) (€2t ), (C?,0)), and corresponding maps \I/;JI’O such that if H and
() are as in the Theorem, then

H o S = 910(i5 " H, 55" Q, Q).

We now apply Theorem 10 with s = v(S’§) and obtain a finite set of polyno-
mials 1 and maps @, k = 1,...,£(s) such that if ¢y, (j5T1SE) = r (i S)
# 0 and v(S{) = s, then

(S, HoSl) =H.

We set ¢ = max(s + 1, s(q,0)) and consider the finite set of polynomials given
by ej; = |eJ\21,Zj, ie. we set L =L7x{1,...,¢4(s)}. If the assumptions of
the theorem are satisfied for H and @, then for one pair (J,j) we have
that e ;(j§H, j{Q) is nonzero by Lemma 4 and Theorem 9. For any pair

(J,7) € L we proceed to define
Ui)(A Q) =0, (SS,\P;,’,O(AJS(‘]’O’Q,Q)) :
Then, if H € Bihol((Mg,0), (M’,0)) with e(; ;) (j§H, j§Q) # 0, we have that
W) GEH, Q) = @5 (W)o(S8 G H, 5 0Q. Q) ) = ®; (S8, H o S§) = H.

The proof of the theorem is concluded by an easy computation utilizing (12)
and (22) in order to show iii). O

5. Finite order equivalence and semi-algebraicity
5.1. Finite order equivalences

Let (M,p) and (M’,p’) be two germs of real submanifolds of CV of real
codimension d, locally given by defining functions p, p’ respectively, and let
keN,ie p: (CN,p) = (R%0) is a germ of a real-analytic function with
dp(p) of rank d. We note that alternatively, we can parametrize (M, p) by
a germ of a real-analytic function 1 (t) with ¢ € (R?"*4,0) with d¢(0) of
rank 2n + d. Then (M, p) and (M’,p’) are said to be equivalent of order k or
k-equivalent if there exists a local biholomorphism H € B((CY,p), (CV,p'))
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and a (d x d)-matrix-valued map A, such that A(p,p) is non-singular and

p(H(2),H(Z)) = A(Z,Z)p(Z,Z) + o(| Z|"),

or equivalently, if
(23) o (H(w®), HWW®)) = o(ltl").

Of course, only the k-jet j]],fH € JF((CN,p), (CN,p')) is involved in the def-
inition, and the property only depends on the k-jets of (M, p) and (M, p’)
in the following sense:

Lemma 5. Let (M,0) be a real-analytic submanifold of CN of codimension
d. Then there exists a sequence of real polynomials (v¢)e, only depending on

(M. p),
Pe: Jg((CN70)7 (Rd70)) X Jg(((CNaO)v ((CN70)) — R™,

with the following property: If p' is a defining function of a real-analytic
submanifold (M',0), also of codimension d, then H defines an (-equivalence

of (M,0) and (M',0) if and only if
we(jor', JoH) = 0.

For the proof, let ¢: (R?"*+% 0) — (C",0) be a real-analytic parametriza-
tion of (M, 0), and define

vt (jép’,jg ) = <Zl;|

which is of the form claimed above by the chain rule and satisfies the prop-
erties of the Lemma by the definition given above in (23).

In what follows, we will apply this system to a deformation p(Z, Z, )
of the germ p, where e € X and X is a germ of real-analytic manifold, see
Section 1. For convenience, we will use the notation

(24) t(e) = jop(- €);

t, 0 X — JF((CV,0), (R, 0)) is thus a real-analytic mapping. In the case
when the deformation is given by the collection of germs (M, q) for ¢ in a
neighborhood of p in M, we will consider t; as a germ of a real-analytic
mapping defined near p.

o (o) 7))

t=0 |a| <2
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From now on we assume that the real-analytic CR manifold M is mini-
mal and holomorphically nondegenerate, as in the previous section. We will
recall some known results regarding the relationship among finite order, for-
mal and biholomorphic equivalence that we are going to employ later. First
of all, from [18, Theorem 5.1] we have the following fact: for every x > 1
there exists k > 1 such that for every k-equivalence H : (M,0) — (M,0)
there exists a formal equivalence H which coincides with H up to order k.
(Zaitsev’s result applies to equivalences of formal real-analytic sets, without
minimality or nondegeneracy assumptions, given that they are equivalent
to any finite order, which is trivially fulfilled in our setting). Combining
this statement with [2], we have that H is actually a local biholomorphism.
Moreover, [18, Theorem 2.1] and [2] show that if (M,0) and (M’,0) are
k-equivalent for all k € N then they are also biholomorphically equivalent.
We also refer the reader to [4], where the result was proved in the finitely
nondegenerate case.

Remark 3. If (M’,0) is biholomorphic to (M,0), then for all k> 1 and
for the same k(k) as above we also have that for every k-equivalence H :
(M,0) — (M’,0) there exists a formal (hence, in our setting, convergent)
equivalence H which coincides with H up to order . In fact, let ¢ : M — M’
be a biholomorphism, and H' : M — M’ a k-equivalence; then H = ¢! o H'
is a k-equivalence M — M. Let H be an automorphism of M which coincides
with H up to order x; then H' = ¢ o H agrees with ¢ o H = H' up to order k.

As observed above, the k-equivalence condition gives rise to a real alge-
braic subset {¢r = 0} defined in Lemma 5; what we are really interested in,
however, is the projection of this set on its first component. For this purpose,
we shall now recall some well-known notions and facts about real algebraic
geometry.

5.2. Basics from real-algebraic geometry

A set A C R"™ is said to be semi-algebraic if it is a finite union of intersections
of sets defined by real polynomial equations and inequalities:
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where A;; is either of the form {P;; = 0} or {P;; > 0} for some real polyno-
mial P;; € R[zq,...,z,]. The importance of semi-algebraic sets is highlighted
by the following fundamental result:

Theorem 11. (Tarski-Seidenberg) Let A C R™ be a semi-algebraic set,
and let 7 be the projection 7 : R™ — R"~L. Then n(A) is semi-algebraic.

More generally, if R is any ring of real functions over a set E, a sub-
set A C E is called definable if it can be expressed as before, with A;;
being either of the form {f;; =0} or {f;; > 0} for some f;; € R. We will
need the following consequence of Lojasiewicz’s generalization of the Tarski-
Seidenberg result (see e.g. [6]):

Theorem 12. (Lojasiewicz) Let X be an analytic manifold, let A C X x
R* be definable over the ring C¥(X)[z1, ...,z and let 7 : X x RF — X be
the projection on the first factor. Then w(A) is semi-analytic, i.e., definable
over C*(X).

We have now gathered all the tools we need in order to prove Theorem 2.

Proof of Theorem 2. Let (M, 0).cx be a deformation of (M,0). Given a
subset F C X, we will denote by C¥(E) the set of real-analytic functions
defined in a neighborhood of F in X; moreover, given a point ¢y € X we
denote by C¢ the set of germs of real-analytic functions at €. In what fol-
lows, for every k we regard the map t; defined in Section 5 as a real-analytic
map X — JF((C?+4.0),(C4,0)); i.e., we take a choice of real-analytic func-
tions Q(z, x, T, €) such that for e € M, Q(z, Z,w, €) defines (M, 0) in normal
coordinates (z,w), and write

tk(ﬁ) - j(I)CQ(7 ER) 6);

we also write t(e) = Q(-,-,-,€) € C{z,x,7}. Let ¢; and pj be defined as
in Theorem 5, and fix any jo; moreover, fix any relatively compact, open
semianalytic set B C X. Since C¥(B) is Noetherian (see [8], and also [10,
14]), the same is true for C¥(B)[A]: it follows that there exists K € N such
that

{Pjo.a(Aste, (€)) = 0} = {pjo.a(A; te, (€)) = O}jaj<k

for (A, ¢) € JY((CN,0),(CN,0)) x B.
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Consequently, if we define for every j the set A;  J*((CV,0), (CV,0)) x
B as

Aj={(A0) € J((CN,0),(CV,0)) x B : ej(A,ve(€)) # 0,45(A, v(e)) = 0}

and set A = A1 U---U Ay, then A is definable over the set of real polyno-
mials in JY((CV,0),(CV,0)) with coefficients in C*(B). Theorem 5 then
implies that (where we denote by 7 the projection J¢((CV,0),(CV,0)) x
X — X) m(A) corresponds to the the points € € B such that (M, 0) is locally
biholomorphic to (M,0), i.e. w(A) = Ej; N B. Thus Lojasiewicz’s theorem
implies that w(A), and thus E}, is a semianalytic subset of B. O

6. Lifting

In order to proceed with the proof of the lifting statements, we still need
to collect two facts. We first recall that, if A; C R™ and Ay C R™ are semi-
algebraic set, a map f: A1 — Ay is said to be a semi-algebraic map if the
graph of f is a semi-algebraic subset of R"™,

A (semi algebraic) cell decomposition of a semi-algebraic set A is a finite
collection of subsets {C}J} such that each C? is semi-algebraically home-
omorphic to the ball BY = {z € R?: [z] < 1} (C] is then called a cell of
dimension q) and satisfying the following properties:

1) A= Uj,q CJQ;

2) the closure 6? of a g-cell is the union of C? and cells of strictly smaller
dimension.

In other words, the sets C']q form what is called a stratification. An important
result in the theory of semi-algebraic sets is that a cell decomposition always
exists (see [5]).

Remark 4. Let X C R", Y C R™ be semi-algebraic setsand let f : X — Y
be a semi-algebraic homeomorphism. Moreover, let K C X be any subset.
Then there exists p € K, a neighborhood U of p in R"™ and a real-analytic
submanifold N C U such that KNU C N and f|y is a real-analytic map.
To verify this fact, let T'(f) C R"™ be the graph of f, and let 71, o be the
projections of I'(f) onto X and Y respectively. We note that I'(f) admits a
stratification by real-analytic cells (see [5, Theorem 2.6.12]: the decomposi-
tion can be in fact chosen to be a triangulation); let C' be a cell of maximal
dimension intersecting K’ = 7, '(K), and choose p' € CNK', p =i (p).
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Then there exists a neighborhood U’ of p’ such that U’ N K’ C C: if not, we
can choose a sequence of points pj converging to p’ such that pj € DN K’
for some cell D # C', which by the choice of C' is of necessarily lower dimen-
sion; hence p € D N C = () since the cells form a stratification (for a similar
argument, see also the proof of Lemma 6 below). Take N = m(CNU’) (N
is a real-analytic submanifold since 71|¢ is a diffeomorphism); then K is
locally contained in N and f = mpom Lis real-analytic.

We will also need the following local triviality result, due to Hardt (see
e.g. [5]), concerning semi-algebraic continuous maps.

Theorem 13. (Hardt) Let f: X — Y be a continuous, semi-algebraic
map. Then there exist a finite semi-algebraic stratification {Y1,..., Yy} of Y,
a collection {Fi, ..., Fy} of semi-algebraic sets, and semi-algebraic homeo-
morphisms

g2 fTHY)) = ) x Ej
such that
fly-1v,) =pogy;
where p is the projection p: Y; x F; = Y;.

Let (M., 0)cex be a real-analytic deformation of the germ (M,0), as
defined in Section 1, and E)js be the locus {e € X : (M, 0) ~ (M,0)}. By def-
inition, for all € € E) there exists a local biholomorphism (M, 0) — (M, 0);
however it is not clear, in principle, that these biholomorphisms can be cho-
sen to depend nicely on €. The next lemma shows that this can in fact be
done at least boundedly in the neighborhood of each point of a dense subset
of K M-

Lemma 6. Let p € Eyy, and fiz a neighborhood U of p. Then there exists
g0 € ExyNU such that for every biholomorphism H: (M,0) — (M,,,0),
any k € N, and for every neighbourhood W of jsH® there exists a neigh-
bourhood V' of qo with the following property: for all ¢ € V N Epy there is a
biholomorphism HY : (M,0) — (Mg, 0) such that the jjo, € W.

Proof. Choose k > 0 (associated to ) as in Remark 3, and let ¢y be the set
of polynomials defined in Lemma 5. Then Ay = {p) = 0} is a real algebraic
subset of JE((CN,p), (R%,0)) x JE((CV,0),(CN,0)); let us denote by 7 the
projection to JF((CV, p'), (R%,0)). Let t1.(g) be the map defined in (24); then
(M, 0) is k-equivalent to (M, 0) if and only if v (¢) belongs to 7(Ag); in par-
ticular the points of Ej; satisfy this property. Let C, ..., Cy, be a partition
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of m(Ag) into semi-algebraic sets in such a way that 7|-1(c,) is trivial for
1 < j < m (see Hardt’s Theorem above and [5]), and let C} be a cell decom-
position respecting {C1,...,C),} and forming a stratification in the sense
specified above, i.e. 6} is the union of C’; and cells of strictly smaller dimen-
sion (cfr. [5]). Let d = max{d' : 3¢ € Epy NU s.t. tx(q) € C;: and dim C]i. =
d'}, and choose gy € Ejy N U realizing the maximum, vx(qo) € C;g We claim
that, for ¢’ € Eys lying in a small enough neighborhood of ¢y, we still
have t;(¢') € CJZE Otherwise, there would exist a sequence ¢/, — qo (hence
also tx(q,) — tx(qo)) such that tx(q),) € C]Zi for some fixed indexes i1, j1,
with dim C;i <d. It would follow that C’;g ﬂé;-ll # (), which contradicts
the fact that the sets C;- form a stratification. So tx(¢’) € C’;g for all the
q € V' N Ey for some small enough neighborhood V' of qg; in particular
t.(¢') € Cj,. By the triviality over 7~1(C},) we have that, fixed a biholo-
morphism H® : (M,0) — (Mg,,0), there exists a neighbourhood V' of ¢
such that for all ¢ € V there exists a k-equivalence H? : (M,0) — (Mg, 0)
whose k-jet belongs to j¥(j§)~'W where W is the given neighbourhood of
JjgH®. By [18, Theorem 5.1] and [2] it now follows that there also exists a
biholomorphism HY : (M,0) — (M,,0) whose k-jet belongs to W. O

If the deformation (M, 0) is given by moving the basepoint ¢ of a fixed
germ (M, p), then the conclusion of Lemma 6 can be strenghtened:

Corollary 7. Let p € M. Then for every k € N and for every neighbour-
hood V' of j,; id there exists a neighborhood U of p such that for allq € E, N U
there is a biholomorphism ¢g : (M, p) — (M, q) with jy¢, € V.

Proof. Let go be as in Lemma 6, and fix any biholomorphism ¢, : (M, p) —
(M, qo). Then the claim is proved by composing the family ¢, of Lemma 6
with the inverse of ¢, . O

We now want to show that, if Fj; contains a real-analytic submanifold,
the lifting property of Lemma 6 gives real-analytic sections:

Lemma 8. Assume that Ey; contains a (real-analytic) submanifold R of X ;
let p € R and fix an open neighborhood U of p. Then for every k € N there
erist ¢ € RNU, a neighbourhood V' of q1, and a real-analytic map L, :
VN R— G§(CN) and (for all g € VN R) a biholomorphism ¢q : (M,0) —
(My,0) whose k-jet is L(q).
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Proof. Along the same lines as Lemma 6, we work with the k& which is
obtained from x as in Remark 3. The conclusion will follow from the fol-
lowing claim: there exist g € Ay (with m(xzg) € tx(RNU)), ¢1 € RN U with
tx(q1) = m(x0), a neighborhood V' of tx(q1), a neighbourhood V of ¢1, and a
submanifold L of a neighborhood of 2y in Ay such that themap 7 : L — V' N
m(Ag)is 1 — 1 and themap 7' oty : VN R — L is real-analytic. Let CJZ;’ be
the d-cell chosen in the proof of Lemma 6; since 7 is trivial over C,, there
exists a semi-algebraic homeomorphism f;, : Ay N7 1(C;,) — Cj, x Fj, (for
a certain semi-algebraic set Fj,) such that 7[,-1(c, ) = po fj, (where pis the
projection Cj, x Fj, — Cj,). We apply Remark 4 to X = A, N7~ 1(C;,),
Y = Fj, x Cj, and K = 7 (vx(R) N Cj,) N A: we can then choose zg € Ay,
in such a way that 7(zg) € tx(R) and f;, is real-analytic on a submanifold N
of a neighborhood of g in Ay, locally containing 7! (v (R)) N Ax. The claim
is then obtained by taking L to be the intersection of szl(C]’:g x { fj,(x0)})
with a small neighborhood of xg in V. U

Again, if (M,,0) is given by the germs (M, q) induced at ¢ € M by a
fixed germ (M, p), the analogous of Corollary 7 holds with the same proof
to give us real-analytic sections:

Corollary 9. Let p € M. Then for every k € N and for every neighbour-
hood V' of j,id there exists a meighborhood U of p, a real-analytic map
L:U =V CJj((M,p), M), and biholomorphisms ¢4: (M,p) — (M, q) de-
fined for g € E, NU such that for all ¢ € E, N U we have L(q) = j, ¢q-

Theorem 14. Let (M.,0).cx be a deformation of (M,0), which we assume
to be holomorphically nondegenerate and minimal. Then there exists a dense
subset D C Epp with the following properties:

i) Fach component of D is real-analytic submanifold of X ;

ii) For every q € D there exists a neighbourhood U of q in D and a real-
analytic map @(p,q) defined in a neighbourhood of {0} x U in M x D
such that for each q € U the map p — ¢(p,q): (M,0) — (M,,0) is a CR
equivalence.

Proof. We first note that since ) is a semianalytic subset of X by Theo-
rem 2, we can find a dense open subset D’ of Ej; each of whose components
are real-analytic submanifolds of X. By Lemma 8, we can find a dense subset
D c D' each of whose points fulfills the property of Lemma 8 with s being
the number ¢ required in Theorem 3. From this Theorem, we conclude that
bq=(-,(L(q))"t,q)~", where the inverse is taken as a map in the first
component, which is of the form claimed in ii). O
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Proof of Theorem 6. The second part of the Theorem is now either an imme-
diate consequence of Theorem 14 and the homogeneity of E,, or one could
repeat the proof of that theorem with Lemma 8 replaced by Corollary 9 and
using the fact that F), is a real-analytic submanifold. The first part of the
Theorem is implied by the second part, since we obtain an infinitesimal CR
automorphism of M at p by taking any curve v(t) in £, with v(0) = p and
setting

since 1(p, q) = ¢, X (p) ='(0). m
7. Examples
7.1. Real-analytic examples

By Theorem 1, if M is a holomorphically nondegenerate, minimal real-
analytic manifold, and p € M, the structure of the locus F, is — at least
on a neighborhood of p — very simple. We present here several examples to
illustrate how, from a global point of view, the situation can be more compli-
cated. Also of interest are questions regarding the relationship between £,
and the loci nearby, as well as the possibility to extend the automorphisms
of E, to automorphisms of a neighborhood of E, in M.

In some cases, where no simple invariant (for example involving degen-
eracy or type) is available, the actual computation of the locus can be a
complicated task. In such a situation, one can employ the characterization
in Theorem 6 , which, while only allowing to find the connected component
of E, through p, in principle reduces the calculation to a linear problem.

Example 5. For a generic (M, p) the locus is trivial, i.e. £, = {p}. On the
opposite side of the spectrum, we have the homogeneous manifolds where
E, = M. Many of the results we have proved in this paper for the equiva-
lence locus (and actually, some more) are already known in the setting of
homogeneous CR manifolds from work of Zaitsev [17].

An interesting aspect of our results here is that they exhibit homoge-
neous CR manifolds as “building blocks” of holomorphically nondegenerate,
minimal, real-analytic CR manifolds since they are the disjoint union of the
equivalence orbits, which are (by Theorem 1) homogeneous CR manifolds.

A very simple example of a homogeneous CR manifold in C?(z,w) is
given by the Lewy hypersurface {Imw = |z|?}, which is biholomorphic to
the standard sphere S3 C C2.
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Example 6. Let S = {Imw = |z|*}; then S has type 4 along {z = 0, Imw =
0} and is strongly pseudoconvex elsewhere. It follows that Ey = {z = 0,Imw
= 0} is areal line. On the other hand, S\ Ey is homogeneous: a way to verify
this fact is to consider the map ¢ : C2 — C2, ¢(z,w) = (22, w). The pull-back
of S through ¢ is the Lewy hypersurface; since ¢ is non-singular for z # 0,
then, the claim follows.

Alternatively, one can consider the group generated by {7”9}96[072”) and
{di}rer\{oy, where rg(2, w) = (€2, w) and d¢(z, w) = (tz,t*w), which (along-
side with the translation in the Rew-direction) acts transitively on S\ Ej.

This example already shows that FE, needs not be, globally, a closed
submanifold of M, since this is not the case for S\ Ey. We can also see that
the function p — dim E), is (only) lower semicontinuous.

Example 7. By modifying the previous example, we can get rid of some of
its symmetries and “break” the homogeneity of the strongly pseudoconvex
part. Let S = {Imw = |2|* + |2/%}; then the rotations ry are still automor-
phisms of Si. A heavy, computer-assisted calculation of dimg E, at ¢ = (1, 2)
(as it turns out, the equation defining hol(S1, ¢) needs to be checked up to
its 8-th jet) showed that the locus at ¢ has dimension 2, as expected.

Let, now, Sz = {Imw = |2|* + Re(22®)}. In this case, the only rotation
preserved corresponds to 6 = w, while S is invariant under the dilations
d;. Similarly as before, an explicit computation (this time involving the 7-th
order jet of the equation defining hol(S1,q)) at ¢ = (7, 0) allows to verify that
dimg E; = 2. We remark that in this example E, is (globally) disconnected,
since it contains (at least) the two connected components {(is1, $2) }s,>0,s,cR

and {(7;51’ 52)}31 <0,s2€R-

Example 8. Let S = {Imw = |2|% + Re(22)}. In this example, the auto-
morphisms of S include the dilations dy(z,w) = (tz,t%w) for t € R and the
rotations 7y for 6 = 7, +7/2. As in the previous example, we could explicitly
check that the real dimension of E, at the point ¢ = (,2) is 2. Also in this
case, the locus Ej is not connected; moreover, we can see that E, (while it
is in itself a locally closed submanifold of S) is no longer an open subset
of a regular submanifold of S. The closure of the locus corresponds in fact
to the 2-dimensional real-analytic set {(s1,s2) U (i51,52) } (s, ,s,)er?, Which is
singular at 0.

Example 9. Let S = {Imw = |z1]* + |2122]?} C C3(21, 22, w): this hyper-
surface is obtained by modifying the homogeneous submanifold S’ = {Im v’
=212 +|25|?} via the map ¢(z1, 20, w) = (22, 2129, w). Since ¢ is non-singular
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for {z; # 0}, then, it follows that the open subset E5 = SN {z # 0} is
homogeneous. Moreover, SN {z; = 0} is the 3-dimensional plane {Imw =
0,21 = 0} and so it is, by itself, an homogeneous submanifold of C3. Nonethe-
less, the equivalence locus of the point (0,0,0) does not coincide with SN
{z1 = 0}, but it reduces to the line F; = (0,0, s)ser (these are the only
points in which S has type 4). The remaining set F3 =S N{z; =0, 29 #
0} also constitutes a locus: looking at the automorphisms (z1,z2,w) —
(cz1, cz2,|c[*w) for ¢ € C\ {0} shows that E, D Fj for all p € E3, while con-
sidering the Levi form of S (which has exactly one vanishing eigenvalue only
along FEs3) shows that E, C E3 for all p € E3. To sum it up, S is the dis-
joint union of three loci Eq, F3, E5, forming an analytic (in fact algebraic)
stratification.

Example 10. Let S = {Imw=(Rew)?e™ R¢# 42|} C C3. Here the auto-
morphisms of S include the translations along the Im z;-direction as well as
the transformations (z1, 22, w) — (21 + t, et/ 2y, elw) for t € R. The group
they generate is transitive on E = {z9 = 0,w = 0} C S; once again, looking
at the eigenvalues of the Levi form shows that E coincides with the equiv-
alence locus of 0 in S. It follows that, even if S is nondegenerate, the locus
E, of some point p € S can be a complex submanifold.

From this example, as well as from the previous one, we see that S
needs not be “factorized over E,”, in the sense of the existence (for some
“transversal” manifold 7") of a CR map from E, x T to a neighborhood of
p in S; in other words, the loci nearby may not contain submanifolds which
are CR-isomorphic to E,.

We also see that the group of automorphisms of F),, considered in itself
as a homogeneous manifold, can be much bigger than the group of automor-
phisms of S which preserve E,.

7.2. Counterexamples of finite smoothness

The following construction provides examples of hypersurfaces of C? for
which the equivalence locus of certain points is not locally a manifold, or,
more precisely, is not even locally closed. For all finite k, we could find an
example of class C*; we were not able, up to now, to find an example of
class C°.

Let us consider the function g : (—1,1) — R defined as

g(x) — e tanz(wx/Q);
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observe that g is real-analytic on (—1, 1); moreover, the extension of g to the
whole R by 0 is of class C*°. We are going to define a function f:[0,1] —
R, vanishing exactly on the standard Cantor set C C [0,1], by a suitable
sequence of dilations and translations of the function g. More precisely, for
m € N define

n n+1
an,m:?)imv bn,m: 3m mGN,O§n§3m—1

and let
Im:{ie{O,l,...,Sm—l}:fora110§j<m,1§r§3m_j_1,

i g {3r—2)3,...,(3r—1)3 — 1}},

Im =40,1,...,3™ =1} \ L.
We will consider the following family of linear (affine) transformations of R:

x+n.

Vo 1 [0,1] = [@nm, bnm),  Unm(z) = ~

note that 1, ,,, restricts to an automorphism of the Cantor set C as long as
n € I,,. For a choice of h > 0, we define

(@) h™™g(2-3mx —2n —1), if x € (anm,bnm) With n € Jp,,
€Tr) =
0 otherwise (i.e. z € C).

Then f satisfies the following relation:
fWnm(z)) =h " f(x) forallmeN,ne I,.

In fact, if = € C then also ¢, ,m(x) € C and f(x) = f(¢¥nm(x)) = 0. Other-
wise, we have that = € (ap4,bp4) for some ¢ € N, p € J,. Then vy, ,,(z) €
(@pt-n3e,m+qs Optnze,m+q) and since p +n3? € Jy, 44, we have

f(nn(2)) = h™ ("0 g (2. 3m (x?;n) —2(p+n3") - 1)

=h"" (R (239 —2p—1)) = " f(=).

In other words, the graph {u = f(z)} of the function f in R?(u, z) is invari-
ant under the affine transformation (x,u) — (¢ m (), h~"u) for all m € N
and n € I,,.
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Now, for k € N, assume that h > 3*; we will show that f is of class C*.
For every [ € N, define a function f; by “truncating the construction of f at
the step [”:

h™g(2-3mx —2n —1), if x € (anm,bnm) with m <l,n € J,,
B e

0 otherwise;

observe that f; is smooth for any fixed [ € N, in particular it belongs to
CH([0,1]). Let M = [|g]lx((-1,17) = maxo<i<i(supye(—1,1) |97 (2)]). Then, for
every 0 < j <k and = € (anm,bnm) (n € Jp),

. . k m
— |h=™(2- 3™ gW)(2. 3m5 — 2n — 1)| < @) 2k M.

d7
dxi

f(x)

If 11,12 € N, lo > 1, then for 7 > 0 the j-th derivative of f;, — f;, is only non
vanishing on Ullgmglg,neJm(anym7 bpm), hence for 0 < j <k

kN b
< <3h> 2k M.

Therefore {f;}ien is a Cauchy sequence in C*([0, 1]); since by construction
fi — f, it follows that f is in turn of class C*.

Now, consider in C? complex coordinates (z = x + iy, w = u + iv), and
let S be the real, tubular hypersurface defined by

d? d?
dzd —f(x)

dxd

(fi, — fu.) ()

< sup
€U, 51, (@n,mbn,m)

S={(z,w) €C?:u= f(z)}.

Note that, for m € N and n € I,,,, the (affine) complex linear transformation
(z,w) = (Yn,m(z), A~ ™w) is an automorphism of S, where ¢, n,(2) = (2 +
n)/3™. Moreover, for t,s € R the translation (z,w) — (z + it,w + is) and
(since g was chosen to be an even function) the reflection (z,w) — ((—z +
1/2),w) are also automorphisms of S. Combining these, it is easy to see that

F, = {(anm + iy,iv) and (bym + iy,iv) 1 y,v € R,m € N,n € J,, }

is contained in the equivalence locus E, of any p = (anym,,0) for mp € N
and ng € J,,. We claim that actually F, = E,,.
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In fact, consider the set
A={(z,w) € S:Rez €[0,1]\ C};

then S is real-analytic in a neighborhood of a point ¢ € S if and only if ¢ € A.
In particular, ¢(A) C A for any local automorphism ¢ of S, which implies
that (with p as above) E, C C x iR* = {(x + iy, iv) : z € C}. Choose, then,

NS C \ U {an,ma bn,m}

meNneJ,,

and let p; = (21,0). Then p; doesn’t belong to the boundary of any con-
nected component of A. Since, on the other hand, p does belong to the
boundary of {(z + iy, f(x) +iv) : & € (ngmes Ongme)s Y, v € R} (which is a
connected component of A), it follows that p; & E,; hence we obtain E),
=F,.

Finally, we observe that E, is dense in C x iR?; since the latter is a
perfect set, it follows that F), is nowhere locally closed.

8. Global automorphisms

Our first step in studying the global automorphism group is once again a
local result. We shall show that, given a point p € M, the germs of biholo-
morphisms of M at p can be analytically parameterized in the following
way:

Theorem 15. Let M be a real-analytic CR manifold which is holomor-
phically nondegenerate and minimal. Then for every p € M there exists a
neighbourhood U of p in M, an integer £, a neighbourhood V' ofjf; id, and a
real-analytic map V: Q — M, defined on U x V' such that for any germ at
q of a real-analytic CR automorphism f with jgf €V for someqec UNE,,
we have

f(2) = U(z, g f)

for z near q.

Let us first see how Theorem 15 implies Theorem 7. We will follow the
line of reasoning due to Baouendi, Rothschild, Winkelmann, and Zaitsev [3],
and thus restrict ourselves to a sketch: In order to show that there exists a
neighbourhood of id € Aut¢ (M) which is locally compact, we show that
for a judiciously chosen neighbourhood U of id € Autg (M), any sequence
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of CR automorphisms (fy,)neny C U contains a subsequence which converges
everywhere on M to an automorphism. Let K be the compact set given in
Theorem 7. For any p € K, we can find a neighbourhood U(p), an integer
¢y, and maps ¥,,, from Theorem 3 applied to the deformation of moving the
basepoint and considering the inverse, as in the proof of Theorem 2, such
that

f(2) = Wp(2, 5 f),

for any f with jﬁp f in a neighbourhood V), of jf;p id. By possibly shrinking
Up and Vj,, we can assume that j;\Ilp(-, A) is invertible for every A € V, and
q € Up.

We can cover K with finitely many such U, =: U; and by requiring that
U consists only of maps f for which j{;j f is sufficiently close to j;fj id where
k = max; £, , we have that

f(z) = ‘I’pj(zvj;];jf)a feu.

Let now (f,) be a sequence in . We first claim that there exists a
subsequence of (fy,) such that f, converges on U = U;U; D K to a map
with invertible Jacobian at every point. For this, we choose a subsequence
fn. such that for every j, jf,fj fn. converges to a jet A(; € Vj; then of course
the f, converge on U (uniformly on compact subsets, in particular, on K),
and the limit map has an invertible Jacobian at every point of U by our
choice of U; and V;.

We now consider the set O of points p € M which have a neighbourhood
on which f,, converges to a map whose Jacobian is invertible. We will show
that that O = M; one can then follow the arguments of [3] in order to finish
the proof. For every p € M, denote by Ej, the connected component of Ej,
containing p. By assumption, E N K is not empty, and thus, O N E is also
not empty. Obviously the latter set is open in Ep, we shall show that it is
also closed in E and thus O N Ep = E This implies that O = M.

Now the assertion that O N E), is closed in E follows from Theorem 15
with exactly the same proof as [3, Lemma 3.3] follows from [3, Proposi-
tion 2.2.]. We thus only need to give a proof of Theorem 15.

Proof of Theorem 15. We first claim that we can find a real-analytic map
Y(z,y, z) defined on U x (U N E,) x (U N E,), where U is some neighbour-
hood of p, with the following properties:

x v+ Y(x,y,z)is CR on U for any (y,z) € U x U;
w(y7yaz) =z, [B:w(x7p7p)
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Indeed, by Theorem 6, there exists a map ¢ defined on V x W for some
neighbourhood V of p in M and W C E, of p in E, which is a CR automor-
phism on V for every ¢ € W and ¢(p, q) = q. We now define

(x,y,2) = e(p (2,y),2),

where the inverse is understood with respect to the = variable. By shrinking
V and W, respectively, we can assume that the formula on the right hand
side makes sense on a set of the form U x (U N E,) x (U N E,).

From [9], we know that there exists an integer ¢ such that for a neigh-
bourhood V' of p and a neighbourhood W of jf; id € G';(M) there is a real-
analytic map Wy, CR in its first variable, such that for any f € Aut(M,p)
with jﬁ f €W, we have Vo(z,j, 'f) = f(x) for every CR automorphism of
M fixing p. By restricting to a probably smaller neighbourhood W, we can
assume that all such automorphisms with jf; f € W are actually defined in
the neighbourhood U of p (again, after possibly shrinking U).

From ¢ and ¥y, we can manufacture a parametrization of Aut(M,q)
for ¢ € U, by pushing W; i.e., let us for simplicity define for A € Gf;(M)
the jet associated to it via ¢ at p by T,A = jﬁgp(~,q)Aj§go_1(-,q) € Gf,(M).
We can also, if we write 7 for the map associating to any jet its basepoint,
understand TpA = jfo(-, (A))A]Z ~1(.,7(A)) as a map defined on an open
nelghbourhood of jg)ld € G*(M). We then set

Uy (z,A) = o' (W0 (e(z,9), TyA) , q)

which is defined on U x W where W is an open subset of G*(M) with
7(W) = U which contains ]p id such that for every qeln Ep, and every
F € Aut(M, q) with jéF € W we have F = ¥(-, ] F) on U. Let us now
write for a jet A € GZ(M) Ao = A(7(A)) for the image of its basepoint. We
now define

U(z, A) = Wo(¢(w, m(A), Mo), (Jpgay (-, m(A), Ag)) ' A),
which has the claimed properties. O
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