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The energy-critical nonlinear Schrodinger
equation on a product of spheres

SEBASTIAN HERR AND NILS STRUNK

Let (M, g) be a compact smooth 3-dimensional Riemannian man-
ifold without boundary. It is proved that the energy-critical non-
linear Schrodinger equation is globally well-posed for small initial
data in H'(M), provided that a certain tri-linear estimate for free
solutions holds true. This estimate is known to hold true on the
sphere and tori in 3d and verified here in the case S x S2. The
necessity of a weak form of this tri-linear estimate is also discussed.

1. Introduction

Burq-Gérard-Tzvetkov [3—6] initiated a line of research on the well-posedness
of nonlinear Schrédinger equations on compact manifolds, extending Bour-
gain’s results on tori [1, 2]. More precisely, on a given compact smooth
d-dimensional Riemannian manifold (M, g) without boundary, the Cauchy-
problem
) 10+ Agu = +|ulP~
ul,_, =uo € H (M)
is studied, where ug € H*(M) is given initially and the aim is to prove
the existence and uniqueness of a solution v € C([0,T), H*(M,C)) and its

continuous dependence on ug. For sufficiently smooth solutions u the L?(M)-
norm and the energy

E(u)(t) = % /M Vu(t, )| do + ler1 /M lu(t, )P da

are conserved quantities.
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On M = R4, solutions u of the Equation (1) can be rescaled to solutions
u) by setting

ur(t,z) = A\rTu(\2t, Az) (A > 0).

The Sobolev semi-norm || - || . (re) 18 invariant under this rescaling iff s =

Se 1= % — p%l and we call the range s > s, sub-critical, s < s. super-critical

and s = s critical. In dimension d = 3, the quintic problem (p = 5) is called
energy-critical since s, = 1. In this case, well-posedness in the critical space
H'(M) is a key ingredient in the analysis of global well-posedness: For small
initial data this immediately follows from the conservation of the energy
E(u), and in the defocusing case it serves as a starting point for a proof of
global well-posedness for large initial data.

Recently, first global results for (1) with p =5 in the critical space
H'(M) have been obtained on the specific manifolds M = T3 [11, 13, 19]
and M = S? [10, 16] with standard metrics. These critical results crucially
rely on precise spectral information. In this paper, we consider the mani-
fold M =S x S? with the standard metric. With regard to concentration of
eigenfunctions and localization of the spectrum of A, this is an intermediate
case between T? and S?, as explained in [5, p. 257, 1. 26ff]. We consider this
as a toy model for the central question concerning the critical well-posedness
on arbitrary smooth compact Riemannian 3-manifold, cp. [5, p. 257, 1. 31ff],
as it forces us to unify some of the methods developed in [10-12]. On the
other hand, its treatment requires new ideas, which we will point out below.

Precisely, we focus on the following Cauchy-problem

5 iOpu + Agu = £|ul*u
@) u‘tzozuoeHs(SxSQ)

and we will prove the following in the critical case s = 1:

Theorem 1.1. The Cauchy problem (2) is globally well-posed for small
initial data in H*(S x S?).

As usual, this result includes the existence of (mild) solutions u € C(R,
HL(S x §?)), uniqueness in a certain subspace, smooth dependence on the
initial data and persistence of higher initial H*-regularity. Our methods also
imply local well-posedness for arbitrarily large initial data in H(S x S?) by
standard arguments, which we omit. We refer the reader to [11, Theorem 1.1
and 1.2] for more explanations. In [5] the global well-posedness in H' has
been proved in the sub-quintic case (i.e. 1 < p < 5), see [5, Theorem 1] for



The energy-critical NLS on a product of spheres 743

a more complete statement and [5, Appendix A] for an ill-posedness result
in a super-quintic case.

Generally speaking, the method of proof used here is similar to the
cases M = T3 [11] and M = S? [10] and ideas from [5, 6] are used in order
to deal with the fact that the spectral cluster estimates are not optimal on
M =S x §?%, see [5, Theorem 3 and Remark 2.1]. However, in the critical
case the tri-linear estimate obtained in [5, Proposition 5.1] cannot be used
because of the e-loss, which essentially comes from the number-of-divisor-
bound [5, Lemma 4.2]. The main new estimate is a critical tri-linear estimate
for free solutions, see Proposition 2.6, which is also known for M = T3 (both
rational [11, Proposition 3.5 and its proof, in particular (26)] and irrational
[19, Proposition 4.1]) and M = S? [10, Proposition 3.6 and its proof, see
(20)]. From this estimate we derive the nonlinear estimate which is used for
the Picard iteration argument, which is along the lines of [10].

We point out that this reduction of the well-posedness proof to critical
tri-linear estimates for free solutions is independent of the specific manifold.
Conversely, we find that a weak form (0 = 0) of the estimate in Proposi-
tion 2.6 is necessary for a well-posedness result in H'(M) with a smooth
flow map, which again does not depend on the specific manifold M = S x S?.

This paper is organized as follows: We conclude this section by intro-
ducing some notation. In Section 2 we prove the crucial tri-linear estimate
for free solutions. In Section 3 we describe how the tri-linear estimate can
be extended to a certain function space, which allows us to perform the
standard Picard iteration argument. In Section 4 we discuss the necessity of
a weak form of the tri-linear estimate for free solutions.

Notation

Let (M, g) be a compact smooth 3-dimensional Riemannian manifold with-
out boundary. The spectrum o(—A) of the Laplace-Beltrami operator can
belisted as 0 = \g < A\; < -+ < Ay — +00. Let hy: L2(M) — L?>(M) be the
spectral projector onto the eigenspace corresponding to the eigenvalue Ag.
For f € L?*(M) and a dyadic number N € N, we define the projector

Pyf = > hi(f),

kENo: N<(A) 3 <2N

We define the usual L?-based Sobolev space

where (z) = (1+| \)%
2(M), equipped with the norm

H*(M) = (1~ Ag):L
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N =

1 f e (ary = (Z ()\k>5||hk(f)||2L2(M)>

keNy

Due to L2-orthogonality we have

/]

ean ~ O NPIPN 7
N>1

Here and in the sequel ) ,~, indicates that we are summing over all N =
1,2,4,8,. ... -

In the case M =S x S? we use the same notation for the spectrum and
the spectral projectors as in [5, Section 5]: The spectrum of —A = —A, is
given by

Amp = m?+n? +n, (m,n) € Z x Np.
We denote by II,,: L?(S?) — L?(S?) the spectral projector onto spherical

harmonics of degree n on S?. For functions f on M we write S x S? 3
(0,w) — f(0,w). The m-th Fourier-coefficient of f(-,w) is defined by

2m
Omf(w) = % i f(6,w)e"™ dp.
Hence, for f € L?(M), we have
fO,0)= > MILOu(f)(w)

(m,n)€ZxNy

in the L?-sense. For dyadic N we define the projector

Py f(6,w) = > 11,0, (f)(w).

(m,n)€ZxNp:
N<(Am.n)2<2N

We define the Sobolev space H*(M) = (1 — A,)2 L?(M), equipped with the
norm

1 eon = S0 o) I f e ~ 32 N2 Py fl2 .

(m,n)€ZxNy N>1
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2. The tri-linear estimate for free solutions

In this section we are going to prove a new tri-linear Strichartz estimate for
free solutions (Proposition 2.6). This proposition is an improvement of the
tri-linear estimate [5, Proposition 5.1] of Burq-Gérard-Tzvetkov in the sense
that it is critical.

We start this section collecting two known results, which we will rely
on later. The following estimate on exponential sums is due to Bourgain [1]
and was used to prove Strichartz estimates on the flat torus.

Lemma 2.1 (cp. [1, Formula (3.116)]). Let p > 4, then for all N > 1,
a€?(Z%), z€7Z? and Sy C z+ {—N,...,N}? it holds that

—ilnl? i
§ : e i|n| tem.tan

neSy

_4
SN alle.
L2, ([0.27%)

Proof/Reference. The desired estimate follows immediately from the Galilean
transformation

z-(n—2z2)—tn—z?>=(x+2tz) -n—tn|> —z- 2 —t]z]%

as applied in [1, Formulas (5.7)-(5.8)] and [11, Proposition 3.1], and from
[1, Formula (3.116)]. O

We will also use the succeeding tri-linear spectral cluster estimate of
Burq-Gérard-Tzvetkov, which is more generally valid for any compact smooth
Riemannian manifold without boundary of dimension two.

Lemma 2.2 ([5, Theorem 3]). For all integers ny > ng > ny >0 and
f1, f2, f3 € L%(S?) the following tri-linear estimate holds true

3
T, 1T, foTTn, fall o sey S ((n2)(na))* ] 1T, £l 2s2)-
j=1

Throughout this paper, let 79 = [0, 87] be the considered time interval.
For the purpose of proving Proposition 2.6, we will use following exponential
sum estimate. The main idea is to reduce the estimate to Lemma 2.1.
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Lemma 2.3. Letp > 4. Then, for all N > 1, a € (*(Z?), z € Z? and Sy C
z+{=N,...,N}? the estimate

H 2 e—z)\mm,tezmeamm

(m,n)eSN

SNl
Lze(’i’o xS)

holds true.

Proof. We first show that we may replace A, 5, by m? +n?. We set 4t = t and
20 = 0. Since 4\ = (2m)? + (2n + 1)2 — 1, the left hand side is bounded
by a constant times

(2 a2 imO~
H § : e i(m2+n )te'LmOGﬁ,ﬁ

(7,7)ESN

)

L2 (0,2n]?)

where Sy = {(m,71) € Z% : ()2, (7 — 1)/2) € Sy} is inside a cube of side
length 4N, and

S /2, (R—1) /2 m €27, n €27+ 1,
e 0, otherwise.

Hence, it suffices to prove

ooV s
H § : e i(m?+n )tezmeamm

(m,n)eSNn

_3
SN alles.
L2 o(0,272)

In order to apply the exponential sum estimate of Lemma 2.1, we introduce
another variable v. Obviously, the left hand side is bounded by

sup 7i(m2+n2)teim€ einv
ve(0,27]

e Amn

(m,n)eSn Lf,e([0127"]2)

which can be further estimated by

oo, )
H § : e i(m2+n )tezmeelnuamm
(

m,n)ESN

Lf,e([0,27r]2,L§°([0,27r]))
using Minkowski’s inequality. Sobolev’s embedding in v allows to bound this
by a constant times

1 ) . ,
N&» Z efz(m +n )tezmeeznuam .

(m,n)eSn

L7 6,,(10,27]%)

Finally, Lemma 2.1 implies the desired result. O
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Remark 1. One can even lower the exponent w.r.t. S to 4, if the exponent
w.r.t. time is raised to p > 28: Let p > 18, then, under the same assumptions
on a, N, Sy as in Lemma 2 3, the follovvlng estimate holds true:

(3) H Z e—i)\m,m,teiméamm

(m,n)eSn

< N7 allee.
LY (70,L5(S))

The proof is very similar to Bourgain’s proof of Strichartz estimates on
irrational tori [2, Proposition 1.1]. However, it seems that this estimate
is not appropriate for studying local existence: We start with a tri-linear
L?(19 x M) estimate and proceed as in the proof of Proposition 2.6 until (5).
Then, using Holder s inequality to put the two functions with the highest fre-

quencies to L;* L4 and thus the function with the lowest frequency, say Ng,
to LS_LOo We treat the latter term as follows: Applying Sobolev’s embed-
1

ding to bound it by the Ltgng—norm gives a factor Ny . The exponential
sum estimate (3) gives N7 and from the spectral cluster estimate we get
1

another Ny as in (5). All in all we obtain N3, and hence the power on the
lowest frequency is too low to conclude local well-posedness.

The subsequent estimate will serve as an L>(79 X S) estimate. It im-
proves the previous lemma, because it takes additional smallness properties
of the underlying point set Sy s into account, which will be induced by
almost orthogonality in time.

Lemma 2.4. Leta € (*(Z?), N> M > 1, and
Sy C {(m,n) € 24+{0,...., N} : /A € [b,b+ M]}
for some z € Z? and b € Ng. Then we have

S Jamal S MENZale.

(mn)ESN m

Proof. By Cauchy-Schwarz, we only have to show #Sy v S MN. Since

#Snmr < #{(m,n) € Z+{0,..., 2N} : /m2 +n? € [2b,2b + 4M]},

where Z = 2z + (0, 1), we may assume Ay, ,, = m? + n?. The rest of the proof
is motivated by [8, Section 2.7]. Consider all the lattice points in Sy s as
centers of unit squares with sides parallel to the coordinate axes. Obviously,
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the number of lattice points in Sy s equals the area of the union of these
squares. The diagonal of the unit squares is v/2. Consequently, the union
of the squares is inside a %—neighborhood of Sy . This neighborhood
can be covered by an annulus of angle a, outer radius R := 2b+ 5M and
inner radius 7 := max{R — 6M, 0}, where a € [0,27] is determined as fol-
lows: Since the point set is located in a cube of size N, the arc length of the
annulus sector is bounded by ~ N. Thus a ~ —, and we deduce that the
area is bounded by

%(R2 — %)< MR < MN.

N
R 0

Interpolating Lemma 2.3 and Lemma 2.4, we obtain an LP(19 X S) esti-
mate for p > 4 that takes additional smallness properties of the underlying
point set into account as Lemma 2.4 does.

Corollary 2.5. Let p > 4. Then, for all € >0, Sy.pm as in Lemma 2.4,
N > M > 1 and a € (*(Z?) we have that

H § : 6_1)\"”’”t€lm6am’n
(

m,n) ESN,M

AN

N\e 1.1 1_2
(57) NV oMzl

LY 4(10%S)

Proof. We set f(t,0) ‘E (M) ESN a1 —iAmntgimlo n‘ for brevity. The esti-
mate is nontrivial only if e < B 4 Furthermore we set & = 2pe >0 and
9 = 4*; < 1. Then, Hélder’s mequahty7 Lemma 2.3 and Lemma 2.4 imply

9 p1-0
ez, =177 e, < ||f||L4+s

N 1_1 12
I s (57) V2P M2 alle. )

Proposition 2.6. There exists § > 0 such that for all ¢1, ¢, 3 € L*(M)
and dyadic numbers N1 > Ng > N3 > 1 the estimate

1P, " 1 Prv, " 2 Py, € d3 | 12y )
5 3
N3 1
(m ; N) 22 TT sl
holds true.

Proof. We will exploit almost orthogonality in the first three steps to show
that we may assume the highest frequency to be further localized. In the last
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step we will estimate the remaining tri-linear estimate using the foregoing
results. First, we recall that for ¢ € 79 and (,w) € S x S?

3
PN1 eitA¢1PN2 eitA(bQPNg, eitA¢3<67 w) — Z H 6—2)\7,Lj,njteimj9HnJ @mJ ¢] (W),
N j=1

where N = N7 x Ny x N3 and
4)  Nj={(mn) €ZxNy:Nj < Ann)? <2N;}, j=1,2,3.

In this proof 3, should be understood as }_ . 1 m, ny.msns)en

We apply step 1-3 only if N1 > N», otherwise we will proceed with step 4
directly (with S := {Ny,...,2N; — 1} and M := N; = Na).

Step 1. Due to spatial almost orthogonality induced by the S component,
it suffices to prove the desired estimate in the case

it A itA it A
PR Py, "= ¢1 Pn,e" = ¢ Py, e 3,

where R C [b,b+ N3] x [0,2N7] for some b € Z. We spell out more details
in the next step.

Step 2. Now, we use almost orthogonality that comes from the S? com-
ponent. It is a well-known fact that the product of a spherical harmonic of
degree n with another of degree m can be expanded in terms of spherical
harmonics of degree less or equal to n + m. Furthermore, it is well-known
that two spherical harmonics of different degree are orthogonal in L?(S%),
d € N. We finally remark that complex conjugation does not change the
degree of a spherical harmonic. Details may be found in [18, Section VI.2].
Now, we prove that it suffices to consider the case, where n; is located in
an interval of the size of the second highest frequency N». To that purpose,
we define the following partition of Ny:

No= | J Ir, where I = [kNg, (k + 1)Na).
keNy
We claim that for fixed § € S and ¢ € 7y it holds that

1PR Py, €2 61 P, o Py, €2 65(0) 17 252

~ Z || Pr. P, "2y Py, e ¢y Py, e ¢3(0) Hiz (s2)?
k€N
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where Ry, = RN (Z x I). Let k, k € Ny, then

(Pr, Py, e"® 1 Px, e ¢o Py, e 63(6)

PR;{,PNl eitA¢1PN2 eitAd)QPNs eitA¢3(9)>L2(Sz)

3
Rie XNy x N3, Jj=1
RE XNz ><./\/3

where m = (my, mg, ms, my, Mg, m3), n = (n1,n2,n3,N1,n2,n3), and Imn
is defined by

3
I = / Hnnj@mjgz)j(w)nﬁj@qusj(w) dw.
s2
7j=1
Without loss of generality we may assume n; > ni. Then

3
Y :=105,0m,61 | [ Tn, Om, 6,105, 0m,; € L*(S?)
j=2

can be expanded in terms of spherical harmonics of degree less or equal to
n1 + 8Ny. Hence, if |k — k| > 1, then

Im,n = <Hn1 @m1¢1’?>L2(SQ) =0.

Step 3. USZing almost orthogonality in time, we may gain a small power of
M = max{]]\\],—i, 1}. Similar ideas have been used in the proofs of [11, Propo-
sition 3.5] and [10, Proposition 3.6], for instance. We define the partition

Ny = U Jy where J; = [EM, (£ + 1)M)
JAS\ 1)

We show that we may assume /A, », to vary in an interval of length M:
Fix (6,w) € S x S? and set

Skj = {(ml,nl) € Ry : \/)\mhn1 S Jg}, k,¢ € Ny,
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then we claim that

HP’RPN1 ZtAQZ)lPNQ ztA¢2PN3 ztAng 9 W HL2(T

2
~ > ||Ps,, Pr, e ¢1 Py, o Pr, e ¢3(0, w) HLg(TO)-
k,£eNy

We consider the inner product
<P$k,zPN1 eZtA¢1 H PNJ eZtA¢j (‘91 Ld),
j=2

3
PSk’z N, € itA¢1 HPN eitA¢j(97w)>L%(To)

3
= Z H i(m;—m; OHn]@m](ﬁ]( )Hﬁj@ﬁ%gﬁj(w),
Sk,zXNQXNs, 7j=1
S, X Nax N3

where m = (mq, ma, m3, m1, Mg, m3), n = (n1, na, N3, N1, N2, n3), and

Im,n:/ et Amyny FAmy gy FAmg ng =iy iy = Ay 5y = Adigiis )t (g
To

Assuming ¢ — Z| > 1, we may estimate the modulus of the phase from below
by

|(\/)\m1,n1 + \/)\ml,ﬁl) (\/ mi,n1 \/)‘m1 nl)’ - 16N22 Z |£ - Z|]V227

and since all the eigenvalues are integers, we deduce Iy n = 0.

Step 4. Thanks to the first three steps, we may replace Py,e'*®¢; by
PsPy,e*2 ¢y, where S = Sk,¢ for some k, ¢ € Ny. Recall that for ¢ € 7 and
(0,w) €S x S?

PSPN1 €itA¢1PN2 eitA ¢2PN3 eitA¢3 (9’ w)

3
= > e eI, O, 6(w),

M j=1

where M := 8 x Ny x N3 and N}, j = 2,3, are defined in (4). The next step
is a nice way to treat the L?(S?)-norm separately without losing oscillations
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in the S component and in time. Note that this was also used by Burg-
Gérard-Tzvetkov in the proof of [5, Proposition 5.1]. Plancherel’s identity
with respect to ¢ and @ and the triangle inequality for the L?(S?) norm yield

it A it A itA 2
|1 Ps P, "= 1 P, e o2 P, €2 03] 2 7y ary

3 2
< > 11, 0m,0;
TENo, EEZ I (my,n1,ma2,n2,ms,n3)EM: j=1 L2(S?)
T=Amy.ny T Amo,ns +Amg ns,
E=mi+ma+ms
3 2
< E : E : HH”.7®m.i¢j :
7ENg, £€Z L (mq,n1,ma2,n2,m3z,nz)eEM: "j=1 L2(s?)

T=Am; ,ny FAmg,ny +Amg nz»
E=mi+ma+ms

In contrast to [5, Proposition 5.1], we do not estimate the number of terms
of the inner sum, but we go back to the physical space: We set a%_)j,nj =
[T, ©m, ¢l 12(s2y for 7 = 1,2, 3 and apply Lemma 2.2 as well as Plancherel’s
identity with respect to ¢t and 6 to obtain

(5) 1Ps P, €2 61 P, 2 da Pr, €™ 93|72 (e

3 2
1 .
S(NoNg)z Y ( > H“%)n>
T€No, EEZ \ (my,n1,m2,n2,m3,n3)EM: J=1
T=Amy.ny FAmg.ng +Amg ngs
E=mi+ma+ms
2

—iAmjn; ezmﬂa(j)

N2N3

M j=1 L? 4(10xS)

Choose p; >4 and 12 < p3 < oo and let po > 4 be defined via the Holder

relation % = p% + p% + p%’. We apply Holder’s estimate to obtain

itA itA itA
|| Ps Py, € 1 Pr, €2 2 P, €2 3| 12 (7o x 1)

5(N2N3)i Z e~ Pmimteimid g (1)

mi,ny »
(m1,n1)€S L% (10 x8)
3
—iAm n; szG @)
X H Z € ’ @ n, p] :
§=2 1 (m; m,)EN; Lio(rox8)




The energy-critical NLS on a product of spheres 753

We estimate the first term using Corollary 2.5 and the other terms using
Lemma 2.3. Then, we obtain for all € > 0

| Ps Py, €2 ¢1 Py, €2 o P, €™ d3]| 12y 1)

3
< (NaNg)* M= n "N, Ny H||¢j||L2(M)
N LR e s
(Nl+N2) NN 3H\|¢J\|Lz

Since p; > 4 and p3 > 12, this implies the desired estimate provided € > 0
is sufficiently small. O

Remark 2. The proof of Proposition 2.6 does not extend to the case S x 82
directly, where 82 is the embedded sphere of radius p > 0 in R3. However
preliminary calcula‘mons suggest that Proposition 2.6 may be proved in the
more general case by more technical arguments. This will be addressed in
the PhD thesis of the second author.

3. Function spaces and the nonlinear estimate

We briefly recall the function spaces UP and VP introduced by Koch-Tataru
[14], which have been successfully employed in the context of critical dis-
persive equations. We refer the reader to [9] or [15] for more details and to
[11, Section 2], [10, Section 2], and [12, Section 2] for this machinery in the
context of the nonlinear Schrodinger equations on manifolds.

Definition 3.1. Let 1 < p < oo.

1) A step function a: R — L? is called a UP-atom, if

K K
t) - Zx[tk—lytk)ak’ Z Hak”i2 -
k=1 k=1

for a partition —oo < tg < --- < tg < 0o. The space UP is defined as
the corresponding atomic space.
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2) The space VP is the space of right-continuous functions v: R — L2
such that

K
17 = sup > lolte) = vt} < +00
—oco<ltp<-- <tK<OOk 1

lv

with the convention v(4o00) := 0, and in addition we require lim v(t)
t——o0
= 0.

We use the resolution spaces as defined in [10, Definition 2.3]:

Definition 3.2. Let s € R.

1) X* is defined as the space of all u: R — H*(M) such that e "2 Pyu €
U? for all dyadic N > 1 and

1

. 2
il o= (30 NI Pyl ) < +oc
N>1

2) Y is defined as the space of all u: R — H*(M) such that e 2 Pyu €
V2 for all dyadic N > 1 and

lully- = (Z N?Sne—impNum) < oo

N>1

3) For an interval 7 C R we denote by X*(7) resp. Y*(7) the restriction
space.

Next, we show how Proposition 2.6 implies Theorem 1.1. We remark
that this derivation does not depend on the specifics of M =S x S?, it is
similar to [10, Corollary 3.7], cp. also [11, 12] for corresponding arguments
using unit scales instead of dyadic scales.

Proposition 3.3. There exists § > 0 such that for all dyadic numbers N1 >
Na > N3 > 1 and Py,u; € Y0 (5 =1,2,3) the following holds true

N3

© NPT PTPS e 5 (04 1) Mo H IPx,uslye,

where 7,7] denotes either uj or u;.
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Proof. Since the L?-norm on the left hand side does not change under com-
plex conjugation of any factor, we may ignore possible complex conjugations.

Step 1. We start proving estimate (6) with Y replaced by X°. In this
case, it suffices to consider U?-atoms a1, as, ag, given as

L2:17

K; K;
itA 2
Py;a; = Z X € PN, Ok Z | #%.5
k=1 k=1
with pairwise disjoint right-open intervals Iy ;, I2 j, ..., Ik, j. Now,

|Py,a1 Py, a2 Py a7 < ) (1€ Py, ¢, 167 Pry g, 26" P, s, 3172
k1,k2,k3

and Proposition 2.6 implies
| Pn, a1 Pn,az Py, a3l < Cs(N1, N2, N3),

with the constant Cs(N1, Na, N3) from Proposition 2.6, which yields

3
(7) ||PN1U1PNQUQPN3’LL3”L2 < C(s Nl,NQ,Ng H He_ZtAPNj’LLjHUz.

Step 2. Now, choosing N1 = No = N3 = N and ¢1 = ¢9 = ¢3 in Propo-
sition 2.6, we obtain

; 2
1Pvelle S N&[|Pyo 2
As above, the estimate carries over to U%-atoms, hence
| Prvullze S N[l Pyulpe,

and for general N1 > Ny > N3 > 1, by Holder’s inequality,

(8) ||PN1U1PN2U2PN3U3HL2 (NlNQNg H ”6 ltAPN u]HUf"
7=1
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Also, by Holder’s inequality and the Sobolev embedding, see [17, Eq. (2.6)]
and [10, Lemma 3.4], we obtain

1
| P, u1 P, ug Py,usl| e < |70l || Py, utllpee 2 | P, vzl Lo || P, us || e

3
3
< (NoN3)2 [T 1P, ujllee e
j=1

For any p > 1, using UP — L$° L2, we obtain the bound

3
(9) 1P, w1 Py, us Pyv,use S (N2Ns)2 T lle™ P,

~

j=1

which is not scale invariant, but the constant does not depend on Nj.

Step 3. We distinguish two cases:

Case a) NaN3 > Nj. In this case, we interpolate (7) and (8) using [10,
Lemma 2.4] and obtain

3

1Px, w1 P, us Pryuslce S As [ e Pr,ugllv2,
j=1

where

N;NyN3)s 3
A(;:C(;(Nl,NZ,Ng)(ln (NN Ns) )+1>

Cs(N1, N2, N3
N 3
< Cs5(N1, Na, N3) (thl + 1) < Cs/ (N1, Na, N3)
3
for any ¢’ < 4.

Case b) NaN3 < N;. Now, we interpolate (7), (9) using [10, Lemma 2.4]
and obtain

3
1Py, w1 Pryua Pryusc2 S Bs [ lle™2 Prugllve,
j=1

where

(NyN3)* ’
Bs = Cs5(N1, Ny, N. In——m—+1
) 5( 1,4V2, 3)( nC§(N1,N2,N3> +

< C5(N1, No, N3)(In Ny 4 1)® < Cs(Ny, No, N3)

for any ¢’ < §, and the claim follows. O
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In order to prove Theorem 1.1 we intend to solve the integral equation

(10)  ult) = éBuo FiZ(ul'u)(t), () = / =8 (5) d,

for ug € H'(M) by invoking the contraction mapping principle in a small
closed ball in the space X!(79) N C(m0, HY(M)). For this, it suffices to pro-
vide the following estimate, cp. [10, Proposition 4.2] and [11, Proposition 4.1]:

Proposition 3.4. For all u,v € X(m),
IZ(ful*u) = Z(o[*0)lxr o) S (Il ) + 10015 (r)) 1 = Vllx ) -

Proof (sketch). Due to the polynomial structure of the nonlinearity it suf-
fices to prove an estimate for 7 (H?:1 uj) where u; denotes either u; or u;.
This is treated exactly as in [10, Proposition 4.2] (and [11, Proposition 4.1}),
where Proposition 3.3 is the replacement for [10, Corollary 3.7]. Note that
the contribution ¥ in [10, pp. 1285-1287] is void in the case M =S x S?
(but [10, Lemmas 3.3 and 3.4] hold true on any smooth compact Riemannian

3-manifold M). O

To conclude the proof of Theorem 1.1 one can iterate the local well-
posedness to arbitrarily large time intervals [0, 7") by using the conservation
of the mass and the energy, see [11, pp. 344-347] for more details.

4. On the necessity of the tri-linear estimate

As explained above, the tri-linear estimate in Proposition 2.6 on an arbitrary
compact boundary-less 3-dimensional Riemannian manifold M is sufficient
to conclude small data global well-posedness in H!(M). The proof relies on
the contraction mapping principle, which implies that the flow map F': ug —
u is smooth.

Conversely, we can show that the version of the tri-linear estimate in
Proposition 2.6 with § = 0 is necessary for local well-posedness with a smooth
flow. We follow the argument of [4, Remark 2.12], which concerns bi-linear
estimates in the context of the cubic NLS.

Fix T > 0 and consider the map

F: HY (M) — HY (M), F(up) = u(T),
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where u is a solution of (1) with initial data «(0) = up. The fifth order
differential of F' at the origin is given by

D5F(0)(hi, ..., hs)

= $12z/ eHT=7) ZH @) (T)Ho(3) (T) Ho (4) (T) Ho (5 (7) dr,

where H;(7) := e/™®sh; and we sum over the 10 = (g) of the 5! = 120 per-
mutations o € S5 which give rise to different pairs (0(2),0(4)). Indeed,
from (10) it follows that DF(0)(h) = e"T?sh, DIF(0) = 0 for 2 < j < 4 and
we obtain the above formula. If we specify to ho = hg = hy = hs we obtain
two contributions

Z o) Hy(2)Hy(3)Hy (1) Hy(5) = 6H1|Ho|* + 4H1 H3 Hy.

Now, let us assume that D3F(0): (HI(M))5 — HY(M) is bounded. Then,
we infer

| [ DOt () do| S Il [l
Because of
Re{6|H1 || Ho|* + 4H, H3Ho} > 2|H, 2| Ha|*,
we conclude that
T
| Pl dnde S sl el
0o JMm
We set h; = Py, ¢1, and for ¢o, 3 € H (M) we write
. . 1. . . . ,
eztAg¢261tAg¢3 — 1{(€ztAg¢2 + eztAg¢3)2 _ (eztAg by — eztAg ¢3)2}
to obtain the bound

€% Py, 1% o™ 3| 210 7% ar)

S PN Ol 2y P2l e (any | @3 (ary

which implies the estimate in Proposition 2.6, but only with § = 0.
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Remark 3. Patrick Gérard kindly informed us that the necessity of the tri-
linear estimate with & = 0 proved here is stated without proof as a special
case of Theorem 5.7 i) in the previous work [7].

Acknowledgements

The authors acknowledge support from the German Research Foundation,
Collaborative Research Center 701. The first author would like to thank
Nicolas Burq for raising a question which lead to Section 4, the second
author would like thank Benoit Pausader for helpful remarks.

References

[1] Jean Bourgain, Fourier transform restriction phenomena for certain
lattice subsets and applications to nonlinear evolution equations. I
Schrodinger equations. Geom. Funct. Anal., 3(2):107-156, 1993.

[2] Jean Bourgain, On Strichartz’s inequalities and the nonlinear Schro-
dinger equation on irrational tori. In “Mathematical aspects of nonlin-
ear dispersive equations”, volume 163 of “Ann. of Math. Stud.”, pages
1-20. Princeton Univ. Press, Princeton, NJ, 2007.

[3] Nicolas Burq, Patrick Gérard and Nikolay Tzvetkov, Strichartz inequal-
ities and the nonlinear Schrédinger equation on compact manifolds.
Amer. J. Math., 126(3):569-605, 2004.

[4] Nicolas Burq, Patrick Gérard and Nikolay Tzvetkov, Bilinear eigen-
function estimates and the nonlinear Schridinger equation on surfaces.
Invent. Math., 159(1):187-223, 2005.

[5] Nicolas Burg, Patrick Gérard and Nikolay Tzvetkov, Multilinear eigen-
function estimates and global existence for the three dimensional nonlin-
ear Schrédinger equations. Ann. Sci. Ecole Norm. Sup. (4), 38(2):255—
301, 2005.

[6] Nicolas Burq, Patrick Gérard and Nikolay Tzvetkov, Global solutions
for the nonlinear Schridinger equation on three-dimensional compact
manifolds. In “Mathematical aspects of nonlinear dispersive equations”,
volume 163 of “Ann. of Math. Stud.”, pages 111-129. Princeton Univ.
Press, Princeton, NJ, 2007.



760

[7]

S. Herr and N. Strunk

Patrick Gérard, Nonlinear Schrodinger equations in inhomogeneous
media: wellposedness and illposedness of the Cauchy problem. In “Inter-
national Congress of Mathematicians. Vol. III”, pages 157-182. Eur.
Math. Soc., Ziirich, 2006.

Emil Grosswald, Representations of integers as sums of squares.
Springer-Verlag, New York, 1985.

Martin Hadac, Sebastian Herr and Herbert Koch, Well-posedness and
scattering for the KP-II equation in a critical space. Ann. Inst. H.
Poincaré Anal. Non Linéaire, 26(3):917-941, 2009. Erratum: ibid. 27
(3) (2010) 971-972.

Sebastian Herr, The quintic nonlinear Schrodinger equation on three-
dimensional Zoll manifolds. Amer. J. Math., 135(5):1271-1290, 2013.

Sebastian Herr, Daniel Tataru and Nikolay Tzvetkov, Global well-
posedness of the energy-critical nonlinear Schréodinger equation with
small initial data in H'(T3). Duke Math. J., 159(2):329-349, 2011.

Sebastian Herr, Daniel Tataru and Nikolay Tzvetkov, Strichartz esti-
mates for partially periodic solutions to Schrédinger equations in 4d
and applications. J. Reine Angew. Math., 690:65-78, 2014.

Alexandru Ionescu and Benoit Pausader, The energy-critical defocusing
NLS on T3. Duke Math. J., 161(8):1581-1612, 2012.

Herbert Koch and Daniel Tataru, Dispersive estimates for princi-
pally normal pseudodifferential operators. Comm. Pure Appl. Math.,
58(2):217-284, 2005.

Herbert Koch, Daniel Tataru and Monica Visan, editors, Dispersive
Equations and Nonlinear Waves: Generalized Korteweg-de Vries, Non-
linear Schréodinger, Wave and Schrodinger Maps, volume 45 of “Ober-
wolfach Seminars”. Birkh&user, Basel, 2014.

Benoit Pausader, Nikolay Tzvetkov and Xuecheng Wang, Global regu-
larity for the energy-critical NLS on S3. Ann. Inst. H. Poincaré Anal.
Non Linéaire, 31(2):315-338, 2014.

Christopher Sogge, Concerning the LP norm of spectral clusters for
second-order elliptic operators on compact manifolds. J. Funct. Anal.,
77(1):123-138, 1988.

Elias Stein and Guido Weiss, Introduction to Fourier analysis on
FEuclidean spaces. Princeton University Press, Princeton, N.J., 1971.
Princeton Mathematical Series, No. 32.



The energy-critical NLS on a product of spheres 761

[19] Nils Strunk, Strichartz estimates for Schrodinger equations on irra-
tional tori in two and three dimensions. J. Evol. Equ., 14(4-5):829-839,
2014.

FAKULTAT FUR MATHEMATIK, UNIVERSITAT BIELEFELD
PostracH 100131, 33501 BIELEFELD, GERMANY
E-mail address: herr@math.uni-bielefeld.de

FAKULTAT FUR MATHEMATIK, UNIVERSITAT BIELEFELD
PostracH 100131, 33501 BIELEFELD, GERMANY
FE-mail address: strunk@math.uni-bielefeld.de

RECEIVED APRIL 2, 2014







<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


