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The action on cohomology by
compositions of rational maps

RorLanDp K. W. ROEDER

We use intuitive results from algebraic topology and intersection
theory to clarify the pullback action on cohomology by composi-
tions of rational maps. We use these techniques to prove a simple
sufficient criterion for functoriality of a composition of two rational
maps on all degrees of cohomology and we then reprove the criteria
of Diller-Favre, Bedford-Kim, and Dinh-Sibony. We conclude with
a cautionary example.

1. Introduction

Suppose that X and Y are complex projective algebraic manifolds, both of
dimension k, and f : X --» Y is a rational map. If Iy denotes the indeter-
minacy set of f, the graph of f is the irreducible variety

(1) Ip={(z,y) e X xY :x¢Ifandy = f(x)}.

One defines the action f*: H*(Y) — H*(X) on the singular cohomology of
X by considering f as the correspondence I'y C X x Y. If m; : X xY — X
and m2 : X x Y — Y are the canonical projections, then, for any o € H*(Y),

(2) fro = mu(Ts] < m3a).

Here, [I'f] is the fundamental cohomology class of I'f, 73 is the classical
pullback on cohomology as defined for regular maps, and 7y, is the push-
forward on cohomology, defined by 71, = PD)_(1 omix o PDxyxy, where m4
denotes the push forward on homology and PDys : H*(M) — Hgimg pr—« (M)
denotes the Poincaré duality isomorphism on a manifold M. If f is regular
(i.e. Iy = 0) then (2) coincides with the classical definition of pullback.
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We will take the coefficients for our cohomology in C, letting H*(X) =
H'(X;C). Since our manifolds are Kihler, there is a natural isomorphism

P #(X) - H(X),
ptq=i

where the former are the Dolbeault cohomology groups. This isomorphism
induces a splitting of the singular cohomology of X into bi-degrees, which
one can check is invariant under the pullback (2).

The most primitive dynamical invariants of any rational selfmap h :
X --+ X are the dynamical degrees

(3) Ap(h) = lim [|(h")" - HPP(X) — HPP(X)[ [V,

n—oo
which are defined for 1 < p < k = dim(X). They were introduced by Fried-
land [20] and by Russakovskii and Shiffman [33] and shown to be invariant
under birational conjugacy by Dinh and Sibony [15]. Note that dynamical
degrees were originally defined with the limit in (3) replaced by a limsup.
However, it was shown in [15] that the limit always exists.

The dynamical degrees of h are tied to the expected ergodic properties of
h; see, for example, [24]. (These expected properties have been proved when
Ak(h) is maximal [14, 25] or when dim(X) = 2, A;1(h) > A2(h), and certain
minor technical hypotheses are satisfied [12].) Dynamical degrees are typi-
cally hard to compute because (2) does not behave well under composition
of maps. There are simple examples for which (h™)* # (h*)™. One says that
h is p-stable if (h™)* = (h*)™ on HPP(X) for every n € ZT. A nice summary
of techniques on how to compute dynamical degrees appears in [6]. Let us
note that there are very few explicit examples [2, 18, 31, 32] in which the
p-th dynamical degrees have been computed for 1 < p < k.

In order to study the problem of p-stability, one typically looks for crite-
rionon f: X --»Y and ¢g: Y --» Z under which (go f)* = f* o g* (either
on all cohomology or for certain degrees). Such criteria have been given by
Fornaess-Sibony [19], Diller-Favre [13], Bedford-Kim [7, 8], and Dinh-Sibony
[16]. The proofs of these criteria typically represent a cohomology class
a € H*(Z) with a smooth form, pull it back under ¢g* as a closed current,
and then pull back the resulting current under f*. This approach is espe-
cially challenging when p > 2 since the pullback of such higher-codimension
currents is very delicate.

The purpose of this note is to prove these criteria using intuitive tech-
niques from cohomology and intersection theory. This approach is inspired
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by the techniques used by Amerik in [2]. Our primary motivation is to pro-
vide those who are learning these results with an alternative approach, in
the hope that seeing two different proofs makes the results clearer.

Another merit of this approach is that it may be possible to adapt it
to problems about rational maps between projective manifolds defined over
fields K # C. The dynamics of such mappings has gained considerable inter-
est recently (see, for example, [3, 27, 28, 34, 36] and the references therein)
and the analytic techniques involving smooth forms and positive closed cur-
rents from [7, 8, 13, 16] do not apply in that context. However, Intersec-
tion Theory (our main underlying tool) still applies to projective manifolds
defined over other fields K.

Several of the references listed above consider the broader context of
meromorphic maps of compact Kéhler manifolds. In order for the techniques
used in this note to be as elementary as possible, we will restrict our atten-
tion to rational maps of projective algebraic manifolds. This allows us to
use classical techniques from intersection theory, such as Fulton’s Excess
Intersection Formula, which will be helpful when establishing Lemma 2.5,
below.

Let us make the convention that all rational maps are dominant, meaning
that the image is not contained within a proper subvariety of the codomain.
To be concise, we will use the term algebraic manifold to mean complex
projective algebraic manifold. Moreover, since we are primarily motivated
by dynamics, all rational mappings will be between algebraic manifolds of
the same dimension. For any S C X, we define f(S) := ma(m; }(S) NT}) and
for any S C Y we define f~1(S) := w1 (my ' (S)NTy)

For simplicity of exposition, we will ignore the decomposition of coho-
mology into bidegree wherever possible.

In order to study the composition g o f we will need the following dia-
gram:

FgofCXXZ

|
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Central to the entire discussion is the following.

Proposition 1.1. We have

(5) frg7 o= pro, (p2(pi[L' 5] — p3[l'g]) — prae).

In particular, (go f)* = f* o g* on all cohomology groups if and only if
[Lgos) = p2x(pi[Ts] — p5[T)) € H*(X x Z).

This proposition is probably well-known within algebraic geometry, for exam-
ple a variant of (5) is proved for the pull back on the Chow Ring in [22,
Sec. 16.1] and [38, Prop. 9.7], but it seems to be less well-known in rational
dynamics.

Our first application of Proposition 1.1 is to prove:

Proposition 1.2. Let f: X --»Y and g : Y --+ Z be rational maps. Sup-
pose that there exits an algebraic manifold X and holomorphic maps pr and
f making the following diagram commute (wherever f o pr is defined)

(6) X
l F
pr
x-Ioy

with the property that ffl(x) is a finite set for everyy € Y. Then, (go f)* =
f*og® on all cohomology groups.

Remark 1.3. In many cases, X will be a blow-up of X. However this
is not a hypothesis of Proposition 1.2, which can also be useful in other
situations. Notice also that the condition that f~!(z) is a finite set implies
that dim(X) = k.

After proving Proposition 1.2, we will use Proposition 1.1 to prove the
criteria of Diller-Favre, Bedford-Kim, and Dinh-Sibony stated below.

Historically, the first criterion for functoriality of pullbacks under com-
positions was given by Fornaess and Sibony [19] who proved that if f:
CP* --5 CP* and g : CP* --» CP* are rational maps then (gof)*=f*og*
on the second cohomology if and only if there is no hypersurface H C P*
with f(H \ Iy) C I . The proof consists of recognizing that the homogeneous
expression obtained when composing f and ¢ has a common factor of posi-
tive degree if and only if there is a hypersurface H C P* with f(H \ I ¢) C 1.
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Since this common factor must be removed in order to define g o f, the result-
ing composition has lower degree. A further study of this phenomenon and a
characterization of the sequences of degrees that may appear for the iterates
of such a map f is given in [9].

Since I, is of codimension at least two, in order that f(H \ If) C Iy, f
must collapse H to a variety of lower dimension. The principle that non-
functoriality is caused by collapse of a subvariety under f to something of
lower dimension that is contained within I, appears as a common theme in
the following three criteria:

Proposition 1.4. (Diller-Favre [13, Prop. 1.13]) Let X,Y, and Z be alge-
braic manifolds of dimension 2. Let f : X --+Y and g:Y --+ Z be rational
maps. Then (go f)* = f*og"* if and only if there is no curve C C X with

FCNIf) C Iy

Proposition 1.5. (Bedford-Kim [8, Thm. 1.1]) Let X, Y, and Z be algebraic
manifolds of dimension k. Let f : X ==+ Y and g : Y --+ Z be rational maps.
If there is no hypersurface H with f(H \ Iy) C I4, then f*og* = (go f)* on
H?(Z).

We will prove a slightly stronger variant of the criterion of Dinh and
Sibony. Let X', C I'y is the set of points such that

(i) mo restricted to I'y is not locally finite at x, and

(ii) mo((x,y)) € I, for every (z,y) € X
Let X = m ().

Proposition 1.6. (Variant of Dinh-Sibony [16, Prop. 5.3.5]) Let X, Y, and
Z be algebraic manifolds of dimension k. Let f: X --»Y and g:Y --+ Z
be rational maps. If dimE} <k—p, then (go f)* = f*og* on HY(Z) for
1<i<2p.

Remark 1.7. The distinction between this criterion and the one from [16,
Prop. 5.3.5] is that we impose the extra condition (ii) on Xy, allowing for
higher dimensional varieties to be collapsed by f, so long as they don’t map
into I,.

Remark 1.8. Proposition 1.2, the sufficiency condition in Proposition 1.4,
and Proposition 1.5 can all be obtained as corollaries to Proposition 1.6.
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However, we’ll present them separately since they're of independent interest
and their direct proofs are simpler.

In §2 we provide a brief background with needed tools from cohomology
and intersection theory. In §3 we discuss some further properties of the graph
I'y and we show that definition (2) of f* is equivalent with some of the other
standard versions appearing in the literature. We prove Propositions 1.1 in
§4. In §5 we prove Propositions 1.2-1.6. This paper is concluded with §6 in
which we provide a cautionary example, presenting a rational map f : X --»
X of a three diI}lenSional manifold X that is not 2-stable but has the property
that ( flxr f) () is finite for every x € X. This example illustrates that to
study p stability for 1 < p < k, one must consider collapsing behavior lying
within the indeterminate set.

2. Background from cohomology and intersection theory

Suppose f: M — N is a continuous map between compact manifolds of
dimensions m and n, respectively. Given « € H*(M ), we define f, : H'(M) —
Hn—m—l—z (N) by

(7) fea = PD! (f4(PDya)),

where fy : H,(M) — H,(N) is the push forward on homology.
We will make extensive use of the following formula.

Lemma 2.1 (Push-Pull Formula). Suppose M and N are manifolds and
f: M — N is continuous. Then, for any o € H'(N) and any 8 € H/ (M) we
have

Fo(f* (@) — B) = a — f.(B) € H" " THI(N).

Note that when f is holomorphic, this is sometimes also called the “projec-
tion formula”.

Proof. This is a simple consequence of the following three facts

(i) Push-Pull formula on homology: If f: M — N is continuous, 7 €
H*(N), and v € H,(M), then

Ta(f () ~v) =n~ fg,

(ii) PDps(«) is defined by ae ~ { M}, where { M} is the fundamental homol-
ogy class of M, and
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(iii) for any n,¢ € H*(M) and v € H,(M), then
(=) ~v=n~(d~").
See [10, Ch. VI, Thm. 5.1 and Cor. 9.3]. O

We will need a little bit of information about the Kiinneth formuli on
cohomology and homology. Recall that our (co)homology is taken with coef-
ficients in the field C. Let

kit @ H*(M)® H'(N) — H'(M x N)
a+b=1i

and

Ki: @ Ho(M)® Hy(N) — Hi(M x N)
a+b=1i

be the Kiinneth isomorphisms. Recall that x;(y ® ) = w{~y — m5n. Suppose
M and N are manifolds.

Lemma 2.2. The following diagram commutes:
(8)
Dospei H(M) @ H'(N) Dasv=i Hm—a(M) @ Hyp(N)

\Ln, lK,nJrn,i

Hi(M x N) PPy Hypon_i(M x N).

(=1)™*PD;®PDy

Proof. According to [10, Ch. VI, Thm. 5.4], if a € H*(X),3 € H*(Y),c €
H,(X),and d € H,(Y), then

K@ ® §) ~ K(e®d) = (-1 D4 (0 ~ ) @ (3~ d).

The result follows, since PDjs« v is obtained by taking the cap product with
{M x N} =K{M}®{N}). O

Lemma 2.3. Let M and N be connected manifolds of dimensions m andn,
respectively and let w: M x N — M be projection onto the first coordinate.
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Suppose v € H'(M x N) satisfies

il

wHy) = Z Z Yi—a,l @ Na,l

a=1 =1

with Yi—q; € H™(M), nay € HY(N), and with the normalization that each
Nny € H"(N) is the fundamental class [x] of a point x € N. Then

ln
T = (—=1)"" Z%—nvl'
=1

Proof. This follows from Lemma 2.2 and the fact that the push forward pr,
on homology satisfies that

i g lo
Pry <K (Z Z Gi—a,l & ea,l)) = Z il
=1

a=1 =1

if each g;—q1 € Hi—o(M), each e,; € Hy(N), and each ep; = {x} is the fun-
damental homology class of a point. This follows easily from the fact that
the Kiinneth Isomorphism is natural with respect to induced maps. O

Remark 2.4. In our applications, M and N will be complex manifolds.
Since they have even real-dimension, the signs will disappear from Lem-
mas 2.2 and 2.3.

Let X be an algebraic manifold of (complex) dimension k and let V' C
X be a subvariety of dimension k — 4. It is well known that V generates
a cohomology class [V] € H?(X); see, for example, [23, 37]. If V' C X is
another subvariety of dimension k — j, we will need information relating
[V]— [V'] to V. N V'. This is the subject of Intersection Theory [21, 22, 38].
One says that V and V' are transverse at generic points of V NV’ if there
is a dense set of VNV’ on which V' and V' are both smooth and intersect
transversally. The information we need is encapsulated in:

Lemma 2.5. Let V and V' be subvarieties of X of dimensions k —i and
k —j. Then, [V] — [V'] is represented as a linear combination of fundamen-
tal cohomology classes of k — i — j-dimensional subvarieties of V N'V'. More
specifically:

(i) If V and V' are transverse at generic points of VNV’ then

V= [V]=VnV]
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(ii) More generally, if each of the components Wi,..., Wy, of VNV’ has
the correct dimension of k —i — j, then

V= V'] = am[Win),
m=1

where each a,, € Z" is an intersection number satisfying that a,, = 1
if and only if V and V' are transverse at generic points of Wy,.

(iii) Most generally, if some of the components Wy,..., Wy, of VNV’ are
of dimension >k — i — j, then,

mo MNm

VI—[V]= Z Z am,n[Winnl,

m=1n=1

where each W, ,, C Wp, is a subvariety of W, of dimension k —1i — j
and each Gy € Z. For each Wy, of the correct dimension k —i — j
the inner sum reduces to be apy|[Whp,], where a,, is given as in (ii).

Note that in case (iii), the coefficients a,, ,, can be negative, for example
the self-intersection of the exceptional divisor resulting from a blow-up of
CP? is represented by a single point on the exceptional divisor with coeffi-
cient —1.

Rather than presenting a proof of Lemma 2.5, we will mention how
to obtain it from the corresponding properties in the Chow Ring CH*(X),
which are proved in [21, 22, 38]. For each 0 < i < k, the chow group C H(X)
is the collection of finite formal sums of k — i-dimensional irreducible subva-
rieties taken with integer coefficients, up to an equivalence relation known as
rational equivalence. We won’t need the detailed definition of rational equiv-
alence, however let us denote the rational equivalence class of an irreducible
subvariety V' by (V).

One obtains the Chow Ring CH*(X) = @f:o CH'(X) by defining an
intersection product

o :CH(X)x CH/(X) — CH™ (X).

If V and V’ intersect properly, with dimension k& — i — j, then each compo-
nent of the intersection is assigned an intersection multiplicity in a relatively
simple way, see [22, Sec. 8.2]. (Note that using the uniqueness described in
[22, Eg. 11.4.1], one can show that this intersection multiplicity is consis-
tent with the more intuitive approach of [11, Sec. 12.3].) This intersection
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multiplicity is a positive integer that equals 1 if and only if V and V' are
generically transverse along the component.

If the intersection has a component whose dimension is larger than
k — i — j, there are two approaches:

(i) moving one of the subvarieties V' to a rationally equivalent one V in
such a way that V NV’ has the correct dimension, via Chow’s moving
lemma (see [38, Lem. 9.22] or [22, Sec. 11.4]), or

(ii) or Fulton’s excess intersection formula, which represents the intersec-
tion product as a linear combination of subvarieties lying within V' NV’
(see [38, Sec. 9.2] or [22, Sec. 6.3]).

In order to guarantee the property that the cup product is represented by
a sum of fundamental classes of subvarieties of V NV’, we appeal to the
latter.

Lemma 2.5 then follows from the fact that there is a ring homomorphism
cl: CH*(X) — H*(X) with the property that for any irreducible V C X,
cl((V)) = [V]. See, for example, [22, Ch. 19] or [38, Lem. 9.18 and Prop. 9.20].

Remark 2.6. In many of our applications, we will only need properties (i)
and (ii) which are relatively simple. We will only use property (iii) to show
that the cup product is given by subvarieties of the geometric intersection
VNV’ We won’t use any details of how the coefficients ay, 5 in Part (iii) of
Lemma 2.5 are actually computed.

Lemma 2.7. Suppose that f : X — Y is a proper holomorphic map between
algebraic manifolds. For any irreducible subvariety V- C X we have

(i) if dim(f(V)) =dim(V), then [fi([V]) = degy,,(flv)[f(V)], where

dego, (fv) is the number of preimages under f|y of a generic point
from f(V).
(ii) Otherwise, f.«([V]) = 0.
Proof. This is essentially [22, Lem. 19.1.2] combined the remark in Sec. 1.4

of [22] that deg(V/f(V)) is equal to the topological degree degy,,(f|v) of
flv: V. —= f(V). O

Lemma 2.8. Let X and Z be k-dimensional algebraic manifolds and let W
be a k-dimensional subvariety of X x Z. We have

pri,([W] — prya) = 0
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if either
(i) dim(pry(W)) <k —p and o € H'(Z) for some i < 2p, or
(ii) dim(pry(W)) < p and o € H(Z) for some i > 2p.

Proof. Suppose dim(pr;(W)) < k — p. The fundamental homology class {W'}
is in the image of ¢4, where ¢ : pr{(W) x Z < X x Z is the inclusion. There-
fore,

2k—2p 1,

({W} Z Zgal®e2k a,ls

a=1 [=1

with each g,; € H,(X) and each egr_q; € Hop—o(Z). Applying Lemma 2.2,
we have

2k—2p 1, 2k—2p 1,
= Y ) PDYN(gar) ®PDy (eak—at) = D > V2k-al @ N
a=1 I=1 a=1 [=1

where each oo, € H?**~%(X) and n,, € H*(Z). Thus for any a € H'(Z)
we have,

2k—2p 1,
W] —prsa= > pri(yae—as) — Pr3(nas — @)
a=1 [=1
2k—2p 1,
(X et a),
a=1 =1

Since each term in the second factor has degree 2k — 2p + ¢ < 2k, Lemma 2.3
gives that

pro. ([W] — prya) = 0.

The proof of (ii) is essentially the same. O

3. Alternative definitions for f* and remarks about I';

In this section, we’ll show that two common alternative definitions for f*«
are consistent with (2). In Example 3.4, we’ll see that the graph I'y may
be singular at points whose first coordinate is in . For this reason, these
alternative definitions for f*a are more commonly used in actual computa-
tions.
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Lemma 3.1. Suppose X is a k-dimensional algebraic manifold and that
pr: X — X and f: X =Y are holomorphic maps making the Diagram (6)

commute. Then, f*a = pr, (f*

Usually, pr: X — X will be a blow-up, but Lemma 3.1 holds in greater
generality.

Proof. This follows from the fact that (pr x id), [F f} = [I'¢] and the Push-
Pull formula. U

Lemma 3.2. Suppose that 1?} is a resolution of the singularities in I'y and
71 and T are the lifts of mi|r, and ma|r, to Ty. Then, f*a = 7. (T2 ).

Proof. This is a restatement of Lemma 3.1. O

The following lemma will be helpful later.

Lemma 3.3. Let X and Y be algebraic manifolds of dimension k and let
f:X --2Y be a rational map. If V C X be a proper subvariety of X, then

IFi={(z,y) e X xY : 2 ¢gVUIf andy = f(x)}.

Proof. Since I'; is defined by (1), it suffices to show that T's \ 7, * (V') is dense
in T';. This follows since 7 : I'y — X is dominant, giving that 7, '(V) is a
proper subvariety of I'f. O

Example 3.4. Both Eric Bedford and the one of the anonymous referees
have pointed out to us several complications arising when working directly
with the graph I';. The following is an expanded version of Example 1 from
[5, §5].

The quadratic Hénon map h, . : C2 — C2, given by

9) hao(1,29) = (23 + ¢ — axe, 1),

extends as a birational map of P?, which is expressed in homogeneous coor-
dinates as

(10) hao([X1: Xo: X3]) = [XF +cX3 — aXoX3: X1 X3: X3).

The extension has indeterminacy I, = {[0: 1:0]}. One can check that I
blows-up under h to Lo := {X3 =0} and that h(Loo \ Iz) =[1:0:0]. In
particular, points of I'y, satisfy that X35 =0« Y3 =0.
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In C? x C?, the graph of h is given by
(11) Y1 :x%—kc—aazg and yo = x1.

It is natural to expect that the graph I'pofh: IP2 --» P? is obtained by sub-
stituting x1 = %, To =52, y1 = 4, and yo = and then clearing denom-
inators. One obtains

(12) Y1X2 = X33+ cX3Y3 — aX2X3Y3 and
Yo X3 = X1Y3,

which describe some subset of P2 x P?. However, if one sets X3 =Y; =
0, both equations become 0 =0, so that [X; : X5 :0] x [Y] : Ya: 0] satis-
fies (12) for any Xi, Xo,Y7, and Y. Thus, (12) does not capture the fact
that h(Leo \ Ip) =[1:0:0].

One can try adding further equations that are consistent with (11) on
C? x C?. When X3 and Y3 are not 0, it follows from the second equation
in (12) that X; = 52, which implies X% = %Y)Z(l. Substituting x; = % =
332 Ty = é{}? and y; = % into first equation from (11), clearing denomina-
tors, and dividing by a common factor of X; adds a third equation to the
system:

ViX2 = X234 cX2Y3 — aXoX3Y3,
(13) }/2X3 = X1Y3, and
YV1YV3X) = X Y9 4 Y7 X] — aXoYaYs.

When one substitutes X3 = Y3 = 0 into (13), the third equation becomes 0 =
X1Y2, which expresses that h(Loo \ I,) = [1:0:0]. However, [0:1:0] x
[Y1:0:Y3] satisfies (13) for any Y; and Ys. Thus (13) does not imply that
X3 =0« Y3 =0, which is required for points of I'},.

If one computes h~1:C? — C?, one of the equations is 29 = %(y%—kc—yl).
Converting this equation to homogeneous coordinates and adding it to our
system, we obtain

YV1X2 = X7V3 + cX3Y3 — aXo X3Y3,
(14) Yo X3 = X1Y3,
YViY3X| = X1YP + ¢Y2X) — aXoYoYs, and
aXoYi = X3Y3 + cX3Y? — V1V3X3.
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These four equations imply that X3 =0 < Y3 = 0. When X3 = Y3 = 0, the
third equation becomes 0 = X;Y3, which describes T', N (Loo X Loo) and
when X3 # 0 and Y3 # 0 the first two equations describe T';, N (C? x C?).
Therefore, (14) describes I'y, € P? x P2,

One might wonder whether I';, can be described with fewer equations.
This is related to the notion on complete intersection; see, for example, [26,
Exercise 1.2.17]. If we let J be the ideal in C[X;, X2, X3, Y, Y2, Y3] defined
by (14), one can compute I(I';) = v/.J using the computer algebra package
Macaulay?2 [1]. One finds that I(I',) is generated by two equations

(15) X3Y; — X1Y3=0 and
X3Y1 — X1Yeo 4+ aXoYs — cX3Y3 = 0.

Thus, I'y, is a complete intersection. In particular, these two equations de-
scribe T'y, in all of P? x P2.

If we express (15) in the local coordinates z; = X1 /X2, 20 = X3/ X9, w1 =
Y2/Y1, and wy = Y3/Y] centered at [0:1:0] x [1:0: 0], we find

zowy — z1we =0 and
29 — z1w1 + awg — czowsg = 0.

Since the lowest order terms of the first equation are quadratic, when one
restricts I'y, to any plane through (21, z2, w1, w2) = (0,0,0,0), the result will

have local multiplicity > 2. This implies that I'j, has local multiplicity > 2
at [0:1:0] x[1:0:0] and hence that I'y, is singular there.

4. Proof of the composition formula

The proof of (5) below is cribbed from Voisin’s textbook [38, Prop. 9.17].
Proof of Proposition 1.1. For any a € H*(Z) we have

pri.(p2«(p1[Ly] — p3[g]) — pria)
Z pry. (2. (p1[0 ] = p5ITq) — p3pra)
=pri.(p2«(P1[L'f] — p3[Lg] — (m1 0 p3)" )
[ [Tg] i
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Here, all unlabeled equalities follow from commutativity of Diagram (4) and
the equality labeled PP follows from the Push-Pull formula. To check ¢, one
must show for any f € H*(Y x Z) that

(16) (P10 p3)B = (m3 0 73:) 8.

This follows easily by expanding [ using the Kiinneth formula and applying
Lemma 2.3.

We’ll now check that if po, (p}[I' ]~ p3[Tg]) # [Lgor], then f*g*#(go f)*.
Let

p2:(P1[L ] = p3[Lg]) = [Lgos] + €.

By linearity of (5), it suffices to find some o € H*(Z) with pr, (€ — prya) #
0. For each i =0,...,2k, let v;1,...,%j, be a basis of H/(X) and let
Mils- -+l be a basis of H (Z). Using the Kiinneth Isomorphism, we have

Ji lok—s

Z Z @515 @ N2k—i,l-
=1

=0 j=1

Since £ # 0, there is some a;, j, 1, # 0. Since we are using field coefficients the
cup product is a duality pairing; see [10, Ch. VI, Thm. 9.4]. We can therefore
find some o € H"(Z) so that mog—i, 1, — @ = [2¢] and nog—,— @ =0 for
every | # lo. (Here, [z4] is the fundamental cohomology class of a point ze €
7 and a generator of H2¥(Z).) This implies that

2k ji lok—i

5 — praa) Z Z Z Q;51%,5 © 7721@4,1 — prya)

i=0 j=1 I=1

= aio,jo lo (Yio,jo ® [2e])
Ji lak—i
+ Z Z Z @i j1%ij @ (M2k—iy — Praq).

i=i0+1 j=1 [=1

Lemma 2.3 implies
Pri. (€ — Praa) = aiy jo 1y Viojo 7 0-

we conclude that f* o ¢g*(a) # (g o f)*(«). O
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5. Criteria for functoriality

We'll now start our study of the intersection p; *(T'y) N p3 1 (Ty). Let

(17 U:={(z,y,2) e X XY x Z :(x,y) € 'y,
w &Iy, (y,2) €Ty, andy & I(g)}.

Lemma 5.1. We have

i) p7HTy) and p31(T,) are smooth and intersect transversally at points
1 f 3 \Lyg
of U and

(ii) V =T is an irreducible component of py*(Ts) N p3'(Ty) € X x Y x
Z that is mapped to I'yor by p2 with topological degree 1.

Consequently, if U is dense in p; (L) N p3 1 (Ty) then (go f)* = f*og* on
all cohomology.

We will call V' the principal component of py (T'f) N p3(Ty).

Proof. Since x € Iy and y € I, p7(I'y) and p3(I'y) are smooth at any (z,y,
z) € U. For any (z,y,2) € U we have

T(xjyjz)pl_l(I‘f) = {(u1, Dfpur,w1) : ug € TyXandw; € T,Z} and
T(mﬁy,z)pgl(f‘g) = {(ug,v2, Dgyv2) : vo € Ty)Y andwy € T, Z}.

Therefore, T(Ly,z)pl_l(l“f) + T(xyy’z)pgl(Fg) =TaynX XY xZ, so that
p (T'y) and p3*(T,) are transverse at (z,y, 2).

Notice that pa(U) is the graph of (g o f)|x\(r,uf-1(1(g))> Which is dense
in I'yo 7, by Lemma 3.3. Since ps is continuous and closed,

(18) p2 (V) = p (T) = ma(0) = Loy

Finally, notice that py : U — p2(U) is one-to-one since for points of U, z
completely determines y and z. In particular, since I'go is irreducible, so
is V.

If U is dense in p; ' (T's) N p3 }(Ty), then by Lemmas 2.5 and 2.7 we have

(19) p2:([p1 " (Tp)] = [p3" (Tg)]) = p2:([V]) = [Cgos]-

It follows from Proposition 1.1 that (g o f)* = f* o ¢* on all cohomology. [

Let us also prove one more helpful lemma:
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Lemma 5.2. Let X,Y, Z be algebraic manifolds of dimension k and let f :
X -—>Y and g:Y --» Z be rational maps. If o € H(Z) for i € {0,1,2k —
1,2k}, then (go f)*a = (f* o g*)or

Proof. Since f is dominant, f~!(I;) UI; is a proper subvariety of X. Thus,
any irreducible component of p; '(I';) N p3*(T,) that projects under 7 o py
onto all of X is equal to the principal component V. Similarly, since g
is dominant g(I,U f(If)) is a proper subvariety of Z, implying that any
irreducible component of p; ! (T'y) N p3 *(T',) that projects under 74 o p3 onto
all of Z is equal to the principal component V.

Thus, if W # Ty is a k-dimensional subvariety of pa(p; ' (T'f) N p3 *(Ty))
whose fundamental class appears in the expression for pa.(p[I'f] U p3[I'g]),
one finds that dim(pr;(W)) <k —1 and dim(pry(W)) < k — 1. It then fol-
lows from Proposition 2.8 that if i € {0,1,2k — 1,2k} and o € H*(Z) then
pry,([W] — pria) = 0. Equation (5) then implies that (g o f)*a = (f* o g*)a.

O

We are now ready to prove Propositions 1.2 — 1.6. For the reader’s con-
venience we’ll repeat the statements before each of the proofs.

Proposition 1.2. Let f: X --»Y and g : Y --+ Z be rational maps. Sup-
pose that there exits an algebraic manifold X and holomorphic maps pr and
f making the following diagram commute (wherever f o pr is defined)

(6) X
J{ f
pr
x-1.y

with the property that J?*l(w) is a finite set for everyy € Y. Then, (go f)* =
f*og* on all cohomology groups.

Proof. By Lemma 5.1, it suffices to show that U, given by (17), is dense in
o T) N 7 (T).

Consider any (e, Yo, 2e) € pl_l(I‘f) N pgl(Fg). We'll show that (e, Ve, 2e)
is the limit of a sequence {(2, yn, z,)} C U. Since f(If) := ma(m; *(If) NTy)
is a proper subvariety of ¥, Lemma 3.3 gives that I'y is the closure of the
graph of g\y\( f(1;)u1,)- Therefore, we can choose a sequence

{(n,2n)} €{Y X Z : (y,2) € Tgandy & (f(Iy) UI,)}

With (Yn, 2n) = (Yes 2e)-
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Since (Za,ye) € I'f, there exists o € X with pr(Ze) = 2o and f(Fa) = ve.
Since f is a finite map, it is open. Therefore we can choose a sequence
of preimages Z, of y, under f with Z, — Z.. If we let z, = pr(Z,), by
continuity of pr we have x,, — x,. Since y,, & f(Is) we have that each x,, ¢
I;. Therefore, we have found a sequence (2, Yn, 2n) € U with (2, yn, 2n) —
(Tay Yoy Zo)- O

Proposition 1.4. (Diller-Favre [13, Prop. 1.13]) Let X,Y, and Z be alge-
braic manifolds of dimension 2. Then (go f)* = f* o g* if and only if there
is no curve C C X with f(C\ Iy) C I,.

Remark 5.3. In the case that (g o f)* # f* o g*, it follows from Lemma 5.2
that the discrepancy happens on H?(Z).

Proof. Suppose that there is no curve C with f(C'\ Iy) C I,. By Lemma 5.1,
it suffices to show that the set U, given by (17), is dense in p;'(T'f) N
p3 ' (Ty)-

Let (2o, Ye,2e) € py (L) N p3 ' (Ty). If ye & I,, then we can choose a
sequence {(zn,yn)} C 'y converging to (ze,y.) with each x, ¢ Iy. Since
Yo & 15 and I, is closed, y, & I, for large enough n. Letting 2z, = g(yn), we
obtain a sequence {(xy, yn,2n)} C U which converges to (Ze, Ve, Ze)-

Now, suppose ys € I4. As in the proof of Proposition 1.2 we will use that
I'y is the closure of the graph of g[y(f(r,)ur,). Therefore, we can choose a
sequence {(Yn,2zn)} C 'y with (Yn,2n) = (Ve, ze) and each y, & f(Iy) U I,.
We must show that there is a sequence z, € X \ Iy with f(x,) =y, and
Ty, — Te.

Since X is a surface, we can make a resolution of indeterminacy of the
form (6) where pr consists of a sequence of point blow-ups over Iy. Since
(%e,ve) € I'¢, there exists (To,ye) € I' ¢ with pr(ze) = xe. Let D be the com-
ponent of f_l(y.) containing Z,. Since yo # f(C'\ I,) for any curve C C X,
pr(D) = {z4}. N

Since f(D) =y, and D is a component of f~'(y,), we can choose a
sequence z, € X with f(z,) = y, such that z,, — D. Since pr(D) = z,, the
desired sequence x,, € X \ Iy is x,, = pr(z,).

Now, suppose that there are curves C1,...,C,, C X with {y;} := f(C; \
Iy) C I, for each i. For each i, g(y;) = D; is a curve in Z. Then,

pr (Tp)Npst(Ty) =V U U Ci x {yi} x D;
i=1
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with each term in the union being an independent irreducible component
and V = U being the principal component.
Since each component has complex dimension 2, by Lemma 2.5

pill's] = p3ll] = V] + Zai[Ci x {yi} x Di,

where each a; > 0 is a suitable intersection number.
By Lemmas 5.1 and 2.7,

P2 ([V] + ) ailCi x {yi} % Di]) = [Tgos] + > ailCi x Dy).

1=1 i=1
Since Y 1" a;[C; x D;] # 0, it follows from Proposition 1.1 that (go f)* #
ffog*. O

Remark 5.4. Up to this point, we have only needed the simple cases (i)
and (ii) of Lemma 2.5 in which the subvarieties intersect with the correct
dimension. The proofs of the criteria of Bedford-Kim and Dinh-Sibony below
rely upon case (iii) of Lemma 2.5, since one can easily have components of
p (Tf) N p3H(T,) of dimension > k. For example, if f:CP? --» CP3 and
g : CP? ——5 CP? are both Cremona involutions

(20) [X1: @9 1 X3 1 x4y > [Tox3Ty @ T1T3T4 : T1ToTy : T1XT2T3)
then p; ' (T'1) N p3*(T,) contains a four-dimensional component
{zo =0} x{[1:0:0:0]} x {20 =0}.

Proposition 1.5. (Bedford-Kim [8, Thm. 1.1]) Let X,Y, and Z be alge-
braic manifolds of dimension k. Let f: X --+ Y and g : Y --+ Z be rational
maps. If there is no hypersurface H with f(H \ I;) C Iy, then f*og* =
(go f)* on H*(Z).

Proof. By Lemmas 2.5 and 2.7,
(21) P2+ (pi[Ls] = p3[Ty)) = [Lyos) + Y ai[ Wi,

where each W, is a k-dimensional subvariety of X x Z and each a; € Z. By

Lemma 2.8, it suffices to show for every ¢ that dim(pr(W;)) < k — 1.
Suppose for some i = ig that dim(pr;(W;,)) > k — 1. Then, by commu-

tativity of (4), Vi, := pry * (W;,) satisfies that dim(ry o p1(V;,)) > k — 1. The
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hypothesis that there is no hypersurface H with f(H \ If) C I, implies that
dim(f~*(1,)) < k — 2. Therefore dim(If U f~1(I,)) < k — 2. Thus, there is
a dense set of points (z,y,2) € V;, with x & Iy U f~1(I,;). All such points
are in the principal component V; therefore V =V, . This contradicts that
p2(Viy) = Wiy, # Lgor = p2(V). We conclude that, dim(pry(W;)) < k — 2 for
every 1. O

Remark 5.5. Recently, Bayraktar [4, Theorem 5.3] has proved that the
Bedford-Kim criterion is necessary, i.e. if there is a hypersurface H C X
with f(H \ If) C I, then (go f)* # f* o g* on H*(Z).

This does not seem to follow from the results developed in this note,
since, when k = dim(X) >3, p;*(T's) N p~'(T'y) may have components of
dimension > k. (See Remark 5.4.) For this reason, the cup product pj[I's] —
p3[I'y] may be represented by some k-dimensional subvarieties having nega-
tive coefficients. In particular, one must prove that the cohomology classes
from all of the extra components of p;'(I'y) N p~(I'y) don’t completely
cancel.

Remark 5.6. There is an older criterion of Bedford and Kim [7, Prop. 1.2],
which one can check is strictly weaker than the one stated in Proposition 1.5.

Recall that i’f C I'y is the set of points such that
(i) mo restricted to I'y is not locally finite at x, and

(i) mo((z,y)) € I, for every (x,y) € ENI}
Let Z’f = (i})

Proposition 1.6. (Variant of Dinh-Sibony [16, Prop. 5.3.5]) Let X, Y, and
Z be algebraic manifolds of dimension k. Let f : X --»Y and g:Y --» Z
be rational maps. If dimE’f <k —p, then (go f)* = f*og* on H(Z) for
1<i<2p.

Proof. As in the proof of Prop. 1.5, pa.(pi[I's] — p3[I'y]) can be expressed
by (21). By Lemma 2.8 it suffices to show for every ¢ that dim(pr;(W;)) <
k—p.

Suppose for some ¢ = iy that dim(pr; (W;,)) > k — p. Then, by commuta-
tivity of (4), Vi, := pry * (W;,) satisfies that dim(my o p1(Vj,)) > k — p. We'll
show that the set U, given by (17), is dense in V;,, implying that V;, = V.
This will contradict that pa(V;,) = Wi, # Lgor = p2(V).



The action on cohomology 625

Since dim(X%) < k — p, we have that V;, \ (m o pl)*l(E’f) is dense in
Vi, Therefore, it suffices to show that U is dense in V, \ (7 o pl)_l(E}).
Let

(.’E., Yo, Z') € ‘/io \ (7T1 © pl)_l(zlf)‘

First suppose that ye & I;,. Then, we can choose a sequence (x,,y,) € I'f
with x, & Iy converging to (xe,ye). Since yo & I, and I, is closed, y, ¢
I, for large enough n. Thus, if we let z, = g(y,), we obtain a sequence
(Tny Yn, 2n) € U that converges to (Ze, Yo, Ze)-

Now suppose that ye € Iy. By Lemma 3.3, I'y is the closure of the
graph of gly\(r,uf(r,))- Thus, we can find a sequence (yy,2,) in the graph
of gly\(,us(r;) With (Yn,2n) = (Y, 2e). Meanwhile, since zo ¢ E’f and
Yo € Iy, 3|y is a finite map in a neighborhood of (xs,¥.). It follows from
the Weierstrass Preparation Theorem that mo|r, is an open map in that
neighborhood. Therefore, there is a sequence x,, € X with (z,,y,) € I'y
and (Tn,Yn) — (Te,Ye). Since yp & f(It), vn & Iy. Thus, we have found
a sequence {(Tn,Yn,2n)} C U with (Tn,Yn, 2n) = (Te, Ye, ze). We conclude
that U is dense in V. g

Remark 5.7. The reader who is interested in proving Proposition 1.6 using
currents should note that Truong [35] presents an approach to pulling back
(p, p)-currents for p > 1 that is somewhat different from [16]. In particular,
one can also use Theorem 7 from [35] to prove Proposition 1.6.

6. A cautionary example

In this section, we present a rational map f: X --» X of a 3-dimensional
algebraic manifold X that is not 2-stable, but has the property that
(f]X\[f)fl (x) is a finite set for every z € X.

Let fo : P3 -5 P3 be the composition fy = ag o s, where aq is the bira-
tional map

(22) Oéo([.%’l X9 X3 x4]) = [xl(l'g — a:4)(a:3 — x4) : 1‘4(%2 — x4)(x3 — .’L‘4) :
x4(xy — 1) (23 — 24) : T4(T2 — 24) (3 — 21)]
and sqg is the squaring map

(23) so([ry :@o g s wa)) = [29 - 22 : 23 2 23]
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Let 0 : X — P2 be the blow-up of P3 at the five points [1: 0: 0:0],[0:1:0:
0,0:0:1:0,0:0:0:1],and[1:1:1:1] andleta: X --» X, s: X --»
X, and f be the lifts of ag, s, and fp.

Proposition 6.1. [ : X --» X satisfies for every x € X that (f]X\If)_l (x)
is a finite set, but f is not 2-stable.

Proof. We will start by showing that ( flxr f)_l (x) is a finite set for every
x € X. One can check that ag : P --» P3 satisfies

I, ={z1 =24 =0} U{za =24 =0} U {23 = 24 = 0}
U{iL’l:.1‘2:.%'4}U{.1‘1:.%'3:$4}U{.%'2:$3:$4}.

The four points [1:0:0:0],[0:1:0:0],[0:0:1:0],[1:1:1:1] where
these six lines meet are each blown-up up by «ag to the following hyper-
planes

{za =0}, {z2 = x3}, {2 = 24}, and {z1 = x2},

respectively. Once these four points are removed, the six lines in I,, map by
flip indeterminacy (see, for example, [30]) to the lines

{ZEQ:ZL‘3:1‘4}U{1‘2:1‘4:0}U{1‘2:$3:0}

respectively. A flip indeterminacy from a line L; to a line Lo blows up any
point p € Ly to all of Lo, based on the direction that one approaches p
within a transversal plane. Meanwhile, there is a collapsing behavior: if one
approaches any two points of Ly with the same transversal direction, one is
sent by f to the same point of L.

The critical set of o consists of the hypersurfaces

{4 =0} U{z1 = 24} U{z2 = 24} U {23 = 24},

which are all collapsed by «aq to the points [1:0:0:0],[1:1:1:1],[0:0:
1:0],and [0: 0:0: 1], respectively, with the first three of these points in I, .

When creating X, we have blown-up each of the images of the varieties
that are collapsed by ag as well as [0:0:0:1] = ay*([0:1:0:0]). Using
the universal property of blow-ups [17] (or direct calculations), one can check
the indeterminacy set of o : X --» X is the proper transform of I, and that
a has no critical points (outside of I,). In particular, « collapses no curves
or hypersurfaces lying outside of 1.
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One can check that s: X --» X is holomorphic in a neighborhood of
each of the exceptional divisors, inducing the squaring map on each of the
exceptional divisors Efi.0.0.0, Elo:1:0:00, Fjo:0:1:00s Fjo:0:0:1] and is the iden-
tity on the exceptional divisor Ejy.1.1.]- As a result, the only indeterminacy
points of s are the lifts under p above the 7 points in
581([1 :1:1:1])\[L:1:1:1], each of which is blown-up by s to E;.1.1.1)-
Since sg did not collapse and hypersurfaces or curves and s does not col-
lapse anything in these exceptional divisors, we conclude that s also doesn’t
collapse and hypersurfaces or curves.

The indeterminacy of f = a0 s is contained in s~!(I,) U I;. One can
check that I C Iy since o doesn’t collapse EJi.y.1.1). Meanwhile, s7H(1,) is
the proper transform of the 15 lines

50 (Iny) = {z1 =24 = 0} U {z2 = 24 = 0} U {w3 = 24 = 0}
U {xl =dx9 = il’4} U {.%'1 =+4x3 = i$4}
U{xe = £a3 = £a4}.

Taking any point from one of these 15 lines that is not on one of the excep-
tional divisors, one can use the homogeneous expression for fy to see that
each such point is in I. Therefore, I = s~!(I,) U I5. Since neither o nor
nor s collapse any variety outside of their indeterminate sets, we conclude
that f doesn’t collapse any variety outside of Ir.

The only non-trivial cohomology groups of X are

H(X)=C, H*X)=H"(X)=C,
HY(X)=H®?(X)=C’ and H%X)x~C.

By Lemma 5.2, any rational map acts stably on H(X) and H%(X). Since
Iy is of codimension > 2 and f collapses nothing outside of /¢, the Bedford-
Kim criterion (Prop. 1.5) implies that f acts stably on H(D(X). Therefore,
in order to prove that f is not 2-stable, it suffices to show that (f2)* # (f*)?
on H*(X).

For notational convenience, we’ll write the composition as g o f, where
X=Y=Zandf: X --»Yandg:Y --+ Z are the same map. We will first
show that every component of p; '(T's) N p3'(T'y) has the correct dimension
(= 3), so that Lemma 2.5 implies that each component appears with positive
multiplicity in the cup product pi([I'¢]) — p3([I'y]). We will then show that
there is at least one component V' of the intersection other than the principal
component V (see Lemma 5.1 for the definition of the principal component)
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with the property that pa.([V’]) # 0. Non-functoriality (f2)* # (f*)? will
then follow from Proposition 1.1.

Consider a component V' # V of p;*(T'y) N p3 *(T'y). Since V' # V and f
a finite map outside of I, (w1 0 p1)(V') C Iy. Meanwhile, (7 0 p1)(V’) C I,.
Let ¢: V' — ¢(V') C X XY be the restriction of the projection onto the
first two coordinates. If dim(V”) > 4, then, since dim(¢(V"’)) < 2, the fibers
over generic points satisfy dim(¢~!(z,y)) > 2. However, there are finitely
many points y € Y with dim(g(y)) > 2, implying that dim(m2 o p1)(V’) = 0.
Therefore, the dimension of the projections of V/ onto X, Y, and Z would
be 1,0, and 2, respectively, implying that dim(V"’) = 3.

We will now find a component V' #V C p; ' (T'y) N p3'(Ty) so that
p2:([V']) #0. Let Ly C X be the proper transform of {z1 = z3 = x4}, let
Ly CY be the proper transform of {y; = y2 =3}, let p= o }([1:1:1:
—1]) € La, and let H C Z be the proper transform of {z; = 2z2}. Since s
maps a neighborhood of L; biholomorphically onto a neighborhood L; and
a blows-up each point of L; to all of Ly, we have that L; x {p} C I';.
Meanwhile, since s blows up the indeterminate point p to Ejy.1.1.1], which is
mapped by « to the plane z; = 2o, we have that {p} x H C I';. We conclude
that

V/ = Ll X {p} X H (- pl_l(rf) mpgl(rg)

Since V' is an irreducible 3-dimensional variety with (71 0 p1)(V) = L1 € X,
it is not the principal component V. It is the collapsing behavior of the flip
indeterminacy along L1 into the point of indeterminacy p that produces this
extra component of pl_l(Ff) N pgl(Fg). This will lead to non-functoriality of
the composition.

Since py maps V' biholomorphically to Ly x H C X x Z, pa.([V']) # 0.
We conclude that (go f)* # f* o g*. O

Remark 6.2. In a joint work with S. Koch [29], we check that f can be
lifted to a further blow-up of X on which Proposition 1.2 can be applied.
We then compute that the first and second dynamical degrees of this lift
satisfy that A\ ~ 2.3462 is the largest root of

pi(z) =2t — 23 —42 -8,
A2 & 4.6658 is the largest root of

pa(z) = 27 — 328 — 1620 — 1922 + 38421 + 12823 + 61442 — 8192.
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Since dynamical degrees are invariant under birational conjugacy, these
are the same as the dynamical degrees of f: X --+» X. However, one can
check that dim(H*(X)) = 6. Since py is an irreducible polynomial of degree
9 > 6, this gives an alternate proof that f: X --+ X is not 2-stable.

Question 6.3. Does there exist a rational map f:P3 --» P3 such that
(fhps\[f)il (x) is a finite set for every x € P3, that is not 2-stable?
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