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Triviality and split of vector bundles on
rationally connected varieties

XUANYU PAN

In this paper, we use the existence of a family of rational curves on
a separably connected variety, which satisfies the Lefschetz condi-
tion, to give a simple proof of a triviality criterion due to I. Biswas
and J. Pedro and P. Dos Santos. We also prove that a vector bun-
dle on a homogenous space is trivial if and only if the restriction
of the vector bundle to every Schubert line is trivial. Using this
result and the theory of Chern classes of vector bundles, we give
a general criterion for a uniform vector bundle on a homogenous
space to be splitting. As an application, we prove that a uniform
vector bundle on a classical Grassmannian of low rank is splitting.

1. Introduction

The study of uniform vector bundles on homogenous spaces starts from
the papers [21], [22], and [3]. Recently, the paper [18] gives a systemati-
cal approach. The proofs usually come with a triviality criterion for vector
bundles.

In the preprint [4], it provides a beautiful triviality criterion for a vector
bundle on a separably rationally connected variety. In Section 2, we give a
simple proof of this theorem by the existence of a family of rational curves
on a separably rationally connected variety, which satisfies the Lefschetz
condition, see [14, Section 8] for details. The main theorem is the following,

Theorem 1.1. Let X be a smooth projective variety over an algebraically
closed field. If X is separably rationally connected, then a vector bundle V
on X s trivial if and only if the restriction of V' to every rational curve on
X is trivial.

In Section 3, we prove the irreducibility of some moduli spaces of rational
chains on homogenous spaces to give a triviality criterion for vector bundles

on homogenous spaces, namely,
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Theorem 1.2. For a homogenous space G/P, a vector bundle V- on G/P
is trivial if and only if the restriction of V to every Schubert line is trivial.

Use this triviality criterion and the theory of Chern Classes, we give a
splitting criterion for uniform vector bundles of low rank on homogenous
spaces.

Theorem 1.3. Let G/P be a homogenous space of Picard number one. If
its VRMT has good divisibility up to degree r, then a uniform vector bundle
V on G/P of rank at most r is splitting.

As an application, we apply this theorem to classical Grassimannians
and quardrics in Section 5.

Theorem 1.4. A uniform vector bundle on a classical Grassimannian or
quardric X of rank at most s(X) is splitting, for the corresponding X and
s(X), see Theorem 5.6.

2. Triviality of vector bundles and families of
rational curves

We start from a general triviality criterion for a vector bundle on an arbitrary
smooth projective variety.

Proposition 2.1. Let X be a smooth projective variety over an algebraically
closed field. A wvector bundle E on X is trivial if and only if the restriction
of E to every curve C' C X is trivial.

Proof. We prove this proposition by induction on the dimension. For dim(X)
= 1, it is trivial. By the existence of Lefschetz pencil, see [7], we always have
the following blow-up diagram,

ple™ X1 .x

where f is a blowing up map along a smooth projective subvariety in X of
codimension 2, the map 7 is a Lefschetz pencil. Therefore, we have f.O5 =
Ox. By induction on dimension, the restriction f*V|& to a smooth fiber

)z is trivial where s € P'. Suppose X s is a singular fiber with one double
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singularity. We blow up the singularity and get a rational resolution
g: XP 5 X,
with g«(Ogs) = O . By induction, we have that

7(fVIg) =0,

where n is the rank of E. By the projection formula, it implies that
Vg, =9.9"(fVig) =0

Since 7 is flat, there exists a vector bundle W on P! such that "W = f*V
by base change theorem. We can choose a smooth projective curve C' such
that

CLUNCLX

\ J’r
P

]le
where p is a finite and flat map of degree N. Since every vector bundle
on P! is splitting, we can assume W = @7, Op:1(a;) where a; € Z. By the
hypothesis, we have

PW = B (f7V) = OF"
Suppose there is a; which is positive, we have an exact sequence
0 — p*Op(a;) — p*W ~ 05",

since the degree of p*Opi(a;) is N - a; which is positive, the map between

p*Op1(a;) and p*W ~ (’)g” has to be 0. It is absurd. Therefore, all the a;
are non-positive. Since we have

the degree of ¢1(p*W) is N - (Z al> and ¢ (p*W) =0,

where is ¢1 (p*W) the first Chern class of p*W, it concludes that )" ; a; = 0,
hence, a; = 0, i.e, the vector bundle W is trivial. We have

V=LV = LW = LOY = 0%
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For a separably rationally connected variety, we can choose the test
curves to be rational curves.

Lemma 2.2. Let X be a normal scheme and B, C' be Artin stacks. Suppose
we have the following diagram,

g

e f
B+—(C——X.

We have the following hypothesis,

(1) the morphism m is representable and flat with fibers of arithmetic
genus 0,

(2) o is a section of m and the image of f oo is a point,

(3) the morphism f is proper and its general geometric fibers are nonempty,
irreducible and generic reduced.

(4) C is irreducible, reduced and contains a nonempty open substack as a
scheme.

If the restrictions f*V
V is trivial.

s of w, then the vector bundle

Proof. By the Stein factorization for Artin stacks [16] or [19, Theorem 11.3],
we have
/
/\

C——7—73X
h g

where g : Z — X is a finite morphism between two integral schemes and h :
C — Z satisfies h.Oc = Oz. We claim that f,Oc = Ox. Since X is normal
and the hypothesis (4), to prove the claim is sufficient to prove Z and X
are birational via g. By the hypothesis (3) and (4), the geometrical generic
fiber C% is irreducible and generic reduced where K is the function field of
X. We have the following cartesian diagram

i TLTK i

C

h g

where L is function field of Z and Cy is flat over L ® K. If L is a nontrivial
algebraic extension of K, then U can not be irreducible or generic reduced,
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it is a contradiction with condition (3). Therefore, the map ¢ is birational.
The claim is clear. Since f*V|c, are trivial by the hypothesis (1)( i.e, the
fibers Cj is of arithmetic genus 0 and the representability of 7), we have the
following properties by base change theorem, see [16],

(1) 7*m(f*V) — f*V is an isomorphism,

(2) 7 (f*V) is a vector bundle on B.

In other words, there exists a vector bundle W on B such that 7*W =
f*V. By the hypothesis (2), we have that W = o*7*W = ¢* f*V = E where
F is a trivial bundle since f o o is a point. It implies that f*V = 7*W is a
trivial bundle (’)g". By the projection formula, see [16], we have

V =V® £O0c= f(f*V) = (f.0c)®" = 0F"
]

A smooth variety X is separably rationally connected if it admits a very
free rational curves, see [12] for the definition. For a separably rationally
connected projective varieties, we have families of rational curves which
satisfies the Lefschetz condition [14, Section 8]. We can also choose these
families very flexibly, see [13, Remark 4] and [14, Section 8].

Lemma 2.3. [14, Theorem 8.10/[13, Theorem 3] For a separably rationally
connected variety X over an algebraically closed field k, there is a family of
very free rational curves

/0N
D+—D x P! T>X )
such that
(1) foo is a point x,

(2) the general fibers of f are reduced and irreducible,

Proof. For the irreducibility of the general fibers of f, it follows from the
existence of a family of rational curves

s

o
D¢—Cp—X
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satisfies the Lefschetz condition. In the terminology of [14, Section 8|, we
pick D = D,,_,,. The reason for the general fibers to be reduced is due to
the construction of D only involved with gluing free, very free curves and
smoothing them, in fact, we can choose such D to be an open subvariety of
Hom"f(P', X) which parameterizes very free curves. Therefore, the fibers
of f are smooth by [6, Proposition 4.8]. See the proof of [13, Theorem 3] for
the details. O

Remark 2.4.

(1) In [14], we call such a family D come from a family D of rational curves
which satisfies the Lefschetz condition.

(2) For char(k) = 0, we know separably rational connectedness is equiv-
alent to rational connectedness, hence, a complete Fano manifold is
separably rationally connected. For char(k) = p, the rational connect-
edness can not imply the separably rational connectedness, it is subtle.
We even do not know whether every Fano hypersurface is separably
rationally connected.

(3) For char(k) = p, what we know is that a general Fano hypersurface is
separably rationally connected [23], and all the smooth cubic hyper-
surfaces are separably rationally connected [14].

The following theorem is due to [4], we give a simple proof of this beau-
tiful theorem.

Theorem 2.5. Let X be a smooth projective variety over an algebraically
closed field k. If X is separably rationally connected, then a vector bundle V
on X is trivial if and only if the restriction of V' to every rational curve on
X is trivial.

Proof. Let M be (Mg 1(X,€))yeqa where Mg 1(X, e) is the Kontsevich moduli
stack parameterizing stable maps satisfying

(1) the domain is of arithmetic genus zero,

(2) the image is a degree e curve in X and the map has finite automor-
phisms,

(3) the domain has one pointed point on the smooth locus.

Let C be the universal family Mg 2(X,e) of Mg 1(X,e). By Lemma 2.3, we
have a morphism h induced the following cartesian diagram
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DxPl—Cy

L D

where we can choose D to parameterize the maps with trivial automorphism
by [13, Remark 4]. If char(k) = 0, then My, (X,e) is a proper Deligne-
Mumford stack, for arbitrary characteristic, it is a proper Artin stack with
finite inertia group, it contains an open substack as a scheme which is
parameterizing stable maps with trivial automorphism, see [9] and [2] for
the details. Let B be I'm(h). It is obvious that a vector bundle on a chain
of rational curves is trivial if and only if its restriction to every component
of the chain is trivial. It is easy to check the family of rational curves

o'

T
B+——Clp— X

with a section ¢’ satisfies all the hypotheses of Lemma 2.2, hence it implies
the theorem immediately. g

3. Triviality of vector bundles on homogenous spaces

From this section on, we assume k be an algebraically closed field of char-
acteristic zero. Let X = G/P be a projective homogeneous space under a
semi-simple linear algebraic k-group G with a stabilizer parabolic subgroup
P. By the Bruhat decomposition, the Picard lattice of X is freely generated
by the line bundles associated to the Schubert varieties of codimension one,
denoted by Ly, ..., L,. Dually, the curve classes are generated by Schubert
curves, denoted by C1,...,C,.

Definition 3.1. For numbers iq,...,i, € {1,...,r}, we define a moduli
space of chains of Schubert curves with two pointed points and of the pattern
(41, ... ,1m). More precisely,

Cth(X7 ilv v 7im) = MO,Q(Xa [Cil])evz XX,evl < evg XX,evl MO,Z(X7 [sz])

(k =1,2), in a natural way. Moreover, we have an obvious evaluation map
induced by the first pointed point and the last pointed point of the chains,
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this moduli space is the following
evim+1 : Chna(X, i1, .., im) = X x X.

see the figure below.

Figure 0

Lemma 3.2. The moduli space Chng(X,i1,...,iy) is a smooth irreducible
and rationally connected variety.

Proof. The fibers of ev : My 1(X,[C;]) — X are smooth irreducible and ratio-
nally connected varieties. Indeed, since X x X has an open orbit of G by
Bruhat decomposition, we can apply [5, Lemma 15.6] and the fact that
any parabolic subgroup is connected. Therefore, we only need to prove
My 1(X,[C]) is rationally connected. If G is simple, then , by [15, The-
orem 4.3], the Fano scheme My (X, [C;]) has two possibilities

it is G/P’ or the union of two G-orbits,
an open obit and its boundary G/P’

where P’ is some parabolic subgroup related to P. It implies that Mg (X,
[C;]) is rational, in particular, rationally connected. In general, see the paper
[11, Theorem 3]. Since we have the following cartesian diagram

evl_l(p) ——ev Yp) ——— {p}

e e
Mo2(X, [Ci]) —— Mo (X, [Ci]) ——= X
\_/

where the map F' is the forgetful map to forget the second pointed point,
therefore, My 2(X, [C;]) is the universal family over Mg 1(X,[C;]) via F, in
particular, it is smooth (P! bundle). Hence, the fiber ev; *(p) is a P' bun-
dle over ev~!(p) which is a smooth rationally connected projective variety.
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So evy L(p) is a smooth rationally connected projective variety, by symme-
try, so evy 1(p) is. By induction on m and the fiber product structure of
Chng (X, i1,...,%n), it is easy to see

ChnZ(X7 i17 v 7im) - m072<X7 [Cil])evg XX,evl c.evg XX,evl HO,Q(X7 [Cim])
is smooth, irreducible and rationally connected. O

Lemma 3.3. There exists m and iy, ..., iy, € {1,...,7} such that the fiber
of the evaluation map evi my1 15 irreducible.

Proof. To prove this lemma, by Lemma 3.2 and [5, Lemma 15.6], it is suffi-
cient to prove there exists m and i1,...,%, € {1,...,7} such that the eval-
uation map

€Vl m+1 : Chng(X,il, c. ,im) — X xX

is surjective. In other words, it is suffice to prove for any two points p, ¢ € X,
we can find a chain of Schubert curves to connect them and the length of
the chain is bounded by a number independent of p and ¢. In fact, the proof
is more or less similar as the proof in the preprint [24, Proposition 10.6]. We
sketch the proof here. Since the parabolic group P contains a Borel subgroup
B, by the Bruhat Decomposition, we know the natural map

G/B - G/P

maps Schubert curves to G/B Schubert curves in G/P. It reduces the prob-
lem to G/B. When the rank of G is one, the map evi ,41 is surjective since
G/B = P'. We consider the natural map

q: G/B — G/PA_{Q}

where A is the set of simple roots of G and o € A. We know G/Pa_(q} is
of Picard number one. By [12, Chapter IV, Corollary 4.14], we know any
two points in G/ Pa_{4) can be connected by a chain of Schubert curves in
G/ PA_{ay of length at most dim(G/Pa_{4})- For any two points s, t € G/ B,
by homogeneity, it is clear that we can lift a chain of Schubert curves in
G/Pa_{qy connecting q(s) and ¢(t) to a chain of Schubert curves in G/B
connecting s’ and ', where s and s’ (.resp ¢ and t') are in the same fiber of ¢.
The fiber q is Pa_t0y /B which is a homogenous space under a semi-simple
linear subgroup of Px_(q) of smaller rank. By induction on rank, we can
choose chains of Schubert curves to connected s and " (.resp t and ¢’). These
three chains provide a chain of Schubert curves connecting p and gq. O
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We know the invertible sheaf L = Ly +---+ L, is ample. Since X is
simply connected and homogeneous, by Stein factorization, the invertible
sheaf L is in fact very ample. Therefore, using this embedding, Schubert
curves are lines in some projective space PV, that is why we call it Schubert
lines.

Theorem 3.4. For a homogenous space X = G/P, under the natural
embedding, a vector bundle V on G/P is trivial if and only if the restriction
of V' to every Schubert line is trivial.

Proof. By the previous lemma, we have an evaluation map
evimt1 1 Chng(X, i1, ... im) > X x X

where evq 41 = (ev1, evpm1). The evaluation map is surjective with integral
fibers. Let m be the smallest number such that evy y,+1 is surjective for some
i1,...,4m- The geometrical meanings for m is that it is the shortest length
of chain of Schubert lines to connect two general points in G/P. Similarly,
we can define

Chny(X, i1, im) = Mo2(X, [Ci,Devs XX.e01 -+ -evs XX o0 Mo1(X,[Ci,.])
with the unique evaluation map

ev: Chni(X, i1, ... im) — X.
We have the following diagram

E€Um 41 |D

C/T}\X

9

Chng(X,i1,...,0ym) O B——{pt}
N
Chanll,..., ) X

evy

where

(1) Bis ev™!(p) and D is ev; *(p),
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(2) F is the forgetful map to forget the second point on the chains,

(3) f:C — X is the universal family over B and o is a section of 7 such
that f oo = {p}

(4) j is a natural inclusion which corresponds to the last component of Cj,
over a general point b € B.

Since the minimality m and (4) above, we have ,for a general point g€ X,

fﬁl(Q) - evm+1|51(q) = evirln-i-l (p7 Q)

which implies f~!(q) is integral.Since it is obvious that a vector bundle of
a chain of rational curves is trivial if and only if its restriction to every
component of the chain is trivial, we apply Lemma 2.2 to

/gr\
B+—C T> X
and complete the proof. O

We provide a simple proof for this theorem based on [1, Proposition 1.2].
We sketch a proof here.

Proof. (sketch) We prove this theorem by induction on the rank of X =
G/P. For rank= 1, G/P is just P!, the proof is trivial. Since P is connected
and contains a Borel subgroup B, we consider the fibration

P/BC¢ G/B—-G/P,

we have
P«(Og/B) = Og/p and p maps Schubert lines to a point or Schubert lines.
By the projection formula for vector bundles p*V', we reduce the problems to

G/B. For G/B, we apply a similar argument as Lemma 3.3. With the same
notation as in the proof of Lemma 3.3, we consider the following fibration

PA_{ay/B€ G/B—"-G/Px_{a}

the Schubert lines in Pr_(4}/B is the Schubert lines in G//B via the natural
inclusion. Therefore, by induction, we know V' is trivial on very fiber of ¢.
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Since g is smooth with connected proper fibers, by the base change theorem,
we have

V = ¢*W for some vector bundle on W.

To prove V is trivial, it is sufficient to prove W is trivial. Since every Schu-
bert line in G/Pa_g,) can be lifted to a Schubert line in G//B, we reduce
the problems to GG/Pa_y,) which is of Picard number one. Therefore, it
concludes the theorem by [1, Proposition 1.2]. O

4. A splitting criterion of vector bundles on
homogenous spaces

Let G/ P be a homogenous space of Picard number one. The ample generator
of its Picard group is very ample. Under the embedding induced by this very
ample line bundle, we can talk about lines on G/ P and the variety of minimal
rational tangents (VRMT for short) on G/P. We refer to [10] for a complete
account on the VMRT. In this case, VMRT is just the fiber of the evaluation
map

ev: Mo1(G/P,1) — G/P.

In principle, we can describe the VMRT of a homogenous space by the root
data, see [15, Section 4] for the details.

Definition 4.1. We call a smooth projective variety X has a good divis-
ibility up to degree r if x-y =0, then we have z =0 or y =0, where
r€CHY(X),y€ CHI(X)and i+ j <.

Theorem 4.2. Let G/P be a homogenous space of Picard number one over
complex numbers C. If its VRMT has good divisibility up to degree r, then
a uniform vector bundle V- on G/P of rank at most r is splitting.

Proof. Since we can twist the vector bundle V' with the ample generator of
Pic(G/P), by Theorem 3.4, we can assume the vector bundle V' has type
(a1,as,...,a,) when we restrict it to Schubert lines where

a1 =ay=---=ar=0and 0> agy1 > ax42 > -+ > Gy.

We have the following diagram,
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VRMT —— {pt}

° |

Moo(G/P1) 2 —C— 5 G/P

where C is the universal bundle of Mg o(G/P,1), i.e, it is Mo1(G/P,1).
Under our assumption, we have

H(Cye*Vle,) = H (P, (805, ) @ (€141 O () ) = C,

where z € M o(G/P,1). Since the dimension does not change when z varies,
the push forward p.ev*V is a vector bundle of rank k£ on M o(G/P,1). We
claim there exists a short exact sequence of vector bundles as following,

0— H=p"pev'V = eV —Q — 0.
In fact, if we restrict to C,, then we get
Hlc, = OFF C ev*Vle, = O&F @ (8]_1.41,0c, (a:)) -
In particular, the quotient Q|c, is a vector bundle &j_, ,Oc, (a;), hence,
the claim is clear.

The second claim is that there exists vector bundles Vi and Vo on G/P
such that

H = ev*Vq and Q =2 ev*Vs.

Since the evaluation map is smooth and VRMT= ev~!(p), it is enough to
prove that

H|yvryr and Q|yryr are trivial bundles for every p € G/P.

Since the restriction of ev*V to VRMT= ev~(p) is trivial for every p € G/ P,
we get a short exact sequence of vector bundles as following

0— H’VRMT — Oé‘;TRMT — Q|VRMT — 0.

Therefore, we have Q|yryr and HY|ygyr are global generated. There-
fore, to prove the claim, it is sufficient to prove the first Chern classes are
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vanishing, i.e,
a(HY lvrur) = a(Qlvrmr) = 0.

By the Whitney formula of Chern classes and the above short exact sequence,
we have ¢(H|yvrur) - ¢(QlvrymT) = 1, i€,

(e +cg1+-+1)C p+Cp1+-+1)=1,
where we have
(1) c(H|lvrmr) =k + 1+ -+ 1,

(2) C(Q|VRMT) = Er—k: —+ Er—k—l 4+ .- 4 1.

Since ¢; and ¢; are in CH*(VRMT) and VRMT has good divisibility
up to degree r, expanding the above equality of Chern classes and compar-
ing both sides, we prove the claim. Therefore, we have the following exact
sequence

0—ev'V] = eV = ev'Vy =0

Since we know H|¢, is trivial, by Theorem 3.4, the vector bundle V; is triv-
ial. Since VRMT is rationally connected, the cohomology group H(V RMT,
Ovrymr) is trivial. Therefore, apply the functor ewv,. to this short exact
sequence, we have the following short exact sequence by projection formula
and Rlev.(O¢) = 0,

0=V =V =V, —=0.

By induction on the rank of vector bundles, it implies that V5 is splitting
vector bundle. By Theorem 3.4, we know the vector bundle Vj is trivial.
Since H'(G/P, L) = 0 for any line bundle on G/P if dim(G/P) is at least
2, we have that

Ext'(Va, Vi) = H(G/P, (V2)") = 0.

Therefore, we have V' = Vj @ V4, it completes the proof. For dim(G/P) = 1,
it is P, the theorem is trivial. O

5. Application to classical grassmannians

In the paper [18], the authors use different methods to prove that uniform
vector bundles of low rank on Grassmannians and quadrics are splitting. In
this section, we apply Theorem 4.2 to provide a uniform proof for Grass-
mannians and quadrics. Applying Theorem 4.2, we also prove uniform vector
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bundles of low rank on other classical Grassmannians to have this similar
properties, which can not be deduced from their approach.

Lemma 5.1. Projective space P™ has good divisibility up to degree m.
Proof. Tt is obvious since we know CH*(P™) = Z[u]/(u™*1), see [8]. O

Lemma 5.2. Let X and Y be projective varieties. If we have
(1) X (.resp Y) has good divisibility up to degree s (.resp t),
(2) CH*(X xY)=CH*(X)® CH*(Y),

(3) CH*(X) and CH*(Y') are free Z-module,

then X XY is has good divisibility up to min(s,t).

Proof. Let Ac CH"(X xY) (.resp B € CH"(X xY)) be
Z ax @ by (.resp Z cp ®@dy)
ktl=r pta=h
where
(1) 7+ h < min(s,t) and I, k, p, ¢ are nonnegative,
(2) ar, € CH*(X) and b, € CH!(Y'), similar for ¢, and d,.
Suppose A- B = 0. If A and B are nonzero, then we can assume
o ap, ® b, # 0 where k1 = min{k|a; @ b; # 0},
e ¢), @dg # 0 where py = min{p|c; ® by # 0}.
It implies that ag, - ¢,, = 0 or by, - dg, = 0. Since we have
o ki +p1 <r+h<min(s,t) <s,
o l1+q1 <r+h<min(s,t) <t,

it implies that ay, = 0 or ¢,, = 0 or b, = 0 or dg, = 0. It is a contradiction.
O

Lemma 5.3. [20, Theorem 1.12, Page 32] If m =2n+1 and X is a m-
dimensional quadric, then

1,b,....,0" L aba,... . 0" a
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generate H*(X,7Z) and b" = 2a where a € H*(X,Z). In particular, the
quadric X has good divisibility up to m.

Lemma 5.4. [20, Theorem 1.13, Page 33] If m =2n and X is a m-
dimensional quadric, then

e ..., Yaandb,ca,...,ca
generate H*(X,7) and ca = cb where a and b € H**(X,7Z). Moreover,
(1) a®> =b*> =1 and ab =0 if n is even,
(2) a®> =b*> =0 and ab =1 if n is odd,
In particular, the quadric X has good divisibility up to m — 1.

Proof. Since quadrics are homogenous spaces, by the Bruhat decomposition,
we know H*(X) = CH*(X), see [8]. O

Lemma 5.5. If X is a nonsingular variety and has good divisibility up to
r and V' is a vector bundle of rank n on X, then P(V') has good divisibility
up to min(r,n —1).

Proof. By [8], we have
CH*(P(V))=CH"(X)[u]/(u" +c1(V)u+ -+ cp(V)).
The proof is similar to the proof of Lemma 5.2. O

Theorem 5.6. A uniform vector bundle on X of rank at most s(X) is
splitting, where X and s(X) is the following

X s(X) V.R.M.T
P n-1 pn—1
Q" n—2 if n is odd Q2
n—3 if n is even
G(k,n) min(k,n —k — 1) Pk x pr—k-1
OG(k,2m — 1) min(k,2m — 2k — 3) Pk x Q2m—2k—3

for1<k<m-—2
SG(k,2m — 1) min(m, 2m — 2k — 2) | Ppm (O(2) @ O(1)2m—2k=2)
for1<k<m-—2
SG(m —1,2m — 1) m-1 v (P 1)
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Proof. By the paper [15] or the survey [17], we know the VRMT for these
examples. Applying Theorem 4.2 and the lemmas in this section, we get the
results.

For P*, we apply Lemma 5.1. For Q", we apply Lemma 5.3 and 5.4.

For G(k,n), we apply Lemma 5.2.

For OG(k,2m — 1), we apply Lemma 5.2 and 5.3.

For SG(k,2m — 1), we apply Lemma 5.5.

For SG(m — 1,2m — 1), we apply Lemma 5.1. O

Question 5.7. Classify the uniform vector bundles on X of rank s(X) + 17

See the paper [18] for some answers.
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