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Boundary regularity of the solution to the
complex Monge-Ampere equation on
pseudoconvex domains of infinite type

Ly Kim HA AND TRAN VU KHANH

Let  be a C2-smooth, bounded, pseudoconvex domain in C" sat-
isfying the “f-property”. The f-property is a consequence of the
geometric “type” of the boundary. All pseudoconvex domains of
finite type satisfy the f-property as well as many classes of domains
of infinite type. In this paper, we prove the existence, uniqueness,
and “weak” Holder-regularity up to the boundary of the solution
to the Dirichlet problem for the complex Monge-Ampere equation

{det[aQ(u)} —h>0 in Q

aziafj
u=q on b2.

The idea of our proof goes back to Bedford and Taylor [1]. How-
ever, the basic geometrical ingredient is based on a recent result
by Khanh [12].

1. Introduction

Let © be a bounded, weakly pseudoconvex domain in C" with C?-smooth
boundary b€). For given functions h > 0 defined in ) and ¢ defined on {2,
the Dirichlet problem for the complex Monge-Ampere equation consists in
finding a continuous, plurisubharmonic function u on €2 such that

(1.1)

det[uij] =h in Q,
U= ¢ on bSl,

where u;; = % is the (i, 7)"-entry of n x n-matrix [u;;]. When u is not
C?(92), the first Equation in (1.1) means that (dd°u)™ = hdV in the sense of
Bedford-Taylor [1] (where dV is the Lebesgue measure on C").
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When € is a smooth, bounded, strongly pseudoconvex domain in C",
a great deal of work has been done about the existence, uniqueness, and
regularity of the solution to the complex Monge-Ampére problem. The most
general related results are those obtained in [1] and [3].

e In [1], Bedford and Taylor establish the classical solvability of the
Dirichlet problem (1.1). Via pluripotential theory [15], the right hand
side is developed in the sense of positive currents when u is continu-
ous and plurisubharmonic. The authors prove that if {2 is a strongly
pseudoconvex, bounded domain in C" with C? boundary, and if ¢ €
Lip?®(bQ), 0 < hw € Lip®(2), where 0 < a < 1, then there is a unique

solution u € Lip®(§2) of (1.1). This result is sharp.

e In [3], the smoothness of the solution of (1.1) is also established. In
particular, on a bounded strongly pseudoconvex domain with smooth
boundary, if ¢ € C*°(bS2), then there exists a unique solution u €
C>(Q) when h is smooth and strictly positive on Q. The approach of
[3] follows the continuity method applied to the real Monge-Ampeére
equations [9].

When €2 is not strongly pseudoconvex, there are some known results for the
existence and regularity for this problem due to Blocki [2], Coman [7], and
Li [18].

e In [2], Blocki also considers the Dirichlet problem (1.1) on a hyper-
convex domain. He proves that when the datum ¢ € C'(bQ2) can be
continously extended to a plurisubharmonic function on €2 and the
right hand is nonnegative and continuous, then the plurisubharmonic
solution exists uniquely and is continuous. However, the Holder conti-
nuity for the solution on these domains is still unknown.

e In [7], Coman shows how to connect some geometrical conditions on a
domain in C? to the existence of a plurisubharmonic upper envelope in
Holder spaces. In particular, the weak pseudoconvexity of finite type
m in C? and the fact that the Perron-Bremermann function belongs
to Lipm with corresponding data in Lip® are equivalent. Again, this
means that the finite type condition plays a critical role in the Holder
regularity of the solution to the complex Monge-Ampeére equation.

e Li [18] studies the problem on a domain admitting a non-smooth, uni-
formly and strictly plurisubharmonic defining function. In particular, if
) admits a uniformly and strictly plurisubharmonic defining function
in Lipm () when 0 < o < 2 and ¢ € Lip™*(bS2) and ifhn € Lip*(Q),
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then the solution u € Lip®(Q2) of (1.1) exists uniquely. Based on results
by Catlin [6] and by Fornaess-Sibony [8], there exists a plurisubhar-
monic defining function in Lip% (€2) on pseudoconvex domains of finite
type m in C? or convex domains of finite type m in C".

The main purpose in this paper is to generalize the above results to a pseudo-
convex domain, not necessarily of finite type, but admitting an f-property.
The f-property assumes the existence of a bounded family of weights in
the spirit of [5] and it is sufficient for an f-estimate for the 9-Neumann
problem [5, 13]. We also notice that when tll)rgo % = oo the solution of the
O-Neumann problem is regular [14, 16].

Definition 1.1. For a smooth, monotonic, increasing function f:[1, +o00) —

[1,400) with {1(/2) decreasing, we say that (2 has an f-property if there exist

a neighorhood U of b2 and a family of functions {¢s} such that

(i) the functions ¢s are plurisubharmonic, C? on U, and satisfy —1 <
¢s <0, and

(i) i00¢s = f(6~1)2Id and |Dgs| <67 F for any z€ UN{z€Q: -6 <
7(z) < 0}, where r is a C%-defining function of .

Here and in what follows, < and 2 denote inequalities up to a positive
constant. Morever, we will use ~ for the combination of < and 2.

Remark 1.2. For a pseudoconvex domain, the f-property is a consequence
of the geometric finite type. In [4, 5], Catlin proves that every smooth, pseu-
doconvex domain {2 of finite type m in C™ has the f-property for f(t) = t¢
with € = m~""m" Additionally, there are several cases when () is known to
have the f-property with f(t) = t1/™ where m is the type: strongly pseudo-
convex, pseudoconvex of finite type in C2, decoupled or convex in C" (cf.

[6, 10, 19, 20]).

Remark 1.3. Khanh and Zampieri study the relationship of the gen-
eral type (both finite and infinite type) and the f-property [10, 14]. They
prove that if Py, ..., P, : C — RT are functions such that APj(z;) 2 L‘?l)

~Y xj
or % for any j = 1,...,n, then the pseudoconvex ellipsoid
J

C=3(21,...,2) EC": Y Pi(z) <1
j=1
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has the f-property for f(t) = (F*(t~1))~!. Here we denote F* is the inverse
function to F.

In this paper, using the f-property we prove the “weak” Holder regu-
larity for the solution of the Dirichlet problem of complex Monge-Ampére
equation. For this purpose we recall the definition of the f-Holder spaces in
[11].

Definition 1.4. Let f be an increasing function such that tliin ft) =
—r+00
+oo, f(t) <t. For a subset A of C", define the f-Holder space on A by

A (A) = {u: fullpeay +  sup f(lz = w[) - |u(z) — u(w)| < oo}
zZ,WEA, z#w

and set

[ullarcay = llull ooy + sup Fllz = w7 - Ju(z) — u(w)|.

Note that the notion of the f-Holder space includes the standard Holder
space A, by taking f(t) =t (so that f(Jh|™!) = |h|7) with 0 < a < 1.
When 1 < o < 2, we also define A*(A) := A,(A) where

Aa(4) = {u: lullyen (a) = [1Dull e 4y < 00}
The main result in this paper consists in the following:

Theorem 1.5. Let Q2 C C™ be a bounded, pseudoconver domain admitting
the f-property. Suppose that the function g : [1,00) — [1,00) defined by

g(t)~t = /too a;l?a) < 0.

IfO<a<?2, ¢eA™(bQ), and h >0 on Q with hx € A9°(Q), then the
Dirichlet problem for the complex Monge-Ampére equation

(1.2)

det(uij) =h in Q,
u=q¢ on bQY,

has a unique plurisubharmonic solution u € A9 (Q).

By Remarks 1.2 and 1.3, we immediately have the following.
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Corollary 1.6. 1) Let 2 be a bounded, C?-boundary, pseudoconvex domain
of finite type m in C" satisfying at least one of the following conditions:
strongly pseudoconvex, convex, in C2, or decoupled. If 0 < a <2, ¢ €
Lip*(bQ2), and h >0 on Q with hw € Lipn (Q), then (1.2) has a unique
plurisubharmonic solution u € Lz’p%(ﬁ). If Q has finite type m, but does not
satisfy any one of the above gdditional conditions, then it is still true that
u € Lip*(Q) for e = m=""™""
2) Let Q be a complex ellipsoid defined by

n
1 _
0 = z:(zl,...,zn)E(C”:ZeXp <_’z]’51> <e 1
7j=1
If s :=maxj—1 __n{s;} <1, then under the assumption of ¢, h and u in
Theorem 1.5, we have u € A9" (Q) where 0 < a < 2 and g(t) = log- "1t

We organize the paper as follows. In Section 2, we construct a weak
Holder, uniformly and strictly plurisubharmonic defining function via the
work of the second author on peak functions [12]. This particular defining
function is the crucial point in the establishing the existence of the solution
to the complex Monge-Ampere equation. Following the work by Bedford-
Taylor [1], we prove Theorem 1.5 in Section 3.

2. The f-property
In this section, under the f-property assumption we construct a uniformly

and strictly plurisubharmonic defining function with g?-Hélder, where g
defined in the following theorem.

Theorem 2.1. Let f be as in Definition 1.1 with g(t)~ := [ a}j&) < 0.
Assume that €2 is a bounded, pseudoconvex domain admitting the f-property.
Then there exists a strictly plurisubharmonic defining function of Q0 which
belongs to g?-Hélder space of Q, that means, there is a plurisubharmonic
function p such that

(1) z € Qif and only if p(z) <0, b = {2 € C": p(z) =0} ;

(2) i00p(X, X) > | X|? on Q in the distribution sense, for any X € THOC;
and

(3) pisin the g>-Hélder space of Q, that is, |p(z) — p(2)] < g(lz — 2/|71) 2
for any z,2' € Q.
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Remark 2.2. We note that if Q is strongly pseudoconvex then f(t) ~ t1/2
and hence g(t) ~ t1/2. In this case, it is easy to choose a defining function
satisfying this theorem. So in the following we only consider that €2 is not
strongly pseudoconvex, in this case, we can assume that there exists an € > (
so that tlf/(gt_)( is decreasing on (1,400).

The proof of Theorem 2.1 is based on the following result about the
existence of a family of plurisubhamonic peak functions which was recently
proven by Khanh [12].

Theorem 2.3. Under the assumptions of Theorem 2.1, for any { € b€,
there exists a C? plurisuhharmonic function e on € which is continuous
on Q and peaks at ¢ (that means, 1¢(z) < 0 for all z € Q\ {¢} and Y¢(¢) =
0). Moreover, there are some positive constants c1,cy and c3 such that the
following hold for any constant 0 < n < 1:

(1) |¥e(z) — e (2)| < erlz = 2|7 for any z, 2" € Q; and
(2) g((=¢(2))77) < ealz = |7 for any 2 € Q\ {C}.

Before giving the proof of Theorem 2.1, we need the following technical
lemma

Lemma 2.4. Let g and 7 be in Theorem 2.3. For 6 € (0,1), let w(d) ==
g(67 )72, Then we have

(i) w is increasing function on (0,1) and lims_,g+ w(d) = 0;

(ii) for a suitable choice of n > 0, w is concave downward on (0,1), i.e.,

W(8) <0 ford e (0,1);
(iii) the inequality
w(®) = w(@)] < w(|o - ")
holds for any 4,8 € (0,1); and
(iv) for a constant ¢ > 0, there is ¢ > 0 such that w(cd) < dw(d) for d €
(0,1).

Proof. We first investigate the function g. By the definition of g, i.e., ﬁ =

ftoo a}i&) < 00, we have

(2.1) 9tt) _ 9lt)
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and

22) g _ 200 _1_f©

gt)  gt) t  f(t)

By Remark 2.2, there exists an € > 0 so that ! (7)6 is decreasing on (1, 00),

we obtain % < l — ¢ for any t € (0,00). We also have
) > da /2 > da
w010 / Foy e 2 1O [ =2
for any t € (1,00). Then
(2.3) fig + tff((t)) <1l—¢, foranyte(l,00).

Now we prove this lemma. The proof of (i) immediately follows by the
the first derivative of w

5(8) = 2675 (5 g5 > 0.

n
For (ii), we have
(2.4)
2 1, 1 L R T (G
5(6) = = (5575226 ) [na 1 IO g2 90 )]
g (67 ) g9(67)
2 o1 o N[ g6y saf(on
— (Lo h) o - 202 - 0 )]
g f@ )y fom)
where the second equality follows from (2.2). From (2.3) there is a con-
stant 7 < 1 such that the bracket term [...] in the last line of (2.4) is posi-

tive, particularly we choose n = (1 + SUDPse(1,00) (98 + t;”((t)))> <l1-5<
1. Therefore, &0 < 0, i.e., w is concave downward.

Now we prove that |w(t) — w(s)| < w(|t — s]) for any ¢, s € (0,0). Assume
t > s for some fixed s € [0,9) and set k(t) := w(t) — w(s) — w(t — s). Since w
is concave downward, k(t) = @(t) — w(t — s) < 0. That means k is decreas-
ing, so we obtain k(t) < k(s) = 0. This completes the proof of (iii).

For the inequality (iv), we notice that if ¢ <1 then (w)(cé) w(d) since

w is increasing. Otherwise, if ¢ > 1 we use the fact that % 72 1s decreasing for



474 L. K. Ha and T. V. Khanh

. TR
large ¢ (this is obtained from % = % < 3). This implies <52n g(o n))

is decreasing for small ¢ , and hence

= ()" ((ed)a((ed) )
< (cb) (5%9(5‘%))_2 = cnw(9).

w(ed) = (g((e0) ™))

This completes the proof of Lemma 2.4. O

Now, we will prove the aim of this section. Proof of Theorem 2.1. Fix
¢ € b2, we define

pe(z) = —2c3w (—¢(2)) + |2 = ¢|%,

where 9¢(.) and cp are as in Theorem 2.3. We will show that the function
p¢(z) satisfies the following properties:

(1) pe(2) <0, for z € Q, pc(¢) = 0;
(2) pc € C3(9), i00p: (X, X) > | X|?> on ©, and X € THOC"; and

)
(3)

p¢ is in the g*-Holder space of Q.

Proof of (1). From the definition of w and (2) in Theorem 2.3, we have

1

-2
25) el =g (5@ T) 2 Hle- P
2
Hence,
po(2) = —26kw (—(2)) + |z — (P < =20 = (P ]2 = P <0,

where ¢ € b2, and z € 2. Moreover, since ¢¢(¢) = 0 and w(0) = 0, it follows
that pc(¢) = 0 for any ¢ € bQ2.

Proof of (2). Fix ¢ € bQ, the Levi form of w(—1¢) on § is
(26)  i00w(—0)(X, X) = @i0dc(X, X) - B X 12 > 0,

where the inequality follows from Lemma 2.4(i) and (ii).
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Proof of (3). From Lemma 2.4(iii), we have

2.7)  Jw(=vc(2) —w(—e(2)| < w (Jbe(2) — ve(2)])
<wl(elz = 2|

< dw(|z = 2" = dg(le =772

Here the inequalities are obtained from Theorem 2.3(1) and Lemma 2.4(iii)—
(iv).
On the other hand, since € is bounded and g¢(t) < tz, we can show that

—1\—2
(2.8) Iz = CP = =PI S lz =2 S gl =217

The inequalities (2.7) and (2.8) verify that p¢(z) € A9 (Q) for uniformly in
¢ € Q2.
Now, we are ready to prove Theorem 2.1. We define

p(z) = sup pc(z).
cebQ

The properties of p, imply that the function p satisfies (1) of the conclu-
sion and is plurisubharmonic in €2 as a consequence of well-known result
by Lelong [17]. Moreover, since g(0) =0 and g : [0,00] — [0,00], p is also
g?-Holder continuous in € — this follows from the theory of modulus of con-
tinuity, the superior envelope of g2-Holder continuous is g?-Holder continu-
ous. Finally, the second property of each p,, shows that , in the distribution
sense, we have

(2.9) i0dp(X,X) > |X|?, for any X € THOC™.
This completes the proof of Theorem 2.1. O

3. Proof of Theorem 1.5
The proof of Theorem 1.5 follows immediately from Theorems 2.1 and 3.1.

Theorem 3.1. Let Q be a bounded, pseudoconvex domain. Assume that
there is a uniformly and strictly plurisubharmonic defining function p of
Q such that pe A9 (Q). If 0 < a <2, ¢ € AP (bQ), and h >0 on Q with
hw € A9" (), then the Dirichlet problem for the complex Monge-Ampére
equation (1.2) has a unique plurisubharmonic solution u € A9” ().
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Let €2 be a bounded open set in C™ and P(2) denote the space of
plurisubharmonic functions on 2. The proof of Theorem 3.1 is adapted
from the argument given by Bedford and Taylor [1, Theorem 6.2] for weakly
pseudoconvex domains. Based on the approach in [1], we need the following
proposition.

Proposition 3.2. Let € be a bounded, pseudoconver domain. Assume that
there is a strictly plurisubharmonic defining function p of Q such that p €
AT (Q). Let 0 < a < 2, and ¢ € A (b), and let h > 0 with hY/™ € A9 ().
Then, for each ¢ € b, there exists ve € A9 (Q) NP(Q) such that

(i) ve(2) < @(2) for all z € bSY, and ve(C) = ¢(C),
(i) flvellpoo @y < Cos
(i) det (H(v0)(=)) = h(2),

where Cy is a positive constant depending only on Q and ||¢|| pe= (p0)-

Proof. For each ¢ € b2, we may choose the family {v¢} by two different ways
regarding the value of a:

Case 1: if 0 < a < 1 then we choose

ve(2) = 6(¢) — K[=2p(2) + [z = ()3, ze;

Case 2: if 1 < a < 2 then we choose
n 8 N .
() = 6(6) = Y- 2ReOE 5y - ) — K[-20(a) + |2 =PI, 2
j=1 !

where p is defined by Theorem 2.1, and K will be chosen step by step later.
It is easy to see that v (¢) = ¢(¢) for any ¢ € b2 in both cases. Moreover,
choosing K such that K > [|¢]|p:=, for all z € b2 we have in Case 1:

ve(2) < 9(Q) = [[llace[2 = €| < d(2);

and in Case 2:
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ZzR S5 =) = ol o= I°

< ¢(2) + ZQR 09(re + (A~ 7)e )(Zj - G)

i=1 9
i 0
=3 2Re?2 ) 1l — gl
j=1 9
< B(2) + || D[ oo |z — ¢+ 2 = ¢| = [|@]| ae |2 — €]
< ¢(2)

This proves (i).

For the proof of (ii), in both cases we have the following estimates

(3.1)

<K‘ 9p(2) 4 |2 — (1% — [-20() + | — ¢ \+K|z—z|

SK\—2p<z>+|z—cw2+2p<z'>—|z'—<2 LKz 2
<K|2p() — () + 12— P~ | ¢ @ T
(2 — 21

<

e (2) — ve(2)]

477

Here, the first inequality follows by the fact that |62 — 52| < |§ —n|2 for
all 4, small and 0 < v < 2; the last inequality follows by Theorem 2.1,(2.8)

and g(t) <

Moreover |[v¢|| s+ (q) is independent on ¢.
To establish (iii), we compute (v¢);; on €. In both cases,

(3.2)

(UC<2))Z']‘:K2( 2p )+’Z_C‘ )

- [(—2p<z> Tl = (P20 — 51)

+(1-5) 20+ 5 - G (=20 + 5 - ) |.

2

t1/2 <t/ for large ¢. This implies ve € A9 (Q) for all ¢ € b2
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Hence
i09uc (X, X) > K 3(=2p(2) + |2 = ¢[)5 1 (2i00p(X, X) — | X[

« a_
= K5 (=2p(2) + 2 - Py HxP

for any X € T10C". Here the last inequality follows from Theorem 2.1(2).
Thus v¢ is plurisubharmonic and furthermore we obtain

33 dalooyle) 2 [k -2+ 12 -]

Now, since 0 < a < 2 we choose

2 e
K>max{ max (~2p(2) + |2 — ([2)1% |1/ \\Lw<9>,rr¢m}.
& 2cQ,Ceb

Then
(3.4) det[(ve)i](2) > WM™ Fo 0y = (BY™(2)" = R(2),

for all z € 0, and ¢ € b€2. This completes the proof of Proposition 3.2. [

Before to give a proof of Theorem 3.1, we recall the existence theorem
for the problem (1.1) by Bedford and Taylor [1, Theorem 8.3, page 42].

Theorem 3.3 (Bedford-Taylor [1]). Let Q be a bounded open set in C™.
Let ¢ € C(b2) and 0 < h € C(Q). If the Perron-Bremerman family denoted

by
B(¢,h) = {v € P(Q) N C(Q) :det[(v)y;] > h,
limsup v(z) < ¢(z0), for all zy € bQ},

Z— 20

is non-empty, and its upper envelope
(3.5) u=sup{v:v e B(o,h)}

is continuous on Q with uw = ¢ on bQ), then u is a solution to the Dirichlet
problem (1.1).

Proof of Theorem 3.1. First, we see that the set B(¢,h) is non-empty, in
particular, it contains the family of {v¢}¢epo in Proposition 3.2. The proof
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of this theorem will be completed if the upper envelope defined in (3.5) has
the properties

(1) u(¢) = ¢(¢) for all ¢ € bY;
(2) u € AI"(Q).

We note that the uniqueness of solution follows from the Minimum Principle
(cf. [1, Theorem A]). B
Next, we define another upper envelope, for each z € €,

v(z) := sup{vc(2)}.

Ceb2

By the first property of {v¢} in Proposition 3.2, we have

v(¢) Z v¢(C) = ¢(¢),  for all ¢ € b2,

(3.6) v(z) < ¢(z), forall z € b,

and so v = ¢ on b).
From the second property in Proposition 3.2, we have

lve(2) —ve(2)] < Colg™(lz — 2/|H) 7Y, forall 2,2 € Q.

Notice that Cj is independent on ¢ so taking the supremum in ¢, the theory
of the modulus of continuity again implies that

lv(z) —v(2)] < Co(g®(|z — 2'|71))~L, forall 2,2 € Q.
By Proposition 2.8 in [1], the following inequality holds

det[(v);5](2z) > Cier})fg{det[(vc)ij](z)} > h(z), forall z€Q.

Thus, we conclude that v € B(¢, h) N A9”"(Q) and v(¢) = ¢(¢) for any ¢ € bQ.

By a similar construction there exists a plurisuperharmonic function
w € A" (Q) such that w(¢) = ¢(¢) for any ¢ € bS2. Thus, v(2) < u(z) < w(z)
for any z € Q, and hence u(¢) = ¢(¢) for any ¢ € bQ2. We also obtain

(3.7) u(z) = w(Q)] < max{][|vlpo (@), 0l s ) o (|2 = ¢I7H 7

for any z € Q, ¢ € bQ). Here, the inequality follows by the facts that w,v €
A97 () and v(¢) = u(¢) = w(¢) = ¢(¢) for any ¢ € IN.
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Finally, using the method by Walsh in [23], we will show that (3.7) also
holds for all ¢ € Q. For any small vector 7 € C", we define

 u(z), ifz4+7¢Q, 2€Q,
Ve ={ ) i), osr e

where

Vr(z) = u(z+7) + (Ki|2* — Kz — K3) g~ (|7 ")
and here

n 1/k 1 2

Koz e (7)) I e, Koz Kl

and

K3 = max{][|v||yo~ 0 |0l ao~ @3) }-
We will show that V(z,7) € B(¢,h). Observe that V(z,7) € P(Q2) for all
z,T. Moreover, for z € 9 and z + 7 € (), we have
(3.8)  Vi(z) —u(z) =u(z +7) —u(2) + (Ki|2|* — Ko — K3) g~ (7| ")

< max{[|v]lae gy 1] aoe @y Yo~ (17171

+ (Kil2)* — Ko — K3) g~ (|71 1)

<0.

Here the first inequality follows by (3.7) and the second follows by the choices

of K3 and K3. This implies that limsup,_,. V(z,7) < ¢(¢) for all ¢ € bS2. For
the proof of det[V (z,7);;] > h(z), we need the following lemma.

Lemma 3.4. Let (a;5) >0 and 8 € (0,400). Then

det[aij + pI] > Z 5k det(aij)(nfk)/n.
k=0

Proof of Lemma 8.4. Let 0 < Ay <--- < X, be the eigenvalues of (a;;). We
have

(39)  detfai; + 8] = [[(\+8) >Z B* HA
7j=1 k=0

j=k+1

i(ﬁ detla)"70")

k=0
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Here the last inequality follows by
n/(n—k)

detfor = [ < | TT v

j=1 j=k+1

Continuing the proof of Theorem 1.5, for any z,z + 7 € {2 we have

(3.10) det[(V7(2))i;]
= det[u;;(z +7) + Klg_a(m_l)l]
> det[ug;(z + 7)] +ZK1 (171~ 9)7%. det[ug(z + )]+
k=1
> h(z+7) +2Kk (7O *.(h(z + 7)),
k=1

where the first inequality is derived by Lemma 3.4. Since hw € A9” (), we
obtain

h%(z) — h%(z +7) < g*a(|7|71)|]h%||Aga, for any z,z + 7 € ,

and hence
n k 1 1 k
(3.11) h(z) < h(z+7) +Z< ) (z + 7)n=k)/n (g_a(\Tl_ )Ilh?HAga>
k=1

Combining (3.10), (3.11) with the choice of K7, we get
det[(V7)ij](2) > h(z), forany z,z+47€Q.

We conclude that V(z,7) € B(¢, h). It follows that for all z € Q, V(z,7) <
u(z). If z,z + 7 € Q, this yields

(3.12) u(z+7)—u(z) <V(rz)— (Kﬂz\Z — Ko — Kg) g_o‘(|7'|_1) —u(z)
< (K2 + Ko+ K3) g *(I71™Y)
<

(K2 + K3) g~*(I7|7").

By reversing the role of z and z + 7, we assert that u € A" (Q). This com-
pletes the proof. O
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