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On the Yoneda algebras of piecewise-Koszul
algebras

JUN-RU S1 AND Jia-FENG LU*

Let A =@, , A be a piecewise-Koszul algebra with cohomology
degree function & such that d >p >2 and E(A) = @, Ext)
(Ao, Ap) its Yoneda algebra. We introduce a new grading on E(A):

E(A) = P E(A) with E'(A)
i>0
_JExtY (Ao, Ao), i=0;
| (Exth (Ao, Ao) @ Ext (Ao, Ap))?, i > 1.

We use “E(A)” to replace “E(A)” to suggest the new grading. In
the paper, we mainly prove that E LA) is a quadratic algebra and
E(M) is a quadratic module over E(A), where M is a piecewise-
Koszul A-module with the same function 5g. Moveover, we provide

a concrete example to show that E(A) is not a Koszul algebra in
general, which is different from the Koszul and d-Koszul cases.

1. Introduction

Koszul algebra, a class of quadratic algebras possessing many nice homolog-
ical properties, was originally introduced by Priddy in 1970 (cf. [15]). We
refer to [3, 5, 14] for more details on the history, properties, and applications
of Koszul algebras. The most fascinating results for such algebras may be:

e Let A be a Koszul algebra and E(A) its Yoneda algebra. Then E(A)
is a Koszul algebra, and A = F(F(A)) as graded algebras (cf. [15]).
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Note that if A is a Koszul algebra, then its Yoneda algebra E(A) can
be generated in ext-degrees 0 and 1. And moreover F(A) is Koszul and of
course quadratic.

Motivated by the classification of the cubic Artin—Schelter regular alge-
bras (cf. [1]), Berger first generalized Koszul algebras to higher homogeneous
graded algebras and introduced the notion of non-quadratic Koszul algebra
in 2001 (cf. [4]). These algebras came to be called d-Koszul algebras later (cf.
[2, 7, 8], etc.), where d > 2 a fixed integer. Inspired by quiver theory, Green
et al. extended this class of algebras to the non-local case in 2004 (cf. [7]). It
should be noted that d-Koszul algebras share some properties with Koszul
algebras (for example, the trivial module of a d-Koszul algebra has a pure
resolution and it can be also characterized by its Yoneda algebra), but this
class of algebras does have some essential differences from Koszul algebras
(for example, the Ay -structures on their Yoneda algebras are different (cf.
[8])). Green et al. proved the following result:

e Let A be a d-Koszul algebra with d > 3 and E(A) its Yoneda algebra.
Regrade E(A) by

E(A) =P E'(A) with E'(A4)

>0
_ EXt%(AO, Ag), 1 =0;
Extiiil(Ao, Ay) ® EXt%(Ao, Ap), i>1.

Then E(A) is a Koszul algebra (cf. [7]).

Note that if A is a d-Koszul algebra with d > 3, then its Yoneda algebra
is generated in ext-degrees 0, 1, and 2 (cf. [7]). Thus, if we put

E(A) =P E"(A) with E'(A)

i>0
_ Ext% (Ao, Ao), i=0;
B (EXt}L‘(Ao, Ao) D EXti(Ao, Ao))i, 1> 1,

then E(A) = E(A) is Koszul and quadratic.

In order to unify the notions of Koszul and d-Koszul algebras, Lu et al.
defined the so-called piecewise-Koszul algebra in 2007 (cf. [11]). This new
class of algebras includes Koszul and d-Koszul algebras, as well as many
non-Koszul quadratic algebras (cf. [11, 13]). In particular, piecewise-Koszul
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algebras provide a negative answer to a question posed by Green and Marcos
in [6] in 2005 (cf. [9, 10, 12, 13]).

From [11], we know that the Yoneda algebra of a piecewise-Koszul alge-
bra with period p can be generated in ext-degrees 0, 1, and p. Therefore,
motivated by the Koszul and d-Koszul algebras, one may ask the following
natural question:

e Is the Yoneda algebra of a piecewise-Koszul algebra Koszul under a
suitable new grading?

It is a pity that the answer is negative in general, which is easy to see from
the counterexample in the last section. However, we can obtain the following
result, which is the main result of the paper. We will give a detailed proof
only for the case p = 3 since all other ones can be proved similarly.

Main result. Let A =@,.,A; be a piecewise-Koszul algebra and M a
piecewise-Koszul left A-module with the same cohomology degree function
62 (d>p >2). Let E(A) = @, Ext’y (Ao, Ag) be the Yoneda algebra of A
and BE(M) = @, Ext’(M, Ag) the Ext module of M. Put

E(A) =@ E‘(A) with E'(A)
i>0

{EXtOA(Ao,Ao), 1=0;

| (Exth (Ao, Ag) & Exty (Ao, Ao))f, i>1
and
E(M) = E*(M) with E*(M) = E*(A) - Ext% (M, Ay).
i>0
Then, we have the following statements:
E(A) is a quadratic algebra and E’(M ) is a quadratic module over
E(A),
E(A) has the degree distribution

)

2)
{A(n):n < An) < d(n)}
where

5(n) n, ifn <t+1,
n)=
d+(p—1)(n—-t—2), else

andd=p+t(t>0),



222 Jun-Ru Si and Jia-Feng Lii

3) Proj.dim J§(A)EO(A) > d — p+ 2, where “Proj.dim” stands for the pro-
jective dimension,

4) The (d —p+ 2)th syzygy Q4 P2 of E%(A) over E(A) is minimally
generated in hat-degrees d — p + 2 and d.

2. Preliminaries

Throughout, A = Ay ® A1 & As @ - -- denotes a graded k-algebra with Ag
a semi-simple artin algebra, dimyA; < oo and A; - A; = A;1; for all 4,5 >
0, where k is a base field. The graded Jacobson radical of A is r= A1 ®
Ay @ ---. Assume that the trivial left A-module Ay has a minimal graded
projective resolution

P: > PFP,—--—>P—F— A —0.

For a graded left A-module M, we denote the nth shift of M is M[n] by
Mi{n]; = M;_,,. We say M is supported in x, if M; = 0 for ¢ ¢ x, where y is
a subset of the set of integers.

Assume that M over A has a minimal graded projective resolution

Q: QB QL Qo M 0.

Denote the nth syzygy by Q" (M) :=ker d,—1 for any n > 1. We also use
Qs to stand for the kernel of the projective cover of a graded A-module M.

Under the Yoneda product, E(A) := Ext’ (Ao, Ag) = ;0 Ext’y (Ao, Ao)
is a bi-graded k-algebra and E(M) := Ext’y (M, Ag) = @, Ext’y (M, Ap) is
a bi-graded E(A)-module, and we usually denote E? (M) = Ext'} (M, Ao)—;
for simplicity.

If for any n > 0, {w(n)} is defined to be the set of internal degrees in
which E™(M) is supported, then the set @ := {{w(0)}, {w(1)},{w(2)},...}
is called the degree distribution of M. In particular, the degree distribution
of A means that M = Aj.

Lemma 2.1 (cf. [7]). Let A be a graded algebra and M a finitely generated
graded left A-module. Suppose that P and Q are minimal graded projective
resolutions of Ay and M, respectively.

1) Let M be supported in {j > 0}. For all n > 1, if P, is supported in
{jlj = s}, then Q,, is supported in {j|j > s},
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2) Assume that P, and Q,, are both generated in degree s, then
Ext’ (Ao, Ag) Hom 4 (M, Ag) = Ext’y (M, Ay).

Lemma 2.2. Assume that E'(A) is supported in {A(i)} for any i > 0.
Assume that W = W, & W,,11 is a graded left A-module which is generated
in degree n for some n > 0. Then EY(W) is supported in {A(i) + n, A(i) +
n+ 1} fori >0 and in degree n if i = 0.

Proof. By the short exact sequence over A
0= Wy =W —>W/Wpi1 —0
we get the long exact sequence
o= BN (W/Wyp1) — EX(W) = E{(Wpy1) — - -

We know that both W/W,, ;1 and W,,;1 are semi-simple modules over A. So
E{(W/Wpy1) and EY(W,,41) are supported in A(i) +n and A(i) +n + 1,
respectively. We get the result. ]

Remark 2.3. If we replace W =W, @ Wy with W =W, W, ;1 & ---
Wiip—2(p > 3) which is also generated in degree n for some n > 0, then
EY(W) is supported in {A(i) +n,A@) +n+1,...,A3)+n+p—2} for
i > 0 and in degree n if i = 0.

Lemma 2.4. Assume that there is a short exact sequence 0 — X 4 Y —
Z — 0 as graded A-modules with X,Y, and Z being all generated in degree
s. Then we have the following commutative diagram:

0 0 0
! ! !

0 — Qx — Qy — Qz — 0
! ! !
O—>PX—>Py—>Pz—>0,
! ! !
0—>Xi>Y—>Z—>O
! ! !

0 0 0

where Px — X — 0, Py - Y — 0, and Pz — Z — 0 are all graded projec-
tive covers.
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Proof. Note that X, Y and Z are generated in the same degree, so f(rX) =
f(X)NrY. Now the desired commutative diagram is obvious. O

We say a graded module M over A has a linear presentation if there
is an exact sequence over A, P, — Py — M — 0, such that P; is a graded
projective A-module and generated in degree i, where ¢ = 0, 1. Denote by
Z(A) the category consisting of graded A-modules with linear presentation
and degree 0 maps.

Lemma 2.5. The category £ (A) is closed under extension, i.e., if 0 —
X =Y — Z — 0is an exact sequence with X, Z € L(A), thenY € Z(A).

The double extension of modules with linear presentation also has a
linear presentation.

Lemma 2.6. Assume that 0 > X - Y - 272 —-0,0—- X7 - X — Xy —
0and0 — Z1 — Z — Zy — 0 are all exact sequences as graded A-modules. If
X1,X9,21,7Z9 € L(A), then Y € ZL(A). Moreover, there is an ezact
sequence 0 — Qx — Qy — Qz — 0 with the extensions 0 — Qx, — Qx —
Qx, —0,0—-0Qz —Qz —Qz, — 0.

2

If YV satisfies the assumption in Lemma 2.5, we denote Y € I';(A). And
if Y satisfies the assumption in Lemma 2.6, we denote Y € I'y(A), that is,
there are exact sequences 0 — X — Y — Z — 0 such that X,Z € I'1(A4).
We define I',,(A) (n > 2) as follows.

Y € I',,(A) means that there is an exact sequence 0 - X —Y — Z — 0
such that X, Z € I';,_1(A).

Lemma 2.7. As sets, we have

| CT(A) CTya(A) € -~ C Ty(A) ST (4) C 2(A),

Now, we recall the definition of piecewise-Koszul object.
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Given a pair of integers d and p (d > p > 2), we introduce a function
6g :N — N by

(nid’ n = O(mOdp)7
p
—1
) (n )d +1, n = 1(mod p),
6[)(”) = p
— 1)d
M+p—1, n=p—1(modp).

Definition 2.8 (cf. [11]). Let A be a graded algebra and M a finitely gen-
erated graded left A-module. Suppose that Q is a minimal graded projective
resolution of M over A. Then M is called a piecewise-Koszul module if Q,
is generated in degree 6g(n) for all n > 0. In particular, we say that A is a
piecewise-Koszul algebra provided that Ag is a piecewise-Koszul module.

Thus, it is easy to see that piecewise-Koszul algebras/modules are Koszul
algebras/modules in the case of p = d, and are d-Koszul algebras/modules
if p=2.

Proposition 2.9 (cf. [11]). Let A be a piecewise-Koszul algebra and M
a piecewise-Koszul left A-module both with cohomology degree function (55
(d>p>2). Then

(1) E(A) is generated in the ext-degrees 0,1 and p, especially, for any
n >0,

EP™P(A) = BV (A)EP(A),
EPmH(A) = EPM(A) EM(A) - - BY(A)

= EY(A)..-EY(A) EP"(A),0 < i < p,

i

(2) EPHFT(A)EPR"(A) =0 for any I,k > 0,0 < m,n < pand m +n = p,
(3) E(M) is generated in degree 0 as an E(A)-module.

From [11], it is easy to obtain.
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Proposition 2.10. Let A be a piecewise-Koszul algebra and M a piecewise-
Koszul left A-module both with cohomology degree function 5g (d>p=>=2).
Then rM has the following properties:

(1) QP~Y(rM)[—d] is a piecewise-Koszul A-module and then D>p1 E"
(rM) is generated by EP~!(rM) as an E(A)-module,

(2) for any [ > 0,

EPHi(r M), 0<i<p-—1,

EPHHA)E (rM) = {0 , X
’ t=p—4

(3) for any n > 0, there is a short exact sequence
0— E" Y(rM)— E"(M/rM) — E"(M) — 0

with E=Y(rM) = 0.

3. Hat-degree

Let A =@, Ai be a piecewise-Koszul algebra and M a piecewise-Koszul
left A-module with the same cohomology degree function 5;‘,[ (d>p=>=2).
Let E(A) = @,>, Ext (Ao, Ag) be the Yoneda algebra of A and E(M) =
D> Extly (M, Ag) the Ext module of M. We now give a new grading on
E(A) and E(M) as follows:

E(A) =@ E‘(A) with E'(A)
>0

ExtY (Ao, Ag), i=0;
(EXth(Ao,A()) S5, EXtZ(Ao,Ao)y, 1> 1

and
E(M) =P E(M) with E*(M) = E(A) - Ext’y (M, Ay).
i>0

The new degree is called hat-degree. Note that if we neglect the grading
on E(A) and E(M), as vector spaces it is obvious that E(A) = E(A) and
E(M) = E(M). R

Clearly, E(A) is a graded algebra generated in hat-degrees 0,1 and E(M)
is generated in hat-degree 0 as a graded E(A)-module.
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Now for simplicity, we concentrate on the piecewise-Koszul E}JgebraAA
with cohomology degree function 6§ (d > 3). We know that for F(A), E°
(A) = E°(A) and

E(A) = (EY(A) ® E3(A))",i > 1.

We write the first several terms:

E°(4) = E°(4)

EY(A) = EY(A) ® E*(A)

E%(A) = E*(A) @ EY(A) @ ES(A)
E3(A) = E°(A) @ ET(A) & E°(A)

Conclude that for n > 2,

E™A) = (E'(A) ® B}(A)"
_ E3n74(A) @ E3n72(A> ® E?m(A)
= B394 4) @ B3 D (A) @ E3(A).

We denote E(N[n])[m] where the internal shift n is as a graded A-module
such that N|n| is a piecewise-Koszul A-module and the external shift m is
in the hat-grading.

Proposition 3.1. Let A be a piecewise-Koszul algebra with cohomology
degree function 6§ (d > 3). Then E°(A) € Z(E(A)) and the first syzygy
Qpocay over E(A) can be seen as an extension of all terms generated in
hat-degree 1,

0 — E(K)[1] — Qgoca) — G — 0,

where
1) G= EYA)® E*(A) = E°r) @ E'(r) as vector spaces,
2) K = Q3(Ag)[—d] is a piecewise-Koszul left A-module.

Proof. The first term in the minimal resolution of E°(A) over E(A) is
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(A) over E(A), we have the syzygy

For the projective cover of E°

EY(A) @ E3(A) @ E*(A) ® EY(A) @ E°(A)

QEO(A)

QE(A)GE(A@EA)a---

which is generated by E'(A) @ E3(A). Thus, Eo(a) is generated in hat-

degree 1.
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The syzygy 2goc4) can be seen as a short exact sequence of E(A)—
modules all generated in hat-degree 1 as

0 — E(K)[1] — Qgo(ay — G — 0,

where G = E'(A) @ E?(A) = E°(r) ® E'(r), K = Q3(Ao)[—d] is a piecewise-
Koszul A-module and

E(K)[1] = E*(A)® E*(A) @ ES(A) @ E°(A) ® ET(A) @ E°(A) & - - -

1 2 3
= E°(Q%(A)) @ E'(Q2%(Ag)) @ E*(Q°(Ap))
1 2
@ E2(Q%(Ao)) ® B3 (Ao)) & ES(Q3(Ag)) & - - .
3

We finishes the proof. O

Proposition 3.2. Let A be a piecewise-Koszul algebra and M o piecewise-
Koszul left A-module both with cohomology degree function 6§ (d > 3). Then
E(M) € L(E(A)) and the first syzygy QE(M) over E(A) can be viewed as
an extension of all terms generated in hat-degree 1,

0— E(T)[1] = Qg = R—0,

1) R E°(rM) @ E*(rM) as vector spaces,
2) T = Q%(rM)[—d] is a piecewise-Koszul left A-module.

Proof. By Proposition 2.10, we characterize the first term in the minimal
resolution of E(M) over E(A)

0 — EM/rM) — E°M) — 0
0 — Er*rM) — EYM/rM) — FEM) — 0
0 — E'(rM) — E*M/rM) — FE)M) — 0
0 — FE*(rM) — EM/rM) — E3M) — 0



Jun-Ru Si and Jia-Feng Lii

230

—  E°(M/rM)

E8(rM)

Changing the order, we get

S O O O O o o o o o

L A O I N B

~ o~ o~ o~ o~ o~ o~ o~ o~

==2==2=2=2====

\l/
((((((((((
01324657900E

AR KRR
rrTr1T 11111

AR KRR
rTr1rTr1rr 1T

O /N /N /S /N /S /S /N

===2=2====

R LTS

~ N N~ N~ N~
o N4 = o 1w < © o©

RRRRRRRR
| A N B

S O O O o o o o o

M
M
M
M/r
M/r
M
M
M
M
—  E¥(M/rM)

—  E"(rM)

For the projective cover of E(M) over E(A), we have the syzygy

) = E°(rM)® E*(rM)® EY(rM) @ E3(rM) @ E°(rM)

(X

>

®FEY(rM) @ ES(rM) ® E3(rM) @ - -

= F1

The syzygy QE(M) can be seen as a short exact sequence of E(A)-

modules all generated in hat-degree 1 as

(A)E°(rM)

>0 and E!

E"2(rM) for any n

(rM) by Proposition 2.10. Thus, B is generated in hat-degree 1.

where E"(A)E?(rM)

0— E(T)[1] = Qg = R—0,
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where R E°(rM) @ EY(rM), T =Q?*(rM)[—d] is a piecewise-Koszul
A-module and

E(T)[1] = E*2(rM)®E*(rM)® E®(r M)&E*(r M)® ES (r M) & ES(rM) & - - -
1 2 3
= E%(Q2(rM)) ® EY(Q*(rM)) @ E*(Q*(rM))
1 2
® EX(Q2(rM)) @ E*(Q*(rM)) ® ES(Q*(rM)) @ - - - .

3

We get the result. O

Theorem 3.3. Let A be a piecewise-Koszul algebra with cohomology degree
function 6¢ (d > 3). Then E(A) has the degree distribution

{A(n) :n < A(n) <d(n)}

where

d(n) = {0’ "= ’

Proof. By Proposition 3.1, the projective cover and the first syzygy of EO(A)
over E(A) are

0— Q' — E(A) — E°(A) — 0.
The syzygy Q' can be seen as an extension of E (A)-modules all generated
in hat-degree 1
0-L'—-o' -G —o,
where G = G} @ G = E'(A) @ E2(A) and L' = E(K')[1] with K = Q3
(Ap)[—d] is a piecewise-Koszul A-module.
Since K! = Q3(4¢)[—d] is a piecewise-Koszul A-module, by Proposition

3.2, the first syzygy Q'(L') of L' = E(K1)[1] over E(A) can be seen as an
extension of E(A)-modules all generated in hat-degree 2

0—L> - QY (LY - G% -0,

where G2 = G26 G2 =~ E°(rK') @ E*(rK') and L2 = E(K?)[2] with K2 =
O2(rK')[—d] is a piecewise-Koszul A-module.
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We can get the following diagram as a part of the minimal resolution of
E°(A) over E(A)

l
0 — L3 — QL(L?) — G3 — 0
l
E(K?/rK?)[2]
|
0 — L2 — oyt - G = 0
!
E(K'/rKY)[1]
!
0 — Lt - o - Gt =0
R
E(A)
!
E°(A)

where for any n>1, G" =Gl &G 2 E'(rK" 1) @ EY(rK"1), L =

~

E(K™)[n], and K" = Q%(rK"1)[—d] is a piecewise-Koszul A-module. Set
K= A R
There are short exact sequences over F(A)

0—-L'—-' -Gt -0
0—L*— QYL - G*—0
0—L°— QYL - G*—0

Applying £(—) := EXt*E
over E(A)

) (—, E9(A)), we get a series of long exact sequences

= EMGH = EMQY) - EMLY) — - -
= EMGP) - EMONLY)) - EMLP) —
= EMGP) = EMONL?)) — ML) —
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Therefore, Ext%(A) (E°(A),E°(A)) = & 1(QY) is supported in A(n), which
is the internal degree of

gnfl(Gl)’ gnf2(G2)7gn73(G3)7 o ,gl(anl)jg[](Gn%SO(Ln)

By Lemma 2.2, we know that A(n) ={A(n-1)+1,A(n—1)+2,
An—2)+2,A(n—2)4+3,...,A(1)+n—1,A(1) + n,n}.  Thus the
maximal degree in A(n) is max{A(n — 1)} + 2.

U

We end this section with the general version of Theorem 3.3 without
proof since it is similar to the case of p = 3.

Theorem 3.4. Let A be a piecewise-Koszul algebra with cohomology degree
function (55 (d>p>2). Then E(A) has the degree distribution

{A(M) :n < An) < 3(n)},

where

(n):{o, n=0,
p+(n—2)(p—-1), n>1.

Remark 3.5. We know that if p =2, then A is a d-Koszul algebra and
E(A) is a Koszul algebra.

4. The main result

Let A be a piecewise-Koszul algebra and M a piecewise-Koszul left A-module
both with cohomology degree function §¢ (d > 3). Consider the short exact
sequence

0— "M — rkFM — P*M /PP M — 0
for any k£ > 1. Applying Ext%(—, Ag), we obtain a long exact sequence
0 — E°(r*M/r* M) — EO(rF M) — B0 (R M)
— E'r*M/r" M) — E' (7" M) — E' (7" M)
— E2(r*M/r* M) — E2(r* M) — E*(r*1M)
— E3(rkM/7“k+1M) — E?’(TkM) — ES(TkHM)

as an exact triangle of left F(A)-modules.
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Since M is a left piecewise-Koszul module over A and r¥M /r*+1M is
semisimple, we get that E*(r*M/r*+1M) is supported in degree §4(i) + k
for any ¢ > 0.

By Proposition 2.10, we get E°(rM), E'(rM), E*(rM) are supported in
degrees 1,2, d, respectively. By induction, we know that E9(r¥M ) is sup-
ported in degree k and E'(r*M) is supported in degree k + 1. So we get
EY(r*M) = EY(A)E°(r* M) by Lemma 2.1.

The above long exact sequence can be decomposed into the following
several exact sequences:

1) 0— E°(rkM/r*+1 M) — EO(r* M) — 0,
2) 0 — EO(rk+10) L EY(rk M /M) — EY(rFM) — 0,

3) 0 — EY(r"HIM) — B2 (rkM/rkH M) S B2 (PP M) — E2(r*1 M)
— E3(r*M/r*IM) — -
By induction, we get that E%(r*M) is supported in {n|n >k +2}N

(dd+1,...,d+k—1}.
We get the projective cover of W = E*(r* M) @ EY(r¥M) as

0 —  E%rkM/rM M) — EY(rkM) — 0
0 —  EGMIM) B BWRMpeMIM) - ENM) — 0
0 — E2(r*M/rkIM)  —  E2(rRM/rRHIM) - 0 — 0
0 — E3(r"M/r* M) — E3(rkM/rFTIM) - 0 — 0
0 — EArfM/prIM) —  BAeRFM/rRMIM) - 0 — 0
0 — FE°(r*M/r*IM) — E(r*M/r"IM) - 0 - 0
0 — ESG*M/rkHIM) —  ES(rfM/rMHIM) — 0 — 0
0 — E"(r*M/r* M) — ET(rFM/rFIM) — 0 — 0
0 — ES(r*M/r*IM) — ES(rfM/rRtIM)  — 0 — 0
0 — Er*M/rk M) —  E°(rFM/rRHIM) — 0 — 0

Changing the order, we get

0 —  EOr*M/rMIM) - E°(r*M) — 0
0 — EO(rk101) — EBY(r*M/r*IM) - EY(r*M) — 0
0 — E3(r*M/r*IM) — E3(rFM/rHIM) — 0 — 0
0 — E2(r*M/rkIM)  —  E2(rRM/rRHIM) - 0 — 0
0 — EAr*M/prRIM) —  BEA(rRM/rRHIM) — 0 — 0
0 — ES(r*M/rkIM)  —  ES(rRFM/rFHIM)  — 0 — 0
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0 — FE(*M/r"IM) — E(r*M/r*IM) — 0 — 0
0 — E"(r*M/r*M) — ET(rRFM/r*HIM) — 0 — 0
0 — EYr*M/r*IM) — EY(FM/rMIM) — 0 — 0
0 — ES(*M/r*IM) — ES(r*M/r*IM) — 0 — 0

Viewing W as an E(A)—module generated in hat-degree 0, the first
syzygy of W is

Qw = E° ("' M) @ B3 (rFM /e M)
1
@ E*(r*M/r" M) @ B (rF M/ M) @ ES(rF M M) @ -

2

where
P E"(rFM/rE M) = @ EMQP (e M/rE T M)
n>3 n>0

with 93(rkM/rk+1]A\4)[—d— k] being a piecewise-Koszul module over A.
Here, the action of F(A) on EO(rk+1M) in Qy is defined as a * f = a - (f)
with a € E(A) and f € E°(rF+1M).

Lemma 4.1. The following statements are equivalent:

1) Qw is generated in hat-degree 1,
2) E%(r*M/rF M) = EY(A)EC(r*+1 M) as vector spaces,
3) ¢ =0.
We know that both E'(r¥+1M) and E?(r¥M /r*+1 M) are supported in
k 4 2. Note that E2(r*M) is supportedin {n |n > k+2}N{d,d+1,...,d +

k —1} and E2(r*1 M) is supportedin {n | n > k+ 3} N {d,d+1,...,d+k}.
Comparing the internal degrees in the following exact sequence:

0 — EYr* M) — EX(r* M /r* M) 5 B2 (PP M) — E*(rF M) — -
we get E2(rM) = E3(rM) & E3(r?M) & - - - = E3(r4=2M) as vector spaces.

Lemma 4.2. Assume that E*(rM) # 0. Let k > 1.
1) If k <d—1, then E3(r*M) # 0,
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2) If k <d—2, then ¢ =0 and Qu is generated in hat-degree 1,
3) If k =d —2, then ¢ # 0, so Quw can not be generated in hat-degree 1,

but is generated in hat-degrees 1, 2.

If k<d—2, W e Z(E(A)) and the first syzygy Qw of W over E(A)
can be seen as an extension of all terms generated in hat-degree 1

0— E(U)1] - Qw —V —0,
where
1) V= E%r*1M) @ EY(r*1 M) as vector spaces,
2) U = Q3(r*M/r*t1M)[—d — k] is a piecewise-Koszul A-module.
Proposition 4.3. Let A be a piecewise-Koszul algebra and M a piecewise-
Koszul module both with cohomology degree function (5§f (d > 3). Denote W =

EO(T‘M) ® EY(rM). Then W € Z(E(A)) and the first syzygy Qw of W over
E(A) can be seen as an extension of all terms generated in hat-degree 1

0— E(U)1] - Qw — V —0,
where

1) V= Er?M) @ EY(r’?M) as vector spaces,
2) U =D (rM/r>?M)[—d — 1] is a piecewise-Koszul A-module.

Proof. It is immediate from Lemmas 4.1 and 4.2. O

Theorem 4.4. Let A be a piecewise-Koszul algebra and M a piecewise-
Koszul module both with cohomology degree function 5g (d > 3/2. Then E(A)
is a quadratic algebra and E(M) is a quadratic module over E(A).

Proof. By Proposition 3.1, the first syzygy Qo) of E°(A) over E(A) can
be seen as an extension of all terms generated in hat-degree 1

0 — E(K)[1] — Qpgocay — G — 0,

where G = E'(A) & E?(A) = E°(r) @ E'(r) as vector spaces and K = Q3
(Ao)[—d] is a piecewise-Koszul A-module. By Propositions 3.2 and 4.3, we
have E(K),G[~1] € Z(E(A)). So Qgoay[—1] € T1(E(A)) C ZL(E(A)) by
Lemma 2.7. Here, the shift —1 is in the hat-grading. Therefore, E(A) is a
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quadratic algebra. Similarly, we get that E (M) is a quadratic module over
E(A). O

Theorem 4.5. Let A be a non-trivial piecewise-Koszul algebra with 64 (d >
3). Then E(A) has the degree distribution

{A(n) :n < A(n) <6(n)},

where

5(n) n, n<d-2,
n)=
2n+1)—d, n>d-—2.

Moreover, Proj.dimE(A)Eo(A) >d—1 and the (d—1)th syzygy Q1 of
E°(A) over E(A) can not be generated in hat-degree d — 1, but is gener-
ated in hat-degrees d — 1 and d.

Proof. Denote the nth syzygy in the minimal projective resolution of E°(A)
over E(A) by Q". We have the minimal projective resolution of E°(A) over
E(A)

L21 _ % N G21 L22 _ * _ G22

l !
E(ﬂ?’(Ao)/rsf(Ao)[—dD[u E(r/rzl[—lml]
E(Q(Ao)[—d))[1] - Ql - E°(neE'(r),
E(A)
l
E°(A)
where

L*' = B(Q*(rQ®(Ag))[-2d))[2], G*' = E°(rQ(Ag)) & E' (rQ3(Ap)),
L2 = E(Q%(r/r?)[—d —1))[2], G® = E(+?) ¢ E'(r?).

We can continue the fashion until Q43 and obtain that
Q'[-1] € T\ (E(A)), Q%[-2] € Ty(E(A)), ..., Q0 %[~d + 3] € T4_3(E(A)).

Note that all shifts here are in the hat-grading. Thus, for 0 <n <d — 2,
o(n) =n.
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We know that E(A) has a linear resolution for the first d — 2 terms and
track the construction of the minimal resolution. We consider some pieces
in the minimal resolution

!
0 N Ld—2 N Ql(Gd_?’) N Gd_2 =0
!
E(r®=3/ri=2[—d + 3])[d — 3]
!
0 — Ld—3 N Ql(Gd—4) N Gd—3 N 0
!
!
0o — L3 — QNG?) - G — 0
!
E(r?/r[-2])[2]
!
0 — L — (e — G? — 0
!
E(r/r*[-1])[1]
!
0 - L' —- Qf — Gt — 0,
A
E(A)
!

E°(A)

where for 1 <i <d—2,G" =G ® Gl = E%r') @ E(r") as vector spaces
and L' = E(Q3(ri=!/r))[—d — i + 1])[i]. Set 0 = A.

We can show that G* does not vanish forall 1 < i < d —2.In fact, if there
is certain G! = 0 for some 1 <1 <d — 2, then E%(r!) = Homa(r!, Ag) = Hom,
(A;,Ag) =0, which implies that r'=0 and A=A B A -
A;_1. Consider the minimal resolution of Ag over A

PP p o p Ay
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We know that
P=AQP}=A 0P A @P;® & A_1®Pj.

The maximal degree in P» is [ +1 < d — 1. But, P; is generated in degree
d. So 03 =0 and Proj.dim4Ag < 2. We get that A is a Koszul algebra, a
contradiction. Hence Proj.dimE(A)EO(A) >d—2.

Assume that Proj.dimE(A)EO(A) =d—2, then 0 = Q(G42) = EY
(ri=1) @ EZ2(r4=2/rd=1) as vector spaces. So E°(r¢~1) =0 and r¢~! = 0.
We get 0 = E?(rd=2/rd=1) = E?(r?=2), but E%(r?~2) # 0 by Lemma 4.2. So
Proj.dimp 4 E°(A) > d — 1.

We get that Q4-2[—~d + 2] is not in F/@,Q(E(A)) because G942 is not in
L(E(A)) by Lemma 4.2. So Q%! over F(A) cannot be generated in hat-
degree d — 1, but is generated in hat-degrees d — 1,d. From the proof of
Theorem 3.3, we know that max{A(n)} = max{A(n — 1)} + 2 for any n > 2.

Thus, forn >d—2,d(n) =d+2n—(d—1)] =2(n+1) —d. O
We end this section with a general version of the main results we obtained

without proofs since they are similar to the case of p = 3.

Theorem 4.6. Let A be a non-trivial piecewise-Koszul algebra and M a
piecewise-Koszul module both with cohomology degree function 5g (d>p>
2). Then we have the following statements:

0

E(A) is a quadratic algebra and E(M) is a quadratic module over
E(A),
2) E(A) has the degree distribution
{A(n) :n < A(n) <6(n)},

where

5(n) = n, ifn<t+1,
S ld+(p-1)(n—t—2), else

and d=p+1t (t>0).
3) Proj.dimE(A)EO(A) >d—p+2,

4) The (d—p+ 2)th syzygy QP2 of EO(A) over E(A) is minimally
generated in hat-degrees d — p + 2 and d.
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Remark 4.7. By the above theorem, A is a d-Koszul algebra, E(A) is a
Koszul algebra and E(M) is a Koszul E(A)-module in the case of p =2,
which coincides with the results in [7].

5. An example

In this section, we will give a concrete piecewise-Koszul algebra A such that
E(A) is not Koszul.

Example 5.1. Let k be a field and I" be the quiver:

o —

[
\%/' \%/

Now let A =kI'/R, where kI" is a path algebra and R is the ideal gen-
erated by the following relations:

Q10 — 103, Q407 — a5Q7,  QasQ7 — A0y, (204, Q306.

Then A is a piecewise-Koszul algebra (cf. [11]). We can compute out that A
has the degree distribution {0,1,2,4,5} and

E(A) = E°(A) @ E'(A) @ E*(A) @ E*(A) @ EY(A).

1 2

If M is a piecewise-Koszul module over A, we have E~4(M) = 0 and E~3
(rM) =0 by Lemma 2.10. For a semi-simple module S, we get E~1(Q3(5)) =0.

We construct the minimal projective resolution of E°(A) over E(A). The
first syzygy Q' is given as

0— Q' — E(A) — E%A) - 0

with Q! generated in hat-degree 1. We have a commutative diagram for the
second syzygy €2 in the minimal resolution of E(A) over E(A)

0 0 0
l ! l

0 — 02! - 2 - 022 — 0
1 ! l

0 — E(QAg)/r(Ao)[-4)[1] — P' — E@/r[-1)[] — 0
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R l ! !

0 — EQA)[-4D[1] — QF — Q2 — o,
! ] !
0 0 0

where all the three columns are projective covers.

By Propositions 3.2 and 4.3, we have that E(Q°(Ao)[—4]),2"?[-1] €
ZL(E(A)), where the shift —1 is in the hat-grading. So 0? is generated in
hat-degree 2 and E(A) is quadratic.

There is a commutative diagram in which the third syzygy Q2 in the
minimal resolution of EY(A) over E(A) is given

0 0 0
! ! l

0 — B - B - 02 - 0
! ! 1

0 - P¥ - p2 - p2 , 9
! ! )

0 — 0 - 02 - 02 - 0,
i ! il
0 0 0

where the three columns are all projective covers. We also obtain a commu-
tative diagram

0 0 0
! ! !
0 — 0321 — 02 - 0322 — 0
) ! L
0 — E(Qg(T/Tz)/Tff(T/ﬂ)[—5])[2] - Pf2 - E(T2/Ti[—2])[2} — 0
0 E@@E - 0% - BB - o
| ! 1
0 0 0

where the three columns are all projective covers and

022 = EO(r®) @ E°(r* r®) @ B> (r? /r%) @ E* (r? /r%),

3 4

which is generated in hat-degrees 3 and 4, but not generated in hat-degree 3,
since E3(A) = E*(r) = E}(r) = E(r?) # 0and 0 — E'(r®) — E2(r?/r’) 5
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E2(r?) is exact with ¢ # 0 by Lemma 4.2. Thus E(A) is not a Koszul
algebra.
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