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Designer Ideals with High Castelnuovo-Mumford
Regularity

BROOKE ULLERY

The purpose of this paper is to give a simple construction of ideals
whose Castelnuovo-Mumford regularity is large compared to the
generating degree. Moreover, our ideals have the property that the
Castelnuovo-Mumford regularity is revealed as late in the resolu-
tion as desired.

1. Introduction

Let S = Clzg, x1, ..., zy] and let M be a finitely generated graded S-module.
We define the Castelnuovo—Mumford regularity of M, denoted reg (M),
to be the smallest number r so that each generator of the ith syzygy has
degree at most i 4+ r. As regularity governs the complexity of modules, there
has been considerable interest in bounding and estimating the regularity of
modules, particularly that of ideals.

For smooth projective varieties, the regularity of the defining ideal is
bounded by the so called “complete intersection regularity.” That is, for an
ideal I with generators of degree at most k£ and codimension N, a result of
Bertram et al. [3] shows that

reg] < N(k—1)+1,

the expression on the right being the regularity of a complete intersection
of degree k hypersurfaces. Chardin and Ulrich [7] gave a generalization of
this result in the case of I defining a subscheme with rational singularities.
However, for an arbitrary homogenous ideal, the situation is very different:
the regularity can be doubly exponential in the number of variables, and
polynomial in the generating degree. Specifically, if J C C[tg,...,t,] is an
ideal generated in degree k, Bayer and Mumford [1] observed that work of
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Giusti and Galligo leads to the bound
reg (J) < (2k)*" .

A proof of a characteristic-free bound of this form was given by Caviglia and
Sbarra [5]. It turns out that one cannot do much better than this bound; in
fact, Bayer and Stillman [2] showed that a construction of Mayr and Meyer
[11] proves the following fact:!

There exists an ideal I C C[to, ..., t,| generated in degree k such
that reg I > (k — 2)27""7".

Caviglia [4] gave a much simpler construction of ideals with lower, yet
still polynomial, regularity that grows in the generating degree k like k2.
Chardin and Fall [6] gave examples of ideals in r + 3 variables with reg-
ularity growing like k", where r generators are of degree k+ 1, and two
generators are of degree on the order of 2". Other than these constructions,
there have been few examples of varieties with higher than complete inter-
section regularity, and the existing examples tend to be combinatorial and
algebraic in nature. In this paper, we give a simple construction that takes
as input a module M and outputs an ideal Jj; with similar regularity and
other homological properties. By applying our construction (detailed in Sec-
tion 2) to pure modules, whose homological properties we can easily specify,
we get a family of ideals whose regularity grows in the generating degree k
like kK(N-1/("=N) where N is the codimension of the zeroes of I.

Furthermore, this family of ideals has the property that the regularity is
“revealed” late in the resolution. In order to make this notion precise, we give
a few more important definitions. We define the graded Betti numbers of
M to be

B5:(M) = dim(Tor ¥ (M, C));.

That is, if F¢ — M — 0 is a minimal graded free resolution, then ij(M ) is
the number of minimal generators of F; in degree j. When the ring is clear
from the context, we may write 3; j(M), or simply f3; j. We arrange the Betti

L Also see [10, 13, 14] for more developments on this construction.
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numbers in the Betti table 5(M) as shown below.
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Note that in terms of the Betti numbers of M the Castelnuovo—-Mumford
regularity of M is

reg M = max{j — i|3; j(M) # 0}.

In other words, reg M measures the position of the lowest nonzero row of
the graded Betti table. Similarly, set

ti(M) = max{j|;;(M) # 0}.

We call (to(M),t1(M),...) the maximal degree sequence of M. (We
define the minimal degree sequence analogously, replacing “max” with
“min.”) Note that ¢;(M) — i measures the position of the lowest nonzero
entry in the ith column for each i. In particular, if the degree sequence is
strictly increasing (e.g., if M is Cohen-Macaulay?) and t.(M) is the last
nonzero entry, then

reg (M) =t (M) —r.

We call M a pure module if for every i, 3; ; # 0 for at most one j. That is,
every module in its minimal free resolution is generated in a single degree.
In the case of pure modules, the maximal degree sequence gives all of the
information about the degrees of the modules in the free resolution, so we
call it simply the degree sequence.

As Jason McCullough [12] pointed out, the existing examples of ideals
with high regularity have regularity governed by the first syzygy. That is,
after t1(M), the maximal degree sequence increases by one at each step. In

2For M Cohen-Macaulay, the dual F* of the minimal free resolution is also a
minimal free resolution. The minimal degree sequence of F™* is certainly increasing,
as is the case for every resolution, and it corresponds to the negative of the maximal
degree sequence of M. The claim follows immediately.
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this case, the Betti table has the following shape, where k is the generating
degree, and the support of the Betti table is contained in the shaded region.

01 ...

reg(M)+1

By applying our construction to pure modules, we are able to find fami-
lies of ideals that have high regularity (polynomial in the generating degree)
that is revealed at the nth syzygy for any n. The example below is also
presented in full detail in Section 3.

Example 1.1. Let S := Clzg,x1,...,Zn,y1,Y2, .- ., yn| be the homogenous
coordinate ring for P"*V and X an n-plane given by the ideal I := (y,
Yy2,---,yn) € S. Let M be a pure S/I-module with degree sequence

(k,k+1,....k+nk+n+1+d).

Then the Betti table of M has the following shape:

n

Y l:‘

Under certain restrictions on the parameters N, k, and d, we can con-
struct an ideal Jy; C S with maximal degree sequence

(k+1,k+2..  k+nk+n+d+1,k+n+d+2,... . k+n+d+N+1),
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supported on X. Given the restrictions, as k increases, n and N held con-
stant, the regularity of Jys grows like KV =1/" o that the Betti table has
the following shape:

N+ 1

d (polynomial in k)

i

In order to illustrate the properties of these ideals described above, we
can look at the shape of the Betti table for specific large values of k,n, N,
and d.

Example 1.2. If we set
e generating degree = k + 1 = 51,
e dimension of X =n = 20, and
e codimension = N = 5000,

then we can find an ideal with a Betti table having the following shape. The
dotted line bounds the support of the Betti table of a complete intersection
generated in the same degree. (The figure is not drawn to scale.)
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We can look at the above examples from a few different perspectives.
First of all, as stated earlier, this gives a method of constructing examples
of ideals with high regularity governed as late in the resolution as desired. In
particular, the regularity is high even with respect to the degrees of the first
syzygy, which answers a question raised by Huneke and McCullough (see the
footnote on page 2 of [8]) and casts doubt on the philosophy expressed in
the same paper as well as in a paper of McCullough [12] that the first syzygy
contains most of the information about the regularity of an ideal. Second, as
we will illustrate in the next section, the construction is simple and algebraic,
whereas earlier constructions are more combinatorial in nature.

The examples above are special cases of a general family of ideals,
described in our main theorem:

Theorem 1.3. Let X :=P", and consider a linear embedding X C
PN =Y. Define

S:: (C[x07xla’"a$n7y17y2a"'ayN]

to be the homogenous coordinate ring of Y, and

I:= (y17y2>""yN) C S

the homogenous ideal defining X. Then X has homogenous coordinate ring
R := S/I, which we can think of as C[xg, x1,...,xy,]. Let M be a finitely gen-
erated graded R-module, generated in positive degrees, with strictly increas-
ing mazimal degree sequence (to,ti,...,t.), where r <n-+1. Let k be the
minimum degree of a minimal generator of M. Suppose

(1.4) S 68, (M) < (’“ e 1).

JEZ

Then there exists an ideal Jyy C S supported on X such that Jys has mazimal
degree sequence

(t1,to, ..yt tr + 1,6, +2,...,t, + N)

as an S-module. In particular, reg Jyr = reg M + 1.
2. The general ideal construction

Before proving Theorem 1.3, we will give the construction of the ideal Jy;.
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Let M be an R-module satisfying the hypotheses of the theorem, and
o > —>Fy—>M—0

a minimal graded R-free resolution of M. Define E := ker(Fy — M), as
below:

F 2] 2 M 0
N S

E
0 0
Since k is the minimum degree of a minimal generator of M, we can write

Fy = @ R(—j)®%.

Jj=k

I¥/T%+1 is the kth symmetric power of the conormal module of X in Y and
we can write it as

k4+N-—1

1% 1% 2 Symb (1/12) 2= R(—k)®(7),

Thus, since the rank of Fy is less than the rank of I* /%! by (1.4), and since
the degrees of the generators of Fy are all at least k, there exist inclusions
of Fy into I*/I*+1. Fix one such inclusion:

k+N—1)
k

Fo C R(—k)®( o [k /R

Thus, E C I¥/I*1, so we get the following diagram:

E

|

0— Jhtl ——= 1k —— [k /TF+1 — 5

Now, we define Jj; to be the lift of E in I*, so that we have an exact
sequence

Ik-‘r-l

0— —Jy — F — 0.

The idea is that I**! has a (k + 1)-linear resolution, which allows Jy; to
inherit its maximal degree sequence from FE, and thus with our original
module M. The details are below.
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Proof of Theorem 1.3. By construction, I**1 C Jy; C I*. Since VIk+l =
VIk = I, we must have \/Jy; = I as well. Thus, J)/ is supported on X.

In order to find a resolution for Jy;, we must first resolve E and I*+1.

The minimal resolution for £ over R is --- Gy — G — Gy — E — 0,
where G; := Fj4q for i =0,1,..., and F, the minimal resolution of M as
above. Notice that R[yi,...,yn] = S. Thus, Ge[y1, . ..,yn] is a minimal res-
olution for Elyi,...,yn] over S. In order to recover E, we tensor with the
Koszul complex with respect to the regular sequence y1,...,yyN, giving us
the double complex Ge[y1,- .., yn] ® Ke(y1,--.,yn), which is a minimal res-
olution of E over S. Denote this resolution GJ.

Our next step is to find the maximal degree sequence of G,. Notice
that the maximal degree sequences of Ge[y1,...,yn]| and Ke(y1,...,yn) are
(t1,...,t;) and (0,1,..., N), respectively. Since t, > --- > t; > tg > 0, the
maximal and minimal degree sequences of G, will be (t1,...,t,,t, + 1,t, +
2,...,t, + N)and (¢t1,t1 +1,...,t1 + N,ta + N, ..., t, + N), respectively.

Now we can construct the resolution of Jys. The ideal I**1 has a pure
linear resolution. Applying the Horseshoe Lemma, we obtain the following
commutative diagram

0——=®5(—(k+3)) GY e 0

0—=®5(=(k+2)) el G 0

0 ——=®S(=(k+1)) Gy e 0

0 Tk+1 Jus 5 0
0 0 0

where the rows and columns are exact and G = (&S(—(k+1+1))) ® G,
for 0 <4 < N, G} otherwise. To show that G is minimal, it suffices to check
that G, does not have S(—(k + 1 + 1)) as a summand for i = 0,..., N. The



Designer Ideals with High Castelnuovo-Mumford Regularity 1223

minimum degree of G 41 1s never less than ¢; +¢+ 1. From our hypothe-
ses, we have t| > tg > k,sot;1 +¢+ 1>k + 144 1, as desired. Thus, Jy; has
maximal degree sequence (t1,...,t,,t, + 1, +2,...,t, + N). In particular,
regJy =t —r+1=regM + 1. O

Remark 2.1. In the proof above, we opted to write everything out using
complexes, though it should be noted that a similar argument can be made
using Tor modules.

3. A family of examples from pure modules

By applying our theorem to pure modules, we not only get a cleaner con-
struction, but we also obtain a family of ideals with high asymptotic regu-
larity.

With the same notation as in Theorem 1.3, let M be a pure R-module
with degree sequence

(k,k+1,....,k+nk+n+1+d).

That is, its resolution is linear until the final syzygy, at which point there
is a jump in degree of size d + 1. By the existence of pure modules, due to
Eisenbud and Schreyer [9], we can find such a resolution with

Po(M) = <n+d>,

n

where Gy(M) is the number of generators of M. (In this specific case, the
resolution happens to be the dual of the Eagon—Northcott complex, shifted
by k.)

Thus, by the theorem, as long as we choose parameters n, N, k, and d

so that
<n+d> - <k+N—1>7
n - k
we get an ideal Jjs supported on the smaller projective space X with
regJy =regM +1=k+d—+1.

Furthermore, the above inequality shows that d, and thus reg Jys, grows in
the generating degree k like ck(N =1/ where ¢ is a constant.
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4. Further considerations

The example in Section 3 was a very specific application of the general con-
struction. It may be interesting to apply the construction to other modules
(possibly not pure) to see if the regularity would increase. Furthermore, we
found ideals supported on linear spaces due to the ease of calculating the
conormal module and resolving modules over a polynomial ring. It might be
feasible to apply the construction to other projective varieties whose conor-
mal modules are easily calculated — possibly other complete intersections or
Segre varieties.
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