Math. Res. Lett. (© 2014 International Press
Volume 21, Number 05, 1199-1214, 2014

Photoacoustic and thermoacoustic tomography
with an uncertain wave speed

LAURI OKSANEN AND GUNTHER UHLMANN

We consider the mathematical model of photoacoustic and ther-
moacoustic tomography in media with a variable sound speed.
When the sound speed is known, the explicit reconstruction for-
mula of [14] can be used. We study how a modeling error in the
sound speed affects the reconstruction formula and quantify the
effect in terms of a stability estimate.

1. Introduction

Coupled-physics imaging methods, also called hybrid methods, attempt to
combine the high resolution of one imaging method with the high contrast
capabilities of another through a physical principle. One important medical
imaging application is breast cancer detection. Ultrasound provides a high,
sub-millimeter resolution, but suffers from low contrast. On the other hand,
many tumors absorb much more energy of electromagnetic waves, in some
specific energy bands, than healthy cells.

Photoacoustic tomography (PAT) [19] consists of sending relatively
harmless optical radiation into tissues that causes heating, with increases
of the temperature in the millikelvin range, which results in the genera-
tion of propagating ultrasound waves. This is the photo-acoustic effect. The
inverse problem then consists of reconstructing the optical properties of the
tissue. In Thermoacoustic tomography (TAT), see e.g., [8], low-frequency
microwaves, with wavelengths of the order of 1m, are sent into the medium.
The rationale for using the latter frequencies is that they are less absorbed
than optical frequencies. PAT, TAT and other couple-physics imaging tech-
niques offer potential breakthroughs in the clinical application of multi-
wave methods to early detection of cancer, functional imaging and molecular
imaging among others [19, 20].
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There are two steps in PAT and TAT. The first one is to solve the inverse
source problem for the wave equation. The source measures the absorbed
radiation and varies from tissue to tissue. Once this is solved the second step
is to determine the optical or electromagnetic parameters from the internal
information obtained in the first step. Here we are concerned with the first
step that we now describe.

Let u solve the initial value problem

(0?2 —c*A)u = 0 in (0,T) x R",
(1) u|t:0 = f7
8tu|t:0 = 0,

where T' > 0 is fixed and c is a smooth and strictly positive function on R".
Let us assume that the source f is supported in M, where M C R” is some
bounded domain with smooth boundary. The measurements are modeled by
the operator

(2) Acf = u‘[O,T]xBM-

The inverse problem is to reconstruct the unknown f and c¢ from A..

Most of the available results assume that the sound speed c is known.
Concerning the constant speed case we refer to the survey paper [9] and ref-
erences therein. In practice, there are many cases when the constant sound
speed model is inaccurate. For instance in breast imaging, the different com-
ponents of the breast, such as the glandular tissues, stromal tissues, cancer-
ous tissues and other fatty issues, have different acoustic properties. The
variations between their acoustic speeds can be as great as 10% [7]. The
case of a variable sound speed was thoroughly investigated in [14] and a
reconstruction method for the source was proposed. A numerical algorithm
based on this method was developed in [13] and compared with the standard
time-reversal method used for instance in [5, 6]. The case of a discontinu-
ous sound speed was considered in [15] which arises, for instance, in brain
imaging.

The paper [17] deals with the case where the source f is known and recov-
ers the sound speed ¢ with one measurement under the geometric assumption
that the domain is foliated by strictly convex hypersurfaces with respect to
the Riemannian metric g = C%da:2 where dz? denotes the Euclidean metric.
In practice, the wave speed is known only up to some uncertainty and we
would like to reconstruct both ¢ and f given A.f. This problem is linear
in f and non-linear in c¢. It is shown in [16] that the linearized problem of
recovering both parameters is unstable.
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In this paper, we assume that our best guess for the wave speed cgy
is close to the true wave speed c¢. We will study how the modeling error
c — ¢p affects the reconstruction of f by the modified time-reversal method
introduced in [14].

2. Statement of the results

Let us begin by describing the reconstruction method introduced in [14]. To
define the operator giving the reconstruction, we consider the time reversed
wave equation on M,

(3) O2v — Av =0, in (0,T) x M,
U‘CEEBM = hv in (OvT) X an
V= = Aflh’t:% Ove=r =0, in M,

where A~!h|,—r is the solution of the Dirichlet problem on M,
Ap=0in M and ¢ = h|—p on OM.
Moreover, we define the operators
Ach =v|i=p and K.=1-— A:A,,

where v is the solution of (3). The method of [14] gives a reconstruction by
the formula

f=R:A.f, where R.:= Z KA.

m=0

Let ¢g € C*°(R™) be strictly positive and let us consider the reconstruc-
tion operator R., corresponding to co. If cg is close to ¢, we expect the
reconstruction

(4) f=ReAf

to be close to f. Indeed, in this paper we show that the difference f— fis
bounded by suitable norms of the measurement A.f and the modeling error
Cc — Cp.

As mentioned above, the closely related problem to find ¢ given the pair
(Acf, f) was considered in [17], and the problem was shown to be stable
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under the geometric assumption that M is foliated by strictly convex hyper-
surfaces with respect to the Riemannian metric ¢~2dz?. We will impose a
similar convexity condition below. Furthermore, we will assume that OM is
strictly convex with respect to the Riemannian metric ¢~2dz?. If this is the
case, then the operator A. has the following regularity property:

A.: H(K) — HY((0,T) x OM),

where K C M™ is compact; see e.g., [14]. Without the convexity assump-
tion, a loss of smoothness up to degree 1/4 is possible [18]. We describe this
phenomenon in more detail in the appendix below.

The operator K, is compact if the state of the wave equation (1) is
smooth at t =T irrespective of f. This is guaranteed if all unit speed
geodesics starting from M at ¢t = 0 exit M before t = T' and do not re-enter
before t = T. To avoid technicalities related to re-entering singularities we
assume below that M is convex also in the sense that no geodesic exiting
M re-enters M.

Theorem 1. Let ¢y € C°(R™) be strictly positive and suppose that the Rie-
mannian manifold (M, canxQ) has a strictly convex function with no critical
points and that M is strictly convex with respect to the Riemannian metric
cgzd:L‘Q. Let K C M™ be compact, let Cq >0 and consider the functions
f € H3(R") and ¢ € C®(R") satisfying

lellczgey < Co, supp(f) C K, c=coin R"\ K.
There are €3, T,C > 0 such that if ¢ satisfies also
lle = coller k) < €o

then

(5) H(RCO - RC)ACf”Hl(M)
< Clle = coll g qany e P 02y xonny 1 oy
We emphasize that (R, — Re)Acf = f — f, whence (5) gives a bound

for the reconstruction error under an a priori assumption on the size of the
norm of f in H3(K).
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3. The proof

The existence of a strictly convex function on (M, ¢, 2dz?) implies that the
wave equation

Otv — cAAv =0, in (0,7) x M,
is exactly controllable for large T > 0; see e.g., [21]. This again implies that
(M, cy2dz?) is non-trapping; see e.g., [1]. Thus Y%, K7 is a bounded

operator on H (M) by [14]. Let us begin by showing that the reconstruction
(4) is well defined. This is guaranteed by the next lemma.

Lemma 1. Let f € HY(M) N H?*(M). Then Ao, A.f € Hi(M).

Proof. Notice that the solution u of (1) is in C ([0, T]; H?(M)). Let us con-
sider the solution v of

0% — AAv =0, in (0,7) x M,
Vlzeom = Acf, in (0,7) x OM,
Vlt=r = ¢, Opli=r =0, in M,

where ¢ = A7'A.f|;—7. The difference w = u — v satisfies

Otw — cAAw = (¢* — c2)Au, in (0,7) x M,
wlzen =0, in (0,T) x M,
Wl=r = ult=r — ¢, QW=7 = Opuli=r, in M.

Notice that w|i—7r =0 on OM and Au € C([0,T]; L>(M)). Thus we have
w e C([0,T]; HY(M)), and A Acf = vli—o = f — wlimy € HY(M). 0

Let us recall that A, : H'((0,T) x M) — H'(M) is bounded [11], and
that f = Re,A¢ f [14]. Thus there is C' > 0 depending only on ¢y and M
such that

17 =70 0y = 1o (B = Aes )l a

S ClAcf = Aeo fll 0,1y xom) -

H'(M
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Notice that Acf — Ac, f = w(0,7)xom> Where w is the solution of the wave
equation,

O*w — AAw = (? — ) Au, in (0,00) x R",
’U)|t:0 = 0, 8tw\t:0 = 0, in Rn,
and u is the solution of (1).

By Theorem A.5 in the appendix below, there is a constant C' > 0
depending only on cg, T" and M such that

) <C H(CQ - C%)AUHH((O,T)XIC)

Hw|(OvT)><8MHHl((O,T)XBM

<C HC2 - C%HLOC(;C) HAUHLZ((O,T)XIC) .

By applying the energy estimates, see e.g., [10, p. 153], on dyu we see that
there is a constant C' > 0 depending only on 7" and the bounds

(6) e < (@), lellorirny < Cn,
such that
1/2 1/2
AUl L20.1)x0) < C Nl g2y £ C HfH};l(IC) Hf”h{S(IC) :

Thus there is C' > 0 depending only on ¢y, T, M and the bounds (6) such
that

1/2 1/2
[Acf = Aeo fll g 0myxonr) < C e — C(2)HL°°(IC) ”f”I!l(Kl) Hf||1‘1/3(’C) :

By [14] there is a constant C'(c) > 0 depending on ¢ such that

(7) HfHHl(M) <C(c) HACfHHl((O,T)XaM) .

Theorem 1 follows after we show that C(c) is uniformly bounded in a neigh-
borhood of ¢g. We do not know how to prove this simply by perturbing the
estimate (7). However, the uniform boundedness follows from a modification
of the Carleman estimate in [12]. We will prove the modified estimate in the
next section under the geometric assumptions formulated in Theorem 1; see
Corollary 1 below.

The Carleman estimate in [12] is for a wave equation with homogeneous
Dirichlet boundary conditions. Here we have no boundary conditions on 0M
and a study of boundary terms is required.
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4. A Carleman estimate with explicit constants

As the proof of the Carleman estimate below is of geometric nature, we will
consider the wave equation

Ofu — Ny u =0, in (0,7) x M

on a smooth compact Riemannian manifold (M, g) with boundary. Here A, ,
is the weighted Laplace—Beltrami operator,

Aguu =t divg(uVgu),

where 1 € C°°(M) is strictly positive and divy and V, denote the divergence
and the gradient with respect to the metric tensor g. In order to prove
Theorem 1, we apply the results below to g = c(x)~2dz? and p(z) = c(x)" 2.
Then A, ,, = c(z)?A, where A is the Euclidean Laplacian.

We denote by |-|g, (-,-)g, dVy, dSg, vy and DZ the norm, the inner
product, the volume and the surface measures, the exterior unit normal
vector and the Hessian with respect to g. Moreover, we write div, , X :=
ptdivy(uX) for a vector field X, and will omit writing the subscript g
when considering a fixed Riemannian metric tensor.

Let us recall the pointwise Carleman estimate from [12].

Theorem 2. Let £ € C3(M) and p > 0 satisfy
(8) D*((X,X) > p|X|?, X €T,M, =€ M.
Let 7> 0 and u € C%*(R x M). We define

vi=eTu, 9 i=T((Aul — p)v + 2(Vo, VE)),
Y := 7((0p)* + |Vo|? — (1p — 72| VL|*)v?) VL.

Then

¥ (9P — A,u)? /2 — 0 (90w) + div, (IVv) + div, Y
> 2 — 1)(O)? + [Vul?) /2 + 7|V — Oy,

where C1 = p? + maxzen | V(A L(2)) %
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Lemma2. LetT >0,u € C*([0,T] x M), 7> 1,p>0andlet!{ € C3(M).
We define v, ¥ and Y as in Theorem 2. Moreover, we write dm := udV and
dn := udS. Then

T
/ /divu(ﬁVv)—l-diVMYdmdt
0o Jm
T
< (6Cs + Cy)ePTr / / (Ou)? + |Vuldn dt
o Jom
T
—1—(7037’2—{—502037')63”7/ / u?dn dt,
o Jom
where
Co = max(|V(z)| +1), O = max(p+|Aul])/2,

and By = 2maxgep U(x). Moreover,

/ |90 |dm
M

< Op(2C371 + C3)eP 7 </ (Opu)? + |Vul*dm +/ u2dn) ,
M oM

where Crp > 1 is a constant satisfying the Friedrichs’ inequality

2 2 2 o)
() /M¢dm§CF</MV¢| dm+/aM¢dn>, b€ C(M).

Proof. We have

Vo =™ (Vu+ TuVe),
0 =T1e™ (Al — p+ 27|VE*)u + 2(Vu, VI)),
Y = 7e?t ((Opu)? + |Vul® + 27u(Vu, V) + (27%| VL[ — Tp)u®) VL.

Thus

e (9 (Vo,v) + (Y, 1))
= [(0u)? + |Vu|* + 47u(Vu, V)
+ (47| VE)2 = 27p + TA LU (VL v)
+ ((Aul = p+27|VLP)u + 2(Vu, VE)) (Vu, v).
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We estimate the cross-terms as follows:

A7 |u(Vu, VE)| < 272|VE2u? + 2|Vul?,
1AL — pl|u(Vu,v)| < |ALL— pl/2 u® + AL — p|/2 [Vul?,
27|VL 2 |u(Vu, v)| < 72|VEPu?® + |V Vul?,

and get

7 Ye 9 (Vo,v) + (Y, v)|
< |VE(Opu)? + (6]VL] + (p+ [AuL]) /2)|Vul®
+ (T2 VP + (47| Ve + 1) (p + |AL]) /2) P

The first claim follows from the divergence theorem.
For the second claimed inequality, notice that

e 2 90| = |(AL — p)u + 2(Vu + TuVL, VE))dyul
(AL — p) + 27|V ||udpu| + 2|V | Vu|[Opul

< |
< [(Apl = p)/2 + 7V |(0® + (0u)?) + [V (IVul? + (81u)?).

Hence

eBﬂTl/ [90wv|dm
M

< (max |A,l — p|/2 + 7 max |V{|?) </ u?dm —I—/ (atu)gdm>
M M
+ max |V/| / (V| + (Opu)*dm,
M

and the second claimed inequality follows from (9) with ¢ = u. O
Remark 1. Let u € C?([0,00) x M) be a solution of
(10) Ofu(t,z) — Ayu(t,z) =0, (t,x) € (0,00) x M.
Then the energy,

B(®)i= [ (@u(®)? +[Tu(t) Pdm,

M

satisfies

E(t) = E(0) + 2/0 - dyu(s) Oru(s) dnds.
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Theorem 3 (Observability inequality). Suppose that there is a strictly
convex function £ € C3(M) with no critical points. Let p,r > 0 satisfy

(11) D*(X,X) > p|X?,  |Vi(z)| >,
forall X € T,M and x € M. We write By = 2mingepr ¢(x) and suppose that

(12) T > QCF(ZC'%T + Cg)e(B‘_’Bé)TT, where T = max g, g, 1.
p’ 2pr?

Let u € C?([0,T) x M) be a solution of (10). Then
T
E(0) < c/ / (O)? + [Vul? + u2dn dt,
0 oM

where C' depends only on Co, Cs, By, By, 7 and T'.
Proof. We will integrate the inequality of Theorem 2. Notice that

pr—1>2 and 2,0\V€|27‘ —C1 >0,

T
(13) eber / / (Opu)? + |Vu|?*dm dt
0 M
T
S/ / —0¢(V0pw) + div, (VVv) + div, Ydm dt.
0 M

We estimate the left-hand side of (13) from below using Remark 1,

T
o Jum
> e*TTE(0) — T (Hauu”%%(o,T)xaM) + Hatu“%z((O,T)xaM)) :

To estimate the right-hand side of (13) from above, we notice that

T
/ / O (VOv)dm dt‘
0 M

< E(0) + E(T) Jr/(9 u(0)? + u(T)?*dn
M

< 2B(0) + 10t 72 0.1y xanr) + 105l T2 0.2y xan)

2 2
+/8Mu(0) +u(T)*dn,

Cy!
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where Cy = Cr(2027 + C3)eP7 7. Hence
(eP™T — 2Cy)E(0)
< (o <H8vu”%2((0,T)><6M) +2C7r Hu”?{l((O,T)xaM))

+(6C; + C3)eP 77 (”8tu‘|%2((07T)><8M) + HVUH%Z((O,T)XBM)>
+ (7C37% + 5CoCsm)e® ™7 [[ull 22 0.1y xonn)

+ePT (”81/u||%2((O,T)><8M) + HatuH%Q((O,T)xaM)) ;

where Cp, > 1 is a constant satisfying the trace inequality

H¢(0>Hi2(8M) + H¢(T)Hi2(aM) < Crr H¢H%{1((O,T)><8M) :

We recall the following trace regularity result by Lasiecka et al. [11].

Theorem 4. Let f € C°(M). There is C > 0 depending only on T, M
and c|gm\pr such that

10vull 20y xoney < C IS 0,y x001) -

where u is the solution of (1).

Proof. Apply [11, Theorem 2.1] in the domain B(0, R) \ M, where R > 0 is
large enough so that w(t,z) vanish for t € [0,7] and = € 9B(0, R). O

Corollary 1 (Stable observability). Suppose that there is a strictly con-
vex function £ € C3(M) with no critical points on the Riemannian manifold
(M, cg2da?). Let Uy be a bounded C? neighborhood of cy. Then there is a C*
neighborhood U of ¢y and constants C, T > 0 satisfying the following: for all
c e UyNU the solution of the wave equation (1) satisfies the observability
nequality

1A 2 ary < CUAS a0,y x0n1) -

Proof. Asin [12], we see that (11) holds for the Riemannian manifold (M, ¢ 2
dx?) if ¢ € U and U is small enough, and also that the constants C1, Cs, Cs,
B¢, By, 7 and T for (M, ¢~ 2dz?) stay bounded when ¢ belongs to Uy N U. [
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Appendix A: on the regularity of traces

Let us define the projections

7 TFRY™) - TX({0} x K), z€ {0} xK,
mhy s To (R — TX((0,T) x OM), 2 € (0,T) x OM,

and write mo(2, () = (2, 75(()), man (2, ¢) = (2,75,,(¢)). Furthermore, let us
denote by v, ¢ the geodesic satisfying v(0) = = and 4(0) = &, where ¥ is the
derivative of 7, and define

T(x,&) := min{t > 0; v,¢(t) € OM}.
The measurement operator
Ac: CFP(K) — C*°((0,T) x OM)

is the sum of two zeroth order Fourier integral operators with canonical
relations C'y and C_, and the union C; U C_ consist of the points

(WO(Su Yy,o, 77)7 ﬂ-aM(t? Z, T, g))

such that (t,z,7,£) € T*RY™ and (s,y,0,7) € T*R**" lie on the same null
bicharacteristic of p(x,7,€) := 72 — c(z)?£]?, 2 € OM, y € K and s = 0.
Moreover, in a neighborhood of such a point (yo,n0) € T*K that

(A.1) Yyouno (T(y0,m0)) & T*(OM),

the canonical relation C. is given by the graph of the map

(Y, m) = (7(y,m)s Yy (T(ys M), 0l Ag o (T (Y1),

where 4T stands for the tangential projection on T*(0M). An analogous
statement holds for C_ with 7 replaced by —n; see e.g., [14] for more details.
In particular, when restricted near (yo, 79) satisfying (A.1) the measurement
operator is continuous from H! to H' [4, Corollary 25.3.2].

The case of tangential intersection, i.e., the case when (A.1) does not
hold, is more delicate and in general C1 can be a one-sided fold [18]. In this
case, the general theory of Fourier integral operators implies continuity from
H' to H3* [2]. The following example illustrates how singularities in C
arise.
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Example A.1. Suppose M C R?, ¢ = 1 identically and that near (1,0) the
boundary OM coincides with the unit circle

St.={z e R% |z| =1}

If K intersects the vertical line through (1,0), then Cy is not a local canonical
graph.

Proof. Let us parametrize S* by x(a) := (cosa,sina), a € (—, 7). Then the
cotangent space T S !is spanned by 2+ (a) := (—sina, cosa), and C; con-
sist locally of the points (y,n,t, a, T, a) where

n
y:x(a)_tmv T:‘n|7 a:n‘xl(a’)'

Hence C is locally parametrized by 7, t and a. Let us consider the projection

7TL(t, aﬂ?) = (yan)a L : C+ - T*(IC)

Its differential is of the form

1 1
dﬂ'L = |"7‘ r (a) * s
0 0 I

where [ is the identity matrix and the explicit form of * is not needed for
our purposes. Thus drr,(0t,da,én) = 0 if and only if §n = 0 and

~ sty zt(a)da = 0.

l

The latter equation has a non-trivial solution if and only if n is a scalar
multiple of 2 (a), i.e., the geodesic y(t) = y + tl% intersects S! tangentially.
In this case, drr, has a one-dimensional kernel and C is not a local canonical
graph (in fact, C} is a two-sided fold [18]). O

If OM is strictly convex with respect to the Riemannian metric ¢=2dz?,
then (A.1) holds for all (yo,m0) € T*K. In this case, we have the following
regularity result.

Theorem A.5. Suppose that OM is strictly convex with respect to the Rie-
mannian metric ¢~ 2dz? and let I C M™ be compact. Let T > 0 and let w
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be the solution of the wave equation

O*w — *Aw = F, in (0,7) x R™,

w’t:(] = 0, 8tw|t:0 = 0, n Rn,

where F' € C§°((0,T) x K). Then there is C > 0 independent of F' such that

[wlozyxon |l 1 0.0y xonry < € IF 201y k)

Proof. The operator F +— w coincides with the forward parametrix of [4,
Theorem 26.1.14] modulo an operator with a smooth kernel. The compo-
sition of the parametrix with the restriction on (0,7) x OM is a Fourier
integral operator of order —5/4 with the canonical relation C' consisting of
such points

(1,161, 5,7, ¢ls = 0, 1€ AT (s = 1),

that v, o(s —t) € OM, (z,£) € T*K \ 0 and t,s € (0,T). Here £ = £/|¢].

As above, the strict convexity of JM implies that s is locally a function
of (t,z,&). In particular, the canonical relation is parametrized by (¢,x,&)
and the projection C' — T%((0,7") x K) has the rank 2(n + 1) — 1. We may

apply [3, Theorem 4.3.2] to get the claimed continuity. O
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