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Homological actions on sutured Floer homology

Yi Ni

We define the action of the homology group H1(M,∂M) on the
sutured Floer homology SFH(M,γ). It turns out that the contact
invariant EH(M,γ, ξ) is usually sent to zero by this action. This
fact allows us to refine an earlier result proved by Ghiggini and
the author. As a corollary, we classify knots in #n(S1 × S2) which
have simple knot Floer homology groups: They are essentially the
Borromean knots. This answers a question of Ozsváth.
In a different direction, we show that the only links in S3 with

simple knot Floer homology groups are the unlinks.

1. Introduction

Heegaard Floer homology, introduced by Ozsváth and Szabó [16], is a pow-
erful theory in low-dimensional topology. In its most fundamental form,
the theory constructs a chain complex ĈF (Y ) for each closed oriented 3-
manifold Y , such that the homology ĤF (Y ) of the chain complex is a topo-
logical invariant of Y . In [9], Juhász adapted the construction of ĤF (Y ) to
sutured manifolds, hence defined the sutured Floer homology SFH(M, γ)
for a balanced sutured manifold (M, γ).

In [16], there is an action Aζ on the Heegaard Floer homology for any ζ ∈
H1(Y ;Z)/Tors, which satisfies thatA2

ζ = 0. This induces a Λ∗(H1(Y ;Z)/Tors)–
module structure on the Heegaard Floer homology. The goal of this paper
is to define an action Aζ on SFH(M, γ) for any ζ ∈ H1(M, ∂M ;Z)/Tors,
hence make SFH(M, γ) a Λ∗(H1(M, ∂M ;Z)/Tors)-module.

Juhász [10] proved that if there is a sutured manifold decomposition

(M, γ) S� (M ′, γ′)

with good properties, then SFH(M ′, γ′) is a direct summand of SFH(M, γ).
Hence there is an inclusion map ι : SFH(M ′, γ′)→ SFH(M, γ) and a pro-
jection map π : SFH(M, γ)→ SFH(M ′, γ′) such that

π ◦ ι = id.
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It is natural to expect that Juhász’s decomposition formula respects the
action of H1(M, ∂M ;Z)/Tors. Our main theorem confirms this expectation.

Theorem 1.1. Let (M, γ) be a balanced sutured manifold and let

(M, γ) S� (M ′, γ′)

be a well-groomed sutured manifold decomposition. Let

i∗ : H1(M, ∂M)→ H1(M, (∂M) ∪ S) ∼= H1(M ′, ∂M ′)

be the map induced by the inclusion map i : (M, ∂M)→ (M, (∂M) ∪ S). If
ζ ∈ H1(M, ∂M), then i∗(ζ) ∈ H1(M ′, ∂M ′). Then

ι ◦Ai∗(ζ) = Aζ ◦ ι, Ai∗(ζ) ◦ π = π ◦Aζ ,

where ι, π are the inclusion and projection maps defined before.

A corollary of Theorem 1.1 is the following one.

Corollary 1.2. Suppose K is a nullhomologous knot in a closed oriented
manifold Y such that Y −K is irreducible. Suppose F is a Thurston norm
minimizing Seifert surface for K. Let

KerA =
{

x ∈ ĤFK(Y, K, [F ],−g)
∣∣∣ Aζ(x) = 0 for all ζ ∈ H1(Y )/Tors

}
,

which is a subgroup of ĤFK(Y, K, [F ],−g). If F is not the fiber of any
fibration (if there is any) of Y −K, then the rank of KerA is at least 2.

Ghiggini [4] and Ni [13] have proved that if F is not the fiber of any fibra-
tion of Y −K, then the rank of ĤFK(Y, K, [F ],−g) is at least 2. Since KerA
is a subgroup of ĤFK(Y, K, [F ],−g), the above corollary can be viewed as
a refinement of the theorem of Ghiggini and Ni.

1.1. Knots in #n(S1 × S2) with simple knot Floer homology

Corollary 1.2 is most useful when ĤF (Y ) has a rich Λ∗(H1(Y )/Tors)-module
structure. As an illustration, we will study knots in #n(S1 × S2) that have
simple knot Floer homology.

Suppose K is a rationally null-homologous knot in Y , Ozsváth–Szabó
[15, 19] and Rasmussen [20] showed that K specifies a filtration on ĈF (Y ).



Homological actions on sutured Floer homology 1179

The associated homology of the filtered chain complex is the knot Floer
homology ĤFK(Y, K). From the construction of knot Floer homology, one
sees that

rank ĤFK(Y, K) ≥ rank ĤF (Y ),

for any rationally null-homologous knot K ⊂ Y . When the equality holds,
we say that the knot has simple knot Floer homology.

To an oriented null-homologous n-component link L ⊂ Y , Ozsváth and
Szabó [15] associated a null-homologous knot κ(L) ⊂ κ(Y ) = Y#n−1(S1 ×
S2), and defined the knot Floer homology of L to be the knot Floer homology
of κ(L). Hence

rank ĤFK(Y, L) ≥ rank ĤF (κ(Y )) = 2n−1rank ĤF (Y ).

When the equality holds, we say that the link has simple knot Floer
homology.

Clearly, the unknot in Y always has simple Floer homology. Sometimes
there are other knots with this property. For example, the core of a solid torus
in the genus–1 Heegaard splitting of a lens space has simple Floer homology.
Moreover, if two knots (Y1, K1) and (Y2, K2) have simple Floer homology
groups, then their connected sum (Y1#Y2, K1#K2) also has simple Floer
homology. In particular, (Y1#Y2, K1) has simple Floer homology.

It is an interesting problem to determine all null-homologous knots with
simple Floer homology. For example, Hedden [5] and Rasmussen [21] showed
that if a knot L ⊂ S3 admits an integral lens space surgery, then the core
of the surgery is a knot in the lens space with simple knot Floer homology
group. Hence the classification of knots with simple Floer homology groups
in lens spaces will lead to a resolution of Berge’s conjecture on lens space
surgery.

For certain 3-manifolds, the classification of knots with simple Floer
homology groups are already known. A deep theorem of Ozsváth–Szabó [14,
Theorem 1.2] implies that the only knot in S3 with simple Floer homology
group is the unknot. The author [12] generalized Ozsváth–Szabó’s theorem.
As a corollary, if Y is an integer homology sphere which is an L–space, then
the unknot is the only knot in Y with simple Floer homology group.

We will determine all knots in Yn = #n(S1 × S2) with simple knot Floer
homology. Besides the unknot, there is a class of knots called Borromean
knots which have simple Floer homology groups: consider the Borromean
rings. Perform 0-surgery on two components of the Borromean rings, then
the third component becomes a knot in Y2, called the Borromean knot B1.
The Borromean knot Bk ⊂ Y2k is obtained by taking the connected sum



1180 Yi Ni

Figure 1: The Borromean knot B2

of k B1’s, and B0 is understood to be the unknot in S3. See Figure 1.
Borromean knots are characterized by the fact that Bk is the binding of
an open book decomposition of Y2k, such that the page is a genus k surface
with one boundary component, and the monodromy is the identity map. It is
known that ĤFK(Y2k, Bk) has rank 22k [15]. Ozsváth [1, Problem 1.5] asked
whether Borromean knots are determined by their knot Floer homology. The
following theorem answered this question affirmatively.

Theorem 1.3. Suppose K ⊂ Yn = #n(S1 × S2) is a null-homologous knot
with simple knot Floer homology. Namely,

rank ĤFK(Yn, K) = 2n.

Then there exists a non-negative integer k ≤ n
2 such that (Yn, K) is obtained

from the Borromean knot (Y2k, Bk) by taking connected sum with Yn−2k in
the complement of Bk.

A difference between Theorem 1.3 and the previously known classifica-
tion results of simple knots is, the simple knots in Yn include some nontrivial
knots. Such situation also appears when one tries to classify simple knots in
lens spaces.

For links in S3, it is easy to determine which ones have simple Floer
homology. Our result is as follows.

Proposition 1.4. Suppose L is an n-component link in S3. If the rank of
its knot Floer homology ĤFK(L) is 2n−1, then L is the n-component unlink.

Remark 1.5. It is proved by Ni [12] that knot Floer homology detects
unlinks. However, the main result there does not imply that the rank of knot
Floer homology detects unlinks. Proposition 1.4 remedies this omission.
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This paper is organized as follows. In Section 2, we will define the action
on sutured Floer homology and prove Theorem 1.1. In Section 3, we will
study the effect of the action on the contact invariant EH(M, γ, ξ). Then
we will prove Corollary 1.2. In Section 4 we will use Heegaard Floer homology
and combinatorial group theory to determine all knots in Yn that have simple
Floer homology. In Section 5, we will show the unlinks are the only links in
S3 that have simple Floer homology.

2. Sutured Floer homology and the homological action

In this section, we will define the homological action on the sutured Floer
homology and study its behavior under sutured manifold decompositions.
We will assume the readers have some familiarity with sutured manifold
theory and sutured Floer homology.

2.1. The definition of the action

Definition 2.1. A sutured manifold (M, γ) is a compact oriented 3-manifold
M together with a set γ ⊂ ∂M of pairwise disjoint annuli. The core of each
component of γ is a suture, and the set of sutures is denoted by s(γ).

Every component of R(γ) = ∂M − int(γ) is oriented. Define R+(γ) (or
R−(γ)) to be the union of those components of R(γ) whose normal vectors
point out of (or into) M . The orientations on R(γ) must be coherent with
respect to s(γ).

A balanced sutured manifold is a sutured manifold (M, γ) without closed
components, such that χ(R+(γ)) = χ(R−(γ)), and γ intersects each compo-
nent of ∂M .

Let (M, γ) be a sutured manifold, and S a properly embedded surface in
M. According to Gabai [2], there is a natural way to put a sutured manifold
structure onM ′ = M\ν(S). This process is a sutured manifold decomposition

(M, γ) S� (M ′, γ′).

Definition 2.2. A sutured manifold decomposition is well-groomed, if for
every component V of R(γ), V ∩ S is a union of parallel oriented non-
separating simple closed curves or arcs.
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Definition 2.3. A sutured manifold hierarchy is a sequence of decomposi-
tions

(M0, γ0)
S0� (M1, γ1)

S1� (M2, γ2)
S2� · · · Sn−1� (Mn, γn),

such that (Mn, γn) is a disjoint union of (D2 × I, (∂D2)× I)’s.

A fundamental theorem of Gabai [2] says that for any taut sutured man-
ifold, there exists a well-groomed sutured manifold hierarchy.

Suppose (Σ, α, β) is an admissible sutured Heegaard diagram for a bal-
anced sutured manifold (M, γ). Let ω be a relative 1–cycle on Σ, such that it
is in general position with the α- and β-curves. Namely, ω =

∑
kici, where

ki ∈ Z, each ci is a properly immersed oriented curve on Σ, such that ci is
transverse to α- and β-curves, and ci does not contain any intersection point
of α- and β-curves.

We can also regard ω as a relative 1-cycle representing a class inH1(M, ∂M).
On the other hand, any homology class in H1(M, ∂M) can be represented
by a relative 1-cycle on Σ, since the maps

H1(Σ, ∂Σ)→ H1(M, γ), H1(M, γ)→ H1(M, ∂M)

are both surjective.
Let x,y ∈ Tα ∩ Tβ. If φ is a topological Whitney disc connecting x to

y, let ∂αφ = (∂φ) ∩ Tα. We can also regard ∂αφ as a multi-arc that lies on
Σ and connects x to y. Similarly, we define ∂βφ as a multi-arc connecting y
to x. We define

a(ω, φ) = #M̂(φ)
(
ω · (∂αφ)

)
,

where ω · (∂αφ) is the algebraic intersection number of ω and ∂αφ. Let

Aω : SFC(M, γ)→ SFC(M, γ)

be defined as

Aω(x) =
∑

y∈Tα∩Tβ

∑
{φ∈π2(x,y)|μ(φ)=1}

a(ω, φ)y.

As in [16, Lemma 4.18], Aω is a chain map. The following lemma shows that
it induces a well defined action of H1(M, ∂M ;Z)/Tors on SFH(M, γ).

Lemma 2.4. Suppose ω1, ω2 ⊂ Σ are two relative 1-cycles which are homol-
ogous in H1(M, ∂M ;Z)/Tors, then Aω1 is chain homotopic to Aω2.
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Proof. Since ω1 and ω2 are homologous in H1(M, ∂M ;Z)/Tors, there exists
a nonzero integer m such that m[ω1] = m[ω2] ∈ H1(M, ∂M ;Z).
Claim. There exists a relative 2-chain B in (Σ, ∂Σ), such that (∂B)\(∂Σ)
consists of mω2, m(−ω1), copies of α-curves and β-curves, and proper curves
ξ, η ⊂ Σ such that ξ is disjoint from α-curves and η is disjoint from β-curves.

Consider the triple (M, ∂M, γ), we get an exact sequence

H1(∂M, γ)→ H1(M, γ)→ H1(M, ∂M)→ 0.

As a consequence, if m[ω1] = m[ω2] ∈ H1(M, ∂M), then there exists an ele-
ment c ∈ H1(∂M, γ) ∼= H1(R(γ), ∂R(γ)), such that c+m[ω2]−m[ω1] is
homologous to zero in H1(M, γ). Let ξ′ ⊂ R−(γ), η′ ⊂ R+(γ) be proper
curves such that ξ′ + η′ represents c ∈ H1(R(γ), ∂R(γ)). Using the gradi-
ent flow of a Morse function associated with the sutured diagram, we can
project ξ′, η′ to proper curves ξ, η ⊂ Σ such that ξ is disjoint from α-curves
and η is disjoint from β-curves. Then ξ + η +m[ω2]−m[ω1] is homologous
to zero in H1(M, γ). Using the fact that

H1(M, γ) ∼= H1(Σ, ∂Σ)/([α1] . . . , [αg], [β1], . . . , [βg]),

we conclude that there is a relative 2-chainB in (Σ, ∂Σ), such that (∂B)\(∂Σ)
consists of mω2, m(−ω1), ξ, η, and copies of α-curves and β-curves. This fin-
ishes the proof of the claim.

Perturbing B slightly, we get a 2-chain B′ such that

(∂B′)\(∂Σ) = mω2 −mω1 +
∑

(aiα
′
i + biβ

′
i) + ξ + η,

where α′i, β
′
i are parallel copies of αi, βi.

Let φ be a topological Whitney disc (or more generally, a higher genus
surface) connecting x to y. Since α′i, ξ are disjoint from all α-curves, we have
α′i · ∂αφ = ξ · ∂αφ = 0. Similarly,

β′i · ∂αφ = −β′i · ∂βφ = 0, η · ∂αφ = 0.

We have

(1) nx(B′)− ny(B′) = −((∂B′)\(∂Σ)) · ∂αφ = m(ω1 − ω2) · ∂αφ ∈ mZ.

Pick an intersection point x0, and let s by the relative Spinc structure
represented by x0. After adding copies of Σ to B′, we can assume that
nx0(B′) is divisible by m. Since any two intersection points representing s
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are connected by a topological Whitney disc or higher genus surface, (1)
implies that nx(B′) is divisible by m for any x representing s.

Now we define a map H : SFC(M, γ, s)→ SFC(M, γ, s) by letting

H(x) =
nx(B′)

m
x.

It follows from (1) that

Aω1 −Aω2 = ∂ ◦H −H ◦ ∂.

Namely, Aω1 , Aω2 are chain homotopic. �

Now the same argument as in [16, Lemma 4.17] shows that Aζ is a
differential for any ζ ∈ H1(M, ∂M)/Tors, hence A gives rise to an action of
Λ∗(H1(M, ∂M)/Tors) on SFH(M, γ).

2.2. Sutured manifold decomposition

We recall a few basic notations about sutured manifolds from [2, 3, 9, 10].
Suppose

(M, γ) S� (M ′, γ′)

is a well-groomed sutured manifold decomposition. In [10], Juhász con-
structed a surface diagram

(Σ, α, β, P )

adapted to S, where P ⊂ Σ is a compact surface with corners such that
P ∩ (∂Σ) consists of exactly the vertices of P . Moreover,

∂P = A ∪B,

where A, B are unions of edges of P with A ∩B = P ∩ (∂Σ), A ∩ β = ∅, B ∩
α = ∅. (Σ, α, β) is a balanced diagram for (M, γ). An admissible balanced
diagram

(Σ′, α′, β′)

for (M ′, γ′) can be constructed as follows:

Σ′ = (Σ\P ) ∪ PA ∪ PB,
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where PA, PB are two copies of P , and Σ\P is glued to PA along A while
glued to PB along B. There is a natural projection map p : Σ′ → Σ, and

α′ = p−1(α) \ PB, β′ = p−1(β) \ PA.

The decomposing surface S can be seen from the surface diagram as
follows:M can be obtained from Σ× [0, 1] by adding 2-handles along αi × 0’s
and βj × 1’s. Then S ⊂M is isotopic to the surface

(2)
(

P × 1
2

)
∪
(

A×
[
1
2
, 1

])
∪
(

B ×
[
0,
1
2

])
.

Let OP be the set of intersection points in Tα ∩ Tβ that are supported
outside of P . Then OP consists of the points whose associated relative Spinc

structures are “extremal” with respect to S. And OP is in one-to-one corre-
spondence with Tα′ ∩ Tβ′ .

Using techniques introduced by Sarkar and Wang [22], Juhász proved
that the surface diagram can be made “nice”. In particular, if φ is a holo-
morphic disc connecting two points in OP with μ(φ) = 1, then the domain
of φ is either an embedded bigon or square. Moreover, the following fact was
contained in the proof of [10, Proposition 7.6].

Lemma 2.5. Suppose D is the domain of a holomorphic disc connecting
two points in OP with μ(φ) = 1, and C is a component of D ∩ P . Then C is
either a bigon or a square. If C is a bigon, then C has either an α-edge and
an A-edge, or a β-edge and a B-edge. If C is a square, then C has either
two opposite α-edges and two opposite A-edges, or two opposite β-edges and
two opposite B-edges. �

Lemma 2.6. Suppose ζ ∈ H1(M, ∂M), then ζ can be represented by a
relative 1–cycle ω ⊂ Σ, such that ω intersects ∂P in the interior of A.
As a result, ω can be lifted to a relative 1–cycle ω′ ⊂ ((Σ\P ) ∪A PA) ⊂
Σ′, such that p maps ω′ homeomorphically to ω, and ω′ represents i∗(ζ) ∈
H1(M ′, ∂M ′).

Proof. Let ω0 ⊂ Σ be a relative 1–cycle representing ζ, such that ω0 inter-
sects ∂P transversely in the interior of the edges. Suppose ω0 has an intersec-
tion point with B. After homotoping ω0, we may assume this intersection
point is near a corner of P . As in Figure 2, we can replace ω0 by a new
relative 1–cycle ω1, such that [ω1] = [ω0] ∈ H1(Σ, ∂Σ), and #(ω1 ∩B) =
#(ω0 ∩B)− 1. Continuing this process, we get a relative 1-cycle ω rep-
resenting ζ, which does not intersect B.
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Figure 2: Changing ω0 near a corner of P

Cutting Σ open along B, we get a surface homeomorphic to (Σ\P ) ∪A

PA. Since ω does not intersect B, it lies in the new surface. Hence there
is a corresponding relative 1-cycle ω′ ⊂ (Σ\P ) ∪A PA, such that p maps ω′

homeomorphically to ω.
S is isotopic to a surface (2). Since ω is disjoint from B, ω × (1

2 − ε) is
disjoint from S. Cutting M open along S, ω × (1

2 − ε) becomes the relative
1-cycle ω′ × (1

2 − ε). Hence ω′ represents i∗(ζ) in H1(M ′, ∂M ′). �

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. The projection map p : Σ′ → Σ induces a bijection

p∗ : Tα′ ∩ Tβ′ → OP ,

which then induces the inclusion map

SFC(M ′, γ′)→ SFC(M, γ).

As argued in [10], p induces a one-to-one correspondence between the holo-
morphic discs for SFC(M ′, γ′) and the holomorphic discs for the chain com-
plex generated by OP . Let ω be the curve obtained in Lemma 2.6. Suppose
φ is a holomorphic disc connecting two points in OP , φ′ is the correspond-
ing holomorphic disc connecting two points in Tα′ ∩ Tβ′ . The intersection
points of ∂αφ and ω outside of P are in one-to-one correspondence with the
intersection points of ∂αφ′ and ω′ outside of PA ∪ PB.

Let C be a component of D ∩ P , where D is the domain of φ. Let C ′ be
the corresponding component of D′ ∩ (PA ∪ PB). By Lemma 2.5, C ∩ (∂P ) is
contained in either A or B. If (C ∩ (∂P )) ⊂ A, then C ′ ⊂ PA, and (∂αC) ∩ ω
is in one-to-one correspondence with (∂αC ′) ∩ ω′. If (C ∩ (∂P )) ⊂ B, then
C ′ ⊂ PB, so (∂αC ′) ∩ ω′ = ∅. By Lemma 2.5, in this case C has no α-edge,
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so (∂αC) ∩ ω = ∅. This shows that

ω · (∂αφ) = ω′ · (∂αφ′).

Now our desired result follows from the definition of the homological action.
�

2.3. The homological action on Knot Floer homology

The material in this subsection is not used in this paper. However, it is
helpful to have in mind the symmetry stated in Proposition 2.7.

Suppose K is a null-homologous knot in a closed 3-manifold Y . As in
[15], let

(Σ, α, β, w, z)

be a doubly pointed Heegaard diagram for (Y, K) which is induced from a
marked Heegaard diagram

(Σ, α, β0, μ, m).

Fix a Spinc structure s on Y and let t ∈ Spinc(Y, K) ∼= Spinc(Y0(K)) be a
relative Spinc structure which extends it. Let CFK∞(Y, K, t) be an abelian
group freely generated by triples [x, i, j] with

x ∈ Tα ∩ Tβ , sw(x) = s

and
sm(x) + (i− j)PD[μ] = t,

where sm : Tα ∩ Tα → Spinc(Y, K) is the map defined in [15]. The chain
complex is endowed with the differential

∂∞[x, i, j] =
∑

y∈Tα∩Tβ

∑
{φ∈π2(x,y)|μ(φ)=1}

#(M̂(φ))[y, i− nw(φ), j − nz(φ)].

The homology of (CFK∞(Y, K, t), ∂∞) is denoted HFK∞(Y, K, t).
Suppose ω is a 1-cycle on Σ. Let

Aω[x, i, j] =
∑

y∈Tα∩Tβ

∑
{φ∈π2(x,y)|μ(φ)=1}

a(ω, φ)[y, i− nw(φ), j − nz(φ)].

As in [16] and the arguments before,Aω induces an action of Λ∗H1(Y ;Z)/Tors
on HFK∞(Y, K, t).
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There is a U -action on CFK∞(Y, K, t) given by

U [x, i, j] = [x, i− 1, j − 1].

Let CFK−,∗(Y, K, t) be the subcomplex of CFK∞(Y, K, t) generated by
[x, i, j] with i < 0, and let CFK+,∗(Y, K, t) be its quotient complex. More-
over, let

CFK0,∗(Y, K, t) ⊂ CFK+,∗(Y, K, t)

be the kernel of the induced U -action. There is a filtration on CFK0,∗(Y, K, t)
given by the grading j, and the associated graded complex is denoted
ĈFK(Y, K, t). There are induced actions of Aω on the above complexes, and
the actions induce differentials A[ω] on the corresponding homology groups.

When s is a torsion Spinc structure over Y , as in Ozsváth and Szabó
[15] there is an absolute Q-grading on CFK∞(Y, K, t) and the induced com-
plexes. Let ĤFKd(Y, K, t) be the summand of ĤFK(Y, K, t) at the absolute
grading d.

Proposition 2.7. Let s be a torsion Spinc structure over Y , and let t ∈
Spinc(Y, K) ∼= Spinc(Y0(K)) be a relative Spinc structure which extends s.
Let ζ be a homology class in H1(Y ;Z)/Tors. Then there is an isomorphism

f : ĤFKd(Y, K, t)
∼=−→ ĤFKd−2m(Y, K, Jt),

such that the following diagram is commutative:

ĤFKd(Y, K, t)
f−−−−→ ĤFKd−2m(Y, K, Jt)⏐⏐�Aζ

⏐⏐�A−ζ

ĤFKd−1(Y, K, t)
f−−−−→ ĤFKd−2m−1(Y, K, Jt),

where 2m = 〈c1(t), [F̂ ]〉 for any F̂ ⊂ Y0(K) which is obtained by capping off
the boundary of a Seifert surface F for K with a disc.

Proof. The existence of the isomorphism f is already proved in Ozsváth and
Szabó [15]. We will follow their argument to prove the commutative diagram.
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Let

Γ1 = (Σ, α, β, w, z)

be a doubly pointed Heegaard diagram for (Y, K). Then

Γ2 = (−Σ, β, α, z, w)

is also a Heegaard diagram for (Y, K). If x ∈ Tα ∩ Tβ represents s in Γ1,
then x represents Js in Γ2. If φ is a holomorphic disc in Γ1 connecting x
to y, then φ gives rise to a holomorphic disc φ in Γ2 connecting x to y.
Topologically, φ is just −φ. Let ω ⊂ Σ be a curve representing ζ, then

(3) ω · ∂αφ|Σ = −ω · ∂βφ|Σ = −ω · ∂βφ|−Σ,

where the notation |Σ or |−Σ implies that the intersection number is evalu-
ated in Σ or −Σ.

Since s is torsion, there is a unique t0 ∈ Spinc(Y, K) ∼= Spinc(Y0(K))
extending s which satisfies

〈c1(t0), [F̂ ]〉 = 0

for any Seifert surface F for K. Using the observations in the first paragraph,
it follows that if we interchange the roles of i and j, then the chain complex
CFK∞(Y, K, t0) can be viewed as the chain complex CFK∞(Y, K, Jt0). It
follows that there is a grading preserving isomorphism

CFK−m,0(Y, K, t0) ∼= CFK0,−m(Y, K, Jt0) ∼= ĈFK(Y, K, Jt).

Moreover, the map Um induces an isomorphism

Um : ĈFK(Y, K, t) = CFK0,m(Y, K, t0)→ CFK−m,0(Y, K, t0),

which decreases the absolute grading by 2m. Hence

ĈFKd(Y, K, t) ∼= ĈFKd−2m(Y, K, Jt).

Using (3), we find that the action of Aω on ĈFKd(Y, K, t) corresponds
to the action of A−ω on ĈFKd−2m(Y, K, Jt). �
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3. The contact invariant EH(M, γ, ξ)

Suppose (M, γ) is a sutured manifold. A contact structure on (M, γ) is a
contact structure ξ on M , such that ∂M is convex and the suture s(γ) is
the dividing set. Suppose

(M, γ) S� (M ′, γ′)

is a taut decomposition, and ξ is a contact structure on (M, γ) such that S is
convex and the dividing set γS on S is ∂-parallel, namely, each component
of γS cuts off a disc containing no other component of γS . Let ξ′ be the
restriction of ξ on (M ′, γ′). Then ξ′ is tight if and only if ξ is tight [7].

Definition 3.1. Suppose (M, γ) is a taut sutured manifold. A tight contact
structure ξ on (M, γ) is of hierarchy type, if there exists a well-groomed
sutured manifold hierarchy (see Definitions 2.2 and 2.3)

(4) (M, γ) = (M0, γ0)
S0� (M1, γ1)

S1� (M2, γ2)
S2� · · · Sn−1� (Mn, γn),

such that the dividing set on each Si is ∂-parallel. In fact, since Mn consists
of balls, ξ is obtained by gluing the unique tight contact structure on Mn

along the decomposing surfaces.

For a contact structure ξ on (M, γ), Honda et al. [8] defined an invariant
EH(M, γ, ξ) ∈ SFH(−M,−γ)/(±1). They also studied the behavior of this
invariant under sutured manifold decomposition.

Theorem 3.2 (Honda–Kazez–Matić). Let (M, γ, ξ) be the contact struc-
ture obtained from (M ′, γ′, ξ′) by gluing along a ∂-parallel (S, γS). Under the
inclusion

SFH(−M ′,−γ′) ⊂ SFH(−M,−γ)

as a direct summand, EH(M ′, γ′, ξ′) is mapped to EH(M, γ, ξ).

Now Theorem 1.1 immediately implies the following result.

Corollary 3.3. Suppose (M, γ) is a taut sutured manifold and ξ is a contact
structure of hierarchy type on M . Then for any ζ ∈ H1(M, ∂M ;Z)/Tors,
EH(M, γ, ξ) lies in the kernel of Aζ while EH(M, γ, ξ) is not contained in
the image of Aζ .
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Proof. Consider a hierarchy (4) associated with the contact structure ξ. By
Theorem 3.2, there are maps

ι : SFH(−Mn,−γn) ∼= Z → SFH(−M,−γ),

which sends a generator of SFH(−Mn,−γn) to EH(M, γ, ξ), and

π : SFH(−M,−γ)→ SFH(−Mn,−γn) ∼= Z,

which sends EH(M, γ, ξ) to a generator of SFH(−Mn,−γn).
Given ζ ∈ H1(M, ∂M), let i∗(ζ) be its image in H1(Mn, ∂Mn). Since

Mn consists of balls, i∗(ζ) = 0, hence Ai∗(ζ) = 0. (This result also follows
from the fact that Ai∗(ζ) is a differential or the fact that Ai∗(ζ) decreases the
Z/2Z homological grading by 1.) Using Theorem 1.1, we get a commutative
diagram:

SFH(−Mn,−γn)
ι−−−−→ SFH(−M,−γ)

0

⏐⏐� Aζ

⏐⏐�
SFH(−Mn,−γn)

ι−−−−→ SFH(−M,−γ),
hence Aζ(EH(M, γ, ξ)) = 0.

Similarly, considering the commutative diagram

SFH(−M,−γ) π−−−−→ SFH(−Mn,−γn)

Aζ

⏐⏐� 0

⏐⏐�
SFH(−M,−γ) π−−−−→ SFH(−Mn,−γn),

we conclude that EH(M, γ, ξ) does not lie in the image of Aζ . �

Remark 3.4. Since A2
ζ = 0, Aζ can be viewed as a differential on the Floer

homology group, thus one can talk about its homology. Corollary 3.3 says
that the contact invariant represents a nontrivial class in the homology of
Aζ . A version of Corollary 3.3 for weakly fillable contact structures on closed
manifolds was proved in [6], following the strategy of Ozsváth and Szabó [14].

Proof sketch of Corollary 1.2. Decomposing Y −K along F , we get a taut
sutured manifold (M, γ). If F is not a fiber of any fibration, then (M, γ)
is not a product sutured manifold. The argument in [4, 13] shows that we
can construct two different sutured manifold hierarchies, and corresponding
two tight contact structures ξ1, ξ2 obtained from gluing the tight contact
structure on the balls via the two hierarchies, such that EH(M, γ, ξ1) and
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EH(M, γ, ξ2) are linearly independent. See also [10] for the version of argu-
ment adapted to sutured Floer homology.

It is showed in [10] that the inclusion map

SFH(M, γ)→ HFK(Y, K)

induced by the decomposition

Y −K
F� (M, γ)

maps SFH(M, γ) isomorphically onto HFK(Y, K, [F ],−g). Using Theo-
rem 1.1 and Corollary 3.3, we conclude that KerA has rank at least 2. �

The reader may find that the use of the contact class EH is not neces-
sary for the proof of Corollary 1.2. We choose this presentation so that the
nontrivial elements in KerA have their geometric meaning.

4. Knots in #nS1 × S2

Let Yn = #nS1 × S2, Vn = H1(Yn;Z), V ′n = H1(Yn;Z). It is well known that
ĤF (Yn) as a Λ∗Vn-module is isomorphic to Λ∗V ′n. Namely, ĤF (Yn) ∼= Λ∗V ′n
as a group, and Aζ is given by the contraction homomorphism

ιζ : ΛiV ′n → Λi−1V ′n.

Lemma 4.1. In the module Λ∗V ′n, we have

⋂
ζ∈Vn

ker ιζ = Z1,

the subgroup generated by the unit element 1.

Proof. Clearly 1 is in the kernel of all ιζ . Suppose x ∈ Λ∗V ′n, and the highest
degree summand of x has degree i > 0. Let {ζ1, . . . , ζn} be a set of generators
of Vn, and let {ζ ′1, . . . , ζ ′n} be a basis of V ′n such that ζ ′i(ζj) = δij . Without
loss of generality, we can assume x contains a term kζ ′1 ∧ ζ ′2 ∧ · · · ∧ ζ ′i, where
k ∈ Z\{0}, then

ιζ1(x) = k ζ ′2 ∧ · · · ∧ ζ ′i + · · ·
is nonzero. This finishes our proof. �
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Proposition 4.2. Suppose K ⊂ Yn is a null-homologous knot with simple
Floer homology, and Yn −K is irreducible, then the genus of K is g = n

2
and K is fibered.

Proof. Let F be a minimal genus Seifert surface of genus g. By definition

Aζ : ĈF (Yn)→ ĈF (Yn)

is a filtered map, so ĈFK(Yn, K, [F ],−g) is a subcomplex of ĈF (Yn). More-
over, since K has simple Floer homology group, the rank of ĤFK(Yn, K)
is the same as the rank of ĤF (Yn), so ĤFK(Yn, K, [F ],−g) is a submodule
of the Λ∗Vn–module ĤF (Yn). Similarly, ĤFK(Yn, K, [F ], g) is a quotient
module of ĤF (Yn).

Let KerA be the subgroup of ĤFK(Yn, K, [F ],−g) which is the inter-
section of kerAζ for all ζ ∈ Vn, then Lemma 4.1 shows that the rank of KerA
is at most 1. It follows from Corollary 1.2 that K is a fibered knot with fiber
F , and the bottommost summand ĤFK(Yn, K, [F ],−g) is generated by 1.

Any monomial ζ ′i1 ∧ · · · ∧ ζ ′ik
∈ ĤF (Yn) can be obtained by applying a

series of Aζ ’s to Δ = ζ ′1 ∧ · · · ∧ ζ ′n. Since Aζ is a filtered map, we see that
Δ has the highest filtration, hence ĤFK(Yn, K, [F ], g) is generated by the
image of Δ under the quotient map ĤF (Yn)→ ĤFK(Yn, K, [F ], g).

By [15, Proposition 3.10], the difference between the Maslov grading of
Δ and the Maslov grading of 1 is 2g. On the other hand, since

1 = Aζ1 ◦ · · · ◦Aζn
(Δ),

the difference between the Maslov grading of Δ and the Maslov grading of
1 is n. So n = 2g. �

Proof of Theorem 1.3. If Yn −K is reducible, then it has a S1 × S2 con-
nected summand. We can remove this summand and regard K as a knot in
Yn−1, which still has simple Floer homology group. Hence we may assume
that Yn −K is irreducible. By Proposition 4.2, n = 2g where g is the genus
of K, and K is fibered. Let F be the Seifert surface of K which is a fiber of
the fibration. Pick a base point on ∂F . Let ϕ : F → F be the monodromy
of the fibration such that ϕ|∂F is the identity. Let ϕ∗ : π1(F )→ π1(F ) be
the induced map on π1(F ). Let t represent a meridian of K, then

π1(Y2g −K) = 〈π1(F ), t | tϕ∗(a)t−1a−1 = 1, ∀a ∈ π1(F )〉.
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After filling Y2g −K along the meridian, t is killed, so we get

(5) π1(Y2g) = 〈π1(F ) | ϕ∗(a)a−1 = 1, ∀a ∈ π1(F )〉,

which is a quotient group of π1(F ). We know that π1(F ) is a free group
of rank 2g. On the other hand, Y2g is the connected sum of 2g copies of
S1 × S2, so its π1 is also a free group of rank 2g. Since free groups of finite
ranks are Hopfian [11], the relations in (5) are all trivial, hence ϕ∗ = id.

Now it is a standard fact that ϕ is isotopic to the identity map on F
through maps which fix ∂F pointwise. In fact, we define a map

Φ: (F × {0, 1}) ∪ (∂F × [0, 1])→ F

by letting

Φ(x, 0) = ϕ(x),Φ(x, 1) = x, ∀x ∈ F

and

Φ(x, t) = x, ∀x ∈ ∂F.

Since ϕ∗ = id and F is a K(π, 1), we can extend Φ to a map from F × I
to F . This means that ϕ is homotopic hence isotopic to the identity map
relative to ∂F .

Since the monodromy ϕ is isotopic to the identity, the complement of K
is homeomorphic to F × S1, which is homeomorphic to the complement of
Bg. Since there is only one Dehn filling on F × S1 that yields Y2g, (all other
Dehn fillings yield Seifert fibered spaces,) K = Bg. �

5. Links in S3

In this section, we will study links in S3 that have simple Floer homol-
ogy groups. Ozsváth and Szabó [17] defined a multi-graded Z/2Z-coefficient
homology theory for links, called link Floer homology, denoted ĤFL(·).
Although link Floer homology generally contains more information than the
knot Floer homology of a link, the rank of ĤFL(L) is equal to the rank of
ĤFK(L) [17, Theorem 1.1]. So Proposition 1.4 can also be stated in terms of
link Floer homology. In fact, we will mainly work with link Floer homology
in our proof.

Proof of Proposition 1.4. Without loss of generality, we will work with F =
Z/2Z coefficients. We will induct on the number of components of L.



Homological actions on sutured Floer homology 1195

When n = |L| = 1, the result is a consequence of Ozsváth and Szabó
[14]. Assume that our result is already proved for (n− 1)-component links
and let L be an n–component link such that

rank ĤFK(L) = rank ĤFL(L) = 2n−1.

If L has a trivial component which bounds a disc in the complement of
L, then we can remove this component and apply the induction hypothesis
to conclude that L is the unlink. From now on, we assume L has no trivial
component.

Let K1 be a component of L. Let M be the rank two graded vector space
with one generator in grading 0 and another in grading −1. By Ozsváth and
Szabó [17, Proposition 7.1], there is a differential D1 on ĤFL(L), such
that the homology of (ĤFL(L), D1) is ĤFL(L−K1)⊗M . Here the two
Floer homology groups have Alexander gradings in Spinc(L−K1), and the
isomorphism is up to some overall translation of the gradings. So the rank
of ĤFL(L−K1) is less than or equal to 2n−2.

Since L−K1 is an (n− 1)-component link, the rank of its link (knot)
Floer homology is greater than or equal to 2n−2, so the rank should be
exactly 2n−2. Hence the differential D1 = 0 and

ĤFL(L) ∼= ĤFL(L−K1)⊗M

up to an overall translation of the gradings, where the Alexander gradings
are in Spinc(L−K1). By the induction hypothesis, L−K1 is the (n− 1)-
component unlink, hence its ĤFL is supported in exactly one Alexander
grading. It follows that ĤFL(L) is supported in exactly one element in
Spinc(L−K1), thus ĤFL(L) is supported in one line in Spinc(L). Now
Ozsváth–Szabó [18, Theorem 1.1] implies that there exists a nonzero element
h ∈ H1(S3 − L;Z), such that

x(PD[h]) +
n∑

i=1

|〈h, μi〉| = 0,

where μi is the meridian of the ith component of L. Thus |〈h, μi〉| = 0 for
each i, which is impossible since h �= 0, a contradiction. �
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