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Cohomology of G L4(Z) with nontrivial coeflicients

I. Horozov

We compute the cohomology groups of GL4(Z) with coefficients
in symmetric powers of the standard representation twisted by the
determinant. This problem arises in Goncharov’s approach to the
study of motivic multiple zeta values of depth 4. We use a result
of Harder on Eisenstein cohomology and a computationally effec-
tive version for the homological Euler characteristic of arithmetic
groups.
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1. Introduction
1.1. Main result and applications

The main goal of this paper is to present a computation of cohomology
groups

HY(GL4(Z), S" "V, ® det),

where S"~4V is the (n — 4)th symmetric power of the standard representa-
tion Vy and det is the determinant representation.

The above cohomology groups describe certain spaces of motivic multiple
zeta values. This relation was revealed by Goncharov who suggested me the
problem of computing the cohomology groups of GL4(Z).

Recall the definition of multiple zeta values

1
Chty e nkm) = >

0<ny <--<ny, ny ..M

where k1 + - - - + k;, is called weight and m is called depth.

Goncharov has described the cases of depth = 2 [Gon98] and of depth =
3 [Gon01]. He relates the space of motivic multiple zeta values of depth = 2
and weight = n to the cohomology groups of GLo(Z) with coefficients in the
(n — 2)-symmetric power of the standard representation V2. Namely, to

HY(GLy(Z), 5" %Vy).

He calls this a misterious relation between the multiple zeta values of depth =
m and the “modular variety”

GLp(Z)\GLy(R)/SOm(R) x RZ,,.
In the papers [Gon97], [Gon01], he relates the spaces of motivic multiple

zeta values of depth = 3 and weight = n to the cohomology of GL3(Z) with
coefficients in the (n — 3)-symmetric power of the standard representation
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V3, namely,
H'(GL3(Z), 5" *V3).

Goncharov has also related the case of multiple zeta values of depth =
4 and weight = n to the computation of the cohomology of GL4(Z) with
coefficients in the (n — 4)-symmetric power of the standard representation
Vi twisted by the determinant (private communications). That is, in order
to compute the spaces of motivic multiple zeta values of depth =4 and
weight = n one has to know

HY(GL4(Z),S" %V, ® det).
The main result of this paper is the following.

Theorem 1.1. The dimensions of the cohomology groups of GL4(Z) with
coefficients the symmetric powers of the standard representation twisted by
the determinant are given by

3 1 n—2 .
HY(GL4(Z),S" 1V, ® det) = {‘(Q)@ ® Heusp(GL2(Z), 8" V2 @ det) :11: z ; 2

More explicitly,

n+1 for k=0,4,6,8,10,
dim(H3(GL4(Z), S™" 17 V, @ det)) = < n for k =2,
0 for k odd.

1.2. Computational methods and notation

All representations that we consider are finite-dimensional representations
defined over Q of subgroups of GL,,(Q). We assume that the reader is
familiar with group cohomology. A good introduction on this subject and
on various Euler characteristics of a group see [Bro82].

We are going to describe briefly various types of cohomologies of arith-
metic groups. Namely, boundary cohomology, cohomolgy at the infinity,
Eisenstein cohomology, interior cohomology and cuspidal cohomology. All
of them are based on a compactification of certain space, called Borel-Serre
compactification. The reader who is not familiar with these constructions
should not be discouraged. We have tried to present a piece of “Calculus”
for cohomology of arithmetic groups. That is, we give the definitions intu-
itively rather than strictly, and describe the computational tools which we
are going to use. The constructions and the proofs of the basic tools could
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be found in the cited literature. What we do in the main part of this paper
is to present the desired computation based on these tools.

We start with the Borel-Serre compactification [BS73]. Let I" be a sub-
group of GL,,(Q) which is commensurable to GL,(Z). That is, the inter-
section I' N G L, (Z) is of finite index both in I' and in GL,,(Z). Let

X = GLm(R)/SOm(R) x R%,.

Then X is a contractable topological space on which I' acts on the left. And
let

Yr =T\X.
Then the Borel-Serre compactification of Yy, denoted by Y, is a compact

space, containing Yr. Moreover, it is of the same homotopy type as Yr. If V
is a representation of I' and V™ is the corresponding sheaf then

Htiop(?rv VN) = Héroup(r’ V)

The space YT can be split into strata, where each stratum corresponds
to a parabolic subgroup P of GL,, g and the maximal stratum is Yp. Also
the closure of a strata corresponding to a parabolic subgroup P consists of
all strata corresponding to parabolic subgroups @) so that () C P. Let Yr p
be the stratum corresponding to a parabolic subgroup P. Let

Then the topological cohomology of Y p coincides with the group cohomol-
ogy of P(Z). More precisely,

Hgop(?Paj}gVN) = Héroup(P(Z)7 V),

where V' is a representation over the rational numbers and V™ the corre-
sponding sheaf on Y and j5pV™ is its restriction on Yr p.
The boundary of the Borel-Serre compactification is

8?1" = ?F -Yr= Up?np.
The inclusion
j : 8?F C ?p
induces
3% Hiyy (Y, V™) — H{,(0Y 1, j* V7).
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We call the range of the last map j# cohomology of the boundary. We use
the notation

Hé(ra V) = Hgop(

oYr,j V™).
We warn the reader that it is not a standard notation.
The image of the map j# is called cohomology at the infinity of I'. We
use the notation
iinf(F7 V) = Im(]#)
And the kernel of the map j7# is called interior cohomology of I'. We use the
notation

H}/(,V) := Ker(j7).

For the representations that we will consider we have that the cohomol-
ogy at infinity coincides with the Eisenstein cohomology. This is used for
describing certain maps between cohomology groups. Also the interior coho-
mology coincides with e cuspidal cohomology. In the representations that
we will consider we are going to use that in order to how that the interior
cohomology vanishes.

In our problem we have

Héusp(GL4(Z)a Sn_4v;1 X det) = 0,

where V,,, is the standard m-dimensional representation of GL,,(Q). And
S™ is the n-th symmetric power. The last equality holds for n > 4 because
the representation

SV, @ det

is not self-dual. For n = 4 it is true because

ngsp(SL‘l(Z)’ @) =0.

Thus, we need to compute only the Eisenstein cohomology.

The highest weight representation will be denoted by L[ai,...,amn],
where the weight [ay, ..., ay] sends diag[H, ..., Hp] to a1(Hy) + -+ am
(H,,). Sometimes we shall denote the weight simply by A. At a later stage
there will be a number of cohomologies to consider. In order to make the
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answer more observable, sometimes we abbreviate. For example:
Hi(L[ay,...,aq) := H(GL4(Z), Llay, ..., aq)).

For further abbreviation we set

(a1, azlaz|as) == H'(L[a1, az]) © HO(L[az]) © H°(L[a4]),

(a1lag, azlas) := H°(L[a1]) ® H'(Llaz, a3]) © H(L[a4]),
(a1lazlas, as) == H°(L[a1]) ® H°(Llag]) ® H'(Las, a4]),

(a1, aslas,aq) := H'(L[a1, as)) ® H'(L[as, a4)),

(a1lazlas|as) := H(L]a1]) © HO(Laz]) ® H(L[a3]) © H°(L[a4]).

)=
)=

We also will use the abbreviation
(a1, azlas|as) := Hpyp(Lla1, az]) @ H(Llas]) ® HO(L[a]).

We consider the parabolic subgroups of GL4 that contain a fixed Borel
subgroup. We shall consider the standard representation of GL4 with the
choice of the Borel subgroup B being the upper triangular matrices. Then
the parabolic subgroups can be listed in the following way: P;; is the small-
est parabolic subgroup containing a non-zero aj;-entry. And P34 is the
smallest parabolic subgroup containing as; # 0 and a43 # 0. More precisely,
all parabolic subgroups contain B which is upper triangular. Also, Pjs has
a quotient GLg X GL1 X GL1, P3 has a quotient GL1 X GLy x GL1, Py
has a quotient GL1 X GL1 x GLo, P13 has a quotient GL3 X GL1, Py4 has
a quotient GL1 x GL3, and Pi2 34 has a quotient GLy x GLs.

We are going to use the Kostant’s theorem [Kos61] in order to obtain
information about the parabolic subgroups. To do that we need to examine
carefully the action of the Weyl group, W on the root system of gl,,. Also
we need the Weyl group, Wp associated with the algebra P. In order to use
the Kostant theorem, we need to examine the action of the Weyl group W
on the root system of gl,, up to permutation of the root system of P. That
is, we need to consider representatives of the quotient Wp\W.

Theorem 1.2. Let V be a representation of highest weight \. Let Np be
nilpotent radical, and let p be half of the sum of the positive roots. Then

Hi(NP, V) = @wLw()\+p)—p7

where the sum is taken over the representatives of the quotient Wp\W with
minimal length such that their length is exactly ©. In the above notation, Ly
means representation of Np with highest weight .
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Let [a, b, ¢, d] denote an element of the root lattice (inside h*) whose value
on the diagonal entry [Hll,HQQ,H337H44] in his aHy1 +bHay + cHssg +
dHy44. The Weyl group acts on the weight lattice by permuting the entries
of [a,b,c,d]. It is well know that the Weyl group is generated by reflections
perpendicular to the primitive roots. We can choose positivity so that the
primitive roots correspond to the permutation (12), (23) and (34), (having
sly in mind; (12) sends [a, b, ¢, d] to [b, a,c,d].) Then length of an element of
the Weyl group is precisely the (minimal) number of successive transposi-
tions, or equivalently, the (minimal) number of reflections w.r.t. the primitive
roots. In this setting, the right quotient Wp\W can be interpreted as shuf-
fles in the following way: take for example the parabolic subalgebra Psg. Its
Levi quotient Mp = Mp,, is gl1 x gla x gly. Thus, Wp is generated by (23).
Among the representatives, of the quotient Wp\W we can consider the ones
that preserve the order of the subset {23} inside {1234}. Thus, we can con-
sider all shuffles of {1|23|4}. Similarly, if we take the parabolic subalgebra
P13 34, we need to consider the shuffles of {12|34}. And for the subalgebras
Py3 we consider the shuffles of the set {123|4}, which means permutations
of {1234} such that the order {123} is preserved.

In order to apply Kostant’s theorem, we need to examine the length of
each element w in the Weyl group W, and also the resulting weight w(\ +
p) — p, where X\ = [a,b,c,d] is the weight of V and p is half of the sum of
the positive roots.

After we obtain the cohomology of the parabolic groups we have to
consider a spectral sequence involving these cohomologies in order to obtain
the cohomology of the boundary of the Borel-Serre compactification. Then

we use trace formulas in order to compute the boundary cohomology of
GL,(Z) for m = 2,3, 4.

2. Homological Euler characteristics of GL,,(Z)

We call homological Euler characteristic of a group I' the alternating sum
of the dimension of the cohomology of the group. We denote it by xn (T, V),
where V is a finite dimensional representation of I'. More precisely,

xn(L,V) = Z(—w‘ dim HY(T, V).

In this section, we compute the homological Euler characteristics of G L, (Z)
for m = 2, 3,4 with representations which later will occur in the Kostant’s
formula applied to GL4(Z) with coefficients in the representation (n — 4)-th
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symmetric power of the standard representation twisted by the determinant
which is L[n — 3,1,1,1].

The material in this section is in the spirit of the papers [Hora, Hor05].
Most of the formulas and notations are taken from there. Only the compu-
tation of x,(GL3(Z), Lin — 3,1,0]) is done here in details, the rest are taken
from the above two papers.

We start with GLo(Z).

Theorem 2.1. Let S™V5, be the nth symmetric power of the standard rep-
resentation of GLy. Then

—_— B —n k=2,4,6,8,
Xn(GLoA(Z), Vo) = |y j 1o
0 k = odd,
and
-n k e 0’
12n4k _ -1 k=248638,
X(GLa(Z), S V@ det) = o )

0 k = odd.

For GL,,(Z) m = 3 and 4, we need to consider the representations

L[n —3,1,0] = Ker(S" 313 ® V3 — S"2V3),
Lin—2,1,1] = 8" 313 ® det,
Lin —2,2,2] = S" 43,

Lin—3,1,1,1] = S" 4V, ® det.

Theorem 2.2. The homological Euler characteristics of GL3(Z) and GL4(7Z)
with coefficients in the above representation are given by

(a) Xh(GLg(Z), L[n -3,1, 0]) = Xh(GLQ(Z), Sn_4V2)
— Xn(GL2(Z), S" V),
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(b) xn(GL3(Z), Lin — 2,1,1)) = xn(GLy(Z), " Vs @ det),
(¢) xa(GL3(Z), Lin — 2,2,2]) = xn(GLa2(Z), S"*V3),
(d) xn(GL4(Z), LIn — 3,1,1,1]) = xn(GLa(Z), S" 2V, @ det).

The technique that we are going to use involves a substantial simplifi-
cation of the trace formula which works when I' = GL,,,(Z) or a group co-
mensurable to GL,,(Z). The simplification of the trace formula for GL,,(Z)
was developed in [Hor05, Horal.

Now we present the simplification of the trace formula in the case of
GLy,(Z). An arithmetic group I' has also an orbifold Euler characteristic.
We denote it by x(I"), without subscript. It is in fact an Euler characteristic
of a certain orbifold. There is a more algebraic description. If an arithmetic
group, I' has no torsion then the orbifold Euler characteristic coincides with
the homological Euler characteristic with coefficients in the trivial represen-
tation.

x(T) = xa(T, Q).

If " has torsion choose a torsion-free finite index subgroup I'y. Then

x(Lo)
[T :To]

x(I') =

Let C(A) denote the centralizer of the element A inside I'. Then the
classical trace formula is

Xn(T, V) =D X(C(A)Tr(A]V),
A

where the sum is taken over all torsion elements considered up to conju-
gation. And C(A) denotes the centralizer of the element A inside I'. We
remark that in this formula the identity element is also considered as a
torsion element.

For the simplification of the trace formula we need the following defini-
tion. Let A be an element in GL,,(Z). Consider it as an m x m matrix. Let
f be its characteristic polynomial. Let

f= g
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be the factorization of f into irreducible over QQ polynomials. Denote by

R(g,h) = [ (i — B;)

i’j
the resultant of the polynomials

g= H(a: —«;) and h = H(z - Gi).

(2

Denote by
R(A) = [ R, £7)

1<j

Theorem 2.3. Let V be a finite-dimensional representation of GLy,(Q).
Then the homological Euler characteristic of GLy,(Z) with coefficients in V
s given by

Xn(GLn(Z),V) = Y |R(A)IX(C(A) Tx(A]V),
A

where the sum is taken over torsion matrices A consisting of square blocks
Ai1, ..., Ay on the block-diagonal and zero blocks off the diagonal. Also the
matrices A;; are non-conjugate to each other. And they are chosen from the
set {+1, +1s,—1,—15,T5,Ty, T(j}, where

0 1 0 1 0 -1
e R S A
The blocks on the diagonal are chosen up to a permutation. And the char-

acteristic polynomial f; of A is a power of an irreducible polynomial, and
fi and f; are relatively prime.

The above theorem gives a computationally effective method for com-
puting the homological Euler characteristic of GLy,(Z) with coefficients in a
non-trivial representation. For details about this method see [Hor05, Hora).

3. Cohomology of GL2(Z)

This section is to show how the computational method works for GLy(Z).
All the results are known, but we need them for the later sections. We are
going to compute the cohomology of GLy(Z), Eisenstein cohomology, and
cuspidal cohomology.
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First we are going to compute the cohomology of the boundary using
Kostant’s theorem. Let L[a, b] be the irreducible representation with highest
weight [a, b]. The group G Ls has one parabolic subgroup, the Borel subgroup
B. It has a nilpotent radical N and a Levi quotient GL; x GL;. The Weyl
group has two elements. Also, the half of the “sum” of the positive roots is
p =1[1/2,—1/2] Consider the following table:

weW  length w(A+p)—p
12 0 [a, b]
21 1 b—1,a+1].

From Kostant’s theorem we obtain that

[a, b] n =0,

N L
H"(N, L[a,b]) = {L[b—l,a—i-l] n=1.

The integral points of the Levi quotient of B are GL1(Z) x GL1(Z). Using
the Hochschild—Serre spectral sequence we compute H"™ (B, La,b]). If both
a and b are even then

H°(B, L[a,b)) = H*(GL,(Z), L[a)) ® H°(GL,(Z), L)) = Q,

and the rest of the cohomology groups are trivial. If both a and b are odd
then

HY(B, Lla,b]) = H*(GL(Z), L[b — 1]) ® H*(GL1(Z), L[a + 1]) = Q.

If a+ b is odd then H"(B, L[a, b]) = 0 for all n.

There are several cases. If a + b is odd then —I acts non-trivially on
Lla,b]. So the cohomology of GLy(Z) vanishes. If a = b = 2k then L[a,b] is
the trivial representation of GLy(Z). So

HY(GLy(Z), L[2k, 2K]) = Hiyy (GLa(Z), L[2k, 2k]) = {? =0

and
Héusp(GLQ (Z)a L[2k7 Qk]) = 0.
If a =b=2k+1, then

HY(GLy(Z), L2k + 1,2k +1]) = 0.

So the Eisenstein and the cuspidal cohomology also vanish.
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The interesting cases are when a and b are both even or when a and b
are both odd. For those cases we do not give a complete proof, but rather
an interpretation of the cohomologies. In any of these cases, we have

H°(GLy(Z), La,b)) = 0.
Also, if @ and b are both odd, we have that the map
H'(GLy(Z), Lla,b]) — H'(B, L[a,b]) = Q

is surjective. Then
Hpi(GLa(Z), Lla, b]) = Q,

and

dim H}\,(GL2(Z), L{a,b]) = —1 + dim H' (GL2(Z), L{a, b)).
If the weights a and b are both even, then the Eisenstein cohomology coin-
cides with the whole group cohomology.

Here is one interpretation of the cohomology of GL2(7Z) in cases when
both a and b are both even or both odd. We are not going to use the following
interpretation, only the above formulas, but it is nice to keep in mind.

Let a and b be both odd. Then

Hl(SLQ(Z)ﬂ L[a’v b]) = Hclusp(GLQ(Z)a L[a+1,b+1]) @ Hclusp(GLQ(Z)) L[a,b])
EBH}Eis (GL? (Z)a L[a,b])'

The first direct summand corresponds to holomorphic cuspidal forms of
weight a — b — 2. The second summand correspond to anti-holomorphic cus-
pidal forms of weight a — b — 2. And the last summand corresponds to the
Eisenstein series of weight a — b — 2 (when bigger than 2).

Keeping in mind the above decompositions one can compute the dimen-
sions of the cohomlogy groups (or dimensions of cusp forms) using Theo-
rem 2.1. Note that in Theorem 2.1 the homological Euler characteristic is
equal to minus the dimension of the first cohomology group, since the higher
cohomology groups vanish as well as the zeroth.

4. Cohomology of GL3(Z)

In this section, we compute cohomologies of GL3(Z) with coefficients in cer-
tain representations which are needed for our main problem. They arise as
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representations of the Levi quotients of two of the maximal parabolic sub-
groups of G L4, namely, Pj3 and P»y4. They lead to computation of cohomol-
ogy of GL3(Z) with coefficients in any of the representations L[0,0,0] = Q,
Lw —3,1,0], Llw — 2,2,2] and L{w — 2,1, 1].

Theorem 4.1. The cohomology of GL3(Z) with coefficients in the above

representations are given by
: (0jojo) @=0,
(2 P

(m=3,-12) i=2,
(b) H{(GL3(Z), Lin — 3,1,0]) = { (=2|n = 2,2) i=3,

0 i # 2,3,
(© H(GLa@) L - 2,22 = {28

On=1,1) i=2,

(®1P«H@@%Lm—llﬁb={o i # 2.

Proof. Before proving the above theorem, we examine the cohomology of
G L3(Z) with coefficients in Ly,

The algebraic group GL3 has three parabolic subgroups: B, Pjo and
Ps3. In order to find their cohomologies, we need the explicit action of the
Weyl group; more precisely we need the various w(\ + p) — p that enter
in Kostant’s theorem. Note that half of the sum of the positive roots is
p=1[1,0,-1].

weW  lengthof w  w(A)  wA+p)—0p

123 0 [a,b,c] [a,b,]

132 1 [a,c,b] [a,c—1,b+1]
213 1 [b,a,c] [b—1,a+1,c]
231 2 [b,c,al [b—1,c—1,a+ 2]
312 2 [c,a,b] [c—2,a+1,b+1]
321 3 [c,b,a] [c—2,b,a+ 2]

Using the Kostant’s theorem we find the cohomology groups of the nilpo-
tent radicals of the parabolic groups.

Lla,b, ] qg=0,
Lla,c—1,b+1]® Lb—1,a+1,(] qg=1,
Lb—lice—la+2 ®Llc—2a+1,b+1 ¢=2,
Lic—2.b,a+2] q=3,

HY(H, Lla,b,c]) =
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Lla,b, ] q=0,
Hq(N127L[CL,b,C]): L[G,C—l,b+1] q:].,
Lb—1,c—1,a+2] qg=2,

Lla,b, ] qg =0,
H9(Nas, Lla,b,c]) = ¢ LIb—1,a+ 1, qg=1,
Llc—2,a+1,b+1] ¢g=2.

In order to pass to cohomologies of the parabolic groups, we use the
Hochschild—Serre spectral sequence relating the nil radical and the Levi
quotient of a parabolic subgroup to the parabolic subgroup itself; namely
the short exact sequence N — P — S. We recall the notation H"(L[a1, ...,
ar)) = H'(GLk(Z), Lla1,...,a;])) and (alblec) = H°(L[a]) @ HO(L[b]) ®
H°(L[c]).

(alblc) i=0,
Hi(B, Lia, b, c]) = (ale =1+ 1) ® (b — 1]a + 1|c) 12:1,
b—1lc=1la+2)®(c—2la+1]b+1) =2,
(c —2[bla +2) i=3,
HP(L[a,b]) ® HO(L[c]) q=0,
EY(Pya, Lla,b,c]) = { HP(L[a,c — 1]) ® H°(L[b + 1] q=1,
HP(Lpb—1,c—1))® H'(Lla+2] ¢=2,
H°(L[a]) ® HP(L[b,c]) q=0,
ED(Pas, Lla,b,c]) = { H'(L[b — 1] ® HP(L[a + 1, ¢]) q=1,
H(L[c—2])® HP(Lla+1,b+1]) q=2.

It is true that the above two spectral sequences stabilize at the Fs-level.
However, in any particular case the formulas will be much simpler, and one
can use them to compute the boundary cohomology.

Let B, P12 P»3 be the parabolic subgroups of GL3(Z).

Hi(GLy(Z),Q)

For part (a) we have

(0jojo)  i=0,
H'(B,Q) = < (=2[02) i=3,
0 n0,3,
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H°(P1y,Q) = HY(GLy(Z),Q) @ H*(GL1(Z),Q),
H(Py3,Q) = H(GL1(Z),Q) ® H*(GLy(Z), Q).

From Mayer—Vietoris we obtain that the boundary cohomology of
GLg(Z) is

, (0jojo) i=0,
Hy(GL3(Z),Q) = { (=2[0]2) i=4,
0 i #0,4.

We have that
xn(GL3(Z),Q) = 1.

Then the forth cohomology of the boundary component disappears in
the Eisenstein cohomology.

Also, the cuspidal cohomology of G L3(Z) with trivial coefficients is zero.
Therefore the Eisenstein cohomology coincides with the whole group coho-
mology.

H(B,L[n—3,1,0])

We proceed to part(b).

Similarly, we compute the cohomology of B, P13 and Pe3 with coefficients
in L[n — 3,1, 1] Using Mayer—Vietoris, for the cohomology of the boundary
of the Borel-Serre compactification, we obtain

(m=3,1]0) i=1,
0 i #1,2,3.

The representation L[n — 3,1,0] is not self-dual. So the cohomology
of GL3(Z) with coefficients in L[n — 3,1,0] coincides with the Eisenstein
cohomology, which is a subspace of the cohomology of the boundary. The
first cohomology of GLj3(Z) with coefficients in any representation van-
ishes. For the homological Euler characteristic of GL3(Z) with coefficients
in L[n — 3,1,0] (Theorem 2.2 part (a)) we have

Xn(GLy(Z), Lln = 3,1,0)) = 1 (GLa(2), 5"~ 'Va) = x(GLa(Z), 8" V).

We obtain that the dimension of the second cohomology is half of the dimen-
sion of the second cohomology of the boundary of the Borel-Serre compact-
ification. That is,

1
dim H%,,(GL3(Z), Ln — 3,1,0]) = Zdim HA(GL3(Z), Ljn — 3,1,0)).
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Also,
dim H3,,,(GL3(Z), Lin — 3,1,0]) = dim H3(GL3(Z), L[n — 3,1,0]).

The second cohomology of the boundary is a direct sum of two spaces with
the same dimesions. In order to find out which of the subspaces or which
linear combination of the spaces enters in the Eisenstein cohomology, we
have to consider the central characters of the two parabolic subgroups. For
the parabolic subgroup Pis we take the central torus

t
42

The highest weight induces a character on it, namely [n — 3, —1,2], whose
evaluation on the above element is

n—3—-1—-2x2=n-28.
For the parabolic subgroup Ps3 we take the central torus
12
1

t_l

The highest weight induces a character on it, namely [0,n — 2,0], whose
evaluation on the above element is

0—(n—2)=-n+2.

Their sum is —6. The space which enters in the Eisenstein cohomology has
higher weight. Thus, we need to solve

n—8>-—-n+2.

Thus for n > 5 we have
(n—3,-1J2) i=2,
H'(GL3(Z), L[n = 3,1,0]) = ¢ (=2[n = 2,2) i=3,
0 1#£2,3.
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The value of n is always even and greater or equal to 4. The other option
for n is n = 4. Then

HYGL3(Z),L[1,1,0]) =< (-2[4—2,2) n=3,

0 n+23
That is,
H'(GLs(Z), L[1, 1,0]> 0.
The computation of H*(GL3(Z),L[n —2,2,2]) and H*(GL3(Z), L[n —
2,1,1]), when n is even, is similar. O

5. Cohomologies of the parabolic subgroups of GL4

This section consists of computation of cohomology of the parabolic sub-
groups of GL4(Z) with coefficients in the representation S"~4V; ® det. We
use Kostant’s theorem in order to compute these cohomologies. In the pro-
cess, we reduce the question to computation of the cohomologies of the Levi
quotients which have factors GL1(Z), GL2(Z) or/and GL3(Z). For the last
three groups we use the computation from the sections on cohomolgy of
GLQ(Z) and of GLg(Z)

Recall the notation of the parabolic subgroups: we choose the Borel sub-
group B to be the group of upper triangular matrices. Let NV be its unipotent
radical of B. Let P;; be the smallest parabolic subgroup containing B and
containing a non-zero aj;-entry. Similarly, Pio 34 is the smallest (parabolic)
subgroup containing B and containing non zero aoi- and a4g-entries. The
unipotent radicals of P;; will be denoted by N;;; and the Levi quotient by
Sij = Pij/Nij.

Proposition 5.1. (Cohomologies of the parabolic subgroups) Let
V =S4V, ® det. Then

((0|n — 2]0]2) i=2,
, (00]0|n) @ (—2|w — 2|2]2) i =3,
H'(B,V) = :
(—2/0[2(n) i=6,
L0 i #2,3,6.
((n 3,1/0/2) i=2,
H'(P12,V) = (0\0\0!w (n—3,-1[22) i=3,
i #2,3.
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(0jn — 2,0[2) @ (0[0,0[n) i=3
H'(Py3,V {( 2/n — 2,2|2) i =4,
0 i #3,4.
00jn — 1,1) ® (=2|n — 2[2|2) i =3,
"(Psy, V {( 2(0|n — 1,3) i=6
0 i #3,6.
(0[0[0]n) @ (n — 3, —1|2|2) i =3,
H(Pi3,V {( 2(n —2,2/2) i =4,
0 i #3,4.
{(n 3,—1122) ® (00|n — 1,1) i=3
H'(Pig 34,V .
0 i# 3.
(0]0|0|n) & (O|n — 2,0]2) i =3,
H(Poy,V) =< (=2/0jn =1, 3) i=6,
0 i #3,6.

Proof. The proof is based on Kostant’s theorem, Hochschild—Serre spectral
sequence and homological Euler characteristics. For GL4(Z) the proof is
essentially the same as for GL3(Z), except that the computation is longer.
One can find it in details in [Horb] O

6. Boundary cohomology of GL4(Z)

In this section, we compute the cohomology of the boundary of the Borel-
Serre compactification associated with GL4(Z) with coefficients in

V=5"*"®det=Ln-31,1,1].

The Eisenstein cohomology, which in our case is the whole-group cohomol-
ogy, injects into the cohomology of the boundary.

We recall briefly several statements about Borel-Serre compactification
associated with GL,,(Z). Let

X = GLm(R)/SOm(R) x R%,.

And let
Y =GL,(Z)\X.
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Then the Borel-Serre compactification of Y, denoted by Y, is a compact
space, containing Y, and of the same homotopy type. The space Y is obtained
by attaching cell op to X, corresponding to each parabolic subgroup P.
Denote by Yp the projection of op to Y. Let Y p be the closure of Yp. Then
Yo CYp when Q C P. The boundary of Y is obtained by gluing together
the spaces Y p. In the following computation, we shall denote by Y;; the
space Yp, . For these spaces we have
H{op(Yij, 7" Fy) = Hypoup(Pij V),

for a suitable sheaf Fj, on Y, where i is the inclusion of ?ij into Y. For
simplification we will not write the restriction functor 7*.

The cohomology of the boundary can be computed the spectral sequence
of the type “Mayer—Vietoris”.

HY(Y 13, Fy)) —= HY(Y 12, Fy))

\\

B9 H1 (Y1234,Fv HY(Y 33, Fy) — HY(Y p, Fy)
HY(Y o4, Fy) Hq (Ysa, Fv)

The direct sum of the first column will be El’q, the direct sum of the sec-
ond column will be E%; and E}? = HY(Y , Fy/). We have non-zero terms
when ¢ =2,3,4 or 6. Slmllarly, to the Mayer—Vietoris sequence, we want
every square at the E7 level to be anti-commutative. It can be achieved in
the following way. First, consider the maps induced by the inclusion of the
boundary components. Then the squares will commute. Then change the
sign of every other arrow mapping a subspace of E? ? to a subspace of Ell 4
as it is done in the definition of the spectral sequence. Then the squares will
anti-commute.

Theorem 6.1. The above spectral sequence stabilizes at Eo level. It con-
verges to the cohomology of the boundary of the Borel-Serre compactification
associated with GL4(Z), which is

Hi(GLy(Z),V) = {(()0\0]0|n) ® (n—3,—1/22) @ (n — 3,1|0/2) z ; 3:
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where

(arlaz| ... |ay) = @ HY(GL(Z), L]ai)),
and

(@1, azlaslas) = Hpyey(GLo(Z), Llar, as)) @ (asas).

Proof. We consider all non-vanishing terms of the spectral sequence at E
level. The non-vanishing terms occur at ¢ = 2, 3,4 and 6. For a fixed ¢ we
have arrows going in direction of the index p induced by the inclusion of
the parabolic subgroups. We compute kernel/image for these arrows in
order to find the FEs level of the spectral sequence. As a consequence we
find that the spectral sequence degenerates at the Fs level. Then we com-
pute the cohomology to which it converges, which is the cohomology of the
boundary. O

6.1. Computation of E’;’2

For the EY 2_terms the only non-zero cohomologies come are H%(Py2, V) and
H?(B,V). We have

(n—3,1]0/2) — (0]n — 2/0]2).

Therefore,

o2 (T3 T0R) p=1.
2 0 p# 1

6.2. Computation of E;’S

First we consider the case n > 5. Now we describe the Ef 3 terms. Consider
the columns of the diagram below. Break each column into pairs of vector
spaces. Each pair comes one parabolic subgroup. For example (0|0|0|n) and
(n —3,—1|2|2) come from third cohomology of Pj3. The two vector spaces
below come from the third cohomology of P2 34. The maps correspond to
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the inclusion of the parabolic subgroups.

(0[0[0]n) ———— (0[0]0|n)

(n—3,—1|22) (n—3,-12]2)

(n—3,—12]2) (0[0[0]n)

“oln — 2)2|2)

(Oln —2,0[2) (0[0[n —1,1)

There are many cancellation which occur when passing to E5 level. In order
to follow the cancellation one considers the connected graph of the above
diagram. There are 3 connected graphs: one containing the space (0]0[0|n)
coming from the 3rd cohomology of the Borel subgroup, and another con-
taining (—2|n — 2|2|2) again from the 3rd cohomology of the Borel subgroup,
and the 3rd containing (0|n — 2,0[2) from the 3rd cohomology of Py4. Con-
sider the graph containing (0[0|0|n). The only term that is not cancelled at
Es level is the vector space (0/0|0|n) which comes from the parabolic group
Pyy. Now consider the second connected graph, containing (—2|n — 2|2/2).
After cancellation the only vector space left is (n — 3, —1|2|2) coming from
Pi3. For the 3rd connected graph, there are two vertices corresponding to
(0Jn — 2,0|2). So they cancel and do not contribute to the E» level. Thus,
for n > 4 we have

e (0000} & =T T22) p—o0,
2 0 p#0.

Now we have to examine the case n = 4. The vector spaces are all the
same as in the case n > 4 except the exchange of (n — 3, —1|2|2) with (0|n —
2,0/2) in the 3rd cohomology of Pj3. Note also that for n =4, we have
(0Jn —2,0|2) = 0. Then the E’f’g terms form the following anticommutative



1132 I. Horozov

diagram:
(0/0[0]4) —————(0]0[0[4)
0 (4-3,-1[2[2)
(4-3,-1]2[2) (0[o[0]4) (0[0[o[4)

(00]4 — 1,1) 0 ~2|4 — 2/2]2)

(0[ojo[4) (=204 - 2[2[2

0 (004 — 1,1)

There are 2 connected graphs in the above diagram. One containing the
vector space (0/0]|0[4) coming from the Borel subgroup. The other containing
the vector space (—2|4 — 2|2|2) again coming from the Borel subgroup. Con-
sider the graph containing (0|0/0|4). The only terms that is not cancelled at
E, level is the vector space (0/0/0]4) which comes from the parabolic group
Py4. Now consider the second connected graph, containing (—2|4 — 2|2|2).
All of its terms of that graph cancel when passing to Es level. Thus, for
w = 4 we have

i {<010|0|4> p=0,
2 0 p # 0.

6.3. Computation of E;’4

For ¢ = 4 the only non-zero terms at the Ey level come from P;3 and Pss.
We have

H*(Py3,V)) — HY(Py3,V)).

From the first theorem (Theorem 5.1) in the section “Cohomology of the
parabolic subgroups of GL4” we obtain

(—2|n — 2,2|2) — (=2|n — 2,2[2).
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Therefore,

Eyt=o0.
6.4. Computation of E;’G
When ¢ = 6, for all even w, the non-zero terms give
Ey®: HS(Pyy, V) — H%(Psy, V) — H%(B,V),
which are isomorphic to
(—200[w =1,3) — (~2/0fw — 1,3) — (~2/0[2[w)
from Theorem 5.1. The above sequence is exact. Therefore,
Ey® =o.

The spectral sequence degenerates at Fo level. Therefore, we can find
what is the cohomology of the boundary of the Borel-Serre compactification
associated with GL4(Z) with coefficients in the sheaf

Fy

associated with
V =8""1V, ® det.

Let us recall the notation that we are going to use. By Hj(GL4(Z), V') we
mean the cohomology of the boundary of the Borel-Serre compactification
associated with GL4(Z) with coefficients the sheaf Fy, For even n greater
than 4 we have

(00[0]n) ® (= 3,=1/2/2) ® (n —3,1/0]2) i=3,

Hé(GL4(Z)7Sn_4V4 & det) = {0 i 3.

Note that the first two summands for the 3rd cohomology of the boundary
come from 3rd cohomology of the maximal parabolic subgroups. And the
last summand comes from the 2nd cohomology of a non-maximal parabolic
subgroup. Since it comes from second cohomology of a parabolic subgroup,
but it contributes in the 3rd cohomology of the boundary, it is called a ghost
class.
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7. Cohomology of GL4(Z)

In this section, we present the last steps of the Proof of Theorem 1.1. We
are going to show that the ghost class does not enter in the Eisenstein coho-
mology of GL4(Z) which coincides with the whole cohomology of GL4(Z).

Since the cohomology of the boundary is concentrated in degree 3, it is
enough to compute homological Euler characteristic of GL4(Z) with coef-
ficients in S"~4V} ® det. Recall the homological Homological Euler charac-
teristic of an arithmetic group I' with coefficients in a finite-dimensional
representation is

Xn(T,V) =) (~1)"dim H{(T, V).

i

Note that "4V, @ det = L[n — 3,1,1,1] and S" 2V, ® det = L[n — 1,1] =
L[n — 3,—1] Form [Hor05] and [Hora] we know that

Xn(GL4(Z), S" 4V, @ det) = x4 (GLy(Z), S" 2V @ det).

Therefore, for even n greater than 4, we have

(0[0[0jn) @ (n — 3, —1[2|2) =3,

HY(GL4(Z),S" "V, @ det) = {0 P23

In the case n = 4, we use the same argument:

HY(GLA(Z), det) = {éo|0\0!4) z;;

Also, the homological Euler characteristic gives
Xn(GL4(Z),det) = —1.

Therefore, for n = 4 the cohomology of the boundary coincides with the
Eisenstein cohomology. And we have

(0lojo[4) i =3,

Hi;(GL4(Z), det) = {0 i+ 3.

On the other hand,
Héusp(SL4(Z)7 Q) =0.
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Therefore,
H.\p(GL4(Z), det) = 0.

And we conclude that

HH{GL), def) = {80\00!4) z;i
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