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Oka properties of groups of holomorphic and

algebraic automorphisms of complex affine space

Franc Forstnerič and Finnur Lárusson

We show that the group of all holomorphic automorphisms of com-
plex affine space C

n, n > 1, and several of its subgroups satisfy the
parametric Oka property with approximation and with interpola-
tion on discrete sets.

1. Introduction

The holomorphic automorphisms of the complex line C are simply the affine
maps z �→ az + b, a, b ∈ C, a �= 0. For n > 1, the group Aut C

n of holo-
morphic automorphisms of n-dimensional complex affine space C

n is very
large and complicated. Holomorphic automorphisms of C

n, n > 1, have been
intensively studied for the past 25 years, starting with Rosay and Rudin’s
seminal paper [20]. A central result in this theory is the theorem of Andersén
and Lempert, which states that every automorphism of C

n, n > 1, is a limit
of compositions of special automorphisms called shears (for the definition
of a shear, see (2.1) below). The infinitesimal version of the theorem is the
Andersén–Lempert lemma, which states that every polynomial vector field
on C

n, n > 1, is the sum of finitely many complete polynomial vector fields.
See [1, 2]; also [10], [6, Chapter 4], and [16].

The study of holomorphic automorphisms of C
n, n > 1, has mainly

focused on individual automorphisms and the various ways in which they
can act on C

n. In this paper, we consider the whole group Aut C
n as if it was

a complex manifold. It is not really an infinite-dimensional complex mani-
fold, at least as far as we know, but there is a natural notion of a map f from
a complex manifold or a complex space X into Aut C

n being holomorphic.
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It simply means that the associated map X × C
n → C

n, (x, z) �→ f(x)(z), is
holomorphic in the usual sense. (The notion of a continuous map into AutC

n

is straightforward, as Aut C
n is naturally equipped with the compact-open

topology.)
Complex Lie groups are the prototypical examples of Oka manifolds. In

particular, Aut C is an Oka manifold. Our thesis is that Aut C
n behaves like

an Oka manifold for n > 1. More precisely, we prove that Aut C
n satisfies

the parametric Oka property with approximation and with interpolation
on discrete sets. The parametric Oka property with approximation is one
of the several mutually equivalent defining properties of an Oka manifold.
For the theory of Oka manifolds we refer the reader to the monograph [6]
and the surveys [7] and [8].

The parametric Oka property with approximation and interpolation
(POPAI) of a complex manifold Y is defined as follows. Let X0 be a closed
subvariety of a Stein space X. (In this paper, all complex spaces are taken to
be reduced.) Let K be a holomorphically convex compact subset of X. Let
P0 ⊂ P be compact subsets of R

m (or sometimes more general parameter
spaces). For every continuous map f : P ×X → Y such that

• f |P0 ×X is X-holomorphic, meaning that f(p, ·) : X → Y is holomor-
phic for every p ∈ P0, and

• f(p, ·) is holomorphic on K ∪X0 for every p ∈ P ,

there is a continuous deformation ft : P ×X → Y , t ∈ [0, 1], of f = f0 such
that

• the deformation is fixed on (P0 ×X) ∪ (P ×X0),

• for every t ∈ [0, 1], ft(p, ·) is holomorphic on K for every p ∈ P and ft

is uniformly close to f on P ×K, and

• f1 is X-holomorphic, that is, f1(p, ·) : X → Y is holomorphic for every
p ∈ P .

Taking X0 = ∅ gives the parametric Oka property with approximation
(POPA). TakingK = ∅ gives the parametric Oka property with interpolation
(POPI). Taking P to be a singleton and P0 = ∅ gives the basic version of
each property (BOPAI, BOPA, BOPI). BOPI implies that if a holomorphic
map X0 → Y has a continuous extension X → Y , then it has a holomor-
phic extension. It is a major theorem that these six properties (and several
others, including the consequence of BOPI just mentioned) are equivalent
[5], so they are referred to as the Oka property. The Oka property is known
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to be homotopy-theoretic in the precise sense that it is equivalent to fibrancy
in a certain model structure [19].

Our results cover not only Aut C
n itself, but also the following six groups:

Aut C
n, Aut1 C

n, Autsp C
n, Autalg C

n, Autalg,1 C
n, Autalg,sp C

n.(1.1)

Here, Aut1 C
n consists of all holomorphic automorphisms of C

n with complex
Jacobian 1, Autsp C

n for even n = 2m is the group of holomorphic

automorphisms preserving the holomorphic symplectic form
m∑

j=1
dz2j−1 ∧

dz2j , Autalg C
n is the group of polynomial automorphisms of C

n,

Autalg,1 C
n = Autalg C

n ∩Aut1 C
n,

and
Autalg,sp C

n = Autalg C
n ∩Autsp C

n.

We endow all these groups with the compact-open topology. If G is one of
these groups, then POPAI with Y above replaced by G makes sense.

Our main result is the following Oka principle.

Theorem 1.1. Let n > 1. The groups Aut C
n, Aut1 C

n, and Autsp C
n satisfy

the parametric Oka property with approximation and with interpolation on
discrete sets.

The groups Autalg C
n, Autalg,1 C

n, and Autalg,sp C
n satisfy the paramet-

ric Oka property with approximation and with interpolation on finite sets.
The group Autalg C

2 satisfies the parametric Oka property with approx-
imation and with interpolation on discrete sets for maps whose values have
bounded degree.

Our proof uses Grauert’s Oka principle for complex Lie groups, but
not the modern Oka theory initiated by Gromov. The Andersén–Lempert
theory is of course the key to proving approximation. No such tool exists for
interpolation. We prove the following interpolation result with bare hands,
except that for Autalg C

2 we use some structure theory that partly fails and
partly is unknown in higher dimensions.

Theorem 1.2. Let G be one of the subgroups of Aut C
n, n > 1, on the list

(1.1) and let X be a Stein space. Let D be a discrete subset of X and let
f : D → G be a map. If G is Aut C

n, Aut1 C
n, or Autsp C

n, then f extends
to a holomorphic map X → G .

If G = Autalg C
2 and deg f : D → N is bounded, then f extends to a

holomorphic map X → G .



1050 Franc Forstnerič and Finnur Lárusson

If G is Autalg C
n, Autalg,1 C

n, or Autalg,sp C
n, and D is finite, then f

extends to a holomorphic map X → G .

Interpolation on arbitrary subvarietiesX0 of a Stein spaceX has emerged
as a challenging problem.

There is an interesting contrast between Theorem 1.1 and a known way
in which the Oka principle for complex Lie groups can fail for AutC

n, n > 1.
By Demailly’s work on the Serre problem [3], there is a holomorphic fibre
bundle over C with fibre C

2, whose total space is not Stein. In particular, the
bundle is not holomorphically trivial, even though it is topologically trivial
since the base C is contractible.

Oka properties of Aut C
n and its subgroups are related to the so-called

parametric Andersén–Lempert theorem. This point of view originated in the
Forstnerič–Rosay theorem [10] on the approximation of smooth isotopies
Ft : Ω → Ωt, t ∈ [0, 1], of biholomorphic maps between Runge domains in
C

n, with F0 the identity map on Ω = Ω0, by isotopies of holomorphic auto-
morphisms of C

n. The proof is similar to that of the Andersén–Lempert
theorem [1, 2], the main point being that any polynomial vector field on C

n

is a sum of finitely many polynomial shear vector fields of the form (2.4)
and their GLn(C)-conjugates.

A major generalization appeared in the work of Varolin [21, 22], who
replaced C

n by a Stein manifold S with the density property. The den-
sity property means that the Lie algebra generated by all the complete
holomorphic vector fields on S is dense in the Lie algebra of all holomorphic
vector fields on S. See [6, Section 4.10] and [16] for surveys of this subject.
A parametric version of the Andersén–Lempert theorem was suggested in
[21, Lemma 3.5], which shows that if Vx is a vector field on S depending
holomorphically on a parameter x in a Stein spaceX, then Vx can be approx-
imated locally uniformly on S by Lie combinations of complete vector fields
which also depend holomorphically on x. This was later made precise by
Kutzschebauch [17] when both X and S are affine spaces, and very recently
by Kutzschebauch and Ramos-Peon [18, Theorem 2] when X is Stein and S
is Stein with the density property.

It is easily seen that the parametric Andersén–Lempert theorem (say
as presented in [17]) implies that Aut C

n satisfies a weak form of BOPA,
in which K is a convex compact subset of X = C

k. This property is called
the convex approximation property and is known to imply the Oka prop-
erty for complex manifolds [5]. For Aut C

n, no such implication is known,
and considerable additional work is required in order to prove our main
result.
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2. Preliminaries

In this section, we recall some basic notions and prove a couple of prepara-
tory results. We follow the convention that a map is holomorphic on a com-
pact set in a complex space if it is holomorphic on an unspecified open
neighbourhood of the set. When talking about a homotopy of such maps, it
is understood that the neighbourhood is independent of the parameter.

Let z = (z1, . . . , zn) = (z′, zn) denote complex coordinates on C
n. A shear

on C
n is an element of Aut C

n which is GLn(C)-conjugate to an automor-
phism of one of the following two types:

(2.1) F (z) =
(
z′, zn + f(z′)

)
, H(z) =

(
z′, ef(z′)zn

)
,

where f is an entire function on C
n−1. Shears of the first type are called

additive, those of the second kind multiplicative. The composition of both
types of shears is an overshear

(z′, zn) �→
(
z′, eg(z′)zn + f(z′)

)
.

The shears (2.1) are time-one maps in one-parameter subgroups of Aut C
n

given by

Ft(z) =
(
z′, zn + tf(z′)

)
,(2.2)

Ht(z) =
(
z′, etf(z′)zn

)
,(2.3)

with t ∈ C. The infinitesimal generators of these groups are the entire vector
fields

(2.4) V (z) = f(z′)
∂

∂zn
, W (z) = f(z′)zn

∂

∂zn
.

Let G be one of the subgroups of Aut C
n on the list (1.1). We let G0 =

G ∩GLn(C) be the subgroup of G consisting of the linear maps in G . Thus
G0 is one of the groups GLn(C), SLn(C), or Spn(C). Note that for every
F ∈ G , the derivative DzF of F at any point z ∈ C

n also belongs to G , hence
to G0. We can write every F ∈ G as

F (z) = a+AH(z), a = F (0) ∈ C
n, A = D0F ∈ G0,
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where the automorphism H ∈ G is of the form

(2.5) H(z) = z +
∞∑
|α|=2

cαz
α, z ∈ C

n, cα ∈ C
n.

Here, as usual, zα = zα1
1 · · · zαn

n . We denote by S G the subgroup of G con-
sisting of all elements of the form (2.5) and call it the Schwarz subgroup

of G

(
The term is chosen by analogy with the Schwarz class on the disc

D = {z ∈ C : |z| < 1}, consisting of all injective holomorphic maps of the

form z �→ z +
∞∑

k=2

ckz
k.

)
Our next result says that for each of the groups G on the list (1.1),

endowed with the compact-open topology, the linear subgroup G0 carries
the homotopy type of G , whereas the Schwarz subgroup S G is contractible.

Lemma 2.1. Let G be one of the subgroups of Aut C
n on the list (1.1). The

linear subgroup G0 is a strong deformation retract of G in such a way that
the Schwarz subgroup S G retracts onto the trivial subgroup. In particular,
S G is contractible.

Proof. Consider the map

G × (0, 1] → G , (F, t) �→ (
z �→ tF (0) + t−1(F (tz)− F (0))

)
,

with (F, 1) �→ F . It is continuous with respect to the compact-open topology
on G and extends continuously to a map G × [0, 1]→ G with (F, 0) �→ D0F .
Note that if F is linear, then (F, t) �→ F for all t ∈ [0, 1]. Also, if F ∈ S G ,
then the image of (F, t) is in S G for all t ∈ [0, 1], and (F, 0) �→ id. �

Note that if f : Y → G is a continuous map from a topological space
Y into one of the groups in (1.1), then the induced map D0f : Y → G0,
y �→ D0f(y), is also continuous.

Lemma 2.2. Let G be one of the subgroups of Aut C
n on the list (1.1).

Let Y be a closed subspace of a topological space X, and f : Y → G be a
continuous map. If f extends continuously to X, so does D0f . Conversely,
if D0f extends continuously to X and Y ↪→ X is a cofibration, then f extends
continuously to X.
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Proof. The first claim is evident. As for the second, consider the continuous
map

h : Y → S G , h(y) = (D0f(y))−1
(
f(y)− f(y)(0)

)
.

Since Y ↪→ X is a cofibration and S G is contractible by Lemma 2.1, h
extends to a continuous map H : X → S G . Also, the map y �→ f(y)(0)
extends to a continuous map O : X → C

n. And by assumption, D0f extends
to a continuous map D : X → G0. Then O +DH : X → G is a continuous
extension of f . �

If X is a complex space and Y is a closed subvariety of X, then Y ↪→ X
is a cofibration. If U is a neighbourhood of a compact subset K of a complex
spaceX, then there is a neighbourhood V ofK such that V ⊂ U and V ↪→ X
is a cofibration. This follows from the triangulability of reduced complex
spaces and their subvarieties [14, 15], and the fact that the inclusion of a
subcomplex in a CW complex is a cofibration.

3. The basic Oka property with approximation

In this section, we prove that each of the groups G in (1.1) satisfies the
basic Oka property with approximation. Recall that given a holomorphic
map F : X → G , we denote by D0F (x) ∈ G0 = G ∩GLn(C) the derivative
of the holomorphic map F (x) : C

n → C
n at 0 ∈ C

n.

Theorem 3.1. Let G be one of the subgroups of Aut C
n, n > 1, in (1.1).

Assume that X is a Stein space, K is a compact O(X)-convex subset of X,
and F : U → G is a holomorphic map on a neighbourhood U of K in X, such
that the map U → G0, x �→ D0F (x), extends to a continuous map X → G0.
Given a compact set B ⊂ C

n and a number ε > 0, there is a neighbourhood
U0 ⊂ U of K and a homotopy of holomorphic maps Fs : U0 → G , s ∈ [0, 1],
such that F0 = F |U0, F1 extends to a holomorphic map X → G , and

sup{|Fs(x, z)− F (x, z)| : x ∈ K, z ∈ B, s ∈ [0, 1]} < ε.

Proof. We begin by reducing to the case when F is a map into the Schwarz
subgroup S G (2.5) of G . The Taylor expansion of such a map is of the form

(3.1) F (x, z) = z +
∞∑
|α|=2

cα(x)zα, z ∈ C
n,

where the coefficients cα(x) are holomorphic functions of x ∈ U with values
in C

n.
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Let F : U → G be as in the theorem. For each x ∈ U , we set

a(x) = F (x)(0) = F (x, 0) ∈ C
n, A(x) = D0F (x) ∈ G0.

We then have

F (x) = a(x) +A(x)H(x), x ∈ U,
where H : U → S G is a holomorphic map of the form (3.1). By assumption,
A extends to a continuous map A : X → G0.

By the Oka–Weil theorem, we can approximate a : U → C
n as closely

as desired uniformly on K by a holomorphic map ã : X → C
n. Also, since

G0 is a complex Lie group, Grauert’s Oka principle [12, 13] implies that
we can approximate A : U → G0 as closely as desired uniformly on K by a
holomorphic map Ã : X → G0 which is homotopic to A through a family of
holomorphic maps As : U → G0, s ∈ [0, 1].

Assume for the moment that the theorem holds for maps into S G of
the form (3.1). Let H̃ : X → S G be a holomorphic map which is homotopic
to H over a neighbourhood U of K in X through a family of holomorphic
maps Hs : U → S G , s ∈ [0, 1], and such that every Hs approximates H0 =
H uniformly on K ×B. The homotopy of holomorphic maps Fs : U → G ,
s ∈ [0, 1], defined by

Fs(x) = (1− s)a(x) + sã(x) +As(x)Hs(x) ∈ G , x ∈ U,

then satisfies the conclusion of the theorem. At s = 1, we have the holomor-
phic map F1 = ã+ ÃH̃ : X → G .

This shows that it suffices to prove the result for maps into the Schwarz
subgroup S G . Assume that F : U → S G is a holomorphic map of the form
(3.1), where U is a neighbourhood of K in X. Consider the family of holo-
morphic maps

Ft(x, z) = t−1F (x, tz) = z +
∞∑

k=2

tk−1
∑
|α|=k

cα(x)zα,

defined for x ∈ U, z ∈ C
n, and t ∈ C. Clearly Ft(x, ·) ∈ S G for all t ∈ C

and x ∈ U , and F0(x, ·) is the identity map on C
n. Let

(3.2) V (t, x, z) =
∞∑
|α|=2

n∑
i=1

vα,i(t, x) zα ∂

∂zi
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be the entire vector field on C
n defined by the flow equation

(3.3)
∂

∂t
Ft(x, z) = V (t, x, Ft(x, z)).

This means that the one-parameter group C → Aut C
n, t �→ Ft(x, ·), is the

flow of V ; in particular, F (x, z) = F1(x, z) is obtained by integrating the vec-
tor field V over the time interval t ∈ [0, 1], beginning at t = 0 with the iden-
tity map on C

n. The coefficients vα,i(t, x) of V depend holomorphically on
t ∈ C and x ∈ U .

At this point we follow the proof of the Andersén–Lempert theorem [2]
as given in [10] and in [6, Section 4.9]. (See also [17] and [18, Theorem 2].)

We first subdivide the time interval [0, 1] into a large number N of sub-
intervals Ij = [j/N, (j + 1)/N ] for j = 0, 1, . . . , N − 1. For t ∈ Ij , we replace
V (t, x, z) by the autonomous vector field V (j/N, x, z). If N is large enough,
this replacement amounts to an arbitrarily small error in the time-one map
of the flow, with uniform estimates on K ×B for any given compact set
B ⊂ C

n. More precisely, the error at each step is o(1/N), so the total error
is No(1/N), which goes to 0 as N →∞. See [6, Theorem 4.8.2]. Hence, to
prove Theorem 3.1, it suffices to consider flows defined by entire vector fields
on C

n of the form (3.2) that are autonomous, that is, with the coefficients
vα,i(t, x) independent of time t.

Next we cut off the series (3.2) at some finite-order term. This amounts
to an arbitrarily small error term in the time-one map of the flow provided
the degree is sufficiently large. We thus obtain a polynomial vector field

(3.4) W (x, z) =
∑

2≤|α|≤k

n∑
i=1

wα,i(x) zα ∂

∂zi
,

whose coefficients wα,i(x) are holomorphic functions on a neighbourhood of
K in X.

The remainder of the proof somewhat depends on the group G . Assume
first that G = Aut C

n. By the Andersén–Lempert lemma (see [2] or [6,
Proposition 4.9.3]), each vector field zα∂/∂zi in (3.4) is the sum of finitely
many polynomial shear vector fields (2.4) on C

n. (The flows of these vector
fields are complex one-parameter groups in Aut C

n that are
GLn(C)-conjugate to one-parameter groups of the form (2.2) and (2.3).)
This gives a representation of W as a finite sum

(3.5) W (x, z) =
∑

j

bj(x)Wj(z),
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where each Wj is a shear vector field on C
n (conjugate to a vector field of

the form (2.4)) and bj is a holomorphic function on a neighbourhood of K
in X.

Observe that if W is a complete holomorphic vector field with flow φt(z),
t ∈ C, then for any complex-valued function b(x) of a parameter x, the prod-
uct b(x)W is still a complete vector field with the flow φtb(x)(z) for each x. If
b is holomorphic in x, then so is the flow φtb(x)(z). This observation applies
to every summand bj(x)Wj in (3.5).

We now apply the Oka–Weil theorem to approximate each of the coeffi-
cients bj in (3.5), uniformly on K, by a holomorphic function b̃j on X. This
gives a polynomial vector field W̃ (x, z) =

∑
j b̃j(x)Wj(z) with coefficients

b̃j ∈ O(X), which approximates W uniformly on K. A suitable concatena-
tion of flows of the shear vector fields b̃j(x)Wj(z) furnishes automorphisms
F̃ (x) ∈ S Aut C

n of the form

F̃ (x) = Φ1(x) ◦ Φ2(x) ◦ · · · ◦ ΦN (x), x ∈ X,

such that each Φj : X → Aut C
n is a holomorphic map into the polynomial

shear subgroup of Aut C
n, and F̃ approximates F on K. (The fact that

F̃ maps into the Schwarz subgroup follows from the vanishing of our vector
fields to second order at z = 0; however, all we need here is an approximation
of F with values in the whole group.) A homotopy from F̃ to F is obtained
by introducing a parameter in each of the shear groups which at time 1
give the maps Φ1, . . . ,ΦN . The details can be found in [6, Section 4.9]. This
completes the proof of Theorem 3.1 when G = Aut C

n.
Suppose next that G = Aut1 C

n. In this case, the vector field V (t, x, ·)
on C

n (3.2) for fixed t ∈ C and x ∈ U has divergence zero with respect to the
standard holomorphic volume form ω = dz1 ∧ · · · ∧ dzn on C

n. Since every
vector field W (3.4) under consideration, before being replaced by one of
its Taylor polynomials, is of the form V (tj , ·) for some tj = j/N , it also has
divergence zero. Recall that the divergence equals

divω

(
n∑

i=1

ci(z)
∂

∂zi

)
=

n∑
i=1

∂ci(z)
∂zi

.

Applying this to the vector field W (3.4) we get

divW (x, z) =
∑
k≥2

∑
|α|=k

n∑
i=1

wα,i(x)αiz
α−ei = 0.
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Here ei denotes the n-vector whose ith entry equals 1 and all other entries
equal 0. It follows that the sum of the homogeneous terms of each degree
k in the Taylor expansion of W , and hence any Taylor polynomial of W ,
has divergence zero for each fixed x ∈ U . By Andersén’s lemma (see [1] or
[6, Lemma 4.9.5]), the finite-dimensional complex vector space of all homo-
geneous divergence-zero vector fields on C

n of any fixed degree k admits
a basis consisting of shear vector fields of the form f(z′)∂/∂zn and their
SLn(C)-conjugates. If a vector field in this space depends holomorphically
on a parameter x, then its coefficients with respect to this basis will also
depend holomorphically on x, since they are C-linear combinations of the
coefficients of the same vector field when expressed in the standard basis for
C

n. Hence the vector field W (3.4) is a finite linear combination W (x, z) =∑
j gj(x)Wj(z) of divergence-zero polynomial vector fields Wj on C

n with
coefficients gj(x) that are holomorphic functions of x ∈ U ⊂ X. We complete
the proof exactly as before, approximating the coefficients gj by holomor-
phic functions g̃j on X, and then approximating the flow of the vector
field W̃ (x, z) =

∑
j g̃j(x)Wj(z) by compositions of shears of the form (2.2)

and their SLn(C)-conjugates. This completes the proof of Theorem 3.1 for
G = Aut1 C

n.
Every element F ∈ Autalg C

n of the polynomial automorphism group has
constant Jacobian. Using the Oka principle for maps into C

∗, it is easy to
reduce to the case when the Jacobian equals 1. We then proceed as in the case
G = Aut1 C

n, approximating F by a holomorphic map F̃ : X → Autalg,1 C
n

with image in the polynomial shear subgroup of Autalg,1 C
n.

If n = 2m is even and G is Autsp C
n or Autalg,sp C

n, the vector fields V
(3.2) and W (3.4) are Hamiltonian with respect to the symplectic form

ω =
m∑

j=1
dz2j−1 ∧ dz2j (see [4]). By essentially the same argument as for

Aut1 C
n, using the fact that a polynomial Hamiltonian vector field can

be written as a finite sum of polynomial Hamiltonian shear vector fields
[4, Proposition 5.2], we complete the proof just as in the volume-preserving
case. �

4. The parametric Oka property with approximation

In this section, we prove the following parametric version of Theorem 3.1.

Theorem 4.1. Let G be one of the subgroups of Aut C
n, n > 1, in (1.1),

and let G0 = G ∩GLn(C) be its linear subgroup. Assume that X is a Stein
space, K is a compact O(X)-convex subset of X, U is a neighbourhood of
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K in X, P0 ⊂ P are compact Hausdorff spaces such that P0 is a strong
deformation retract of a neighbourhood in P , and F : (P × U) ∪ (P0 ×X) →
G is a continuous map such that

(i) F (p, ·) : U → G is holomorphic for every p ∈ P ,

(ii) F (p, ·) : X → G is holomorphic for every p ∈ P0, and

(iii) (P ×K) ∪ (P0 ×X) → G0, (p, x) �→ D0F (p, x), extends to a continu-
ous map A : P ×X → G0.

Given a compact set B ⊂ C
n and a number ε > 0, there is a neighbourhood

U0 ⊂ U of K and a homotopy Fs : (P × U0) ∪ (P0 ×X) → G , s ∈ [0, 1], with
the same properties as F = F0, such that

(1) F1(p, ·) : X → G is holomorphic for every p ∈ P ,

(2) Fs(p, x) = F (p, x) for every (p, x) ∈ P0 ×X and s ∈ [0, 1], and

(3) sup{|Fs(p, x, z)− F (p, x, z)| : s ∈ [0, 1], p ∈ P, x ∈ K, z ∈ B} < ε.

Proof. As in the proof of Theorem 3.1, we reduce to the case of maps

F (p, x, z) = z +
∞∑
|α|=2

cα(p, x)zα, z ∈ C
n,

with values in the Schwarz subgroup S G , where (p, x) ∈ (P × U) ∪ (P0 ×
X). (The neighbourhood U of K may shrink in the course of the proof.)
The coefficients cα(p, x) are holomorphic in x where defined. The reduction is
accomplished by applying a parametric version of Grauert’s Oka principle to
the centre map a(p, x) = F (p, x, 0) ∈ C

n and the derivative mapD0F (p, x) ∈
G0 with respect to the pair of parameter spaces P0 ⊂ P (see e.g. [6, Theorem
5.4.4]), noting once again that a complex Lie group is an Oka manifold.

Next we observe that the proof of Theorem 3.1 applies verbatim to the
present situation if we replace X by P ×X and consider maps to the group
S G that are X-holomorphic, provided that the interpolation condition (2)
in Theorem 4.1 is replaced by the following condition:

(2’) Fs(p, x, z) = z for every p ∈ P0, x ∈ X, z ∈ C
n, and s ∈ [0, 1].

The conclusion provided by the proof of Theorem 3.1 in this situation is that
any X-holomorphic map F : P × U → S G , where U ⊂ X is a neighbour-
hood of K, satisfying condition (2’), can be approximated uniformly on P ×
K ×B by an X-holomorphic map F̃ : P ×X → S G , which is homotopic to
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F on (P0 ×X) ∪ (P × U) through a family of maps Fs satisfying condition
(2’).

To see this, note that the entire vector field V (t, p, x, ·) on C
n in the

proof of Theorem 3.1 (see (3.2) and (3.3)) vanishes for all p ∈ P0 since the
homotopy Ft is fixed there. The same is then true for the shear vector fields
Wj(p, ·) (3.5) obtained in the proof. Thus the new approximating homotopy,
obtained by composing the flows of these shear vector fields, is also fixed for
all p ∈ P0, and hence equal to the identity map on C

n.
We now turn to the general case. By assumption, there are a neigh-

bourhood V0 ⊂ P of P0 and a deformation retraction τs = τ(s, ·) : V0 → V0,
s ∈ [0, 1], such that τ0 is the identity on V0, τ1(V0) = P0, and τ(s, p) = p for
p ∈ P0 and s ∈ [0, 1]. Choose small neighbourhoods V � V1 � V0 of P0 and a
continuous function ρ : P → [0, 1] such that ρ = 0 on V and ρ = 1 on P \ V1.
Define a map

H : (V ×X) ∪ (P × U) → S G , H(p, x, z) = F
(
τ(1− ρ(p), p), x, z).

When p ∈ V , we have τ(1− ρ(p), p) = τ(1, p) ∈ P0, so H is well defined.
Clearly H is continuous and X-holomorphic, H(p, ·, ·) = F (p, ·, ·) for all p ∈
P0, and for any compact set B′ ⊂ C

n, the map H is close to F uniformly
on P ×K ×B′ when the neighbourhood V1 of P0 is chosen small enough.
(The set B′ used here may have to be much bigger than the original set
B ⊂ C

n in the theorem, since the final homotopy Fs will be a composition
of several homotopies, and we must ensure sufficiently good approximation
on the range of every term in the composition except for the last one.)

Consider the homotopy defined by

Ht(p, x, z) = t−1H(p, x, tz), (p, x) ∈ (V ×X) ∪ (P × U), t ∈ C.

Note that H0(p, x, z) = z. Pick a continuous function ξ : P → [0, 1] such that
ξ = 0 on P0 and ξ = 1 on P \ V . Clearly,

(4.1) H(p, x, ·) = H(p, x, ·) ◦Hξ(p)(p, x, ·)−1 ◦Hξ(p)(p, x, ·) ∈ S G

for all (p, x) ∈ (V ×X) ∪ (P × U). Observe that the map

Ψ(p, x, ·) = H(p, x, ·) ◦Hξ(p)(p, x, ·)−1 ∈ S G

is defined and X-holomorphic on P ×X. This is clear for p ∈ V , while for
p ∈ P \ V , we have ξ(p) = 1 and hence Ψ(p, x, z) = z.

The last term Hξ(p)(p, x, ·) on the right-hand side of (4.1) is defined
and X-holomorphic on the set P × U , and Hξ(p)(p, x, z) = z for all (p, x) ∈
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P0 × U , since ξ(p) = 0 for p ∈ P0. By the observation made at the beginning
of the proof, this term can be approximated by an X-holomorphic map Θ :
P ×X → S G whose value is the identity map on C

n for all points (p, x) ∈
P0 ×X. Setting

(4.2) H̃(p, x, ·) = H(p, x, ·) ◦Hξ(p)(p, x, ·)−1 ◦Θ(p, x, ·) ∈ S G ,

we get an X-holomorphic map H̃ : P ×X → S G which agrees with H on
P0 ×X and approximates H on P ×K. Furthermore, there is a homotopy
Θs : (V ×X) ∪ (P × U) → S G , s ∈ [0, 1], of holomorphic maps such that
Θ0(p, x, ·) = Hξ(p)(p, x, ·), Θ1 = Θ, Θs(p, x) = id for (p, x) ∈ P0 × U , and Θs

approximates Θ0 uniformly on P ×K. Inserting Θs in place of Θ in (4.2)
gives a homotopy Hs : (V ×X) ∪ (P × U) → S G , s ∈ [0, 1], from H0 = H
to H1 = H̃ with the desired properties. This completes the proof. �

5. Interpolation by entire curves of automorphisms

By the fact that the values of holomorphic functions on Stein spaces can be
arbitrarily prescribed on discrete sets, Theorem 1.2 is an immediate corollary
of the following lemma on interpolation by entire curves, except for the case
of Autalg C

2, which is treated in Section 7.

Lemma 5.1. Let G be one of the groups Aut C
n, Aut1 C

n, or Autsp C
n.

Given a sequence (φk)k∈N in G , there is a holomorphic map F : C → G
satisfying F (k) = φk for every k ∈ N. If G is one of the groups Autalg C

n,
Autalg,1 C

n, or Autalg,sp C
n, then the interpolation is possible at finitely many

points.

Proof. Recall that G0 = G ∩GLn(C) and S G is the subgroup consisting of
all F ∈ G of the form

F (z) = z +
∞∑
|α|=2

cαz
α, z ∈ C

n.

Let φk(0) = ak ∈ C
n and D0φk(0) = Ak ∈ G0 for k ∈ N. Then we have

φk(z) = ak +Akψk(z), z ∈ C
n, ψk ∈ S G , k ∈ N.

By the Oka property with interpolation for maps to complex Lie groups,
there are entire maps a : C → C

n and A : C → G0 such that a(k) = ak and
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A(k) = Ak for all k ∈ N. Hence it suffices to find an entire map H : C → S G
satisfying H(k) = ψk for all k ∈ N; then the map F : C → G , defined by

F (x)(z) = a(x) +A(x)H(x)(z), x ∈ C, z ∈ C
n,

satisfies the conclusion of the lemma.
We shall construct H as a limit of entire maps Hk : C → S G satisfying

Hk(j) = ψj for j = 1, . . . , k, such that the sequence (Hk) converges uni-
formly on compacta in C× C

n. If G is one of the groups Autalg C
n,

Autalg,1 C
n, or Autalg,sp C

n, then we are unable to pass to the limit within
G , and we only obtain interpolation at finitely many points.

For F ∈ S G as above we define

F t(z) = t−1F (tz) = z +
∞∑
|α|=2

t|α|−1cαz
α, z ∈ C

n, t ∈ C.

The map t �→ F t ∈ S G is an entire curve of automorphisms with F 0 = id
and F 1 = F .

We start by setting H1(t) = ψt
1 for t ∈ C. Clearly, H1(0) = id and

H1(1) = ψ1. Fix a number ε1 > 0 and choose an entire function h1 ∈ O(C)
such that

h1(0) = h1(1) = 0, h1(2) = 1, |h1(x)| < ε1 when |x| ≤ 1.

Set θ2 = ψ2 ◦H1(2)−1 ∈ S G and let

H2(x) = θ
h1(x)
2 ◦H1(x) ∈ S G , x ∈ C.

We have H2(0) = H1(0) = id and H2(1) = H1(1) = ψ1 (since h1(0) =
h1(1) = 0), and H2(2) = θ2 ◦H1(2) = ψ2. Furthermore, as h1 is small on
the disc where |x| ≤ 1, H2 is close to H1 there. Next we pick a number
ε2 > 0 and an entire function h2 ∈ O(C) such that

h2(0) = h2(1) = h2(2) = 0, h2(3) = 1, |h2(x)| < ε2 when |x| ≤ 2.

Set θ3 = ψ3 ◦H2(3)−1 ∈ S G and

H3(x) = θ
h2(x)
3 ◦H2(x) ∈ S G , x ∈ C.

As before, we verify that the entire map H3 : C → S G assumes the correct
values at the points 0, 1, 2, 3, and is close to H2 on the disc where |x| ≤ 2
since h2 is small there. It is clear how the construction continues. If εk → 0



1062 Franc Forstnerič and Finnur Lárusson

sufficiently fast, then (Hk) converges uniformly on compacta in C× C
n to

an entire map H : C → S G with H(k) = ψk for all k ∈ N. �

6. The Oka property with approximation and interpolation

In this section, we show that our approximation results, Theorems 3.1 and
4.1, can be combined with interpolation on finite or infinite discrete sets
(Theorem 1.2). This proves Theorem 1.1. We begin with the non-parametric
case.

Theorem 6.1. Let G be one of the groups Aut C
n, Aut1 C

n, or Autsp C
n.

Assume that X is a Stein space, K is a compact O(X)-convex subset of X,
(xk)k∈N is a discrete sequence without repetition in X, (φk)k∈N is a sequence
in G , and F : K → G is a holomorphic map such that

(i) F (xk) = φk for all xk ∈ K, and

(ii) the map x �→ D0F (x) from a neighbourhood of K into G0 extends to a
continuous map X → G0.

Given a compact set B ⊂ C
n and number ε > 0, there is a holomorphic map

F̃ : X → G , homotopic to F over K through a homotopy that is fixed at the
points xk ∈ K, such that

(a) F̃ (xk) = φk for all k ∈ N, and

(b) sup
{|F̃ (x, z)− F (x, z)| : x ∈ K, z ∈ B}

< ε.

The result holds for G = Autalg C
2 if the sequence (deg φk) is bounded. If G

is one of the groups Autalg C
n, Autalg,1 C

n, or Autalg,sp C
n, then the result

holds with interpolation at finitely many points of X.

Proof. We treat the case when G is Aut C
n, Aut1 C

n, Autsp C
n, or Autalg C

2.
By Theorem 1.2, there is a holomorphic map G : X → G satisfying G(xk) =
φk for all k ∈ N. The holomorphic map H : K → G , x �→ F (x) ◦G(x)−1,
then satisfies H(xk) = id for all k such that xk ∈ K. By Lemma 2.2, the
map x �→ D0H(x) extends from a neighbourhood of K to a continuous map
X → G0 (we choose a neighbourhood U of K such that U is contained in
the neighbourhood in (ii) and U ↪→ X is a cofibration). Since K is compact,
the set

⋃
x∈K

G(x)(B̄) ⊂ C
n is compact and hence is contained in some ball

B′ ⊂ C
n. We look for a holomorphic map H̃ : X → G satisfying the following

two conditions.
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(a’) H̃(xk) = id for all k ∈ N.

(b’) sup
{|H̃(x, z)−H(x, z)| : x ∈ K, z ∈ B′} < ε.

These conditions clearly imply that the map F̃ = H̃ ◦G : X → G satisfies
properties (a) and (b) in Theorem 6.1.

We find a map H̃ with these properties by following the proof of Theorem
3.1, paying attention to the additional requirement that we interpolate the
identity map at the points xk. We will go through the individual steps to
see that this is possible. The reader should keep in mind that H now plays
the same role as F does in the proof of Theorem 3.1.

The first step is to adjust the affine part of the map H, thereby reducing
the problem to the case when H takes values in the Schwarz subgroup S G
(2.5). This is done as in the proof of Theorem 3.1 using the Oka principle
for maps from Stein spaces to complex Lie groups.

Hence we may assume that H takes values in S G . We replace the ball
B′ above by a suitably bigger ball B′′ ⊂ C

n in what follows. Consider the
homotopy Ht(x, z) = t−1H(x, tz) for t ∈ C, with H0(x, z) = z, and define
the corresponding infinitesimal generator V (t, x, z) as in (3.2). At points
xk ∈ K, we have Ht(xk, z) = z for all t ∈ C, and hence V (t, xk, z) = 0 for all
t ∈ C and z ∈ C

n. Thus the coefficients vα,i(t, x) of V vanish at the points
x = xk ∈ K. As explained in the proof of Theorem 3.1, we can preserve this
condition at all subsequent steps of the proof, which are as follows.

(a) Replace the infinitesimal generator V by autonomous vector fields on
short time intervals in [0, 1].

(b) Approximate these autonomous vector fields by polynomial vector
fields on C

n depending holomorphically on x ∈ X, see (3.4).

(c) Decompose each polynomial vector field as a finite sum of polynomial
shear vector fields depending holomorphically on x ∈ X, see (3.5).

(d) Concatenate the flows of the polynomial shear vector fields obtained
in step (c) to obtain the desired approximation.

In step (b), when approximating the coefficients of the polynomial vector
fields uniformly on K by holomorphic functions on X, we can ensure that
these functions vanish on the discrete sequence (xk) by a standard result
of Stein space theory. In step (c), we can also obtain shear vector fields
that depend holomorphically on x ∈ X and vanish on (xk) (see the proof
of Theorem 3.1). The automorphisms of C

n obtained from their flows then
approximate H on K and match the identity on C

n at each point xk. �
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Our main result, Theorem 1.1, is the parametric version of Theorem
6.1. The proof is essentially the same as that of Theorem 6.1. We first use
Theorem 1.2 to reduce to the case when φk = id for all k, and then we apply
the parametric versions of the arguments in the proof of Theorem 6.1. We
omit the details.

We conclude this section by formulating an extension property that is
a necessary and sufficient condition for any of our six groups to satisfy the
full parametric Oka property with approximation and interpolation.

Theorem 6.2. Let G be one of the subgroups of Aut C
n, n > 1, in (1.1).

The following are equivalent.

(i) Let X0 be a closed subvariety of a Stein space X. If a holomorphic map
X0 → G has a continuous extension X → G , then it has a holomorphic
extension.

(ii) Let X0 be a closed subvariety of a Stein space X. Every holomorphic
map X0 → S G extends to a holomorphic map X → S G .

(iii) G satisfies POPAI.

7. Algebraic automorphisms of the affine plane

In this section, we complete the proof of Theorem 1.2 by explaining how to
find holomorphic maps from a Stein space X into the group G = Autalg C

2

with prescribed values of bounded degree on an infinite discrete subset. Note
that if X has finitely many irreducible components, then bounded degree is
a necessary condition for extendibility. Namely, if f : X → G is holomorphic,
then X is the increasing union of the closed subvarieties Yn, n ∈ N, where
deg f ≤ n, so Yn = X for n sufficiently large.

We recall the basic facts of the structure theory of G (see [11, Section
2]). By the Jung–van der Kulk theorem, G is the amalgamated free product
of the subgroups A of affine automorphisms and E of elementary auto-
morphisms, that is, automorphisms of the form (x, y) �→ (ax+ p(y), by + c),
where a, b, c ∈ C, ab �= 0, and p is a polynomial. Every g ∈ G that does not
belong to the intersection S = A ∩ E may be expressed as a composition
gn ◦ · · · ◦ g1, where each gi belongs to either A or E but not to S, and no
two consecutive factors belong to the same subgroup A or E. This expres-
sion for g is unique, except that for every s ∈ S and every i > 1, we may
replace gi by gi ◦ s and gi−1 by s−1 ◦ gi−1. The degree of g is the product of
the degrees of g1, . . . , gn.
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The polydegree of g /∈ A is the sequence (d1, . . . , dm) of integers dj ≥
2 obtained from the sequence (deg g1, . . . ,deg gn) by crossing out all the
1’s. Then deg g = d1 · · · dm. The set G[d1, . . . , dm] of all elements of G of
polydegree (d1, . . . , dm) naturally carries the structure of a complex manifold
of dimension d1 + · · ·+ dm + 6 [11, Lemma 2.4], and G is the disjoint union

G = A �G[2] �G[3] �G[2, 2] �G[4] � · · · .

We observe that G is thus endowed with what we might call a stratified Oka
structure. (Stratified Oka manifolds were introduced and studied in [9].)

Proposition 7.1. Each manifold G[d1, . . . , dm] is Oka.

Proof. By [11, proof of Lemma 2.4, Lemma 2.10], G[d1, . . . , dm] is a holo-
morphic fibre bundle over P1 × P1, whose fibre is biholomorphic to a product
of copies of C and C

∗. Since the base and the fibre are Oka, so isG[d1, . . . , dm]
[6, Theorem 5.5.4]. �

To complete the proof of Theorem 1.2, let D be a discrete subset of a
Stein spaceX, and f : D → G be a map such that deg f : D → N is bounded.
Then there is a finite partition D = D1 � · · · �Dn such that f maps each Dj

into one of the sets G[d1, . . . , dm] or A. Since these sets are connected and
Oka, for each j = 1, . . . , n, there is a holomorphic map Fj from X into the
corresponding set such that Fj = f on Dj . Let hj be a holomorphic function
on X such that hj = 1 on Dj and hj = 0 on D \Dj .

For φ ∈ G , we define an entire curve C → G , t �→ φt, by the formula

φt(z) = tφ(0) + t−1(φ(tz)− φ(0)),

so φ1 = φ and φ0 = D0φ. Note that the mapX → G , x �→ Fj(x)hj(x), is holo-
morphic. For j = 1, . . . , n, let βj : D → GL2(C) have βj(x) = id if x ∈ Dj ,
and βj(x) = (D0Fi(x))−1 if x ∈ Di, i �= j. Since GL2(C) is connected and
Oka, βj extends to a holomorphic map X → GL2(C). Now a holomorphic
map X → G extending f is given by the formula

x �→ β1(x) ◦ F1(x)h1(x) ◦ · · · ◦ βn(x) ◦ Fn(x)hn(x).
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