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On the moduli space of deformations of
a p-divisible group

OLEG DEMCHENKO AND ALEXANDER GUREVICH

Let G be a connected p-divisible group of height h and dimension
d over a perfect field k, and O denote the ring of Witt vectors over
k. It is a well-known fact that the deformation functor Defs is
representable by SpfoO[[t1,. .., tan—q)]]. Following Hazewinkel’s
philosophy we construct explicitly a family of universal deforma-
tions of G.

Introduction

Deformation functor in the language of formal power series

Let O denote the ring of Witt vectors over a perfect field £ of char-
acteristic p > 0. Denote by Ap the category of Artinian local O-algebras
with residue field k. For a p-divisible group G over k, the deformation
functor Defg: Ap — Sets assigns to R € ObAp the set of the isomor-
phism classes of the pairs (G’, i), where G’ is a p-divisible group over R
and i : G’ ®r k — G is an isomorphism. Grothendieck proved that Def¢ is
representable by a smooth formal O-scheme of relative dimension m (i.e.,
Defa = SpfpOl[t1, - -, tm]]), where m = dim G - dim G?, and G! is the dual
p-divisible group (see [7, Corollary 4.8]).

We essentially employ the coordinate point of view on both p-divisible
groups and their deformation spaces. Any smooth d-dimensional connected
formal scheme G over k is formally represented by the ring of formal power
series in d variables with coefficients in k. If, in addition, G has a commuta-
tive group structure, then any choice of a coordinate system on G (i.e., an
isomorphism G — Spfik[[z1,...24]]) gives a commutative formal group law
over k which we, following Honda [6], call a formal group.

Grothendieck’s theorem can be formulated in terms of formal groups.
Indeed, if a connected p-divisible group G over k is represented by a for-
mal group ®, the functor Defs can be identified with the functor which
assigns to R € ObAp the set of x-isomorphism classes of R-deformations of
®. Here R-deformation is a formal group over R with reduction equal to ®,
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and x-isomorphism is an isomorphism with identity reduction. Besides, if
dim G = d, then dim G* = h — d, where h is the height of G, i.e., the O-rank
of the Dieudonné module D(G). On the other hand, D(G) can be constructed
through the logarithm of an O-deformation of ® (see for instance [4]).

The choice of a coordinate system on Defs (i.e., an isomorphism from
Defa to SpfpOl[ti, ..., tm]]) is equivalent to the choice of a universal defor-
mation of ®. The latter is a formal group I" over Ol[t1, ..., t,,]] satisfying the
following condition: for any R € ObAp and any R-deformation F of ® there
exists a unique O-homomorphism g : O[[t1,...,ty]] — R such that u,D is
*-isomorphic to F.

We approach the deformation problem using Hazewinkel’s universal mul-
tidimensional p-typical formal group and construct a family of explicit uni-
versal deformations of @ as its specializations. In particular, it gives a new
proof of Grothendieck’s result. Note that Grothendieck’s proof of the repre-
sentability of Defqg is based on the theory of obstructions, and it does not
allow one to find a coordinate system on De fg explicitly.

Finally, we believe that our result can be applied to an explicit descrip-
tion of the natural action of Autip(G) on Defs defined by ¢[(G',i)] =
[(G',¢oi)] for any ¢ € Auty(G), [(G',i)] € Defa(R), R € ObAp. In the
case where dim G = 1, such a description was established in [2] with the
aid of the universal deformation constructed by Hazewinkel. The universal
deformation introduced in the present paper will hopefully allow us to treat
similarly the action in the multidimensional case.

Historical review

Lubin and Tate [8] were the first to study the deformation functor in the
case of dimension one. They considered the second cohomology group of ®
and proved that its deformation functor is isomorphic to Spf»O[[t1, . .., th—1]],
where h is the height of ®. For the case of arbitrary dimension, a similar con-
sideration was given in [11], where the representability of the deformation
functor was established by using Schlessinger’s criterion. As in the case of
Grothendieck’s proof, this approach does not provide any explicit universal
deformation.

A description of deformations of a p-divisible group can be obtained
through the crystalline Dieudonné theory developed by Grothendieck and
Messing [9]. Another approach to the deformation theory, due to Norman
[10], includes an explicit construction of a universal deformation in terms of
the Cartier module. Although only deformations over rings of finite charac-
teristic were originally considered, Norman’s ideas were later expanded by
Zink to introduce the notion of 3n-display. In his fundamental work [12],
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Zink described the universal deformation of a #n-display and showed that
the category of 3n-displays is equivalent to the category of p-divisible groups
over excellent rings.

The result of Lubin and Tate was reproved by Hazewinkel [5]. He intro-
duced the universal p-typical formal group Fy over a ring of formal power
series such that any p-typical formal group over an arbitrary ring R can be
obtained from £y, by specialization of the variables in R. Then, if the spe-
cialization for a one-dimensional p-typical formal group ® over k of height
h is given by a sequence of parameters, any lifting of all but the first h — 1
parameters gives a universal deformation of ®.

Outline of the paper

The present paper is organized as follows. Our main goal is to prove a
generalization of Hazewinkel’s theorem on deformations of a one-dimensional
formal group [5, Theorem 22.4.4] to the multidimensional case. Following
Hazewinkel, two distinct moduli problems are studied: one for deformations
considered up to strict x-isomorphism and the other for deformations consid-
ered up to *-isomorphism. In the first case, all the proofs are much simpler,
while the second case is more important, since it corresponds to the clas-
sical moduli problem on deformations of a p-divisible group. We state this
theorem in the first case and sketch its proof.

For an infinite set V of independent variables, let Fj be a universal
d-dimensional p-typical formal group over the polynomial ring Z[V]. If a is
a sequence of elements of a ring A, denote by Fy () a formal group over A
obtained by the specialization of Fy, at V = a. Any p-typical formal group
® over k is uniquely represented as ® = Fy (z), where = is a sequence of
elements from k. Fix any lifting © of = to O, then Fy (g) is a deformation of
® over O.

Our main result (Theorem 2) is that one can construct a finite set of
indices ¥ such that for any local O-algebra R with maximal ideal 9t and for
any deformation F' of ® over R, there exists a unique tuple (7y)ypcw, 7y € M,
such that Fy (@) is strictly *-isomorphic to F, where 7 is a sequence whose
elements are all zero except those corresponding to ¥ and equal to 7. The
choice of ¥ is not necessarily unique and Proposition 9 provides some simple
form for it. Moreover, it is shown that in this form ¥ behaves naturally with
respect to direct sum of formal groups (Proposition 10). Finally, assuming
k to be algebraically closed, W is found explicitly for the standard represen-
tative of each isogeny class of formal groups over k£ (Example 3).

In the proof, Hazewinkel’s strategy is followed. By induction, we con-
struct a Cauchy sequence of parameters Z(n) such that Fy (1) is strictly
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x-isomorphic to F, Fy/(z(541)) i8 strictly x-isomorphic to Fy (z(n)y, and Z(n)(v)
converges to ©(v) for any v € V' \ {vy}yew. Then Z =lim Z(n) gives the
required deformation Fy (7). To perform the induction step, we employ
a universal strict isomorphism oy r: Fy — Fyr over Z[V,T], where T is
another set of variables indexed by the same set as V. Since Fy 7 is p-typical,
there exists x: Z[V] — Z[V,T] such that Fyr = k.Fy. Let N(V,T) be the
T-linear part of V — (V) and Nz = N(E,T): T — T denote the corre-
sponding k-linear map for 7 being the vector space over k whose coor-
dinates are indexed by 7. In order to control the approximation error,
a set of indices W is chosen so that w Ng: 7 — Ily is surjective, where
w: 7 — Ily is the factorization map by the subspace of 7 consisting of vec-
tors whose coordinates are non-zero only if the corresponding indices belong
to W. To prove the uniqueness of Fy (z), the injectivity of ™ Nz (Propo-
sition 14) is needed. Thus ¥ must be such that (vy 4+ Im Nz)yecy form a
basis in the cokernel of Ngz. It turns out that Nz in this condition can be
replaced by another linear operator Yz on 7 which has rather simple form
(Proposition 4). In fact, there is a natural isomorphism of k-vector spaces
between 7 and AM4(E), where £ = Ek[[A]] is a k-algebra with multiplication
rule Aa = aPA, a € k, so that Y= corresponds to the right multiplication
by the element U =37 Z,A" € AM4(E). Then it is easy to show that
AM,(E)/AMy(E)U is isomorphic as a k-vector space to the direct sum of
d-copies of D(®) ®p k, where D(®) is the Dieudonné module of ®. Thus
the codimension of Y= equals dh, which gives the number of elements in ¥
(Proposition 8).

The statement and the proof of the theorem in the second case are sim-
ilar. We use the universal isomorphism with strict reduction vy, 7 : Fy —
Fy 7 defined over Z[V, T|[[Tp]] (Theorem 1) instead of oy 7, and the linear
operators NL and YZ (Proposition 7) instead of Nz and Yz, respectively.
Thus we obtain a condition on the set of indices ¥ corresponding to vari-
ables which are allowed to vary, and calculate the number of its elements.
The theorem proved implies that any choice of a deformation Fy (g of @
over O together with ¥ (resp. 1) provides a universal deformation of ® in
the first (resp. second) case.

1. Formal groups
Basic definitions

Let A be a ring. We denote by X the d-tuple of independent vari-
ables (z1,...,24) and write X7, ¢ € N, for the d-tuple (z{,...,2%). We also
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consider the ring A[[X]]o of formal power series over A in variables x1, ..., x4
without constant term.

A d-dimensional formal group over A is a d-tuple of formal power series
F € A[[X,Y]]? satisfying the following properties

(i) F(X,0)=X;
(i) F(X,F(Y,Z)) = F(F(X,Y),Z);
(ili) F(X,Y) = F(Y, X).

The simplest examples are the one-dimensional additive and multiplicative
formal groups Fo(X,Y) =X +Y and F,,,(X,Y) =X + Y + XY.

Let F and F’' be d- and d’-dimensional formal groups over A. A
d’-tuple of formal power series g € A[[X]]¢ is called a homomorphism from F
to F', if g(F(X,Y)) = F'(9(X),9(Y)). The matrix D € My 4(A) satisfying
9(X) = DX mod deg?2 is called the linear coefficient of g. It is easy to see
that a homomorphism ¢ is an isomorphism if and only if its linear coeffi-
cient is an invertible matrix. An isomorphism with identity linear coefficient
is called a strict isomorphism.

Let R be a complete Noetherian local ring with residue field k, and ®
be a formal group law over k. A formal group F over R with reduction ® is
called a deformation of ® over R. Let F, F’ be deformations of ® over R. An
isomorphism from F' to F’ with identity reduction is called a x-isomorphism.

If A is a QQ-algebra, then for any d-dimensional formal group F over A,
there exists a unique strict isomorphism f from F to F¢ (see for instance [6,
Theorem 1]). This f is called the logarithm of F.

If A is a ring of characteristic 0 and F' is a formal group over A, the
logarithm of F' is by definition the logarithm of Fagq. If, in addition, F” is
another formal group over A and g is a homomorphism from F to F’ with
linear coefficient D, then g = f'~! o (Df), where f, f are the logarithms of
F, F', respectively (see [6, Proposition 1.6]).

Formal groups over Witt vectors

Let k& be a perfect field of characteristic p # 0, O be the ring of Witt
vectors over k, K be the quotient field of O, and A: I — K be the Frobe-
nius automorphism. Let E denote the set of formal power series over O
in indeterminate A with the usual addition and multiplication given by
Aa = a”A for any a € O. Extend the O-module structure on K[[X]]o to
a left E-module structure by the formula A f(X) = f2(X?). It determines a
bilinear map My 4(E) x K[[X]]¢ — K[[X]]¢". In particular, we obtain a left
My (E)-module structure on K[[X]]4.
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Let u € My(E) be such that w = pI mod A. We say that u is a type of
feK[X]Eif f(X)=X mod deg2and uf =0 mod p,ie., uf € pO[[X]].

Honda theory [6] describes the logarithms of formal groups over O as
formal power series of certain Honda type.

Theorem A 1. [6, Theorem 2 and Proposition 3.5]

(1) Let u € Mg(E), u=pl mod A, f € K[[X]]& be of type u. Then f is
the logarithm of a formal group over O.

(2) Let F be a formal group over O with the logarithm f € K[[X]]4. Then
there exists u € My(FE), u=pl mod A, such that fis of type u.

Proposition Al. [6, Proposition 2.6] Let u € M4(E), u=pl mod A, f €
K[[X]]& be of type u, v € My q(E). If vf =0 mod p, then there exists s €
Mg 4(E) such that v = su.

Formal groups over finite fields

With the aid of Honda theory, the category of formal groups over k can
be also described and the Dieudonné module can be constructed. First, we
formulate one more auxiliary statement.

Lemma A1l. [6, Lemma 4.2 and Lemma 4.3]

(1) Letu € My(E),u=pl mod A, f € K[[X]]4 be of type u, ¥1 € K[[X"]]¢
and g € O[[X')) for X' = (a,...,20,). Then f oty = f o)y mod p
iff 11 = 19 mod p.

(2) Let F be a formal group over O with the logarithm f € K[[X]]¢ and
¥ € K[[X]]o- Then o F(X,Y) = ¢(X) +¢(Y) mod p iff there exists
s € My q(E) such that ¢y = sf mod p.

Proposition 1. Let F,F’ be formal groups over O with logarithms f, f' €
K[[X]]&, respectively. Then the reductions of F and F' modulo p are equal iff
there exists v € GLg(FE) such that f =vf" mod p.

Proof. By Lemma A1 (2), f=vf" mod p for some v € My(FE) iff f o F/(X,Y)
=f(X)+ f(Y)=foF(X,Y) mod p. According to Theorem A1l (2), there
exists u € Mg(F), u = pI mod A, such that f is of type u. Then Lemma Al
(1) implies that fo F' = fo F mod p iff F/ = F mod p. O

Let F be a d-dimensional formal group over O with logarithm f €
K[[X]]¢ of type u € My(E), and ® denote the reduction of F' modulo p. The
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E-module D(®) = M, 4(E) f/pO[[X]]o is called the Dieudonné module of ®.
Proposition 1 implies that D(®) depends only on ®. Since uf € pO[[X]]d,
the E-linear map M; 4(E) — D(®) defined by s — sf + pO[[X]]o induces
a homomorphism M; 4(E)/M; 4(E)u — D(P) which is an isomorphism by
Proposition Al. A formal group @ is said to be of finite height if D(®) is a
free O-module of finite rank (see [4, Proposition II1.6.1]). In this case, the
rank of D(®) is called the height of ®.

Proposition A2. [6, Theorem 5] Let ®, ®' be formal groups over k of
dimension d and d', respectively. Suppose that u, u’' be types of logarithms
of deformations of ®, ®. Then there is a homomorphism from ® to ® iff
there exist w,z € My 4(E) such that w'w = zu. The homomorphism is an
isomorphism iff w is invertible.

2. Universal formal groups and isomorphisms

Notation and conventions

Let M4(A) and GL4(A) denote the full matrix ring and the multiplicative
group of invertible matrices of order d with entries in a ring A, respectively.
Denote by I € My(A) the identity matrix. An entry of a matrix M in the ith
row and the jth column is denoted by M (i, ). If M, M" are d x d-matrices,
along with standard matrix multiplication, we consider entry—by—entry mul-
tiplication M « M’ i.e., (M * M')(i,7) = M (i,5)M'(i,7), 1 <i,j < d. Simi-
larly, the matrix obtained from M by raising all its entries to the gth power
is denoted by M@ ie., M@ (i, j) = M(i,7)9,1<1,j < d.

If p: A — A’isaring homomorphism and f € A[[X]], then u. f € A'[[X]]
stands for a power series obtained by applying p to the coefficients of f.
Besides, we consider polynomial rings with integer coefficients in an infi-
nite number of variables, which are grouped together in matrices for conve-
nience. Let V,,, S, n>1 and T,, n > 0 be d x d-matrices of independent
variables V;,(i, j), Sn(4,j) and T}, (i, j), respectively. The sets of these matri-
ces are denoted by V = (V1,Va,...), S =(51,59,...), T = (T1,T3,...) and
T = (Ty,T1,...).

Let P(f) denote the p-typical part of a power series f in variables
x1,...,2q, 1.e., the power series obtained from f by removing all mono-
mials except monomials of the form aa:f”, 1<i<d,n>0.1If f;, 1 <i<d,
are power series, we write P(fi,..., fg) for the d-tuple (P(f1),...,P(fa)).

Let P be the set of positive integers which are not p-powers.
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Universal formal groups Fy and Fg

We state a special case of Hazewinkel’s functional equation lemma and
introduce some formal groups which play an important role in our paper.

Functional equation lemma. [5, 10.2] Let p be a prime number, A be
a subring of a ring K, o be an endomorphism of K such that o(a) = o
mod pA for all a € A, and s1,S2,... € Mg(K) be such that ps,(i,j) € A
for 1<i,j<d, n>1. Let g € A[[X]]d be a d-tuple of power series with
invertible Jacobian. Then the d-tuple of power series f, € K[[X]]d defined
by the recursion formula

Fo(X) = g(X) + ) snol fy(X7")

n=1

is the logarithm of a d-dimensional formal group over A.

Apply the functional equation lemma for the following data:
(1) K =Q[V]; A=Z[V]; 0(Va(i, 5)) = Va(i, §)Ps s = p~' Vs gv (X) = X.

(2) K = Q[S]a A= Z[S]; O-(Sn(lv.])) = Sn(iaj)p; Sn :p_lsp";
95(X) = X 42 ep Sn X"
Then fy = f,, and fg = f,. are the logarithms of d-dimensional formal
groups Fy and Fg defined over Z[V] and 7S], respectively.

Let S =S U {S.}weq, where  is the set of multi-indices w € N which
have at least 2 non-zero components and S, are columns of independent vari-
ables with d entries. Denote §(X) = X + > .o S X, where X (@1wa) —
o al

Fix an embedding of Q[V] in Q[S] by identifying V,, and Sp», n > 1.
Denote fs = f 0 ¢ € QIS][[X]] and ¢ = f3' o fy € QIS[X]]

Theorem B1. [5, Proposition 25.4.11 and Theorem 25.4.16]

(1) fs is the logarithm of a d-dimensional formal group Fs over Z[S] which
is strictly isomorphic to Fy over Z[S], i.e., ¢ € Z[S][[X]].

(2) Fs is a universal formal group in the class of d-dimensional formal
groups defined over Zy-algebras, i.e., for any Z,-algebra A and a
d-dimensional formal group F over A, there exists a unique homomor-
phism p: Z[S] — A such that p.Fs = F.
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A formal group law F over a ring A is called p-typical, if there exists
p: Z[V] — A such that p.Fy = F.

Proposition B1. [5, Proposition 15.2.6] Let A be a ring of characteristic
0 and F be a formal group over A with logarithm f. Then F is p-typical iff

P(f) = f, where P(f) is a p-typical part of f.

The following recurrence relation on the coefficients of fy, will be widely
employed throughout the paper.

Proposition B2. [5, 10.4.4 and 10.4.5] If fy =Y o2 an(V)XP", then
an(V) € QV1,..., V4] and

pan(V) = ant(V)VP Db b a(V)VP 4 Vi, ao(V) =1,

(V)= 3 pvvE Ly
i tip=n

Universal strict isomorphism of p-typical formal groups

Apply the functional equation lemma for the following data:
K = QIV,T]; A = ZIV, T}; 0(Va(is 1)) = Valis )% o(Tuis 1)) = Tuli, )7
$n=p W gvr(X) =X + 300, T, XP".
Then fyr = fg,, is the logarithm of a d-dimensional formal group Fy,r
over Z[V,T]. Denote ay,p = f‘;lT o fy € Q[V, T][[X]]-

Proposition B3. [5, Theorem 10.3.5] Fyr and Fy are strictly isomorphic
over Z[V,T], i.e., ayr € Z[V,T][[ X]].

Theorem B2. [5, Theorem 19.2.6] The triple (Fv,ay,r, Fyr) is universal
in the class of triples (F, a, G) over Z,)-algebras consisting of d-dimensional
p-typical formal groups F, G and strict isomorphism o : F — G, i.e., for
any Ly -algebra A, two d-dimensional p-typical formal groups F,G over A
and a strict isomorphism a: F' — G, there exists a unique homomorphism
p: Z[V,T] — A such that pFyy = F, pFyr = G and peayr = a.

Universal isomorphism of p-typical formal groups with strict reduction

According to Theorem B1 (2), there exists a homomorphism A : Z[S] —
Zp) [V1[[To]] such that A\ Fs = (I +To) " Fy ((I + Tp)X, (I + Tp)Y). Denote
Vi = A(Va) € Zp) V1, - - -, Val[[To]]-
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Lemma 1. P(fs) = fv.

Proof. The definition of ¢ implies that P(fs) = P(fg) and the one of gg
that P(fg) = fy. [l

Proposition 2. For anyn > 1,
V= (I +To) W,(I + Tp)®")
+(I+Tp) 12(1 ( ) (I + Tp) ") — (I+T0)(pj)17,f’fj)).
Proof. Denote D = I + Tp. The logarithm of D' Fy,(DX, DY) equals D!

fv(DX) =32 ,D'a,(V)(DX)P". By Lemma 1 we obtain A fy = A\ P
(fs)=P(\fs). Since P(3. D 'a,(V)(DX)?")= D 'a,(V)D@")XP",

we deduce that

> Da,(V)DPIXP =Y " a, (V) XP

Hence by Proposition B2

n— n—1
U+ 3 D7 a;(V)DPIVE) = 0, £ 3 a0y (V) TP = pan(V)
: =~

= D 'pa,(V)D®")

=D~ IVD(p)—l—D 1Za (p])D(p)
7=1

which implies

n—1 ) o
Vo =DV, D) + DY " ay(V) (ng) pw) — pEIp P )) _
j=1

Corollary. V,, € Z[Vi,..., V,][[To]].

Proposition 3. Let A be a ring of characteristic 0, G be a formal group
over A with logarithm X, and p:Z[S] — A® Z,) be the homomorphism
provided by Theorem B1 (2) such that p.Fs = G.
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(1) If the components of A have zero coefficients at all the monomials x",
where 1 <i < d and m € P, then u(S,) =0 for alln € P.

(2) If 1(Sm) € A for allm > 1, then u(S,) € A for all w € Q.

Proof. (1) Denote by & the ideal of Q[V][[T0]][[X]] generated by the elements
X we Q. Then {(X) =X mod X and fs = fg mod X. Letn € P be the
least number such that p(Sy,) # 0. In the equivalence A = p. fg mod X, the
coefficient of (0,...,0,27,0...,0), where 27 appears at ith position, on the
left-hand side is 0 and on the right-hand side is A(S, (¢, 7)), a contradiction.

(2) Let Bo(X,Y)=X"4+Y"— (X +Y)", and let vp(n)=1if neP
and v(n) = p otherwise. Then v,(n) ! B,(X,Y) has integer coefficients. The
definition of Fg implies that for any n > 1

Fs(X,Y)=X +Y +v(n) 'By(X,Y) + L,(X) + L, (Y)—
Lp(X4+Y) mod {Ss,...,S-1}U {Sw}weﬂ’|w|<n,

where Ln(X) = cq ujmn SwX“. Let n be the least number such that
there exists w €  with |w| =n and u(Sy) ¢ Z[V][[To]]. Then the previous
equivalence implies that the coefficients of i Ly, (X) + psLn(Y) — pa L0 (X +
Y') belong to Z[V][[To]]. If w = (w1,...,wq) and 1 <i,j < d are such that
wi,wj # 0, © # j, then the coefficient of :n‘;’y;” in the above expression is
equal to u(Sy), a contradiction. O

Corollary. The image of X is contained in Z[V][[To]].

Taking tensor product of \: Z[S]| — Z[V][[Tp]] with the identity isomor-
phism on Z[T] we get a homomorphism Z[S, T'| — Z[V, T'][[To]] which we also
denote by A by abuse of notations. Denote Fy,7 = A\ Fy 7.

Define an isomorphism ey,7, : Fyy — A\ Fy over Z[V][[To]] as the compo-
sition

(I+Tp)~'X
—_——

_ At
Fy (I +To) " Fy (I +To)X, (I +Tp)Y) = M\ Fs =X— N\ Fy,

and an isomorphism vy, 7 : Fyy — Fy o over Z[V, T][[Ty]] as the composition

Ev,T, Aay,
Fy —% \Fy =5 N Fyr = Fyr.

Theorem 1. The triple (Fyv, vy, Fyr) is universal in the class of triples
(F,v,G) over complete Noetherian local rings with residue fields of char-
acteristic p # 0 consisting of p-typical d-dimensional formal groups F, G
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and an isomorphism v : F — G with strict reduction, i.e., for any com-
plete Noetherian local ring R with residue field R/ of characteristic p # 0,
two d-dimensional p-typical formal groups F,G over R and an isomorphism
v : F — G whose reduction modulo M is strict, there is a unique homomor-
phism p: Z[V,T'| — R such that u(Tp) € M and pFy = F, pFyr =G,
MYV ="

Proof. Let v : F — G be an isomorphism with strict reduction and (X) =
D7'X mod deg?2 for some D =1 mod 9. Since R is complete, we can
take 7 : Z[[Ty]] — R such that 7(Tp) = D — I. Then for the isomorphism
ey, : Fv — (TA).Fy over R[ V], we have .ey 7, (X) =D 71X mod deg2.

Let p: Z[[V]] = R be such that p,Fy = F. Then (p7)sevr, : p«Fv —
(pT ) Fy is an isomorphism and (p7).ey7,(X) = D71X mod deg?2. Hence
there exists a strict isomorphism « : (p7A),Fy — G such that a o (p7).ev 1,
= . By Theorem B2, there exists a homomorphism o : Z[V,T] — R such
that o Fyv = (ptA)Fyv, 0.Fyr =G and o.ayr = o. The first condition
implies U‘Z[V] = pT/\‘Z[V].

Now let p:Z[V,T'] = R be given by its restrictions 'U"Z[V} =p,
M‘Z[T] = U}Z[T] and M‘Z[[To]} =17. Then pFyv = psFy = F and pFyp =
(uX)«Fyr = o Fyr = G, since ,u)\‘Z[T] = H‘Z[T] = O"Z[T] and /M|Z[V] =
M‘Z[V][[TO]}MZ[V} = pT)\’ZM = U‘Z[V]. In a similar way, we get p.yyr =
(HA)«v,r © puev,r, = osayr © (M‘Z[VH[TO”)*EvyTO =7

In order to prove the uniqueness, suppose that there are u, p' : Z[V, T'] —
R such that p.Fyv = p,Fy, pFyr = pl . Fyr and payyr = piyvr. Then
the first condition implies u‘ 7] = w ‘ ZV] and the third condition implies
M‘Z[[To]} = MI‘Z[[TOH’ since Yy (X) = (I +Tp) !X mod deg2. It gives
eV, = Hevir, and (pA)savr o pevir, = pyva = pyvr = (W A)avr o
pievr, which yields (uA)sayr = (W' A)say 1. Taking into account the equali-
ties (WA Fv = (ulgqy)gr)s M Fy = 0|2 Fv = (WA Fy - and
(uN)« Fyr = pFyr = pFyr = (WA)«Fyr, the universality property of
ayr implies that A = p'A, hence ,LL’Z[T] = u’lzm. O

3. Some recurrence relations

Recurrence relation for the universal strict isomorphism

The definition of Fy,r and Proposition B1 imply that Fy 7 is p-typical,
Le., there exists a homomorphism r : Z[V] — Z[V,T] such that r.Fy =
Fyr. Denote V,, = k(V,,) € Z[W1, ..., Vy; Th, ..., Tp] for n > 1.
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Let T be the ideal of Z[V, T| generated by T,,(i, j) for 1 <i,5 <d,n > 1.
Let N,(V,T) denote the linear part of V,, — Vj,, i.e., No(V,T) =V, — V,
mod T2 and N,,(V,T) € 33—y S0y Z[V]Ti(i, 5).

In order to study N, (V,T), we introduce

Ya(V.T) = VP, 4o+ TV

forn > 2 and Y7 (V,T) = 0. We will get a recurrence relation which expresses
N, (V,T) modulo p via Y,,(V,T) and N(V,T) with k < n.

Proposition B4. [5, Theorem 19.5.7] For any n > 1,

Vo=VotpTot+ Y (V) -1v)

n—1
+ 3 an (V) (V0 - )
k=1
n—1 ‘
+Y (V)| Y (VZ@"—% @) ey ))
o Py
2V

Lemma 2. Let J be an ideal in a ring A. If Uy = Uy + Uz mod J? for
some matrices Uy, Uy € My(A) and U3 =0 mod J then

Ul(pk) = Uz(pk) +pkU2(pk_l) «Us mod J°.
Proof. For 1 <1i,5 <d

Ui (i, )P = (Ua(i, §) + Us(i, §))7"°
= Us(i, 5)7" + p*Us(i, j)P" " U3(3,5) mod J2.

Denote V"™ = viv? ... v*") e z[v).

Proposition 4. For anyn > 1,

n—1
Na(V,T) = Ya(V,T) = S V"™ (VD5 Ny(v, 1)) mod p.
k=1
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Proof. We proceed by induction on n. The case n =1 is trivial as V] =
V1 + pTi. Assume that the equivalence is satisfied for any 1 < k <n — 1 and
consider the linear part of the recurrence formula of Proposition B4. The
contribution of the third sum modulo ¥2 is equal to 0. The contribution of
the first sum is

— n—1

_Tlvrfi))l - nflvvl(p ) = _Yn(‘/a T) mod ‘127

since by the induction assumption V; =V; mod ¥,1<1<n — 1.
Now consider the contribution of the second sum. By the induction
assumption and Lemma 2 for 1 < k <n — 1, we have

v g = by P L N (V,T) mod B2,
Proposition B2 implies that pFa(V) = VIU€> mod p which gives the desired
equivalence. 0

Recurrence relation for the universal isomorphism with strict reduction

Remind that (A o k). Fy = Fy7. Denote for n > 1
Vi = AVp) = Mo r)(Vp) € ZVA, ..., Vi Th, ..., T][[T0])-

Let ¥’ be the ideal of Z[V, T][[Ty]] generated by T, (z j) for 1 <i,j <d,
n > 0. Denote by N/ (V,T’) the linear part of Vyy — Vp, ie., N.(V,T') =
Vi =V mod T and Ny(V,T') € Y30 L ZVITy(i, 5).

As a first step in studying N/ (V,T), we relate N/ (V,T) and N, (V,T)
through a certain linear form H, (V,Tp).

Let %o be the ideal of Z[V][[To]] generated by Ty(i, ) for 1 <i,7 <d.
Denote by Hy(V,Tp) the linear part of V Vo + ToVy, ie., H,(V,Ty) =
Vy, — Vi + ToV,, mod T2 and H,(V,Ty) € Z” 1 [V]To(z',j).

Proposition 5. For anyn > 1,
WV, o) = —Zvl (V& k(v Ty) )

n—

+ZV1 (V(”k Y s (TyVis) — (I*TO)Vﬁk)) mod p.
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Proof. Using Proposition 2, Lemma 2 and the fact that p*ay (V) € Z[V] we
obtain

n—1
Vo= (L= To)Vau=(I-To) Y ax(V)(V.E)IL + To)®) — (1 + Tp) IV F))
k=1

k

n—1
= (1-T0) S ax(V) (V) — (14 51+ ) (V)
k=1

+ka757_Jkkfl) * (‘/}n—k - Vn—k)))

n—1
= (1= 1) Y v an(V) (V2 5 (Vi = V)
k=1

—(I% TO)VéZi?) mod pTy + T%

Proposition B2 implies that p*a (V) = V1<k> mod p. Then we have

k

i U Voot = Vi — TOVn—k)>

n—

v, — x/+nv_4fim§:mmoﬂ
k=1

+Zv1 (V) (TVai)
- (I*TO)VTE—k)) mod pTo + T3

Finally, if we assume that the required statement holds for any n < n’, the
last formula shows that it holds also for n'. O

Proposition 6. For anyn > 1,
N (V,T") = ToVy, + No(V,T) — Hp(V, Tp).
Proof. Proposition 5 implies that ‘7n =V, mod ¥'. Then we have

Vo = A(Vp) = MVp) = MNo(V,T)) = Vi, — No(V, T)
=V, — ToVu + H,(V,Tp) — N, (V,T) mod T?.
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For further investigation of N/, (V,T'), we introduce
n—k)

n—1
YV, T') = ToVi + Ya(V,T) + > V" (1 Ty) v,
k=1

We will prove a recurrence relation which expresses N/ (V,T) modulo p
through Y;)(V,T) and N, (V,T) with k < n.

Proposition 7. For anyn > 1,
N.(V,T)=Y'(V,T') — Z y ( Dy NV, T’)) mod p.
Proof. Using Propositions 4, 5 and 6 we obtain

N (V,T') = TyVy + Yo (V,T) = Yo (V. T) + No(V, T) — H,,(V, Tp)

n—1
=YV, 7)Y V"I ) v
k=1

n—1
_ Z V'l<n—k> (Vk(p"r—k_l) % Nk(‘/a T))
n—1
+ Z Vv1<n_k> (Vk(pnik_l) * Hk(‘/a TO))
n—1
> VR (v (1) - (= TV )

Y'(V,T') - ZVI” k( 1)*N,Q(V,T’)) mod p.

4. Basis of the deformation space

Relation between the image of Yz and the height of Fy (z)

For a module M over a ring A, denote by M the A-module consisting
of all infinite sequences of elements of M indexed by all positive integers.
Then M;? is the submodule of M consisting of the sequences starting with
m Zeros.
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Let a = (a1, ag,...) be asequence of d X d-matrices with entries in a ring
R. Denote by Fy(4) the formal group u. Fy over R, where the homomorphism
p: Z[V] — Ris given by u(V,(i,7)) = an(i,j), n > 1,1 <4,j <d. A similar
notation will be used also for Fy,r and ay 7.

Let &k, O, E be as in Section 1. Let ® be a d-dimensional formal group
over k. According to Theorem B1, ® is isomorphic to a p-typical formal group
over k. Thus without loss of generality we can suppose that ® is p-typical,
i.e., there exists = = (Z1,Zy,...) € Mg(k)* such that ® = Fy(z). Let ==
(21,Z2,...) € Mg(O)™ be the sequence of matrices which are composed of
the Teichmiiller representatives in O of the entries of the matrices Z,. Then

F = Fv( ) is a deformation of ® over O, and f fV( is its logarithm.

Denote u =pl — > >, E,A" € My(E).

Lemma 3. uf: pX.

Proof. Since EZA = él(p ), we get A" f f X where ﬂ/n) =o'fy and
0:Q[V] — Q[V] is defined by o(V;) = V( P) for i > 1. Then according to the
definition of fi/, we obtain uf = pr(E) > _n]ﬁn =pX. O

Remind that V1(V,T) =0 and Y,(V,T) = Tﬂ/,ff?1 o T VP
forn > 2. Put Y,/ (V,T") = TyV,, + Y, (V, T) for n > 1. Let Yz be a k-linear
operator on My(k)> defined by Y=(T) = (Y1(E,T),Y2(E,T),...). A k-linear
operator Y= on My(k)™ is introduced in a similar way.

Let £ = E ®p k be a non-commutative ring with multiplication given by
Aa=aoPA for any o € k. Define ¢: AMg(E) — My(k)>* as follows
L3200 ©,A") = (01,0,,...). Evidently, ¢ is a k-isomorphism, : 7t o Yz 04
is the right multiplication by U = >3, Z;A" € AMy(€), and : 71 o Y2 0 ¢ is
the right multiplication by A~U.

Proposition 8.

(1) The following claims are equivalent:
(i) @ is of finite height;
(il) Mgy(k)22 C Im Yz for some positive integer m;
(iil) Mg(k)SS C ImYZ for some positive integer m’;
(iv) Y= is a monomorphism;
(v) Y2 is a monomorphism;
d

(2) If ® is of height h, then dim Coker Yz = dh and dim Coker Y=© =
d(h —d).
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Proof. (1) We can restate the claims as follows:

(ii) there exist W € AMg(E), m > 1 such that WU = IA™;

(iii) there exist W’ € AMy(&), m’ > 1 such that W/A~1U = IA™;
(iv) if CU = 0 for some C' € AMy4(E), then C' = 0;

(v) if C'A~tU = 0 for some C' € AMy(€), then C’" = 0;

Obviously, (ii) is equivalent to (iii), and (iv) is equivalent to (v). By [1,
Proposition 10], (i) and (iv) are equivalent. R

Assume that (i) is satisfied. Then for any 1 <i <d, the system {A" f; },>1
C D(®) is not linear independent over O, i.e., there exists z; € E such that
zifi =0 mod p. Since D(P) is a free O-module, we can suppose that one of
the coefficients of z; is invertible in O. Weierstrass preparation lemma implies
that there exists a monic polynomial v; € E of degree m; such that v; = A™
mod p for some integer m;, and v;f; =0 mod p. Put m = maxm,. Define
v € My(E) as follows: v(i, j) = &/ A™ ™iv;. Then v = IA™ mod pand vf =
0 mod p. By Lemma 3 and Proposition Al, there exists w € My(E) such
that v = wu, which implies (ii). R

Assume that (ii) is satisfied. Then {A"f;}o<n<m,i<i<d generates D(P)
as an O-module. If f = vf, v € My 4(F), is such that pf =0 mod p, then
by Proposition Al, there exists ¢ € M; 4(F) such that pv = cu. According to
(iv), ¢ = pb for some b € M; 4(F), and hence, f = bufz 0 mod p. It implies
that Ml,d(E)f/p(’)[[X]]g = D(®) is p-torsion free, and thus we obtain (i).

(2) Taking into account the above observation, we have to prove the fol-
lowing: dimkAMd(g)/AMd(g)U = dh; dimkAMd(S)/AMd(S)A_lU =
d(h — d). Since the reduction of u is equal to —U, we have

AM;(E)/AMg(E)U = Mg(E)/My(E)U = (My(E)/Mg(E)u) @0 k.

The factor module My(E)/Mg(E)u is isomorphic as an O-module to the
direct sum of d copies of M 4(E)/Mi q4(E)u = D(®), and hence, it is a free
O-module of rank dh. That implies the first claim. Finally,
AMy(E)/AMy(E) A~1U = aAMy4(E)/My(E)U. Using the above argument, one
obtains dim;My (£)/Ma(E)U = dh, and moreover, dim;pM;(E)/AM4(E) =
d?. That implies the second claim. O

Basis of the cokernel of Y=

From now on, ® is supposed to be of height h. For n > 1, 1 <1,j <d,
denote by By, ; ;) € Mg(k)> the sequence of matrices with the only non-
zero entry which equals 1 € k and appears in the nth matrix at the (4, j)th
position. By Proposition 8, My(k)5° C Im Yz for some integer m > 0, i.e.,
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the set A = {(n,4,7) |1 <n,1 <i,j <d, B, ¢ ImYz} is finite. One can
pick a set ¥ C A so that {By +ImYz | ¢ € U} is a basis of Coker Y=. In
this case, we say that U specifies a basis of Coker Y=.

There is an alternative description of W. The coordinates of Y= are linear
k-functions on Mg(k)>°. Choose those of them which form a basis of their
span. Then W is the set of the coordinates not included in the basis.

We will show that the set ¥ can always be chosen in a rather simple
form. For a d-tuple of positive integers (ki,...,kq) define

Fkl,...,kd == {(n727])1 S Z')j S d7 1 S n S k]}

Clearly I'y, .k, contains (ki + ---+ kg)d elements. We say that a d-tuple
(k1,...,kq) specifies a basis of Coker Yz if I'y, 1, does so.

.....

Proposition 9. There exists a d-tuple specifying a basis of Coker Yz.

Proof. 1t suffices to prove two facts:

I. The d-tuple (1,..., 1) specifies a linear independent system in Coker Y=.

IT. If (kq,...,kq) specifies a linear independent system and for any 1 <
s < d the system specified by (ki,...,ks+1,...,kq) is linear dependent in
Coker Y=, then (k1, ..., kq) specifies a basis of Coker Y=.

Since Y1(E,T) = 0, we have Im Yz C My(k)3° which implies I.

Denote by J the set ¢ ~}(ImYz) = {CU | C € AMy(&)} which is a left
Mg4(€)-submodule of AM,4(&). Denote by E; ; the d x d-matrix with the only
non-zero entry which equals 1 € k and appears at the (7, j)th position. In
order to prove II, one has to show that for any 1 <s,t<d and m > 1
the element E; ;A™ + J of AMy4(E)/J belongs to the span of {E; jA™ + J |
(n,i,7) € Tk, k,}- We use induction by m — k. If m < kg, the claim is triv-
ial. Consider any m > ks + 1. There are a,; j) € k, (n,i,j) € Ty, .., and
bi,...,bq € knot all equal 0 such that I)TET’SA”“-‘;Jrl = Zn” a(m’j)Ei,jA”
mod J. Let V,....0 ek satisfy S ? bb.=1. Multiplying by

S bE;, A™ Rl on the left one gets E; A™ = Do bgdg:;;;ﬂ
E, jA"tm=k=1 mod J. Since (n+m — ks — 1) — kj < m — ks, the induc-

tion assumption yields the desired result. O

Let Fy o), Fy and Fy ) denote the formal group Fy in the case where
d =di, dy and d; + d, respectively. For i = 1,2, let =0 = (Egl), Eg), ...) €
My, (k)°°, Pl = Fy o zmy, and Yé?) be the corresponding operator on
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My, (k)*°. It is clear that o) o o) = FV(S)(E(I)EBE@)) where

=(1) =(1)
=) =@ _ [ [=1 0 =5 0 .
—1 2

Denote the corresponding operator on My, 14, (k)> by YE(?I)) =™ -

[1]

Proposition 10. The d;-tuple (k:glz . kfj)) specifies a basis of Coker YE(?)
fori = 1,2 iff the (d1 + dg)-tuple (kglz A kc(i), kﬁ ... ,kg)) specifies a basis
of Coker YE(?%@E(Q) )

Proof. Fix a positive integer e. Let .T,,, n > 0 be an e X d-matrix of inde-
pendent variables and T = (.11, 15, .. .), I = (1o, Th, - - -)-

Put JYi(V,T) =0 and JYo(V,eT) = VP 44 T V) for
n > 2. Introduce a k-linear operator Yz on M, 4(k)> by Yz(T1')=
(Y1(E, 1), Ya(E, T),...). Obviously, 4Y= coincides with Yz.

For a d-tuple of positive integers (ki,...,kq), define

Forn>1,1<i<e, 1<j<d, denote by B(em,j) € M q(k)> the sequence
of matrices with the only non-zero entry which equals 1 € k and appears in
the nth matrix at the (7, j)th position.

Define ¢ : AM 4(E) — M g(k)® by te(d> 07, 0,4") = (01,02,...).
Denote by J. the set (;!(Im Yz) = {CU | C € AM,4(£)} which is a left
M (&)-submodule of AM, 4(£). Denote by Elnjm the (n x m)-matrix with
the only non-zero entry which equals 1 € k and appears at the (i, 7)th posi-
tion.

Let ¢,Y= and ,Y= be operators on M, 4(k)* and M, 4(k)>, respectively.
If positive integers ki, ..., kq are such that {B“) +Im ¢, Y= | € Tk, k. }
is a basis of Coker Y=, prove that {Bi2 +Ime,Yz | ¢ € Ik, . ko) is & basis
of Cokere,Y=.

In order to show it, assume that ng a(n,i,j)Eié’dA" € J, for some
An,ij) €k, (1,3,7) € e,Tky,... k- For any 1 <7 < ez, multiply by Eilr’ez on
the left and get Zn’j a(nm’j)E?j’dA” € Je,, whence ag,, ;) =0 for any 1 <
j<d, 1<n<k;.
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Furthermore, for any 1 < s < d there are A(n,ij) € k, (n,4,7) € Ty, ka
such that Eils’dAm =iy a(n,m)Ef:}’dA" mod J,. Forany 1 <t < ey mul-
tiplying by E;7“* on the left, one gets Ef;’dAm =3, a(ml’j)EZ?j’dA" mod
Je, and we are done.

Thus one can restate the main claim: the d;- and ds-tuples (kgl), e kt(li))
and (k@ e kc(é)) specify bases of Coker 4,44, YE((ll)) and Coker g4, 14, YE(?Q)),
respectively, iff the (d +d2)-tuple (kgl), .. ,k((ji), k:gzz e k:c(z)) specifies a basis
of Coker YE(?%@E(Q). We are now in a position to prove it. Use the nota-
tion T' = (11,13, . ..) for (di + d2) x (d1 + d2)- matrices of independent vari-
ables. Forn > 1, let T;, = (T,(ll),'T,?)) where T\" are (d1 + da) x d;-matrices,
i =1,2. Denote T = (Tl(l), TQ(Z), ...). Then

3 . ,
YE(“))@5<2> (T) = (4,44, Y20, (TD), 4,10, YA, (TP)).

Since

r

1 1 2 2
ISR N o

= ditd Ty oo U {(n,i,j) | (n,0,j —dv) € a,a,T2) k;m},
s lvdy 1 lVdg
the proposition follows. O

Formal groups with unique ¥

Proposition 11. The following conditions are equivalent
(i) |A] = dim Coker Yz;
(ii) W specifying a basis of Coker Yz is unique;
(iii) A d-tuple specifying a basis of Coker Yz is unique.

Proof. If |A] = dim Coker Yz, then V¥ is unique and equal to A. Clearly,
(ii) implies (iii) and it remains to prove (iii) = (i). Suppose that |A| >
dim Coker Y= and show that there are more than one d-tuple specifying a
basis of Coker Y=.

We say that that a subset C of A is a chain if there exists (ay)ypec,
ay € k\ {0}, such that 3, aypBy € ImYz. If C is a chain, then (1,4, j) ¢
C. Since {By +ImYz | ¥ € A} is linear dependent, there exists at least one
chain. Define a partial order on the set of all chains as follows: we say that
C<Cif
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(1) for any (n,i,j) € C there is (n/,i,j) € C' with n’ > n;
(2) there exists (n',4,j') € C’ such that n’ > n for any (n,i,5’) € C.

Let Cy be a minimal chain and A; = {n|(n,1,j) € Cy for some 1 < i < d}.
We will show that there are at least two different indices with non-empty A;.
Indeed, otherwise Z (n,3) Yn.i) B(n,igo) € Im Yz, a4 = (. Using the notation
of the proof of Proposmon 9, one can write Z(n,i) A(n,i)Eij, A" € J. Let n*
be the minimal index appearing in the pairs (n, ). There is N > n such that
Ei, AN ¢ J and E;, ;, ANT! € J for some 1 <o < d. If Y, b, a n) =1 for
some by, ..., bg € k, multiplication by ), b; EZO,ZAN " yields the contradic-
tion.
Define a d-tuple (k1,...,kq) by

by = 1, if A; =
max A;, if A; #0
and let j1 # ja be such that k;, > 1 and kj, > 1. Then I'y, _x; -1, k, and
Fkl,...7kj2—1,...7k , contain no chain and thus specify linear independent systems
in Coker Y=. According to the proof of Proposition 9, each of them can be
extended to a basis given by a d-tuple. If such a basis is unique, it should
contain both of them and hence their union I'y, . j,, which is impossible

since I'y, . x, contains the chain Cp. Thus there is more than one basis
given by a d-tuple, as required. O

Proposition 12. In the notation of Proposition 10, di- and do-tuples spec-
ifying bases of Coker Yi}l)) and Coker YE((ZZ,)) are unique iff a (dy + da)-tuple

specifying a basis of Coker Y_( )

=heze S also unique.

Proof. Follows from Proposition 10. U

Let (1) = Fyzm) and P2 = Fy (=) be p-typical formal groups. Denote
by 2 € My(O)>, the sequences of matrices composed of the Teichmiiller

representatives of the entries of the corresponding matrices in the sequence
=2, =1,2. Then F) = FV(E(U)? F@ = FV@@)) are deformations of &),
®?) over O with logarithms of types u(t) = pI — >y ”(1)A" u? = pl —
> E,@A”, respectively. If (1) and &) are isomorphic then by Proposi-
tion A2 there exist invertible w, z € My(E) such that u®w = zu . Suppose,
in addition, that there exists a unique ¥(?) specifying a basis of Coker Yz (.
Then ¥ and w allow one to determine all possible choices of ¥ specifying

a basis of Coker Y=u). Indeed, UDW = ZUW, where U = Sy E%UA” €
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AM,(E), U =3 =@ an ¢ AMy(E) and Z, W € My(E) are the reduc-
tions of zw to k. Since :™ o Yz o is the right multiplication by U® for
i = 1,2, one has Im Yz = +(AMy()U®) and Tm Y=oy = ¢((¢~'Im Yz )W)
since Z is invertible. Finally, since U@ is unique, Im Y=oy =
L((/,_l<{B(n7i7j;}(n,i’j)¢\p(2)>)W). As soon as ImY=za) is given, all possible

choices of ¥() can be calculated.

Ezxamples

(1) Let the first non-zero =, be invertible. This is always the case when d =
1.If=,=0for 1 <n<m-—1 and Z,, is invertible, then the height
of Fy(z) is equal to dm, Im Yz = My(k)35, A =Ty m, |A| = d®m =
dim Coker Y=, and ¥ = A is unique.

{10y _- (01 _ (01 _ (00
(2) Let_1—<0 O>’H2_<1 O),_3—<0 1> and_n—<0 0) for

n>4
The height of Fy (=) is equal to 5. For T;, = (x” yn), n>1, we

Zn  ln
get
_ (00
Yl('—‘7T) <O 0)7
—_ . I 0
YQ('—UT)_(Z,I 0)7
_ T2+ Y1 1
Y3(=2,T) =
3( ’ ) <22+t1 2:1>7
— r3+y2 T+ T2+ Y1
Yi(= =
(ET) <2’3+t2 Z1—i-22-|—t1>7
—_ T4+ To + x3 +
Y5(E,T) = 4TUY3 2 3T Y2

z4+ts 2ot z3+ity )

Then A =T34, |A] =14 > 10 = dim Coker Yz. Clearly, ¥ can be
chosen among I'1 4, I'2 3, I'3 2, and these are all the possibilities in the
form of Proposition 9. In fact, there are many other possible choices
of W.

(3) Fix a positive integer . Let E, =0 € My(k) for any n # 1,7+ 1 and

o0 --- 00 o0 --- 01
1 0 0 0 0 0 0
~10 1 0 0 = 0 0 0 0

w
|

Sl =
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The height of Fy (z) is equal to d+r. A direct calculation shows that
Yi(E,T)=0,Y,(E,T) = {yn(inj)}lﬁi,jgd where y,, (7, j) = Tp—1(i,j + 1) for
2<n, 1<j<d-1, yp(i,d)=0 for 2<n<r+1, and y,(i,d) =
Tp—r—1 (i,1) for r + 2 < n. Hence B, ; j) € ImYz iff n > 1 and either j < d
orn>r+1 Thus A=T1_ 1,41, |[Al = d?> + dr = dim Coker Y=, and ¥ =
A is unique.

Notice that the formal group from Example 3 is isomorphic to the formal
group Gg, introduced in [3]. Dieudonné proved that in the case where k&
is algebraically closed, any formal group of finite height is isogenous to a
direct sum of simple formal groups of finite height, and any simple formal
group of finite height is isogenous either to F,, (simple formal group of
slope 1) or to Gg, for some coprime d,r (simple formal group of slope
d/(d+r)). For instance, if Z; is invertible, the formal group is isogenous
to F4,. A direct computation of the localized Dieudonné module over the
Laurent power series ring shows that the formal group from Example 2 is
isogenous to F,,, ® G133.

Proposition 13. If k is algebraically closed, and ® is a formal group over
k of finite height with slopes (di/h1),...,(ds/hs) with (d;,h;) =1 for any
1 <i <s, there exists a p-typical formal group ® = Fy (=) isogenous to P
such that a tuple specifying a basis of Coker Yz is unique and equal to

(1,...,1,h1—dl—l-l,l,...,l,hg—d2—|—1,...,1,...,1,h5—ds—‘rl)

with the element h; — d; + 1 appearing at (Z;Zl dj) -th position, 1 < i < s.

Proof. Follows from the arguments above, Propositions 10 and 12. (]

As it was explained above, if ®(1) is isomorphic to ® and ®2) possesses
a unique U3 specifying a basis of Coker Y=, one can determine all possible
choices of ¥ provided the set ¥ and the isomorphism are given. This
can be illustrated with the following example.

1 _ o= (1 =1y ) (01 =) _
Let Q)( ) _FV(E(1>) with =y = (1 _1>, Syl = <0 0 and =’ =

(8 8) for n > 3. Take ®®@ to be the formal group from Example 3 for

d=2,r=1.
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Since u(? <(1) _11> = <(1) _11> uM), the formal groups ®1) and &)

are isomorphic. The unique possible choice of U?) is I'12. Then

_ 1 -1
ImYzo) =1 ((L YB,1.1), B21): {Bnij) Inz31<ij<2)) <O 1 >>

= (B,1,1) — B21,2): B221) — Be,22)s 1 Bn,ij) n>31<ij<2)-

Thus A = I'; 2, and there are four options for AON among them two (I'; o
and I'y 1) are of the form of Proposition 9.

Infinite dimensional linear operators

Lemma 4. Let A be a ring and L : A — A% be an A-module homomor-
phism such that L(AY) C AsY for any m > m*. Then for every m > m*,
there exists a unique homomorphisms Ly, : A™ — A™ such that L,,pr,, =
pr,, L, where pr,, : A = A™ @ A — A™ is the projection to the first sum-
mand. Moreover, if Ly, ts an isomorphism for any m > m™*, then L is an
isomorphism.

Proof. Since L(AZY) C AS°, the homomorphisms L,, are well defined. If
a € A* and L(a) =0 then L,,(pr,,(a)) =0, whence pr,,(a) =0 for any
m>m* and a = 0. If 3 € A then for any m > m* there is a(™ e A
such that pr,, (L(a™)) = L,,(pr,,(a™)) = pr,, (). Obviously, it implies
the existence of aw € A such that L(«) = . O

Let R be a complete Noetherian local ring with maximal ideal 9 and
residue field k.

Lemma 5.

(1) Letl: k> — k* be a linear operator such that (I —idy~) (kpy) C kpyyq
for any m > m*. Then [ is an isomorphism.

(2) Let L : R*® — R> be an R-module homomorphism such that L(RSY) C
RY for any m >m*, and L ®pidg : k£ — k> is an isomorphism.
Then L is an isomorphism.

Proof. (1) By Lemma 4, it is sufficient to check that [, : k™ — k™ is an
isomorphism for any m > m*. The matrix of [,,, in the corresponding basis
is triangular with units on its main diagonal, so we are done.



1040 Oleg Demchenko and Alexander Gurevich

(2) Since L(RY) C RyY, the homomorphisms Ly, : R — R™ are well
defined for any m > m*. Then L,, ®gidg : k™ — k™ is a surjection and,
therefore, an isomorphism. Since R is complete, it implies that L,, is an
isomorphism, and applying Lemma 4 we obtain the required statement. [

Relation between ¥ and N=

Fix a certain ¥ (not necessarily in the form of Proposition 9) to the rest
of the paper. It is clear that the set

={(n,i,j) In>1,1<i<e1<j<d By, ¢ImY}
={(n,i,j) [ (n+1,i,5) € A}

is finite, and the set U = {(n,i,5) | (n + 1,i,5) € ¥} is a subset of AT such
that {By +ImYZ | ¢ € UT} is a basis of Coker Y. The coordinates of Yz
which do not belong to ¥+ form a basis of the span of all the coordinates
of YZ. Finally, if U =T, j, then U =Ty 1 5, 1.

Let N, (V,T), N}, (V,T') and Y,/ (V,T") be as in Section 3. Then k-linear
operators Nz, NL and YZ on My(k)> can be introduced similarly to Yz.

Denote Hq, = My(k)®/(Bylth € W), T} = My(k)*/(Bylt) € UF), and let
7, m+ be the corresponding factorization maps.

Proposition 14. 7Nz :My(k)® — Iy and 7t NL: Mg(k)>® — I} are
1somorphisms.

Proof. The restriction of 7 to ImYz is a bijection. According to Propo-
sition 8, Yz is a monomorphism, and hence, 7Yz : My(k)>* — Ily is an
isomorphism. Denote C' = Yz o (7 Y=) ! : Iy — My(k)>. Obviously, 7 C' =
idyy, . Proposition 4 implies that Nz = LY= for a linear operator L = id + U
on Mg(k)> such that U(Mg(k);°) C Mg(k);S, ; for any integer n. Then we
have 7 Nz = mLCn Yz = (idn,, + nUC)7 Yz. Since 7|y, (k) = id, the oper-
ator idyy, + 7UC' satisfies the condition of Lemma 5, 1), and hence, is an
isomorphism which gives the first claim.

The restriction of 7+ to ImYZ is a bijection. By Proposition 8, Y+
is monomorphism, and hence, 7+ Y+ My (k) — H+ is an 1somorph1sm
Notice that YZ = Y; W, where W is “the linear operator on My(k)> defined
by the formula W, (T) =T, + E§n> (I *xTp), n > 1. Since W is an isomor-
phism, 7 YZ : My(k)>® — HJ\IZ is also an isomorphism. To complete the proof,
we proceed exactly as in the first part using Proposition 7 instead of Propo-
sition 4. (]
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5. Construction of universal deformations

We keep the notation of the previous sections. Denote by ¥, the ideal of
Z[V,T] generated by Ty(i,j) for 1 <i,j <d, 1 <k <n.

Lemma 6.

X)=X -T,X"" mod (F,,_1,degp" + 1). In particular,
X)=X mod%.

(
(
(2) ‘P(X) =X mod {Sn},ep U{Su}wen-
(X)=X mod %p.
(4) 'yVT/(X) X mod ¥'.

Proof. (1) We have gyr(X) = gv(X)+T,X"" mod (¥n_1,degp™ +1)
which gives fVT( )= fr(X) + T, XP" mod (%,_1,degp™ + 1) and
aV,T( ) fV,T o fV =X - TnXpn mod (anly degpn =+ 1)'

(2) Since fz = fy mod {Sp},cp and £(X) = X mod {S, }ueq, one gets
fs = fgo&=fv mod {Sn},ep U{Su}uea

(3) It suffices to check that (redr, )« (X ) = X, where redr, is the reduc-
tion modulo Tp. Since redr, A : Z[S] — Z[V] is given as Spr +— V33 S, —
0,n€P; S, — 0, w € N, the required identity follows from 2).

(4) Follows from (1) and (3).
U

Let R be a ring with unit. Similarly to B, ; j), wheren > 1,1 < 4,5 </,
denote by B, ; j) € My (R)> the sequence of matrices with the only non-zero
entry equal to 1 € R and appearing in the nth matrix at the (i, j)th position.

Theorem 2. Let ® = Fy (=) and © € Mg(O)* be such that the reduction
of © is equal to =. Then for any complete Noetherian local O-algebra R with

mazimal ideal M containing p and residue field k, and for any deformation
F of ® over R

(1) there exists a unique dh-tuple (Ty)ypew, Ty € M, such that F' is strictly
x-isomorphic to the formal group Fy(z), where Z = © + Zweq, Ty By €
M4 (R)>

(2) there exists a unique d(h — d)-tuple (Ty)ypecw+, Ty € M, such that F is
x-isomorphic to the formal group Fy (z), where Z = © + Z¢€\p+ Ty By
S Md(R)OO



1042 Oleg Demchenko and Alexander Gurevich

Proof. (1) Uniqueness. Let p: Fy(z) — Fyz-) be a strict x-isomorphism,
where Z* =©+ 3,y TJ)Bw € My(R)> and 7 € M. Then Theorem B2
implies that there exists @ € Mg(R)* such that Z* =V (Z,Q) and p =
Qv (2),1(Q)- Since ay(z)1(Q) is a x-isomorphism, Lemma 6 (1) implies that
Q € My(9)>°. Now assume that Q € Mg(9M")*°. Since V; =V; — N;(V,T)
mod T2, we have Z* = Z — N(Z,Q) mod IM"*!. Therefore 7 N(Z,Q) = 0
mod 9"+, On the other hand, 7 N(Z,T) ®p idj, = m Nz is an isomorphism
by Proposition 14. Then Lemma 5 (2) implies that @ € My (91"1)>°. Thus
Q =0and p(X) = X.

Ezistence. Let F be a deformation of ® over R and § : Z[S] — R a unique
ring homomorphism such that é,Fg = F. Since ® is p-typical, the composi-
tion Z[S] % R — k factors through the projection Z[S| — Z[V] (Spr +— Vi;
Sp 0,1 € P; S, 0). Then 6(S,),d(S,) € M for n € P, w € Q, and the
strict isomorphism 0, : 0,Fy — F is a strict x-isomorphism by Lemma 6 (2).
Thus one can assume I = Fy; (5. for some Z* € My(R)*> such that Z* = ©
mod .

By induction on n, we construct Z(n) € My(R)*> and ¢, € R[[X]]¢ such
that

(i) Cn: FV(Z(n)) — FV(Z('n-‘rl)) is a strict isomorphism;
(ii)) (o(X) =X mod IM";
(i) Z(1)=Z*, Z(n) = Z(n+ 1) mod IM™;
(iv) 7Z(n) = 7© mod IM".
Assume that Z(n) and (,—1 are already constructed. According to Proposi-
tion 14, 7 N(Z(n),T) ®g idy, = m Nz is an isomorphism. Then there exists
Q € My(R)*> such that 7 N(Z(n),Q) = 7 Z(n) — m ©. Therefore Q= 0 mod
IM" by Lemma 5 (2). )
Let ¢, = Qv (Z(n)),T(Q) and Z(n + 1) = V(Z(n), Q) Then

Cn 2 Fv(zn)) = Fvzm) 1@ = Fv(z(n+1)

is a strict isomorphism. Lemma 6 (1) implies that ¢,(X) = X mod IM".
Since V; = V; — N;(V,T) mod %2, i > 1, one obtains

Z(n+1)=Z(n) — N(Z(n),Q) mod M+,
It follows that Z(n+ 1) = Z(n) mod IM" and

7Z(n+1)=nZ(n)—7N(Z(n),Q) =70 mod M,



On the moduli space of deformations of a p-divisible group 1043

Now take Z = lim Z(n) € Myg(R)* and ( =---0(20(;. Then Z =0
mod M, 77 = 7O %HEOC is a strict *-isomorphism from F' to Fy (z). This
yields (7y)pecw, as required.

(2) Uniqueness. Let p : Fy(z) — Fy(z-) be a x-isomorphism, where Z* =
O+ peu+ T$B¢ € My(R)> and 7, € M.

By Theorem 1, there exists a sequence Q' = (Qo, Q1, - . .) € Mg(R)*> such
that Qo € My(9n), Z* =V (Z, Q/) and p = W(2),1(Q")- Since W(2),1(Q") is
a *-isomorphism and ey (2 1,(g,) is also a x-isomorphism by Lemma 6 (3),
we deduce that ay(z) /(g is a x-isomorphism, where ay = Awayr. By
Lemma 6 (1), dvayr(X) = X — T;X? mod (%;_1,degp’ + 1), which gives
Qi € Mg(OM) for i > 1. _

Assume that Q' € Mg(9M™)>°. Since V; =V; — N/(V,T') mod T?, we
have Z* =7 — N'(Z,Q') mod M"*L. Therefore, 7t N'(Z,Q') =0 mod
oM™+ By Proposition 14, 77 N'(Z,T') ®; 1 = 77 NL is an isomorphism.
Then Lemma 5 (2) implies that Q' € My (9M"1)>°. Therefore Q' = 0 and
p(X)=X.

Eristence. One can assume F' = Fy (5. for some Z* € My(R)> such that
Z* =0 mod M. By induction on n, we construct Z(n) € My(R)* and ¢, €
R[[X]]¢ such that

Assume that Z(n) and (,,—1 are already constructed. According to Propo-
sition 14, 7+ N'(Z(n),T’) ®g idy, = T NL is an isomorphism. Therefore,
there is a  sequence Q' = (Qo,Q1,...) € Mg(R)*® such that
7t N'(Z(n),Q") =7t Z(n) — 7+ ©. Then by Lemma 5 (2), we obtain Q' = 0
mod IN". B

Let ¢, = W (Z(n),T"(Q") and Z(n+1) = V(Z(n), Q/) Then

Cn Bz = Fvzm) @) = Fvzma)
is an isomorphism, and (n(X) = ey (z(n)).1(Qs) © OV (Z(n)),T(Q)s Where
avr = Aayr. Lemma 6 (4) implies that (,(X) = X mod 9M".
Since V; = V; — N;(V,T") mod T2, i > 1, we obtain

Z(n+1)=Z(n) — N'(Z(n),Q") mod M
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It follows that Z;(n+ 1) = Z;(n) mod 9" and

at Z(n+1) =7t Z(n) — 7" N'(Z(n),Q") =7 © mod M,

Now take Z = lim Z(n) € My(R)* and ( = --- 0 (3 0 (1. Then we have
n—oo

Z=0 mod M, 77 Z =710 and ( is a *isomorphism from F to Fy(z).

This gives (7y)ypecw+, as required. O

If d=1 then ¥ and ¥* are uniquely defined, namely ¥ = {1,...,h},
Ut ={1,...,h—1}, where h=min{i|Z; # 0}, and Theorem 2 gives
Hazewinkel’s result [5, Proposition 22.4.4].

Corollary. If © is as in Theorem 2 and a homomorphism ~: Z[V] —
Olltyllyew+ is defined by (V) = O + 3 g+ Ty By, then T = v, Fy is a uni-
versal deformation of ®, i.e., for any complete Noetherian local O-algebra
R with residue field k and for any deformation F of ® over R there exists a
unique O-homomorphism p: O|[ty]lpcw+ — R such that I is x-isomorphic
to F.
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