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An exceptional isomorphism between level 13
modular curves via Torelli’s Theorem

BuUrcu BARAN

The Jacobians of the modular curves Xps(13) and X5(13) respec-
tively associated with the normalizers of non-split and split Cartan
subgroups of level 13 are isogenous over Q. In this note, we con-
struct a Q-isomorphism between these Jacobians which respects
their canonical principal polarizations. In particular, we obtain a
Q-isomorphism between X,4(13) and X(13); this has no known
“modular” explanation.

1. Introduction

For a positive integer n, let X (n) be the modular curve over Q with full
level n structure (connected, but geometrically disconnected for n > 2). Let
C;,(n) and C{ (n) be the respective normalizers of non-split and split Cartan
subgroups of GLgo(Z/nZ). The corresponding modular curves Xps(n) and
Xs(n), defined as the quotients X (n)/C;(n) and X (n)/CJ (n), respectively,
are geometrically connected over Q. One source motivation for studying the
arithmetic properties of these curves is their relation to the following open
problem.

SERRE’S UNIFORMITY PROBLEM OVER Q: There is a constant C > 0 so
that if E is an elliptic curve over Q without complex multiplication then the
Galois representation

pEp : Gal(Q/Q) — GLa(Fp)

attached to the elliptic curve E is surjective for all primes p > C.

If this map is not surjective then its image is contained in one of the max-
imal proper subgroups of GL2(F,). These subgroups are the “exceptional”
subgroups, a Borel subgroup, the normalizer of a split Cartan subgroup, and
the normalizer of a non-split Cartan subgroup. In [14], Serre showed that if
p > 13 then the image of pg ), is not contained in an exceptional subgroup.
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In [8], Mazur proved that for p > 37, the image of pg, is not contained in
a Borel subgroup.

Recently, in [3] Y. Bilu, P. Parent and M. Rebolledo showed that for
p > 11 with p # 13 the image of pg ) is not contained in the normalizer of
a split Cartan subgroup. Their method is not applicable for level 13, which
they call “the cursed level”. In this paper, we will explain conceptually what
makes this level so special that it resists their method. The remaining open
and the most difficult part of Serre’s uniformity problem is finding a constant
so that for primes bigger than this constant the image is not included in the
normalizer of a non-split Cartan subgroup.

The elliptic curves over Q for which the image of pf ) is contained in the
normalizer of a split Cartan subgroup are parametrized by the non-cuspidal
Q-points of X¢(p). In [3] the “split Cartan” case of Serre’s uniformity prob-
lem is setted by showing that all such points of Xg(p) are CM points for
p > 11 with p # 13. Their method failed to determine the rational points of
Xs(13). Similarly, the elliptic curves over Q for which the image of pg ), is
contained in the normalizer of a non-split Cartan subgroup are parametrized
by the Q-points of X,s(p), so the open case of Serre’s uniformity problem
boils down determining the Q-rational points of X,s(p) for prime p. Not
much is known about the arithmetic of Xy4(p). For p > 2, the curve X,s(p)
does not have any Q-rational cusp. This makes it hard to find explicit equa-
tions for these curves, especially in the higher genus case. There has been
extensive work on finding explicit equations for Xps(p) over Q in low-genus
cases (<2), and determining their Q-points (see [1] for a detailed discussion).
There exists only one curve X4(p) with genus 3, the one with p = 13.

In [2] we computed an explicit equation for the modular curve Xps(13).
For now this is the highest level for these modular curves that has been
worked out. In this particular case we used representation theory to overcome
the difficulty of X,5(13) not having a Q-rational cusp. In the same paper
we also computed an explicit equation for X5(13). Computing this equation
is easy, as the modular curves Xg(p) always have a Q-rational cusp. In the
end, it turned out that the same equation defines X,5(13) and Xs(13), so
by inspection these curves are Q-isomorphic. Here is the main result of this

paper.

Main Result: We give a conceptual construction of the Q-isomorphism
between X,4(13) and X(13). As Sa(T'0(13)) = 0, the Jacobians of X,s(13)
and X(13) are Q-isogenous (see [5, 6]). We first compute the endomorphism
ring of each of these Jacobians; it is the ring of integers of K = Q(¢7)™ for
each. Using the arithmetic properties of this ring and the isogeny between the
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Jacobians, we construct an Q-isomorphism between these Jacobians which
respects their canonical principal polarizations. Thus, by Torelli’s Theorem
[9, Corollary 12.2] the curves X,s(13) and X(13) are isomorphic over Q.
Since the curves do not have the same number of cusps, it seems unlikely to
find a “modular” construction of this Q-isomorphism.

The paper is organized as follows. In Section 2, we show that the endo-
morphism rings of the Jacobians of X5(13) and X(13) are O = Z[(7]T. In
Section 3, we use special arithmetic properties of Ok to show that it suffices
to adjust the Q-isogeny between the Jacobians to obtain a Q-isomorphism
between them without keeping track of the canonical principal polarizations.
In Section 4, we control the primes dividing the degree of the Q-isogeny
between the Jacobians. In Section 5, we combine this with a study of resid-
ual Galois representations to find a Q-isomorphism between the Jacobians.

2. Endomorphism algebras and endomorphism rings

In this section we determine the endomorphism ring of each of the Jacobian
varieties of X;5(13) and X(13). Let Xo(n) be the usual modular curve
parametrizing the isomorphism classes of elliptic curves endowed with a
cyclic subgroup of order n, and let X (n) := Xo(n)/wy, be its quotient by
the Atkin—Lehner involution.

Notation 2.1. We denote the Jacobians of Xo(n), X (n), Xs(n), and
Xus(n) by Jo(n), Jg (n), Js(n), and Jus(n), respectively.

Since X (p?) is Q-isomorphic to Xs(p), we have an isomorphism
Js(p) = Jgf (*)

over Q. This isomorphism commutes with Hecke operators T, for ¢ # p.

Arguments in [5] using Faltings’ isogeny theorem and representation—

theoretic arguments in [6] establish an isogeny relation Js(p) ~ Jo(p) X Jus(p)

over (Q which is also Hecke-compatible away from p. Thus, away from p we
have Hecke-compatible isogenies

(2.1) T (%) ~ Js(p) ~ Jo(p) x Jus(p)

over Q.
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Now we focus on the case p = 13. Since S2(I'9(13)) = 0, the isogeny rela-
tions in (2.1) become

(2.2) JoT(169) ~ J5(13) ~ Jus(13)

over Q. Each of these Jacobians has dimension 3. Using SAGE, we computed
a C-basis {g1, g2, g3} for So(I'§ (169)) consisting of normalized newforms. The
Q-algebra generated by the Hecke operators acting on this space is the cubic
field Q(¢7)™ (see [2]). By inspection, {g1, g2, g3} constitutes an orbit under
the action of Gal(Q(¢7)"/Q).

Notation 2.2. In the rest of the paper we denote the cubic field Q(¢7)™
by K.

For any g € {g1, 92,93}, let Ay be the abelian variety over Q associated to
g, constructed by Shimura. The abelian variety A, is Q-simple of dimension
3 and we have the isogeny

(2.3) JF(169) ~ A,

over Q. The abelian variety A, does not have CM over Q. Indeed, inspection
of a table of Fourier coefficients of {g1, g2, g3} shows that the eigenvalues of
the Frobenius automorphisms Frob, acting on the Tate module of J; (169)
generate a different quadratic extension of K as ¢ varies.

Notation 2.3. For an abelian variety A over Q, let Endg(A) be the endo-
morphism ring of A. We denote its endomorphism algebra Endg(A) ® Q by
End(&(A).

By [12, Corollary 4.2], since A, does not have CM, the existence of the
isogeny in (2.3) implies that End?Q(J(T(lGQ)) ~ K. Thus, by (2.2) we have

(2.4) End{)(J5(13)) =~ End@(Jns(13)) ~ K.

The field K is the Q-algebra generated by the Hecke operators Ty for £ # 13
acting on the space S(T's(13)) (resp. S2(T'ns(13))); see [2] for a detailed
discussion. Thus, it defines an embedding of K into End%(Js(l?))) (resp.
End(%(Jns(B))), and these embeddings are equalities by (2.4).

Proposition 2.4. Let J be the Jacobian of either of the curves Xus(13) or
Xs(13). The inclusion Endg(J) C Ok inside End?Q(J) = K is an equality.
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Proof. First we consider the curve X;(13) which is Q-isomorphic to X (169).
Using SAGE, we find that the eigenvalues of the Hecke operator T acting
on So(T'd (169)) are zeroes of the polynomial 2% + 222 — z — 1 of discrimi-
nant 49. Since the discriminant of Ok is also equal to 49, the subring of
Endg(Js(13)) generated by T5 must be equal to Ok

Now consider the curve Xps(13). As we noted earlier, there is a Q-isogeny
fJns(13) — Jns(13)  compatible with the Hecke operator 7Ty for
every prime /¢ # 13. Thus, under the isomorphism End&(.]ns(l?))) o~
End?Q(JS(B)) = K, the subrings of Endg(J/ys(13)) and Endg(Js(13)) gen-
erated over Z by the Hecke operators Ty for all primes ¢ # 13 are identified.
Inside Endg(Js(13)) the element T, generates Ok over Z, so the same holds
for T € Endg(Jns(13)). O

3. Polarizations

In this section, we will exploit the arithmetic properties of K to obtain
results about all principal polarizations of Jys(13) and J5(13). Because of
these results we will be able to avoid directly verifying the compatibility
with canonical principal polarizations when searching for a Q-isomorphism
between these Jacobians.

In this section, we denote the element (7 4 (7 L of Ok by e. The following
are the arithmetic facts about K that we will use:

e K has class number 1;
e the unit group Oy is generated by the elements —1, ¢ and € + 1.

Lemma 3.1. The subgroup of totally positive units in Oy is (O)%.

Proof. The lemma follows immediately by computing the signs of ¢, € + 1

and €(e 4+ 1) under the three distinct real embeddings of K.
O

In Proposition 2.4, we showed that the endomorphism ring of each of the
Jacobians of X,5(13) and X(13) is Og. We let Ok act on the dual varieties
of these Jacobians via dual functoriality.

Proposition 3.2. Let J be the Jacobian of either of the curves Xy,s(13) or
Xs(13). Any polarization ¢ : J — JV is Ok -linear.

Proof. As ¢ is an isogeny J — JV, it has an inverse in Homg(JY, J) ® Q.
The Rosati involution on K = End(%(J ) corresponding to ¢ is the algebra
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homomorphism
ar— poao d)_l.

Since [K : Q] = 3, the field K has no nontrivial automorphism of order 2.
Thus the map is the identity. Hence, the proposition follows by restricting
this map to Og. O

Now, with the following result we will be able to identify principal polar-
izations in a convenient manner.

Proposition 3.3. Let J be a Jacobian variety of odd dimension of g over
a field of characteristic 0, and assume F' := EndO(J) 1s a totally real number
field of degree g over Q. Let X : J ~ JV be the canonical principal polarization
of J. Then every principal polarization of J is of the form Ao a for some
totally positive unit o in End(J).

Proof. This is a basic fact; we provide a proof for the convenience of the
reader. Let f be any principal polarization of .J, so f~! o A € Aut(J). Thus,
f=MXouw for some u € Aut(J). Hence, we have to show that if u € Aut(J)
then the isomorphism A o u is a polarization if and only if u is totally positive
in End(J).

The polarization property for an isogeny from an abelian variety to its
dual can be checked after a ground field extension, so we seek to character-
ize those u € Aut(J) such that the isomorphism Aowu : J — JV becomes a
polarization when viewed over C. Consider the g-dimensional complex torus
J(C) = V/L. Since X is a polarization, there is an associated skew-symmetric
R-bilinear form E : V x V' — R which satisfies the following Riemann rela-
tions:

1) E\(iv,iw) = Ex\(v,w) for every v,w € V,

2) the associated Hermitian form Hy(v,w) = E)\(iv,w) + iE)\(v,w) is
positive-definite.

For u € Aut(J), consider the skew-symmetric R-bilinear form Eyo, : V' X
V — R given by E)o, = Ey)(u.v,w) for all v,w € V. To determine when A o u
is a polarization, we seek constraints on u so that F),,, satisfies the Riemann
relations. Since L ®z Q is a 2-dimensional F-vector space, V is free of rank
2 over Fr := F ®g R. Thus, since F' is totally real, V is free of rank 1 over
Fr := F ®q C. Fix an Fg-basis of V' to identify it with Fz. We will use this
to convert our problems with V' and E)., into concrete questions with Fg.
On Fr = F ®g C we define z — z viana®c=a®¢c for a € F and ¢ € C.
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For any z,y € V and a € F we have E)(az,y) = E\(z,a'y) where a —
a' is the Rosati involution arising from A. As in the proof of Proposition
3.2, since [F' : Q] is odd, the Rosati involution on F is trivial. Thus, we have
Ey(azx,y) = Ex(x,ay) for all @ € F. The same holds for all a € R since E) is
R-bilinear, and hence the same holds for all a € Fg. The first Riemann rela-
tion therefore says exactly that E)(v,w) = E)(vw, 1) for all v,w € Fc. The
skew-symmetry property of E) says that E)(vw,1) = —E)(wv, 1). Hence,
the Riemann relations are:

e F)\(v,w) =/l(vw) for an R-linear map ¢: Fr — R such that ¢(z) =
—{(z) for all z € F,

o ((iz) +il(z) > 0 whenever z € Fr = CY has all components in Rsq
(since those are the elements of the form v@ for v € FX). It is equivalent
to say £(iz) > 0 whenever z € F¢ has all components in R, as F) is
a skew-symmetric form (so Ey(v,v) = 0).

Since Fr is a product of copies of C as a C-algebra, every R-linear map
Ft — R has the form z — Trp, /r(¢z) for a unique ¢ € Fc. Hence, {(z) =
Trg, /r(C2) for a unique ¢ € Fr. But

U(z) = —L(2) = —Trp r(¢2) = —Trp, r(C2) = Trp, r(—C2)

for all z € F¢, so by uniqueness we get —C = ¢. That is, ¢ € iFg. For z =
(21, .,2g) € Fr = RY we have {(iz) = Trp, /r(Ciz) = =2 (jz; where ( =
i(C1, - -+, (g)- Thus, the condition that £(iz) > 0 whenever all z; > 0 is exactly
that ¢; < 0 for all j.

Finally, for v € Aut(J) consider the effect of replacing A with A o u. We
have

Exou(v,w) = Ex(u.v,w) = Trg g (Cuvw) = L(uvw),

so (¢ is replaced with z+— f(uz). The first Riemann relation is therefore
always satisfied since wz = uz. The second Riemann relation is that ¢(uiz) >
0 for all (21,...,29) € Fr with z; > 0 for all j. In other words, —2) (ju;z;
in R for all j, where u; is the jth embedding of u in R. Since ¢; < 0 for all
J, this exactly says that u is a totally positive element of End(J), as desired.

O

Corollary 3.4. Let J be the Jacobian of either of the curve Xps(13) or
Xs(13). Let A :J =~ JV be the canonical principal polarization of J. The
principal polarizations of J are precisely the composition of A with the action
of squares in OF.
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Proof. By Lemma 3.1, since all totally positive units in Ok are the squares
in OF, the corollary follows immediately from the above proposition.
O

Notation 3.5. In the rest of this paper we denote the Jacobians of X,s(p)
and Xs(p) by Jus(p) and Js(p), respectively.

To see the significance of Corollary 3.4, let Ag: J5(13) — J5(13)Y and
Ans: Jns(13) — Jns(13)Y denote the canonical principal polarizations over
Q. Suppose we have an Og-linear Q-isomorphism 6: Js(13) — Jys(13). We
claim that for some v € Oy the isomorphism 6 o v respects the canonical
principal polarizations. Since the isomorphisms

6 0 Ans 0 0, \s € Isomg(Js(13), J(13)Y)

are principal polarizations, Corollary 3.4 says that there exists v € O such
that

0V 0 Ays 0 0 0 0% = \s.

Using Proposition 3.2 and the fact that 6 is Og-linear, we have (6 ov)¥ o
Ans © (6 o v) = Ag, s0 0 o v respects the canonical principal polarizations.

To summarize, we know that there is an abstract Og-linear Q-isogeny
0: Js(13) — Jns(13) over Q (see [5, 6]) and we shall adjust 6 to obtain an
Og-linear isomorphism ¢’ : J5(13) — Jy5(13) over Q. But in order to use
Torelli’s Theorem, we need to arrange that the isomorphism respects the
canonical principal polarizations. This is not a problem, because as we saw
above there is always some v € O so that the isomorphism 6’ o v respects
the canonical principal polarizations.

4. Isogenies between J,s(13) and J5(13)

By [5, 6] we know that there exists an Og-linear Q-isogeny between the
Jacobians Jps(13) and Js(13). In this section, by refining some results in [6]
we will control the degree of this isogeny.

Notation 4.1. For a prime p, denote the normalizer of a split Cartan sub-
group, the normalizer of a non-split Cartan subgroup, and a Borel subgroup
of GLy(F,) by CH(p), CL(p), and B(p) respectively. We also denote the
group GLy(F,) by G.

Notation 4.2. For a finite set S of primes, Zg denotes the semi-local ring
of rational numbers whose denominators have all prime factors not in S.
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It is well known (see [6], proof of Theorem 2) that there is an isomorphism
of Q[G]-modules

(4.1) QIG/CI ()] ® Q =~ Q[G/CL(p)] & QIG/B(p)].

In the proof of Theorem 3 in [6], it is shown that if a prime number ¢ does
not divide p — 1 then the isomorphism (4.1) remains true when Q is replaced
by the localization Z ) of Z at £. In this section, we will improve this result
for Zg instead of Z,), where S is a fixed finite set of primes which do not
divide p — 1.

Proposition 4.3. Let I’ be a finite group and let R be a semi-local Noethe-
rian ring with mazimal ideals {mi,ma,...,mp}. Let J=()m; be its
Jacobson radical. Let R be the J-adic completion of R. Let My and Mj
be R[T']-modules that are finite free over R. If the completions My and My
are isomorphic as R[I']-modules then My and My are isomorphic as R[I'|-
modules.

Proof. The R-module Hom gpj (M1, Ma) is dense in Hom (]\//[\1, ]\//[\2) because

R[T
the natural map
(M, M)

ﬁ QR HOII]R[F] (Ml, Mg) ~ HOI’HE[F]

is an isomorphism. Indeed, this follows from tensoring the R-linear exact
sequence

0— HOIIlR[F](Ml, Mg) — HomR(Ml, MQ) — H HOII]R(Ml, MQ)
yerl’
T — (Toy—vyoT),

with R over R.

Now consider the subset IsomE[F]

Homém (]\/4\1, ]\/4\2) By assumption it is non-empty. Since Isomf%m (]\/4\1, ]\/4\2)

is the inverse image of R* under the determinant map, it is an open subset of

Homﬁm (]\/4\1, ]\/4\2) Thus, being dense in Homﬁm(Ml, Ms), the intersection

of Hom gy (My, M) with Isomé[r] (]\/4\1, ]\/4\2) is non-empty. But this intersec-

(]\/4\1,]\/4\2) of isomorphisms in

tion is the set Isompr) (M1, M2). Hence the proposition follows. O
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Corollary 4.4. Let S be a finite set of primes which do not divide p — 1.
There is an isomorphism of Zg|G|-modules

(4.2) Zs|G/C{(p)] @ Zs = Zs|G/Ciy(p)] ® Zs|G/B(p)).

Proof. Since each ¢; € S does not divide p — 1, by the proof of Theorem 3
in [6] the isomorphism (4.1) remains true when Q is replaced by Z,). Thus,
the same holds when Q is replaced by H&_ cs Zy, where Zjy, is the completion
of Z,y at its maximal ideal. But [], o5 Zy, is the completion of the semi-
local Zg for its Jacobson radical, so by using Proposition 4.3 we obtain the
desired isomorphism.

O

Theorem 4.5. Let S be a finite set of primes which do not divide p — 1.
There exists an isogeny

Js(p) ~ Jns(p) % Jo(p)
over Q whose degree is relatively prime to the primes in the set S.
Proof. Consider the isomorphism (4.2) of Zg[G]-modules. Multiplying

through some sufficiently divisible nonzero integer that is a unit in Zg, we
arrive at inclusions of Z[G]-modules

(4.3) ZIG/CS(p)] @ Z — Z|G/CL(p)] ® Z|G/B(p)]
and
(4.4) ZIG/CL () ® ZIG/B(p)] — ZIG/CHp) © Z.

Their composition in either order is multiplication by some nonzero integer
with all prime factors not in S.

Let C be the category of commutative algebraic groups over Q. The
Jacobian J(p) of X(p) over Q is an object of C. For any Q-algebra R the
functor R — J(p)(R) is valued in Z[G]-modules via the group structure and
the G-action on J(p). For any subgroup H of G, the Q-subgroup J(p)H of
H-invariants in J(p) is also in the category C. It has the functor of points
J(p)"(R) = Hom(Z [G/H] J(p)(R)) for any Q-algebra R. Consider the iden-
tity component J(p)¥ of J(p)H. Since it is closed and connected, it is an
abelian variety.
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Now apply Homgg(—,J(p)(R)) to (4.3) and (4.4) with varying Q-
algebras R. This gives morphisms

T(p)@=®) x J(p)P®) — J(p)% ®) x J(p)?  and
T(p)% P x J(p)¥ — J(p) %= W) x J(p) PP

between commutative algebraic groups over Q with composition in either
order equal to multiplication by a nonzero integer whose prime factors are
not in S. Passing to their identity components, as J (p)OG =0 we obtain
isogenies

B +
(4.5) & J(p)gm(P) % J(p)OB(P) N J(p)gs (») and
r +
&t J(p)gs (p) J(p)ocns(iv) % J(p)g(p)

over (Q whose degree is not divisible by any prime in the set S.

Let H be one of the groups C(p), Cl(p), or B(p). The covering map
X (p) — X(p)/H has induced pullback map Jac(X (p)/H) — J(p) with finite
kernel. This induced map lands in J(p)¥, so we have a map of abelian
varieties

(4.6) vp : Jac(X (p)/H) — J(p)§

over Q with finite kernel. Since the source and the target have the same
dimension, the map v is an isogeny.

Now we want to show that the kernel of ¥y; has order with no prime
factors in S. We may assume that p > 5, as for p < 5 the Jacobians all
vanish. The kernel of ¢y is the same as that of Jac(X(p)/H) — J(p), so
we will consider the latter map. To analyze the order of the kernel, we can
extend the ground field to Q, and we have

X(p)g =[] Xcp), s0J(p)g= [] Jac(Xc(p)),

ceny Ceny

where p; is the set of primitive pth roots of unity in Q and X¢(p) is the
modular curve over Q classifying full level p structures with Weil pairing (.
Thus, the kernel of interest is the intersection of the kernels of the maps

(4.7) Jac(X (p)g/H) — Jac(X¢(p))
induced by the covering map

X¢(p) — X(p)g/H = X¢(p)/(H N SLa(Fp)).
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In other words, for H' := H N SLy(Fp) and X = X¢(p) it suffices to show
that for the covering map X — X/H' between connected curves, the pull-
back map on Jacobians has kernel with order whose prime factors all divide
p—1.

The kernel of (4.7) is dual to the cokernel of the homomorphism

(4.8) T (X (€)™ — m ((X/H')(C))™

between abelianized fundamental groups. By Lemma 4.6 below, the cokernel
of (4.8) is a quotient of the maximal abelian quotient H'® of H'. Since p > 5,
the abelianizations of CJ (p) N SLy(F,) and CJ (p) N SLy(F,) are 2-groups
and the abelianization of B(p) N SLy(FF,) is given by its natural projection
into . Hence, the kernel of (4.6) has order whose prime factors all divide
p — 1. Therefore, we can build a Q-isogeny 1/, in the other direction so that
their composition in either order is a multiplication by a nonzero integer
whose prime factors all divide p — 1.
Consider the Q-isogenies

wc+ (p) — Jae(X X(p)g* ™,
9 Jac(X(p )) NN Jac(X(p))g’t(p) X Jac(X(p))gg(p),
Vor () X ¢B : Jac(X ()% x Jac(X (p)EW) — Jus(p) x Jo(p).

Their degrees have no prime factors in S, so by composing them we obtain
the desired Q-isogeny. O

Lemma 4.6. Let Y — Y’ be a finite surjective morphism between smooth
connected varieties over C. Assume the extension of function fields is Galois
with Galois group H. The natural map w1 (Y (C)) — m1(Y'(C)) between their
fundamental groups has normal image with cokernel that is a quotient of H.
Likewise, the homomorphism between abelianized w1 ’s has cokernel that is a
quotient of H?P.

Proof. A proper Zariski-closed subset Z’ of Y’ has complex codimension at
least 1, hence Z(C) has real codimension at least 2 in Y(C), so (Y’ (C) —
Z'(C)) — m (Y'(C)) is surjective and likewise m (Y (C) — Z(C)) — m1 (Y (C))
for the preimage Z of Z’ in Y. Thus, we can pass to the complement of the
branch locus in Y’ to arrange that the branch locus is empty, so Y (C) is a
connected Galois finite covering space of Y/(C) with covering group H. The
Galois correspondence in covering space theory now gives the result.

O
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Corollary 4.7. Let S be any finite set of primes that do not divide 12.
There ezists an O -linear isogeny Js(13) ~ Jus(13) over Q whose degree is
relatively prime to the primes in the set S.

Proof. Since So(I'g(13)) =0, we have Jy(13) = 0. Thus, by Theorem 4.5
there is a Q-isogeny J5(13) ~ Jps(13). In the proof of Theorem 4.5, we actu-
ally obtain this isogeny from the Z[G]-module inclusions (4.3) and (4.4)
which are defined by an element in Z[G]. Since actions of GLa(F13) and the
Hecke operators away from 13 commute, this isogeny is Hecke compatible
away from 13. Since the common endomorphism ring O is generated by
the Hecke operators away from 13, the isogeny is Og-linear. O

5. Residual irreducibility and the isomorphism

In this section, we will use Corollary 4.7 and a study of residual Galois
representations to obtain an Og-linear Q-isomorphism between Js(13) and
Jns(13). As we saw at the end of Section 3, this would yield a Q-isomorphism
between these Jacobians which respects canonical principal polarizations,
so we could conclude via Torelli’s Theorem that X,4(13) and X(13) are
isomorphic over Q.

Let

(5.1) 0: Js(13) — Jus(13)

be an Og-linear isogeny over Q whose degree is coprime to 7 and 13 (see
Theorem 5.5). We can choose such an isogeny by Corollary 4.7.

Notation 5.1. In this section we denote the Jacobians Js(13) and Jus(13)
by Js and J.g respectively.

Let Gg = Gal(Q/Q). The kernel ker @ is a finite Ok [Gg]-submodule of

Js(Q). The torsion subgroups Js[I] for nonzero ideals I of Ok are a natural
class of finite O [Gg]-submodules of Js(Q). Assume ker § = Js[I] for some
I. Since K has class number 1, we have I = («) for some nonzero a € Ok.
Hence, 0 = ¢ o a for some Og-linear ¢ : Js — Jys with kerty = 0. Thus, ¢
would be a Og-linear Q-isomorphism.

It remains to analyze the structure of all finite O [Ggl-submodules M
of Js(Q) whose order is not divisible by the primes 7 and 13. Such a module
M decomposes into p-primary parts for the finitely many maximal ideals p of

Ok in its support. Let M, be a p-primary part of M for some p € Supp(M).
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In order to prove that M = J,[I] for some ideal I in O, it suffices to show
that M, = Js[p"] for some r > 1 (depending on p).

Proposition 5.2. Let p be a mazximal ideal in O and let My be a finite
nonzero p-primary Ok [Ggl-submodule of Js(Q). If Js[p] is irreducible as an
(Ok /p)[Ggl-module, then My = Js[p"] for some r > 1.

Proof. Since Jy[p] is an irreducible (Og /p)[Ggl-module, we have M,[p] =
Js[p]. We will now induct on the (’)K length of M. Since p is principal, we
consider the O [Ggl-submodule [p] - [p] ~ Js where the isomorphism is
1nduced by the multiplication with a generator of p. This Ok [Gol- submodule
[‘“} has smaller Og-length than M, and [p] [p] is J [p] or 0. Thus - [p}
Js[p”] for some r > 0. Now consider the map Js — TH Since the preimage
of p"-torsion subgroup is Js[p" 1], we have M, = J[p"™!] for r > 0. Hence,
the proposition follows. O

For all p which do not divide the primes 7 and 13, to show that a p-
primary finite O [Ggl-submodule of Js is Js[p"] for some r > 1, it suffices,
by Proposition 5.2, to show that the residual Galois representation of Js[p]
is irreducible over Ok /p.

Let F, be the finite field Ok /p and let p be its characteristic. Consider
the Galois representation

(52) pp . G@ — GLQ(FP)

attached to Js[p]. The p-adic Tate module Ty(Js) is free of rank 2 over the
completion Ok j, with determinant as such equal to the p-adic cyclotomic
character. Thus, det p, = w), where w), is the mod-p cyclotomic character. If
¢ is a prime which does not divide 13p then py is unramified at ¢ and the
characteristic polynomial of p,(Froby) is

2* —agx + ¢ (mod p),

where ay is the element of O corresponding to the Hecke operator Ty acting
on S2(T'(13)) (i.e., the ¢-th eigenvalue of a newform in So(T'5(13))).

Proposition 5.3. Consider py, in (5.2). If pp is reducible with p # 2,7,13
then the diagonal characters of py are {1,w,y~'} for some ¢ : Gg —
(Z/13*Z)* — F}) for some k > 1.

Proof. Since det pp, = wp, the Galois representation p, has diagonal charac-
ters {w,wpw_l} for some character v : G&b — Fy unramified away from p
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and 13. We will determine this ). Note that Js has good reduction at p since
p # 13, and p is inert or split in K = Q((7) since p # 7.

We first assume that p splits in Og. Let p be a maximal ideal of O that
divides p. Then the F,-dimension of Js[p| is 2. Since py is reducible, there
exists a Galois stable Fy-line M in J[p]. By the Oort-Tate classification
(Theorem 3 in [10]), the Galois character ¢ of M is either unramified outside
13 or is w), times a character unramified outside 13. In either case we obtain
the diagonal characters in the proposition.

Now we assume that p is inert in Og. Let p be the maximal ideal of Ok
that divides p. The dimension of Js[p] over F, = [F}s is 2. Since py, is reducible,
there exists a Galois stable Fs-line M of Jg[p]. Consider an inertia subgroup
H = Gal(Q,/Qp™) of Gg and the character ¢|g. By (Corollary 3.4.4 in [11]),
as Q™ is unramified over Q, and p > 2, we have 9|y = geotpertpie: where
0 is a fundamental character of level 3 and ¢; € {0,1}. The action of H
on M through |y is tame as p{p3 — 1. Since this action is also abelian
over Q, the order of ¥|p divides p — 1. Therefore either ¢; = 0 for all 4, in
which case ¢|g =1, or ¢; = 1 for all 4, so ¥|g = w),. Hence again 9 is either
a character unramified outside 13 or is w, times a character unramified
outside 13.

O

Lemma 5.4. Letp be a prime in O which does not divide 13. The Galois
action on Js[p] is tamely ramified at 13.

Proof. This lemma follows from Corollary 3.4 in [4] and Remark 1 of section
2 in [13].
O

Theorem 5.5. Let p be a prime in Ox and let the Galois representation
pp be as in (5.2). If py is reducible then p divides 7 or 13.

Proof. The Galois representation po is unramified at 11. We compute the
characteristic polynomial of pa(Frob1) and we see that it is irreducible mod
2. This tells us that py is irreducible. We do the same thing with ps3(Frobs)
and prg(Frobs) and see that the representations pss and prg are also irre-
ducible.

Now suppose that the prime p in Ok does not divide 2, 7, 13, 53 or 79
and that the representation pj is reducible. By Proposition 5.3 the diagonal
characters of py, are {1, w, 1~} where 1 is unramified outside 13. By Lemma
5.4 the character ¢ factors through Gal(Q((13)/Q). Now for the primes
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q =53 and 79, consider a Frobenius element Frob,. Since ¢ = 1 mod 13 we
have 1 (Froby) = 1. It follows that

1+ g = trace pp(Froby) = a; (mod p)

in Og. Here a, is the element of Ok corresponding to the Hecke operator
T,. This congruence relation implies that p = char(p) divides the norm of
q + 1 — aq. Inspection of the values as3 and arg in [15] shows that this implies
that p divides both 7.132.127 and 7.132.449. This means that p divides either
7 or 13.

O

Now we prove the main result of this paper. As in (5.1), we choose an
Ok-linear isogeny

0:Js — Jus

over Q with degree coprime to the primes 7 and 13. Then Proposition 5.2
and Theorem 5.5 imply that ker § = Js[I] for some nonzero ideal I in Ok.
As we saw in the discussion preceding Proposition 5.2, this yields an Og-
linear Q-isomorphism. By the discussion at the end of section 3, there exists
v € O such that the Q-isomorphism that we obtain by composing this
isomorphism with v respects the canonical principal polarizations of Jg and
Jns. Therefore, by Torelli’s Theorem, we conclude that X(13) and X,,5(13)
are isomorphic over Q.

Remark 5.6. The group Js[7] of T-torsion points of Js is free of rank 2 over
Ok /(7). The ideal (7) ramifies completely in O and we have (7) = ()3
where m = (7 + C{l — 2. It follows that Jg[r| has dimension 2 over F7. Con-
sider its associated Galois representation prp. We computed characteristic
polynomials of pr(Froby) for £ # 7,13 and £ < 100. They always factor in
F7[z] with roots x13(€) and x13wr(€), where x13 the quadratic character mod-
ulo 13 and wy is the mod 7 cyclotomic character. This suggests that pr s
reducible with diagonal characters {x13, X13 wr}.

We did a similar calculation at the prime 13 which completely splits
in Ok, say (13) = pip,.p;. For a suitable labeling of the primes dividing
(13), the calculation proves that py, has image GLa(F13) and that py, and
pp, are reducible with respective pairs of diagonal characters {w3s, w3} and
{why,wss}. Here wyg is the mod 13 cyclotomic character.
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