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Hermitian harmonic maps and non-degenerate
curvatures

KEFENG LIU AND XIAOKUI YANG

In this paper, we study the existence of various harmonic maps
from Hermitian manifolds to Kéahler, Hermitian and Riemannian
manifolds, respectively. Using refined Bochner formulas on Hermi-
tian (possibly non-Kéhler) manifolds, we derive new rigidity results
on Hermitian harmonic maps from compact Hermitian manifolds
to Riemannian manifolds, and we also obtain the complex analyt-
icity of pluri-harmonic maps from compact complex manifolds to
compact Kéhler manifolds (and Riemannian manifolds) with non-
degenerate curvatures, which are analogous to several fundamental
results in [14, 26, 28].
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1. Introduction
In the seminal work of Siu [28], he proved that

Theorem 1.1 ([28, Siu]). Let f:(M,h) — (N,g) be a harmonic map
between compact Kdhler manifolds. If (N, g) has strongly negative curvature
and rankgdf > 4, then f is holomorphic or anti-holomorphic.

There is a natural question, whether one can obtain similar results when
(M, h) is Hermitian but non-Kéhler. The main difficulty arises from the
torsion of non-Kihler metrics when applying Bochner formulas (or Siu’s 90-
trick) on Hermitian manifolds. On the other hand, it is well known that if the
domain manifold (M, h) is non-Ké&hler, there are various different harmonic
maps and they are mutually different (see Section 3 for more details). In
particular, holomorphic maps or anti-holomorphic maps are not necessarily
harmonic (with respect to the background Riemannian metrics). The first
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result along this line was proved by Jost and Yau in their fundamental work
[14], where they used “Hermitian harmonic map”.

Theorem 1.2 ([14, Jost—Yau]). Let (N,g) be a compact Kdihler
manifold, and (M, h) a compact Hermitian manifold with 850)27’_2 =0, where
m is the complex dimension of M. Let f : (M,h) — (N, g) be a Hermitian
harmonic map. Then f is holomorphic or anti-holomorphic if (N,g) has
strongly negative curvature (in the sense of Siu) and rankgdf > 4.

In the proof of Theorem 1.2, the condition 85@%”72 = 0 plays the key role.
Now a Hermitian manifold (M, h) with 99w} 2 = 0 is called astheno-Kdhler.

In this paper, we study various harmonic maps from general Hermitian
manifolds and also investigate the complex analyticity of Hermitian har-
monic maps and pluri-harmonic maps. Let f : (M, h) — (IV, g) be a smooth
map between two compact manifolds. If (M, h) is Hermitian, we can consider
the critical points of the partial energies

R = R Y

If the target manifold (N, g) is a Kéhler manifold (resp. Riemannian mani-
fold), the Euler-Lagrange equations of the partial energies E”(f) and E’'(f)
are 525 f =0 and 0y0f = 0, respectively, where E is the pullback vector
bundle f*(T*°N) (resp. E = f*(TN)). They are called d-harmonic and 0-
harmonic maps, respectively. In general, d-harmonic maps are not necessar-
ily 0-harmonic and vice versa. In [14], Jost and Yau considered a reduced
harmonic map equation

_hozﬁ< anz + ) 8f]8fk>

920020 FozP 020 )
Now it is called Hermitian harmonic map (or pseudo-harmonic map). The
Hermitian harmonic map has generalized divergence free structures

(@ 2/ 10%) (@) =0 or (9 +2V"10"wn) (9f) = 0.

The classical harmonic maps, 0-harmonic maps, d-harmonic maps and Her-
mitian harmonic maps coincide if the domain manifold (M, h) is Kéhler.

In Section 3, we clarify and summarize the definitions of various har-
monic maps from Hermitian manifolds to Kéhler manifolds, to Hermitian
manifolds and to Riemannain manifolds, respectively. Their relations are
also discussed.
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Using methods developed in [5] and [14], we show in Section 5 that O-
harmonic maps and O-harmonic maps always exist if the target manifold
(N, g) has non-positive Riemannian sectional curvature.

In Section 6, we study Hermitian harmonic maps from Hermitian man-
ifolds to Riemannian manifolds. At first, we obtain the following general-
ization of a fundamental result of Sampson [26], which is also an analog to
Theorem 1.2:

Theorem 1.3. Let (M, h) be a compact Hermitian manifold with 85%7?_2 =
0 and (N, g) a Riemannian manifold. Let f : (M,h) — (N, g) be a Hermitian
harmonic map, then rankrdf < 2 if (N,g) has strongly Hermitian-negative
curvature. In particular, if dimc M > 1, there is no Hermitian harmonic
immersion of M into Riemannian manifolds of constant negative curvature.

Here, the strongly Hermitian-negative curvatures on Riemannian manifolds
(see Definition 4.2) are analogous to Siu’s strongly negative curvatures on
Kahler manifolds. For example, Riemannian manifolds with negative con-
stant curvatures have strongly Hermitian-negative curvatures. On the other
hand, the condition 85@02”‘*2 = 0 can be satisfied on a large class of Hermi-
tian non-K&hler manifolds ([9, 21]), for example, Calabi-Eckmann manifolds
S22+l 5w §29+ with p4+ g+ 1 = m.

In Section 7, we consider the complex analyticity of pluri-harmonic maps
from compact complex manifolds to compact Kéhler manifolds and Rie-
mannian manifolds, respectively. The following results are also analogous to
Theorems 1.1 and 1.2.

Theorem 1.4. Let f: M — (N, g) be a pluri-harmonic map from a com-
pact complex manifold M to a compact Kihler manifold (N, g). Then it is
holomorphic or anti-holomorphic if (N, g) has non-degenerate curvature and
rankrdf > 4.

Here, “non-degenerate curvature” (see Definition 4.1) is a generalization
of Siu’s “strongly positive curvature”. For example, both manifolds with
strongly positive curvatures and manifolds with strongly negative curvatures
have non-degenerate curvatures. Hence, in particular,

Corollary 1.5. Let f: M — (N, g) be a pluri-harmonic map from a com-
pact complex manifold M to a compact Kdhler manifold (N, g). Then it is
holomorphic or anti-holomorphic if (N,g) has strongly negative curvature
and rankrdf > 4.



Hermitian Harmonic Maps and Non-Degenerate Curvatures 835

We can see from the proof of Theorem 7.1 that Corollary 1.5 also holds
if the target manifold N is the compact quotient of a bounded symmetric
domain and f is a submersion. The key ingredients in the proofs are some
new observations on refined Bochner formulas on the vector bundle E =
f*(TON) on the Hermitian (possibly non-Kihler) manifold M.

As similar as Theorem 1.4, we obtain

Theorem 1.6. Let f: M — (N, g) be a pluri-harmonic map from a com-
pact complex manifold M to a Riemannian manifold (N, g). If the Rieman-
nian curvature R9 of (N, g) is Hermitian non-degenerate at some point p,
then rankgdf(p) < 2.

As examples, we show

Corollary 1.7. (1) Any pluri-harmonic map from the Calabi—Eckmann
manifold S?P1 x S?24+L to the real space form N(c) is constant if p +
q=>1.

(2) Any pluri-harmonic map from CP™ to the real space form N(c) is
constant if n > 2.

2. Connections on vector bundles
2.1. Connections on vector bundles

Let E be a Hermitian complex vector bundle or a Riemannian real vector
bundle over a compact Hermitian manifold (M,h) and V¥ be a metric
connection on E. There is a natural decomposition V¥ = V'F 4+ V"F where

(2.1) VE.T(M,E) - Q" (M,E) and V'#:I(M,E)— Q" (M, E).

Moreover, V'Z and V' induce two differential operators. The first one is
g : OP4(M, E) — QPTL4(M, E) defined by

(2.2) Op(p®s) = (0p) @ s+ (—1)PTIp AV Es

for any ¢ € QP9(M) and s € I'(M, E). The operator dg : QP¢(M, E) —
QPTLA(M, E) is defined similarly. For any ¢ € QP4(M) and s € T'(M, E),

(2.3) (({')EEE + EE(?E) ((p ® S) =pA (8}555) + 55;35;) S.

The operator Ogdg + Op0dg is represented by the (1, 1)-type curvature ten-
sor RF ¢ T'(M,AY'T*M ® E* ® E). For any ¢,¢ € Q%*(M, E), there is a
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sesquilinear pairing

(2.4) {p, ¥} = o™ AP (eq, )

if ¢ =%, and 1 = Yes in the local frames {e,} on E. By the metric
compatible property of V¥,

(2.5) 0, 0} = {00, ¥} + (~1)PH9{p, Iy}
' 3, ¥} = {Opep, ¥} + (—1)P+{p, D}

if p € QP9(M, E). Let w be the fundamental (1,1)-form of the Hermitian
metric h, i.e.,

e
2
On the Hermitian manifold (M, h,w), the norm on QP9(M, F) is defined by

(2.6) w hidz' N dZ.

(2.7 (o) = [ ooy = [ (" As7) (eare)

for o, € QP9(M, E). The adjoint operators of 0,0,0p and Of are denoted
by 0*,8", Oy and 8*E, respectively. We shall use the following computational
lemmas frequently in the sequel and the proofs of them can be found in [19].

Lemma 2.1. We have the following formula:

ol

(e ®s)=(0"¢)®s—hi (I;cp) AVESs

2.8 i
2 Of(p®s) = (0"p) @ s — h¥ (Lip) A Vs

for any p € QP4(M) and s € I'(M, E). We use the compact notations

Li=1o, I=1., VE=VE5 K6 vE=vV¥%
521 J ¢ 347 J

oz ozJ
where Ix the contraction operator by the (local) vector field X .
Lemma 2.2. Let E be a Riemannian real vector bundle or a Hermitian

complex vector bundle over a compact Hermitian manifold (M, h,w). If V

is a metric connection on E and T is the operator of type (1,0) defined by
T = [A, 20w] on Q%*(M, E), then we have

(1) [0p, L] = V=10 + 1), 105, L] = V=105 +7),
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(2) [A,05) = V=I5 + 7). [A, 0] = —V=1(0) + 7).

Moreover,
(29) g, = Ao, + VIR, + (70 + 0p7") = (7' + D7)

where A is the contraction operator by 2w.

3. Harmonic map equations

In this section, we shall clarify and summarize the definitions of various har-
monic maps between two of the following manifolds: Riemannian manifolds,
Hermitian manifolds and K&ahler manifolds. There are many excellent ref-
erences on this interesting topic, and we refer the reader to [6-8] and also
references therein.

3.1. Harmonic maps between Riemannian manifolds

Let (M, h) and (N, g) be two compact Riemannian manifolds. Let f : (M, h)
— (N, g) be a smooth map. If £ = f*(T'N), then df can be regarded as an
E-valued one form. There is an induced connection V¥ on E by the Levi-
Civita connection on T'N. In the local coordinates {z®}™ ;, {y'}*; on M
and N, respectively, the local frames of E are denoted by e¢; = f* 8?/" and

0
oyt

> = I‘Z(f)%dxa ® €.

E, _ g
V¥e; f(V 9

The connection V¥ induces a differential operator dg : QP(M, E) — QP+!
(M, E) given by dg(p ® s) = (dp) @ s + (—1)Pp A VEs for any ¢ € QP(M)

and s € I'(M, E). As a classical result, the Euler-Lagrange equation of the
energy

(3.1) E(f) = / \df P duns
M
is dipdf =0, ie.,

af J . J % i J J .
(3.2) h ( B ’yI‘ B+F]ka5> ®e; =0.
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On the other hand, df is also a section of the vector bundle F :=T*M ®
f*(TN). Let V¥ be the induced connection on F by the Levi-Civita connec-
tions of M and N. f is said to be totally geodesic if VF'df =0 € I'(M,T*M ®
T*M @ f*(TN)), i.e

>f of . 0f7 ofF
(3:3) («%aaxﬁ oo Uik g oo

)d:p ®dxﬁ®ez—0

Let f:(M,h) — (N,g) be an immersion, then f is said to be minimal if
Tr,VFdf = 0. It is obvious that an immersion is minimal if and only if it is
harmonic.

2. Harmonic maps from Hermitian manifolds to Kéhler
manifolds

Let (M,h) be a compact Hermitian manifold and (N, g) a compact Kéhler
manifold. Let {2*}™ ; and {w*}"_; be the local holomorphic coordinates on
M and N, respectlvely, where m =dim¢ M and n =dim¢ N. If f: M — N
is a smooth map, the pullback vector bundle f*(T%°N) is denoted by E.
The local frames of E are denoted by e; = f*(aii)7 1 =1,...,n. The metric
connection on E induced by the complexified Levi-Civita connection (i.e.,
Chern connection) of T19M is denoted by V¥. There are three E-valued
1-forms, namely,

oft
ozP

of
0z

(3.4) 0f =L dzi’ ®e;, Of=-"dz*®e;, df =0f+f.

The O-energy of a smooth map f : (M,h) — (N, g) is defined by
(35) B'(1) = [ forf
M

and similarly we can define the 9-energy E’(f) and the total energy E(f)
by

(3. ()= [ o B = [ e

It is obvious that the quantity F(f) coincides with the energy defined by
the background Riemannian metrics. The following result is well known and
we include a proof here for the sake of completeness.
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Lemma 3.1. The Euler-Lagrange equation of 0-energy E"(f) is E*Eaf =
0; and the Euler-Lagrange equations of E'(f) and E(f) are 03,0f =0 and
B*E@f + 0p0f = 0, respectively.

Proof. Let F': M x C — N be a smooth function such that

oF
ﬁ ’t:O

Now we set K = F* (TLON ) The connection on K induced by the Chern
connection on T1ON is denoted by V. Its (1,0) and (0,1) components are
denoted by dx and dk, respectively. The induced bases F™*( aiﬂ') of K are
denoted by &;, i = 1, ...,n. Since the connection V¥ is compatible with the
Hermitian metric on K, we obtain

s gEva= [ (o (5).50) %

L oeean (2)) 5

(38)  Ok0fi =0k (0ff ®e) = 0 (0ff) @& — dff NV XE,

F(2,0) = f(2),

o o= —

On the other hand,

where 0; is d-operator on the manifold M x C. By definition,

vie =F* <v a?m) = F* (r;dzﬂ' ® aik) =ThdF7 @@y,

Therefore, (V Ke, ) (m) F?ladFt ® e and

(3.9) (0x31,) <§t> - (a (a;; ) 8F’“8§; ]k> 9@

When t =0,

(3.10) (aK(‘)ft <8t> |t 0= (8 +afk vl 1_‘@ )®€i:5EU,

since (N, g) is Kéhler, i.e., Fé‘k = sz. Similarly, we get

(3.11) (Gx31,) (‘9> o = Ten.
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Finally, we obtain
(3.12) —E” (f0),—o / (Opv, 8f>—h' /<af 8Eu>—h'

Hence the Euler-Lagrange equation of E”(f) is 8z0f = 0. Similarly, we can
get the Euler-Lagrange equations of E'(f) and E(f). O

For any smooth function ® on the compact Hermitian manifold (M, h),
we know

PO s 00
0220%" aBozy )’

Ag® = 9"9® = —hoP (

(3.13) And — J9 — _hoB ’e . 09
o® = 0"0% = H2Hz8 Badzy |’
Ag® = d*"dP = AzP + Ap®,
where
1 5(0h;s Oh.g —
Y _ 16 ad _ aB\ vy T
(3.14) Faﬁ 2h <8zﬁ 550 ) Fﬁa LS,
1 oh oh
v L B
F 2h < 0z 0z% >
Therefore, by Lemma 2.1
- i i O OfF
(3.15) Opof = (a oft —h ﬁrjkafﬁa > ® e
_ anz . 3]” fj 8fk
— _paob _9or7 )
=—h <8zaé?zﬁ 2Fﬂ58? +ij8*53 > ® e;
and
" vngi_ oppi 0f7 OfF
(3.16) Op0f = <a oft —h ﬂr]kafﬁa ) ® e

_ 32]02 afz ) afj 8fk
— _pob —9r (A .
=h (azaazﬂ g T hings aza> @i

For more details about the computations, see e.g., [19].
We clarify and summarize the definitions of various harmonic maps in
the following.
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Definition 3.2. Let (M, h) be a compact Hermitian manifold and (N, g)
a Kéhler manifold. Let f:(M,h) — (N,g) be a smooth map and E =
f* (Tl’ON).
(1) fis called -harmonic if it is a critical point of d-energy, i.e., E*ng =0;
(2) fis called 0-harmonic if it is a critical point of O-energy, i.e., 05,0f = 0;

(3) f is called harmonic if it is a critical point of d-energy, i.e., 5}5—#
0p0f =0, ie.,

1 hoP S i o] i 91 =0
(3 7) (({920‘02’6 aB Oz Ba HzY ]'“825 aza) ®Xe 0,

(4) f is called Hermitian harmonic if it satisfies

(3.18) —haﬁ< OF i OF afk)@@e,-_o-

0200z "Ik gz 9z ’
(5) f is called pluri-harmonic if it satisfies dgdf = 0, i.e.,

*f ; 07 ofF
(3.19) PRy e
for any «, 8 and i.

Remark 3.3. (1) The Hermitian harmonic equation (3.18) was firstly
introduced by Jost and Yau in [14]. For more generalizations, see [16,
17] and also references therein;

(2) The harmonic map equation (3.17) is the same as classical harmonic
equation (3.2) by using the background Riemmanian metrics;

3
4
5]

Pluri-harmonic maps are Hermitian harmonic;
Pluri-harmonic maps are not necessarily d-harmonic or d-harmonic;

(3)
(4)
(5) Opdf =0 and Opdf = 0 are equivalent;

(6) For another type of Hermitian harmonic maps between Hermitian
manifolds defined using Chern connections, we refer the reader to [34].

Lemma 3.4. For any smooth map f: (M,h) — (N,g) from a Hermitian
manifold (M,h) to a Kdahler manifold (N,g), we have Opdf =0 and
Og0f = 0.
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Proof. Tt is easy to see that

959/ = O <af iz @ez)
B aZfz
- 9zPoz”

oft
0z

afr

Az’ NdZ* ® e; — - dZ” /\F{ka Az’ ®e;j =0

since ng = F{n when (N, h) is Kéhler. The proof of 0g0f = 0 is similar. [
Lemma 3.5. Let f : (M,h) — (N, g) be a smooth map from a compact Her-

mitian manifold (M, h) to a compact Kdhler manifold (N, g). The Hermitian
harmonic map equation (3.18) is equivalent to

(3.20) (Op —2v/—19"wy)" (Bf) =0 or (8;; + 2\/—79*%)* (0f) = 0.

Proof. On a compact Hermitian manifold (M, h) with wj, = Qh opdz" A
dz”, we have ([19, Lemma A.6])

(3.21)
=% ¥ % = 3 8fz
— /78 4.7 9./ * — _9paBpY_ .
0 wp =V 1F73dz and  —2v/—1(0 wp)*(0f) 2h Faﬁapﬂ ® ;.
The equivalence is derived from (3.21), (3.16) and (3.15). O

Definition 3.6. A compact Hermitian manifold (M, h) is call balanced if
the fundamental form wy, is co-closed, i.e., d*wy, = 0.

Proposition 3.7. Let (M,h) be a compact balanced Hermitian manifold
and (N,g) a Kdhler manifold. The E', E" and E-critical points coincide.
Moreover, they satisfy the Hermitian harmonic equation (3.18). That is,
0-harmonic, O-harmonic, Hermitian harmonic and harmonic maps are the
same if the domain (M, h) is a balanced manifold.

Proof. The balanced condition d*wy, = 0 is equivalent to 9*wy, = 0 or Jwy, =
0 or haBFZB =0 for vy =1,...,m. By formulas (3.16) and (3.15), we obtain

525 f = 050f. The second statement follows by Lemma 3.5. O

Proposition 3.8. Let (M, h) be a compact Hermitian manifold and (N, g)
a Kdhler manifold. If f: (M,h) — (N, g) is totally geodesic and (M, h) is
Kabhler, then f is pluri-harmonic.
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Proof. Considering the complexified connection V¥ on the vector bundle
F=T*M® f*(TN), we have

_ ofi
F _ uF =0 .
Viof =V <8zﬂdz ® €z>
o*f  of 5 | OffOfF @ g g5
B ((%aazﬁ T oz s T 920 93 jk) edea

o2 fi oft ~ ofiofk - B
<827825 9z W 97 970 jk> dz" ® dz° ® e;

of & s A
_ 950 FEAdZ ®dz" ® e;.
Similarly, we have
o 7
viof=v*t (fdza ® ei>
0z%

o2 fi ofi ., afi ok . L §

- <azo‘82ﬁ N o0z Fﬁa @ﬁ jk) dz” @ dz" @ e;
o’f _off of1 df 5

(79 — a5+ oy o) 4 @ % 0

afl « A =3
_azaf‘)\adz QR dz X e;.

That is,

vidf =vlror+vhof
- <afj£;ﬁ B S;FZB N ggfig + gfigﬁ; ;k) d2* @ dz° @ e
(82?(];5 - SZ; %+ gﬁigﬁi gk> 2" ® 42’ @ e;
(afjgiﬁ - gﬁr Go 322% ;’fi?ﬁ; w) &z’ © dz" ® ¢;
(LS 88 Yoo o

If f is totally geodesic and (M, h) is Ké&hler, then f is pluri-harmonic by

degree reasons. O

Remark 3.9. It is easy to see that pluri-harmonic maps are not necessarily

totally geodesic.
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Lemma 3.10. Let f be a pluri-harmonic map from a complex manifold M
to a Kdhler manifold (N, g). Then the real (1,1) forms

ﬁ of of V-1

(322) wp = 5 2]8 87561 A\ dﬁﬁ = ng]afl A af ,
and

V-1 of oft ., V=1 i =
(3.23) W= "0 8f afﬁd ANdzP? = 9501 Nof

are all d-closed, i.e.,
dwy = 0wy = Owg =0, and dw = Ow; = 0w = 0.

Proof. By definition, we see

Do = —Eafi 70 (9597 )

Fafl (89”

3
off NOF + g”

OF NOF +gwaaf>

— ) 0a.-~ - L L
(g is Kahler) = — Yo7 o (225 . g7 N TF + g.f.aafj
2 82’[ ]
VL T g
= V=01 Mg <aaf g o] /\8f>
V-1, 7 L T5 .AF A FF
= —YS=0f Ngis (00F + T3, - OF £ 9F")

where the last step follows from the definition equation (3.19) of pluri-
harmonic maps. Hence, we obtain dwy = 0. The proof of dwy = 0 is simi-
lar. O

3.3. Harmonic maps between Hermitian manifolds

Let (M, h) and (N, g) be two compact Hermitian manifolds. Using the same
notation as in the previous subsection, we can define d-harmonic (resp. O-
harmonic, harmonic ) map f : (M, h) — (N, g) by using the critical point of
the Euler-Lagrange equation of E”(f) (resp. E'(f), E(f)). In this case, the
harmonic equations have the same second-order parts, but the torsion parts
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are different. For example, the d-harmonic equation is
(3.24) (Agf' +T(f)) ®e; =0,

where T'(f) is a quadratic function in df and the coefficients are the Christof-
fel symbols of (N, g). One can see it clearly from the proof of Lemma 3.1.

3.4. Harmonic maps from Hermitian manifolds to Riemannian
manifolds

Let (M, h) be a compact Hermitian manifold, (N, g) a Riemannian manifold
and E = f*(T'N) with the induced Levi-Civita connection. As similar as in
the Kéhler target manifold case, we can define the 0-energy of f : (M,h) —

(N, g)

wpt aft Of7 win
3.25 E"(f / afPih — / giih? —h
( ) | f’ m) J Oz 82”6 m'
It is easy to see that the Euler-Lagrange equation of (3.25) is
% = - Of1ofF
A fT ocﬁ
(3.26) 0pof = Agzf' —h jk@za 557 =0.

Similarly, we can define E’'(f) and get its Euler-Lagrange equation

ofi ofk
Ik ozB
The Euler-Lagrange equation of E(f) is 50 f + 0pof =0.

(3.27) OL0f = Agft — hoPTi =0.

Definition 3.11. Let (M, h) be a compact Hermitian manifold and (N, g)
a Riemannian manifold. Let f: (M,h) — (N, g) be a smooth map and E =
F(TN).

(1) fis called -harmonic if it is a critical point of d-energy, i.e., E*ng = 0;
(2) fis called 0-harmonic if it is a critical point of O-energy, i.e., 05,0f = 0;

(3) f is called harmonic if it is a critical point of d-energy, i.e., 5}5—#
0p0f =0;

(4) f is called Hermitian harmonic if it satisfies

_ 2 pi YRy
(3.28) —haﬁ( CF L pi afaf>®ei:o;

020078 "Ik 978 9z



846 Kefeng Liu and Xiaokui Yang

(5) f is called pluri-harmonic if it satisfies dgdf = 0, i.e.,

( Of i OF Off

2 -4 o Zd Z)
(3.29) 920020 T K958 g0

>dza/\dzﬁ®ei:0.

As similar as Proposition 3.7, we have

Corollary 3.12. Let f: (M,h) — (N, g) be a smooth map from a compact
Hermitian manifold (M,h) to a Riemannian manifold (N,g). If (M,h) is
a balanced Hermitian manifold, i.e., d*wy, =0, then O-harmonic map, O-
harmonic map, Hermitian harmonic map and harmonic map coincide.

4. Manifolds with non-degenerate curvatures
4.1. Curvatures of Kihler manifolds

Let (N,g) be a Kéhler manifold. In the local holomorphic coordinates
(wh, ..., w") of N, the curvature tensor components are

829@ ' g 99kg 69@
ow'ow’ ow' owd

In [28], Siu introduced the following definition: the curvature tensor Rz is
said to be strongly negative (resp. strongly positive) if

(4.2) 3 Rpg(AB - C'D)(A'B" — ¢*D") <0 (resp. >0)
1,7,k,0

for any nonzero n x n complex matrix (AiEj - Ciﬁj)i’j.

Definition 4.1. Let (N, g) be a Kéahler manifold. The curvature tensor
Ri}ki is called non-degenerate if it satisfies the condition that

(4.3) 3" Rg(AB - ¢'D)(AB" - ¢'D") = 0
1,7,k

if and only if AB — 0D’ =0 for any i, j.

It is easy to see that both manifolds with strongly positive curvatures and
manifolds with strongly negative curvatures have non-degenerate curvatures.
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4.2. Curvatures of Riemannian manifolds

Let (M,g) be a Riemannian manifold and V the Levi-Civita connection.
The curvature tensor R is defined by

R(X, Y, Z, W) = g(VXVyZ — VvaZ — V[X,Y]Za W)

To illustrate our computation rules on Riemannain manifolds, for example,
the Riemannian curvature tensor components of S™ induced by the canon-
ical metric of R™t! are Rijke = 9iegjx — girgje- The Ricci curvature tensor
components are Rj, = giZRijM =(n—1)gjk-

As similar as Siu’s definition, Sampson [26] proposed the following defi-
nition:

Definition 4.2. Let (M, g) be a compact Riemannian manifold.

(1) The curvature tensor R of (M, g) is said to be Hermitian-positive (resp.
Hermitian-negative) if

(4.4) Rijue A A% > 0 (vesp. <0)

for any Hermitian semi-positive matrix A = (A%). R is called strongly
Hermitian-positive (rvesp. strongly Hermitian-negative) if R is
Hermitian-positive (resp. Hermitian-negative) and the equality in (4.4)
holds only for Hermitian semi-positive matrix A with complex rank
<1.

(2) R is said to be Hermitian non-degenerate at some point p € M if
(4.5) Rijie(p) A" ATF =0

for some Hermitian semi-positive matrix A = (A%) implies A has rank
< 1. R is said to be Hermitian non-degenerate if it is Hermitian non-
degenerate everywhere.

Note that any rank one Hermitian matrix can be written as AY = a'b/
and so for any curvature tensor R;jr¢, one has

Rijue A ATF = 0.

On the other hand, it is easy to see that both manifolds with strongly
Hermitian-positive curvatures and manifolds with strongly Hermitian-
negative curvatures are Hermitian non-degenerate.
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Lemma 4.3 ([26]). If (M,g) has positive (resp. negative) constant sec-
tional curvature, then the curvature tensor is strongly Hermitian positive
(resp. negative). In particular, it is Hermitian non-degenerate.

Proof. Let Rijie = (9giegjr — gikgje). Then
(4.6) Ry ATATF = 5 ((TrA)? — Tr(A%)).
The results follow by this identity easily. O

Remark 4.4. In [18], we give a complete list on the curvature relations of
a Kéhler manifold (M, g):

1) semi-dual-Nakano-negative;
2
3

non-positive Riemannian curvature operator;

strongly non-positive in the sense of siu;

)
6
7

non-positive Riemannian sectional curvature;

(
(2)
(3)
(4) non-positive complex sectional curvature;
(5)
non-positive holomorphic bisectional curvature; an
itive hol hic bi i 1 d
(7)

non-positive isotropic curvature.

(1) = (2) = @) = (4) = (5) = (6)
(1) = @) = @)= ()

So far, it is not clear to the authors whether one of them can imply (Samp-
son’s) Hermitian negativity. However, it is easy to see that the Poincaré
disks and projective spaces have Hermitian-negative and Hermitian-positive
curvatures, respectively. It is hopeful that semi-dual-Nakano-negative cur-
vatures can imply Hermitian-negative curvatures (in the sense of Sampson).
We will go back to this topic later.

5. Existence of various harmonic maps

In their pioneering work [5], Eells-Sampson have proposed the heat flow
method to study the existence of harmonic maps. In this section, we will
consider a similar setting. Let f : (M, h) — (N, g) be a continuous map from
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a compact Hermitian manifold to a compact Riemannian manifold. In the
paper [14] of Jost and Yau, they considered the heat flow for the Hermitian
harmonic equation, i.e.,

hag<82fi<z,t> e afk(at)) AU

0220708 ik 9z8 9z ot
f0:f7

(5.1)

where Fé-k are Christoffel symbols of the Riemannian manifold (N, g).

Lemma 5.1 (Jost—Yau). If (N,g) has non-positive Riemannian sectional
curvature, then a solution of (5.1) exists for all t > 0.

Similarly, we can consider the following parabolic system for the O-energy
of a smooth map f from a compact Hermitian manifolds (M, h) to a Rie-
mannian manifold (N, g),

dfy e
(5.2) a ~ 9ok

fo=1T.
Locally, the parabolic equation (5.2) is

(5.3)

jo? (82f<t> o7 W) 0P (=) afk<z,t>> Ofi(z0)
ot

022078 aB  §z7 ik 98 Oz =0

The difference between (5.3) and (5.1) are the first-order derivative terms of
f. By the theory of parabolic partial differential equations, if (N, g) has non-
positive sectional curvature, the solution of (5.3) exists for all ¢ > 0 following
the adapted methods in [5, 14]. Let

_ afz afj
— paB,. .
) =h"9i 5.5 559

be the energy density. By differentiating equation (5.3), we obtain

(5.0 (8= 5 ) etr) = 31927 - Ce(



850 Kefeng Liu and Xiaokui Yang

if (IV, g) has non-positive sectional curvature where C' = C(M, h) is a posi-
tive constant only depending on (M, h), and A, is the canonical Laplacian
A, = hB 8z§;§ﬁ' The extra first-order terms in f are absorbed in |V2f|
using the Schwarz inequality. As analogous to the existence results of FEells—
Sampson ([5], harmonic maps) and Jost—Yau ([14], Hermitian harmonic

maps), we obtain

Theorem 5.2. Let (M, h) be a compact Hermitian manifold and (N, g) a
compact Riemannian manifold of negative Riemannian sectional curvature.
Let ¢ : M — N be continuous, and suppose that ¢ is not homotopic to a
map onto a closed geodesic of N. Then there exists a O-harmonic (resp.
0-harmonic) map which is homotopic to .

Theorem 5.3. Let (M, h) be a compact Hermitian manifold (N, g) a com-
pact Riemannian manifold of negative Riemannian sectional curvature. Let
@: M — N be a continuous map with e(e*(TN)) # 0 where e is the Euler
class. Then there exists a O-harmonic (resp. O-harmonic) map which is
homotopic to .

As a special case, we have

Corollary 5.4. Let (M, h) be a compact Hermitian manifold and (N, g) be
a compact Kahler manifold of strongly negative curvature. Let o : M — N
be a continuous map and suppose that ¢ is not homotopic to a map onto
a closed geodesic of N. Then there exists a O-harmonic (resp. O-harmonic)
map which is homotopic to .

Proof. 1t follows from the fact that if a Kédhler manifold has strongly negative
curvature, then the background Riemannain metric has negative sectional
curvature. O

Finally, we need to point out that, along the same line, one can easily obtain
similar existence results for various harmonic maps into a Hermitian target
manifold (N, g) if the background Riemannian metric on N has non-positive
Riemannian sectional curvature. For more details about the existence and
uniqueness results on various harmonic maps in the Hermitian context,
we refer the reader to [4-7, 10, 11, 14, 15, 20, 23, 33] and also references
therein.
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6. The complex analyticity of harmonic maps

6.1. Harmonic maps from Hermitian manifolds to Kahler
manifolds

Let f: (M,h) — (N, g) be a smooth map from a Hermitian manifold (M, h)
to a Kihler manifold. Let £ = f*(T1°N). In the local coordinates {z®} on
M, and {w'} on N, one can get

(6.1) Q:=V—1([R" AOf,0f)

__Ls~p (0807 _orof) (oror ofof
2 URE\ 9200 927 927 Dz 0z% 027 027 0z

a?’y

in the local normal coordinates haB = 50@ centered at a point p € M where
RF is the (1,1) component of the curvature tensor of E and R 77 are compo-
nents of the curvature tensor of (N, g). If @ is zero, (N, g) has non-degenerate
curvature, N is compact and rankrdf > 4, one can show 0f =0 or 0f =0
(cf. [28, Siu]).

Now let us recall Siu’s 90 trick [28, 29] in the Hermitian setting (cf. [14]).
Let f: (M,h) — (N, g) be a smooth map between Hermitian manifolds and
E = f*(T*°N).

Lemma 6.1. We have the following formula:
(6.2) 00{0f,0f} = —{050},050f} + {0f, REDS).

Lemma 6.2. Let E be any Hermitian vector bundle over a Hermitian man-
ifold (M,w), and ¢ a smooth E-valued (1,1)-form on M. One has

m—2 w™

(63) {0} gy = 4 (e = ITruel’) 0

Proof. Without loss of generality, we can assume that F is a trivial bundle,
and hﬁ = (51-3 at a fixed point p € M, then for ¢ = @ gdz? A dz9.

(?) 2 {e, so}(:i_;)!

/_1 2 - - wme
= <2 Z @pade A\ d?q . QﬁsidZs A dZt m

D,q,s,t
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= D 2ewl-2 D esva %

1<p<g<m 1<s<t<m
2 W
= (Z lpg|” — Z%Mu) !
D,q sit
_ 2 _ 2 ﬂ
= (el = ITrupl?) 2.
O

Remark 6.3. The right-hand side of (6.3) is not positive in general. When
¢ is primitive, i.e., Tr,p =0, (6.3) is the Riemann—Hodge bilinear rela-
tion for primitive (1,1) forms (e.g., [13, Corollary 1.2.36] or [32, Proposi-
tion 6.29]).

Lemma 6.4. We have the following formula for any smooth map f from
a Hermitian manifold (M, h) to a Kdihler manifold (N, g).

wme m
(6.4) {of, RE@f}W =4Q - g

where Q is defined in (6.1).

Lemma 6.5. Let f be any smooth map from a compact Hermitian man-
ifold (M, h) to a Kdhler manifold (N, g). We have the following identity:

-2

= Ao Yh _ Fe2 _ =12y Yhe
©5) | o0rancAg =4 [ (00rP - Trosdr) <
+ / 4Q - i,
M m:
Proof. 1t follows by formula (6.2)—(6.4). O

Now one can get the following generalization of Siu’s result ([28]):

Corollary 6.6 ([14, Jost—Yau]). Let (N,g) be a compact Kdhler man-
ifold, and (M,h) a compact Hermitian manifold with 65@7‘2 =0 where
m = dimc M. Let f: (M,h) — (N, g) be a Hermitian harmonic map. Then
f is holomorphic or anti-holomorphic if (N, g) has strongly negative curva-
ture and rankgdf > 4.
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2. Harmonic maps from Hermitian manifolds to Riemannian
manifolds

In this subsection, we shall apply similar ideas in Section 6.1 to harmonic
maps from Hermitian manifolds to Riemannian manifolds. Let f : (M,h) —
(N, g) be a smooth map from a compact Hermitian manifold (M, h) to a
Riemannian manifold (N, g).

Lemma 6.7. The (1,1)-part of the curvature tensor of E = f*(T'N) is

, Of of

(TN
(6.6) R )—2ka8 = 55P

L dz* NdZ° @ * @ ey.

Proof. Since the curvature tensor of the real vector bundle T'N is

(6.7) R™ = R da' Ndal & <dx ® ;) € (N, A*’T*N ® End(TN)),

we get the full curvature tensor of the pullback vector bundle E = f*(T'N),
(6.8) f*(R™) =Ridf Ndff ® €F @ eg € T(N,A°T*M ® End(E)).

The (1,1) part of it is

H(TN) _ aff afi Of OfIN 0 s &
Ry, ka (320‘ 558 558 950 dz Ndz” ® e ® ey

. Of 0f
Ik pze oz°

2R dz* Ndz% ® e* @ ey,

: 0 4
since Rijk = —Rjik.

Lemma 6.8. We have

R (TN _ opasyBp  Of OfF0f70f
(6.9) < 1[Rl,l ,A]@f,8f> =2h"h R“M&za 078 027 9z°

and
(6.10)

TN N 5,5, Of Offofi off
Qo= (VIRL T AD1.0f) = ~2hot P Ry 02 0L 080

022 9z 027 020
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Proof. Tt is easy to see that the identity (6.10) is the complex conjugate of
(6.9). By Lemma 6.7,

VIR, Nof = —/~TIARPaf

_ aB (_pt. I YJITYS gy

= 2h ( R'Uk + Rk]l) aza 825 az'Y dZ ® €y
_ i a¢i Ak

_opebpt, O OP 017 a0 g er,

ki3 920 978 927

where the last step follows by Bianchi identity. Therefore

Tl (TN _ on., (B O8N (500 05
< 1AL ’A]af’af>_ 2Riee <h o202 )\ 995 )

g

Theorem 6.9 ([26, Sampson]). Let f: (M,h) — (N, g) be a harmonic
map from a compact Kdhler manifold (M,h) to a Riemannian manifold
(N,g). Then rankgdf <2 if (N,g) has strongly Hermitian-negative curva-
ture.

Proof. By formula (2.9) for the vector bundle E = f*(T'N) when (M, h) is
Kahler,

(6.11) Ay Of = Do, 0f + V—1[R" AJOf.

If f is harmonic, i.e., 525]‘ = 0, we obtain, A5E5f = 0. That is,

(6.12) 0= losarP + [ Qo
M m:

If (N, g) has strongly Hermitian-negative curvature, i.e., Qo > 0 pointwisely,
then Qg = 0. Hence we get rankrdf < 2. O

Now we go back to work on the Hermitian (domain) manifold (M, h).
As similar as Lemma 6.5, we obtain
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Lemma 6.10. Let f:(M,h) — (N,g) be a smooth map from a compact
Hermitian manifold (M, h) to a Riemannian manifold (N,g). Then

m—2

(m —2)!

m

—1 [ (0s0f* - [Tr.0501) I
M m.

oo

Theorem 6.11. Let (M,h) be a compact Hermitian manifold with
05w,2”72 =0 and (N, g) a Riemannian manifold. Let f : (M,h) — (N, g) be
a Hermitian harmonic map, then rankgrdf <2 if (N,g) has strongly
Hermitian-negative curvature. In particular, if dimec M > 1, there is no Her-
mitian harmonic immersion of M into Riemannian manifolds of constant
negative curvature.

(6.13) / 00{Df,Df}

Proof. If f is Hermitian harmonic, i.e., Tr,0gdf = 0, by formula (6.13),

m—2 m m
(6.14) /Maa{afyaf}(;zh_w =4/M]3E5f|2C;;+/M4QO- %

From integration by parts, we obtain

[ 100 [ aqu- S —o

If (N,g) has strongly Hermitian-negative curvature, then Qo =0 and so
rankrdf < 2. O

Corollary 6.12. Let M =St xS2t (p+q>1) be the Calabi-
Eckmann manifold. Then there is no Hermitian harmonic immersion of M
into manifolds of constant negative curvature.

Proof. By a result of Matsuo [21], every Calabi-Eckmann manifold has a
Hermitian metric w with 90w" 2 = 0. O

Remark 6.13. (1) If M is Kahler, a Hermitian harmonic immersion is
also minimal.

(2) By Proposition 3.7, if the manifold (M, h) is balanced, then Hermitian
harmonic map is harmonic. However, if wy, is balanced (i.e., d*wp, = 0)
and also 99w]"~? = 0, then wj, must be Kihler ([22]).
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7. Rigidity of pluri-harmonic maps

7.1. Pluri-harmonic maps from complex manifolds to Kahler
manifolds

Let f: M — (N,g) be a pluri-harmonic map from the compact complex
manifold M to the compact Kéhler manifold (N, g). From the definition
formula (3.19), the pluri-harmonicity of f is independent of the background
metric on the domain manifold M and so we do not impose a metric there.

When the domain manifold M is Ké&hler, there is a number of results
on the complex analyticity and rigidity of the pluri-harmonic f, mainly due
to Ohinta, Udagawa and also Burns—Burstall-Barttolomeis (e.g., [1, 24, 25,
30, 31] and references therein). The common feature in their results is that
they need even more properties of the Kéahler manifold M, for example,
c1(M) >0, or by(M) = 1.

Now we present our main results in this section.

Theorem 7.1. Let f: M — (N,g) be a pluri-harmonic map from a com-
pact complex manifold M to a compact Kdihler manifold (N,g). Then it
is holomorphic or anti-holomorphic if (N,g) has non-degenerate curvature
and rankgrdf > 4. In particular, when (N,g) has strongly negative curva-
ture (in the sense of Siu) and rankrdf > 4, then f is holomorphic or anti-
holomorphic.

From the proof, we can see that this theorem also holds if the target
manifold N is a compact quotient of a bounded symmetric domain and f is
a submersion.

Proof. We fix an arbitrary Hermitian metric h on M. Let E = f*(T"ON)
and REibe the (1, 1)-part of the curvature tensor of E. If f is pluri-harmonic,
i.e., dpdf = 0, then by the Bochner formula (2.9), the equation

Ay Of = 8o, 0f + V=1[R",Al(0f) + (7" 0 + 0p7") (D)
- (F*EE + EE?*)(gf)

is equivalent to

(7.1) 9p0p0f = V=1[RF A|(0f) — (0p7")(Of).



Hermitian Harmonic Maps and Non-Degenerate Curvatures 857

On the other hand, by Lemma 2.2, we have the relation [A, dg] = \/—1(52 +
7*), and so

(7.2) g0y +7)0f = —V/—105AORdf =0

since f is pluri-harmonic. By (7.1), we get the identity Q = (v/—1[R¥, A](Df),
Jf) = 0. (Note that we get Q = 0 without using the curvature property of
(N, g), which is different from the proofs in [28, Siu] and [14, Jost—Yau]!) By
formula (6.1) and the assumption that (V, g) has non-degenerate curvature,
we obtain 8 A df = 0 for any i and j. If rankg (df) > 4, by Siu’s argument
([28]), f is holomorphic or anti-holomorphic. O

Using Theorem 7.1, we can generalize a number of results in [25, 30, 31]

to complex (domain) manifolds.

Proposition 7.2. Let M be an arbitrary m-dimensional (m > 2) compact
complex manifold, (N, g) a compact Kiahler manifold and f: M — (N, g) a
pluri-harmonic map. Suppose M has one of the following properties:

(1) dimc H*>(M) = 0; or

(2) dim¢ HYY(M) = 0; or

(3) dimg H*(M) =1 and H*(M) has a generator [n] with [, n™ # 0; or
(4) dimec HY (M) =1 and HYY(M) has a generator [n] with [,, n™ # 0.
Then

(1) f is constant if rankgdf < 2m. In particular, if m > n, then f is con-
stant.

(2) f is holomorphic or anti-holomorphic if (N, g) has non-degenerate cur-
vature. Here, we have no rank restriction on df .

Proof. If rankgdf < 2m, we can consider the following real (1,1) form

V=1 ofiof V=1
2 i gza 978 2

(7.3) wo = dz* N dzP = gﬁ@fi A Wj.

If f is pluri-harmonic, by Lemma 3.10, Owg = 0wy = 0 = dwg. On the other
hand, when rankgdf < 2m, wi® = 0. If conditions (1) or (3) holds, we obtain
wo = dryp. If conditions (2) or (4) holds, we have w = 9v;. In any case, by
Stokes’ Theorem, fC wo = 0 on any closed curve C' of M. But wy is a non-

negative (1,1) form on M, we obtain wy = 0. Therefore 9f = 0. Similarly,
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by using

ﬁ of of

w1 =

9 i gy 528

5dz® Nz’ = 2 1gi33?i/\5fj

we know Of = 0. Hence f is constant. In particular, if m > n, i.e., rankgrdf <
2m, f is constant.

Suppose (IV, g) has non-degenerate curvature. If rankgdf > 2m > 4, by
Theorem 7.1, then f is holomorphic or anti-holomorphic. If rankgrdf < 2m,
by the proof above, we see f is constant. O

Corollary 7.3. Any pluri-harmonic map from the Calabi—Eckmann mani-
fold S?P*1 x §24+1 to the n-dimensional complex space form N(c) is constant
ifp+q=n.

The following result is well known (e.g., [1, 24, 25]).

Corollary 7.4. FEwvery pluri-harmonic map from P™ to P™ is constant if
m > n.

7.2. Pluri-harmonic maps from Hermitian manifolds to
Riemannian manifolds

In this subsection, we shall use similar ideas as in Section 7.1 to study the
rigidity of pluri-harmonic maps from Hermitian manifolds to Riemannian
manifolds.

Theorem 7.5. Let f: M — (N,g) be a pluri-harmonic map from a com-
pact complex manifold M to a Riemannian manifold (N,g). If (N,g) has
non-degenerate Hermitian curvature at some point p, then rankgdf(p) < 2.

Proof. We fix an arbitrary Hermitian metric & on M. If f is pluri-harmonic,
i.e., 0gdf = 0, then by the Bochner formula (2.9), the equation

Ag Of = Do, 0f + V=1[R",A|(Df) + (r*0p + 0pT*)(0f)
— (7*0p 4+ 057)(0f)

is equivalent to dpdrdf = vV—1[RE A|(Df) — (97*)(Df). By a similar
argument as in Theorem 7.1, we obtain Qg = (v/—1[R¥ A](0f),0f) = 0.
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That is,

SOF Of (501 of*
. af ZJ A A R
(7:4) Bijie (h 0z% 8zﬁ> <h 027 9z° 0

If the curvature tensor R of (N, g) is non-degenerate at some point p € M,
then the complex rank of the matrix (ho‘ﬁ of 8f]) is <1, i.e.,

0z~ 9zP
rankrdf (p) < 2. O

Proposition 7.6. Let M be an arbitrary m-dimensional (m >2) com-
pact complex manifold, (N, g) a Riemannian manifold and f : M — (N, g) a
pluri-harmonic map. Suppose M has one of the following properties:

(1) dim¢c H2(M) = 0; or

(2) dim¢ HYY(M) = 0; or

(3) dime H*(M) =1 and H*(M) has a generator [n] with [, n™ # 0; or

(4) dime¢ HY (M) =1 and HYY (M) has a generator [n] with [y, n™ # 0;
then

(1) f is constant if rankgdf < 2m. In particular, if m > n, then f is con-
stant.

(2) f is constant if (N, g) has non-degenerate curvature.

Proof. Assume rankgrdf < 2m. We can consider wg = T_l 950 fiANOfI. By a
similar proof as in Proposition 7.2, we obtain 0f = 0, and so f is a constant.
On the other hand, if (N, g) has non-degenerate curvature, then rankgdf <
2 < 2m, hence f is constant. O

Corollary 7.7. (1) Any pluri-harmonic map from the Calabi—Eckmann
manifold S?PT1 x S24+L to the real space form N(c) is constant if p +
qg=>1.

(2) Any pluri-harmonic map from CP™ to the real space form N(c) is
constant if n > 2.
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