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Fourier multipliers on weighted L? spaces
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The paper provides a complement to the classical results on Fourier
multipliers on LP spaces. In particular, we prove that if ¢ € (1,2)
and a function m : R — C is of bounded ¢-variation uniformly on
the dyadic intervals in R, i.e., m € V,(D), then m is a Fourier
multiplier on LP(R, w dx) for every p > q and every weight w sat-

isfying Muckenhoupt’s A

p/q-condition. We also obtain a higher-

dimensional counterpart of this result as well as of a result by E.
Berkson and T.A. Gillespie including the case of the V(D) spaces

with ¢

> 2. New weighted estimates for modified Littlewood—Paley

functions are also provided.
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1. Introduction and statement of results

For an interval [a,b] in R and a number ¢ € [1,00) denoted by V,([a,b]) the
space of all functions m : [a,b] — C of bounded g¢-variation over [a,b], i.e.,

Imllv, (ap) == sup |[m(z)| + [[mlvar, (ap) < o0

z€la,b
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where  [[mlvar, (jaa)) = sup{ (370 [m(tir1) —m(t:)|)/9}  and  the
supremum is taken over all finite sequences a =:typ <t} < --- <tp,:=b(n €
N). We write D for the dyadic decomposition of R, ie., D:=
{£(2%,2"1] . k € Z}, and set

Vy(D) := {m:R—>C: ?ugHmuHVq(I) <oo} (g € [1,00)).
€

Moreover, let A,(R) (p € [1,00)) be the class of weights on R which
satisfy the Muckenhoupt A, condition. Denote by [w]4, the Ap-constant of
w € Ap(R). If w € Ax(R) := Up>14,(R) we write M,(R, w) for the class of
all multipliers on LP(R,w) (p > 1), i.e.,

My(R,w) :={m € L*(R) : T},, extends to a bounded
operator on LP(R,w)}.
Here T}, stands for the Fourier multiplier with the symbol m, i.e., (Tmf) =
mf (f € S(R)). Note that M,(R, w) becomes a Banach space under the
norm [|m|lar, rw) = 1 Tmllc(r@w)) (M € Mp(R,w)).
The main result of the paper is the following complement to results due
to Kurtz [17], Coifman et al. [8] and Berkson and Gillespie [4].

Theorem A. (i) Let q € (1,2]. Then, V(D) C M,(R,w) for every p >q

and every Muckenhoupt weight w € A, /,(R).

(ii) Let g > 2. Then, Vy(D) C My(R,w) for every 2 <p < (3 — %)_1 and

every Muckenhoupt weight w € Ay /o with sy, > (1 — p(% — %))*1.
Here, for every w € Ay (R), we set sy, :=sup{s > 1:w € RHs(R)} and

we write w € RH(R) if

1 b 1/s 1 b -1
Ztgg (b—a/a w(z) dx) <b—a/a w(:v)dx) < 00.

Recall that, by the reverse Holder inequality, s,, € (1, o] for every Mucken-
houpt weight w € A (R).

For the convenience of the reader we repeat the relevant material from
the literature, which we also use in the sequel.

Recall first that in [17] Kurtz proved the following weighted variant of
the classical Marcinkiewicz multiplier theorem.
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Theorem 1 ([17, Theorem 2]). Vi(D) C M,(R,w) for every p € (1,00)
and every Muckenhoupt weight w € A,(R).

As in the unweighted case, Theorem 1 is equivalent to a weighted vari-
ant of the Littlewood—Paley decomposition theorem, which asserts that for
the square function SP corresponding to the dyadic decomposition D of R,
ISP fllpw = || fllpaw (f € LP(R,w)) for every p € (1,00) and w € A,(R); see
[17, Theorem 1], and also [17, Theorem 3.3]. Here and subsequently, if 7 is a
family of disjoint intervals in R, we write SZ for the Littlewood-Paley square
function corresponding to Z, i.e., STf := (3 ;o1 |ij|2)1/2 (f € LA(R)).

Recall also that in [25], Rubio de Francia proved the following extension
of the classical Littlewood—Paley decomposition theorem.

Theorem 2 ([25, Theorem 6.1]). Let2 < p < oo andw € A,/5(R). Then
for an arbitrary family T of disjoint intervals in R the square function St
is bounded on LP(R,wdz).

Applying Rubio de Francia’s inequalities, i.e., Theorem 2, Coifman
et al. [8] proved the following extension and improvement of the classical
Marcinkiewicz multiplier theorem. (See Section 2 for the definition of

Ry(D).)

Theorem 3 ([8, Théoréme 1 and Lemme 5]). Let 2 < ¢ < co. Then,
Vy(D) € My(R) for every p € (1,00) such that |}17 —-1< %.
Furthermore, Rao(D) C Ma(R,w) for every w € A;(R).

Subsequently, a weighted variant of Theorem 3 was given by Berkson and
Gillespie in [4]. According to our notation their result can be formulated as
follows.

Theorem 4 ([4, Theorem 1.2]). Suppose that 2 <p < oo and w €
Ap/Q(R). Then, there is a real number s > 2, depending only on p and
[wa,,,, such that 1 > |3 — %] and V4 (D) C My(R,w) for all1 < q < s.

Note that the part (i) of Theorem A fills a gap which occurs in Theorem 1
and the weighted part of Theorem 3. The part (ii) identifies the constant s
in Berkson—Gillespie’s result, i.e., Theorem 4, as (% -1 )~1, where s/, =
Sjj 1, and in general, this constant is best possible.

Except for some details, the proofs given below reproduce well-known

arguments from the Littlewood—Paley theory; in particular, ideas which have

’
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been presented in [8, 17, 25, 28]. A new point of our approach is the fol-
lowing result on weighted estimates for modified Littlewood—Paley func-
tions SqI(-) = rer 1S7 ()9 (¢ € (1,2]), which may be of independent
interest.

Theorem B. (i) Letq € (1,2), p > g, and w € Ay /,(R). Then, there exists
a constant C' > 0 such that for any family T of disjoint intervals in R

T
15 f

Moreover,  for —every qe€(1,2), p>q and VCA,,R) wih
SupwEV[w]Ap/q <0

pw < Cllfllpw — (f € LP(R, wdx)).

sup{HSqIanw cw €V, I a family of disjoint intervals in R,
[ fllpw =1} < oo

(ii) For any family T of disjoint intervals in R and every Muckenhoupt
weight w € A1(R), the operator S maps L*(R,w dz) into weak-L*(R,w dz),
and

sup{HSQIfHLi,oo cw €V, T a family of disjoint intervals in R,
[fllzs, =1} < o0

for every V C A1(R) with sup,,cpw]a, < oo.

Moreover, if q € (1,2), then for any well-distributed family Z of disjoint
intervals in R and every Muckenhoupt weight w € A1(R), the operator SqI
maps L1(R, wdz) into weak-L1(R, wdz).

Recall that a family Z of disjoint intervals in R is well-distributed if
there exists A > 1 such that sup,cg > ;o7 Xar(z) < 0o, where Al denotes
the interval with the same center as I and length A times that of I.

Note that the validity of the A;-weighted L?-estimates for square func-
tion ST = SZ corresponding to an arbitrary family Z of disjoint intervals in
R, i.e.,

153 fll2w < Collfll2w  (f € L2(R,wdz), w € A;(R))

is conjectured by Rubio de Francia in [25, Section 6, p. 10]; see also [12,
Section 8.2, p. 187]. Theorem B(ii), in particular, provides the validity of
the weak variant of Rubio de Francia’s conjecture. Notice that in contrast
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to the square function operators SZ, in general, operators SqI (g €11,2))
are not bounded on (unweighted) L?(R); see [9]. Moreover, in [23], Quek
proved that if Z is a well-distributed family of disjoint intervals in R, then
the operator S maps L4(R) into L% (R) for every q € (1,2). Note that this
result is in a sharp sense, i.e., L%9 (R) cannot be replaced by L%*(R) for any
s < ¢, see [23, Remark 3.2]. Therefore, Theorem B provides also a weighted
variant of this line of researches. See also relevant results given by Kisliakov
in [16].

Furthermore, as a consequence of our approach we also get a higher-
dimensional analogue of Theorem A, see Theorem C in Section 4, which
extends earlier results by Xu [28]; see also Lacey [18, Chapter 4]. Since the
formulation of Theorem C is more involved and its proof is essentially the
iteration of one-dimensional arguments, we refer the reader to Section 4 for
more information.

The part (ii) of Theorem A is a quantitative improvement of [4, Theorem
1.2] due to Berkson and Gillespie. Furthermore, we present an alternative
approach based on a version of the Rubio de Francia extrapolation theorem
that holds for limited ranges of p which was recently given in [1].

The organization of the paper is well reflected by the titles of the follow-
ing sections. However, we conclude with an additional comment. The proof
of Theorem A is based on weighted estimates from the part (i) of Theo-
rem B. To keep the pattern of the proof of the main result of the paper,
Theorem A, more transparent, we postpone the proof of Theorem B (ii) to
Section 3.

2. Proofs of Theorems B(i) and A

We first introduce auxiliary spaces which are useful in the proof of Theo-
rem A. Let g € [1,00). If I is an interval in R we denote by £(I) the family
of all step functions from I into C. If m := )" ;.7 ayxs, where Z is a decom-
position of I into subintervals and (a;) C C, write [m]q := (3 ;o7 as|?)Y/9.
Set Ry(I) :=={m e E() : [m]q < 1} and

Ry(D) :={m :R— C: my; € Ry(I) for every I € D}.
Moreover, let

Ry(I) :={ > Njmy = myj € Ry(I), > M| < o0
J J
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and

IR, =inf § 7 IAi|: m= Ajmy, mi € Rg(I) ¢ (m € Ry(D)).
J J

Note that (Rq(I), | - |g,(r)) is a Banach space. Set
R,(D) := {m R—-C: ?ug Imzllr, ) < oo} (g € [1,00)).
€

In the sequel, if 7 is a family of disjoint intervals in R, we write ST f :=
swprez [Sifl (f € LNR)) and  SEf = (S, 1INV (e (1,2,
f € L"(R)).

We next collect main ingredients of the proof of Theorem B(i), which
provides crucial vector-valued estimates for weighted multipliers in the proof
of Theorem A; see, e.g., (3).

Lemma 5 is a special version of the result on weighted inequalities for
Carleson’s operator given by Rubio de Francia et al. in [24]; see also [24,
Remarks 2.2, Part III].

Lemma 5 ([24, Theorem 2.1, Part ITI]). Lets € (1,00) and w € A4(R).
Then, there exists a constant C' > 0 such that for any family T of disjoint
intervals in R

ST fllsqw < Cllfllspw  (f € L¥(R, wdz)).

Moreover, for every s>1 and every set V C As(R) with
SUP,,epw]a, < 0o

sup{HSlIHs,w cw €V, T a family of disjoint intervals in R} < 0.

Remark 6. The second statement of Lemma 5 can be obtained from a
detailed analysis of the constants involved in the results which are used in
the proof of [24, Theorem 2.1(a)=-(b), Part III], i.e., the weighted version
of the Fefferman—Stein inequality and the reverse Holder inequality.

Recall the weighted version of the Fefferman—Stein inequality, which in
particular says that for every p € (1,00) and every Muckenhoupt weight
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w € A,(R) there exists a constant Cp,, > 0, which depends only on p and
[w]a,, such that

/Mf dt<0pw/M#f w(t) dt (f € LP(R) N LP(R,w)),

where M and M* denote the Hardy—Littlewood maximal operator and the
Fefferman—Stein sharp maximal operator, respectively; see [15, Theorem, p.
41], or [14, Theorem 2.20, Chapter IV]. We emphasize here that the constant
Cp,w on the right-hand side of this inequality is not given explicitly in the
literature, but it can be obtained from a detailed analysis of the constants
involved in the results which are used in the proof of (1), sup,cy Cpw < 00
for every subset V C Ay(R) with sup,cp[w]a, < oo.

Furthermore, it should be noted that if V C A,(R) with sup,cpw]a, <
00, then there exists € > 0 such that V C A,_¢(R) and sup,eyp[w]a, . < oco.
It can be directly obtained from a detailed analysis of the constants involved
in main ingredients of the proof of the reverse Holder inequality. See, e.g.,
[19, Lemma 2.3].

We refer the reader to [14, Chapter IV], [12, Chapter 7] for recent expo-
sitions of the results involved in the proof of the reverse Holder inequality
and the Fefferman—Stein inequality, which originally come from [7, 21, 22].

The next lemma is a special variant of Rubio de Francia’s extrapolation
theorem; see [25, Theorem 3]. For the convenience of the reader we rephrase
[25, Theorem 3] here in the context of Muckenhoupt weights merely.

Lemma 7 ([26, Theorem 3]). Let A and r be fized with 1 < X\ < r < oo,
and let S be a family of sublinear operators which is uniformly bounded in
L"(R,wdz) for each w € A,/\(R), i.e.,

/ISflrwdx < Cruw / |frwdz (S €S, we A,\(R)).

If A<p,a<oo and we A,/)(R), then S is uniformly bounded in
LP(R,wdx) and even more:

p/q p/q

/ Z |ij]|a w dx S Cp,a,w/ Z |f]|a wdz
j J

for every f; € LP(R,wdx) and S; € S.
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Combining Lemma 5 with Theorem 2 we get the intermediate weighted
estimates for operators SqI (¢ € (1,2)) stated in Theorem B(i).

For the background on the interpolation theory we refer the reader to
[3]; in particular, see [3, Chapter 4 and Section 5.5].

Proof of Theorem B(i). Fix q € (1,2) and w € Ay/,(R). By the reverse
Holder inequality, w € Ay/,.(R) for some 7 € (¢q,2). Note that there exist
p € (2,¢) and s > 1 such that g% +(1— g)% = 1. Therefore, combining
Theorem 2 with Lemma 5, by complex interpolation, the operator S(IQq, Ip)
is bounded on L" (R, v) for every v € A;(R). Since p > 2, the same conclusion
holds for SqI .

By Rubio de Francia’s extrapolation theorem, Lemma 7, we get that SqI
is bounded on L%(R,v) for every v € A, /T(R). According to our choice of r,
we get the boundedness of Sg on L2(R,w).

Since the weight w was taken arbitrarily, we can again apply Rubio de
Francia’s extrapolation theorem, Lemma 7, to complete the proof of the first
statement.

The second statement follows easily from a detailed analysis of the
first one. For a discussion on the character of the dependence of constants
in Rubio de Francia’s iteration algorithm, we refer the reader to [11], or
[10, Section 3.4]. See also the comment on the reverse Holder inequality in
Remark 6. O

Note that R,(I) & V,(I) for every interval I in R and ¢ € [1,00). How-
ever, the following reverse inclusions hold for these classes.

Lemma 8 ([8, Lemme 2]). Let1 < g < p < co. For every interval I in R,
Vy(I) C Ry(I) with the inclusion norm bounded by a constant independent
of I.

The patterns of the proofs of the parts (i) and (ii) of Theorem A are
essentially the same. Therefore, we sketch the proof of the part (ii)
below.

Proof of Theorem A. (i) We only give the proof for the more involved case
q € (1,2); the case ¢ = 2 follows simply from Theorem 3 and interpolation
arguments presented below; see also Remark 9 below.
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Fix ¢ € (1,2). We first show that for every subset V C Ay/,(R) such that
sup,ep[wla,,, < oo we have

sup {||me1||2,w :m € Ry(D), [|m|lg,ip) < L, w eV, I € D} < 00.

Fix V C Ay/y(R) with sup,ey[w]a,,, < oo. Note that, by the definition
of the Ry-classes, it is sufficient to prove the claim with R,(D) replaced
by Ry(D) . Fix m € Ry(D) and set mxr =: ) jc7, ar,yx. for every I € D,
where Z; = Z; ,, is a decomposition of I and (as j)jez, C C is a sequence
with ZJGL |a[’]|q < 1. Note that melf = ZJ Cl[’]SJf and ||TmXIf ‘2,w <
1SZ f||2,0 for every I € D, w € V and f € L*(R,w). Therefore, by Lemma
5, our claim holds.

By interpolation argument, we next sharpen this claim and prove that for
every subset V C Ay (R) with sup,ep|w]a,, < oo there exists a =
a(q,V) > 1 such that

(2)  sup {[|Tmy,

2w : M € Rag(D), [|m||g, 0y <1L,weV,I €D} < .

Note that, by the reverse Holder inequality, see also Remark 6, there
exists a > 1 such that w® € Ay, (R) (w € V) and sup,,¢[w*]4,,, <oo. From
what has already been proved and Plancherel’s theorem, for every I € D and
w € V the bilinear operators

R,(I) x L*(R,w*dz) 3 (m, f) — T f € L*(R,wdx)
L¥(R) x L*(R) 3 (m, f) — Tonf € L*(R)

are well defined and bounded uniformly with respect to w € V and I € D.
Therefore, by complex interpolation, (R, (I ),LOO(]R))[%} C M3(R,w). How-
ever, it is easy to check that Rq(I) C (Rq(1), LOO(R))%] with the inclusion
norm bounded by a constant independent of I € D. We thus get (2).

In consequence, by Lemma 8, it follows that

(3) sup {”meI

2w - M E V;I(D), HmHVq(D) <l,weV,Ie D} < o0

for every subset V C Ay /,(R) with sup,ey[w]a,,, < oo.

Hence, we can apply a truncation argument based on Kurtz’ weighted
variant of Littlewood-Paley’s inequality. Namely, fix w € Ay/(R), m € V(D)
with [[mlly,py <1, and f € L?(R) N L*(R,w), g € L*(R,w) N L*(R,w™1).
Note that gw € L?(R) and A, /q(R) C Aa(R). Therefore, combining the
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Cauchy—-Schwarz inequality and Kurtz’ result, [17, Theorem 1], we get

|(Tmf>g)L2(]R,w)| =

3 /R SH(Ton f)Si(guw)da

I1eD

1/2 1/2
e (Z |me,sff|2> (Z\&(W)

1eD 9 1eD
;W

2w

< O\ fllz.wllgll2,w,

where C is an absolute constant independent of m, f and g. Now the converse
of Holder inequality and a density argument show that m € Mz (R, w).

Consequently, V(D) C M2(R,w), and Rubio de Francia’s extrapolation
theorem, Lemma 7, yields V(D) C M,(R,w) for every p > ¢ and every
Muckenhoupt weight w € A, /,(R).

It remains to prove that V4 (D) C M,(R,w) for every w € A;(R). Fix
m € V4(D) and w € A1(R). Then, by Theorem 3 (see also Remark 9), 75, is
bounded on L"(R) for every r € (1, 00). From what has already been proved,
T, is bounded on L"(R,w) for every r > ¢. Therefore, the boundedness of
T, on LR, w) follows by the reverse Holder inequality for w and a similar
interpolation argument as before. This completes the proof of the part (i).

(ii) Fix ¢ >2 and s> 2. Let V, := {w € A1(R) : w € RH,(R)}. Note
that there exists r = rs > ¢ such that %% + Sl% < %.

Fix w € V. By Theorem 3, the bilinear operators

R (D) x L*(R) 3 (m, f) — Tinf € L*(R),
Ry (D) x LA (R, w®) 3 (m, f) — Tpf € L*(R,w®)

are well defined and bounded. By interpolation, it follows that
My(R,w) > (Ra(D), By(D))(1) > Regll)

uniformly with respect to I € D, where a = s 1= (5= + =) "' /q¢ > 1.
As in the corresponding part of the proof of (i), by truncation and duality
arguments, we get Roq(D) C Ma(R, w).

Consequently, since ag > 1 for every s > 4, by Lemma 8,

(4) Vy(D) € My(R,w)  for every w € | ] Vu(R).

a
8§>5

Note that this is precisely the assertion of (ii) for p = 2.
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We can now proceed by extrapolation. Since for every s > 2 we can
rephrase Vs as AE(R) ﬂRH(LS/),(R), by Cruz—Uribe et al. [10, Theorem
3.31], we get

(5) Vy(D) € Mp(R,w) for every s > g, 2 <p<2s, and
(NS Ag(R) N RH(E),(R) .

Finally, it is easy to see that for every 2 <p < % — % =2(3) andwe 4,,5(R)
with s, > (1 —p(3 — %))_1 = (%(%)’)’ there exists s = sp,, > 4 such that

p<2s and w € RH 2., Therefore, (5) completes the proof of (ii). O

Remark 9. In the proof of Theorem A we use Theorem 3 due to Coifman,
Rubio de Francia and Semmes. Note that the patterns of all proofs are
essentially the same.

Indeed, we can rephrase the proof of [8, Théoréme 1] as follows. First
recall that M,(R) = M, (R) for every p e (1,00). Let r>2. By the
Littlewood—Paley decomposition theorem, Rubio de Francia’s inequalities,
and Plancherel’s theorem, the bilinear operators

Ry(D) x L'(R) 3 (m, f) = T f € L"(R),
L®(R) x L*(R) 3 (m, f) = Tnnf € L*(R)

are well defined and bounded. Therefore, by interpolation, (Ra(D),
L>(R))g(ry) C Mp(R), where 6(r) € (0,1) and p such that & = 6(r); + (1 —
0(r))s5.

Note that if p > 2 and ¢ satisfies % > % — %, then there exists r > 2 such
that Raq(1) C (R2(D), L>(R))g(,y for an appropriate o > 1 and uniformly
with respect to I € D. Indeed, %0(7“) AN % - % as 7 — oo. Therefore, Lemma

8 completes the proof of Theorem 3(i).
3. Proof of Theorem B(ii)

We obtain the proof of Theorem B(ii) by means of a Banach function space
analogue of Kurtz’ weighted variant of Littlewood—Paley inequalities and
the Fefferman—Stein inequality; see Lemma 10 below.

Note that without loss of generality in the proof of Theorem B(ii) one can
consider only families consisting of bounded intervals in R. For a bounded
interval I € 7 we write Wy for Whitney’s decomposition of I (see [25, Section
2] for the definition). Note also that each decomposition Wy, i € Z, is of
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dyadic type. Furthermore, the family W7 := 1e7 Wr is well distributed,
ie.,

sup Z xor(x) < 5.

Iew?

We refer the reader primarily to [2] for the background on function spaces.
In the sequel, let E denote a rearrangement invariant Banach function space
over (R, dx). Recall that, by Luxemburg’s representation theorem [2, The-
orem 4.10, p. 62], there exists a rearrangement invariant Banach function
space E over (R, ,dt) such that for every scalar, measurable function f on
R, f € Eif and only if f* € E, where f* stands for the decreasing rearrange-
ment of f. In this case || f|g = ||f*||f for every f € E.

Following [20], we define the lower and upper Boyd indices, respectively,
by

logt

B and ‘ logt
e log hg(t) " e

PE - 1204 log hg(t)’
where hg(t) = || Dt ;g and Dy :E—TE (t>0) is the dilation operator
defined by

D f(s) = f(s/t), 0<t<oo, fek.

One always has 1 < pg < ¢g < o0, see for example [2, Proposition 5.13, p.
149], where the Boyd indices are defined as the reciprocals with respect to
our definitions.

Let w be a weight in Ax(R). Then we can associate with E and w a
rearrangement invariant Banach function space over (R, w dx) as follows:

E, = {f : R — C measurable : f € E},

and its norm is || f||g, = || fo ||z, where f; denotes the decreasing rearrange-
ment of f with respect to w dz.

For further purposes, recall also that examples of rearrangement Banach
function spaces are the Lorentz spaces L4 (1 < p, ¢ < o). Note that L =
weak — LP(R,w) for every p € (1,00) and w € Ax(R). The Boyd indices
can be computed explicitly for many examples of concrete rearrangement
invariant Banach function spaces, see, e.g., [2, Chapter 4]. In particular, we
have pp = qg = p for E:=LP? (1 <p<oo, 1 <g<o0); see [2, Theorem
4.6].
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Lemma 10. Let E be a rearrangement invariant Banach function space on
(R,dx) such that 1 < pg,qr < co. Then the following statements hold:

(i) For every Muckenhoupt weight w € Ap, (R) there exists a constant Cy g
such that for any family T of disjoint bounded intervals in R

(6) CanS* flle, < 1"V flle, < CrwllS* fllk.,

and

(7) 1Mfe, < CruwlMfllg,

for every f € E,.
Moreover, if V C Ap,(R) with sup,ey[w]a, < oo, then sup,ey Craw
< o0.

(ii) For every r € (1,00) and every Muckenhoupt weight w € A, (R) there
exists a constant Cy g such that for any family T of disjoint intervals
mn R

1/r 1/r
(8) <Z |51f1|r> < CrEw (Z |f1|r>

1€ E, IeZ

for every (fr)rer C Eyw(I"(Z)).

The proof follows the idea of the proof of [25, Lemma 6.3], i.e., it is based
on the iteration algorithm of the Rubio de Francia extrapolation theory. We
refer the reader to [10] for a recent account of this theory; in particular, see
the proofs of [10, Theorems 3.9 and 4.10]. We provide below main supple-
mentary observations which should be made.

E,

Proof of Lemma 10. Note that we can restrict ourself to finite families 7
of disjoint bounded intervals in R. The final estimates obtained below are
independent of 7, and a standard limiting argument proves the result in the
general case.

According to [17, Theorem 3.1], for every Muckenhoupt weight w €
As(R) there exists a constant Cy,, such that

9 Coul STl < ISl < Cowll S flle (e
for every f € L*(R,w).

Moreover, one can show that sup,,cy C2.4, < 00 for every subset V C Az(R)
with sup,,cpw]a, < co.
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Therefore, we are in a position to adapt the extrapolation techniques
from Ay weights; see for example the proof of [10, Theorem 4.10, p. 76]. Fix
E and w € Ap,(R) as in the assumption. Let E/, be the associate space of E,,
see [2, Definition 2.3, p. 9]. Let R = Ry, : Ey — Ey and R' =R, : El, — E!,
be defined by

MIh(t
RA(t) :Z](j) 0 < h € E,,
=0 VM|,
— S9n(t
R'h(t) = 27() 0<heE,,
=0 21ISlE,

where Sh := M (hw)/w for h € E!,. As in the proof of [10, Theorem 4.10,
p. 76] the following statements are easily verified:

(a) For every positive h € E,, one has

h < Rh and |Rh|z, < 2|k,
Rh € Ay with [Rh]4, < 2| M|, .

(b) For every positive h € E!, one has

h <R'h and |R'h|g, < 2|hl,,
(R'h)yw € Ay with [(R'h)wl]a, < 2|8

E, -

The last lines in (a) and (b) follow from the estimates M (Rh) < 2||M||g,Rh
and M((R'h)w) < 2||S||g; (R'h)w), respectively, which in turn follow from
the definitions of R and R'.

Note that f € L?(R, wyy)p) for every f € E,, and every positive h € E;,,
where wy , == (Rg)~H(R'h)w for every 0 < g € E,, and 0 < h € E,. More-
over, by Boyd’s interpolation theorem, the Hilbert transform is bounded on
E.. Therefore, by the well-known identity relating partial sum operators
Sr and the Hilbert transform, since 7 is finite, we get that STf € E,, for
every f € E,. Similarly, combining Kurtz’ inequalities, [17, Theorem 3.1],
with Boyd’s interpolation theorem, we conclude that S™:f € E,, (I € T),
and consequently SY’ f € E,, for every f € E,,.

Finally, a close analysis of the proof of [10, Theorem 4.10] shows that
we can take

Cr = 4sup{Cou,, : 0< g €Ey, 0 < h e Ey, ||gllg, <2,]hlg, =1}
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Recall that for every p € (1,00) there exists a constant C, > 0 such
that || M||» < Cp[w]};{/ P for every Muckenhoupt weight w € A,(R); see [5].
A detailed analysis of Boyd’s interpolation theorem shows that sup,cy
max(||M|g,, S|k, ) < oo for every V C Ay, (R) with sup,,ey[w]a,, < oo. By
the so-called reverse factorization (or by Hoélder’s inequality; see, e.g., [12,
Proposition 7.2]), and by properties (a) and (b), we obtain that w, j, € A2(R)
and

[wg,n] 4, < [Ryla, [(R'h)w]a, < 4I|M]

S

EIU IE/

w

for every 0 < g € E,, and 0 < h € E! . Therefore, on account of the remark
on the constants Cy, in (9), we get the desired boundedness property of
constants Cf ,,. This completes the proof of (6).

Note that, by the weighted Fefferman—Stein inequality, see Remark 6,
and the basic inequality M*f < 2M f (f € L (R)), the analogous reasoning
as before yields (7).

For the proof of the part (ii), for fixed r € (1, 00) it is sufficient to apply
Rubio de Francia’s extrapolation algorithm from A, weights in the same
manner as above. O

Let W be a well-distributed family of disjoint intervals in R, i.e., there
exists A > 1 such that sup,cp > 7c7 xar(z) < oo.

Following [25, Section 3], consider the smooth version of SW* G =
G, defined as follows: let ¢ be an even, decreasing, smooth function
such that ¢(&) =1 on £ € [—%,3] and supp ¢ C [—A/2,A/2]. Let ¢;(x) :=
e? e |[o(|Ix) (x € R), where ¢; stands for the centre of an interval I € W
and |I| for its length. Then,

1/2
Gf=G"f:= (Z |61 * f2> (f € L*(R)).

Iew

Since ¢7(¢) = 1 for € € I, and ¢;(€) = 0 for & ¢ A, by Plancherel’s the-
orem, G is bounded on L?(R).

Recall that the crucial step of the proof of [25, Theorem 6.1] consists in
showing that the Hilbert space-valued kernel related with G satisfies weak-
(D)) condition (see [25, Part IV(E)] for the definition). This leads to the
following pointwise estimates for G:

(10) MHGf)(x) < CM(|f))(2)'?  (ae zeR)
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for every f € L>(R) with compact support, and a constant C' depending
only on A. In particular, G is bounded on LP(R,w) for every p > 2 and
every Muckenhoupt weight w € A, /5(R).

Proof of Theorem B(ii). We can assume that Z is a finite family of bounded
intervals in R. By a standard limiting arguments we easily get the general
case.

We start with the proof of the statement of Theorem B(ii) for ¢ = 2.
Recall that pg = gg = 2 for E := L?; see [2, Theorem 4.6]. Fix w € A;(R)
and f € L*°(R) with compact support. Note that the classical Littlewood—
Paley theory shows that G"V' is bounded on L2, for every I € Z. Conse-
quently, G = G™* maps L2 into itself.

Therefore, combining Lemma 10, Lebesgue’s differentiation theorem and
(10) we get

1S Fll 2= < Cull S fllpz < CullGfllpz < Cul M(GS)ll 2~
< CullMAGS) || e < Cul MAF) | e = Cul AP
< Cullfllzz,

where C), is an absolute constant independent of Z and f. The last inequality
follows from the fact that the Hardy—Littlewood maximal operator M is of
weak (1, 1) type. Furthermore, one can show that for every subset V C A;(R)
with sup,,cyp[w]a, < 0o we have sup,,cy Cy < 00. Since S? is continuous on
L?U and the space of all functions in L>°(R) with compact support is dense
in L2, we get the desired boundedness for SZ. This completes the proof of
the statement of Theorem B(ii) for ¢ = 2.

We now proceed by interpolation to show the case of g € (1,2). Let W
be a well-distributed family of disjoint intervals in R, and G denote the
corresponding smooth varsion of S". First, it is easily seen that |¢; x f| <
([ ¢dx)M [ for every f € L (R) and I € W. Moreover, analysis similar to
the above shows that G maps L2 (R) into L5>(R) for every w € A;(R).
Therefore, for every w € A;(R) the operators

LY > fr (1% flrew € L),
L2 5 f s (o1 flrew € LEX(1?)

are bounded. Fix g € (1,2). By interpolation arguments, we conclude that
the operator

LY 3 fs (g1 % f)rew € LL=(17)
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is well defined and bounded. To show it one can proceed analogously to the
proof of a relevant result [23, Lemma 3.1]. Therefore, we omit details here.

Since pg = qg = ¢ for E := L% see [2, Theorem 4.6], by Lemma 10 (ii),
for every w € A1(R) we get

1/q
IS0 £l Lo = (Z \SI<¢I*f>\Q’>

Iew

L4

1/q
< Cgw (Z [ *flql> < CwllfllLs,

Iew L4

where C, ,, is an absolute constant. This completes the proof. (I

Remark 11. We conclude with the relevant result on As-weighted L2-
estimates for square functions S? corresponding to arbitrary families Z of
disjoint intervals in R, i.e., [[ST|l2w < C||fll2 (f € L2). According to [24,
Part IV(E)(ii)], these weighted endpoint estimates can be reached by inter-
polation provided that Z is a family such that ST admits an extension to a
bounded operator on (unweighted) LP(R) for some p < 2. This observation
leads to a natural question: for which partitions Z of R do there exist local
variants of the Littlewood—Paley decomposition theorem, i.e., there exists
r > 2 such that S? is bounded on LP(R) for all |% -3l <L

Recall that Carleson, who first noted the possible extension of the clas-
sical Littlewood—Paley inequality for other types of partitions of R, proved
in the special case 7 := {[n,n+ 1) : n € Z} that the corresponding square
function S is bounded on LP(R) only if p > 2; see [6]. Moreover, it should be
noted that such lack of the boundedness of the square function S% on LP(R)
for some p < 2 occurs in the case of decompositions of R determined by
sequences which are in a sense not too different from lacunary ones. Indeed,
applying the ideas from [13, Section 8.5], we show below that even in the
case of the decomposition Z of R determined by a sequence (a;)32, C (0, 00)
such that aj 1 —a; ~ AU)J | where X > 1 and #(j) — 07 arbitrary slowly
as j — 00, the square function S is not bounded on LP(R) for every p < 2.

If I is a bounded interval in R, set f; for the function with f; = x7. Then,
|fl| _ |sin(|f|m)

()
that

, and for every p > 2 and every € > ( there exists ¢ > 0 such

1 ’ /
SV < frlp < eI
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for all intervals I with |I| > e. This simply observation allows one to express
[13, Theorem 8.5.4] for decompositions of R instead of Z. Namely, if a =
(a;)729 C (0,00) is an increasing sequence such that a; —aj_1 — oo as j —
00, and Z, := {(—agp, ap)} U {i[a] 1,aj)};>1, then the boundedness of SZe
on Lp/ (R) for some p > 2, 1/p" + 1/p = 1, implies that there exists a constant
Cp > 0 such that

(11) " < c, Z —a; )Y (k>1).

Moreover, it is straightforward to adapt the idea of the proof of [13, Corollary
8.5.5] to give the following generalization.

Let a = (a;)52, C (0,00) be an increasing sequence such that aji1 —
a; ~ AY0) where A > 1, the function ¢ € C'([0, 00)) is increasing and satis-
fies the condition: ¢(s)/s — 0 and 9’(s) — 0 as s — oc. If the square func-
tion S+ was bounded on L” (R) for some p > 2, then (11) yields

k—1 2/p' k+1 )
< / ws)ds) <, / N2V g5 (1 > 1).
0 0

However, this leads to a contradiction with the assumptions on .

4. Higher-dimensional analogue of Theorem A

The higher-dimensional extension of the results due to Coifman et al. [§]
was established essentially by Xu in [28]; see also Lacey [18, Chapter 4].
We start with higher-dimensional counterparts of some notions from
previous sections. Here and subsequently, we consider only bounded intervals
with sides parallel to the axes.
Let ¢ > 1 and d e N. For h >0 and 1 <k <d we write Ag{) for the
difference operator, i.e.,

(AEPm) (x) :=m(x + heg) — m(x) (z € RY)

for any function m : R — C, where ey 1s the kth coordinate vector. Suppose
that J is an interval in R® and set J =: Hle[ai,ai + hi] with h; >0 (1 <
i < d). We write

(Aym) = (AS} . Ag?m) (a),
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where a := (ai,...,aq) and m : R — C. Moreover, for an interval I in R?
and a function m : R* — C we set

1/q
[ var, (r) = Sup (Z IAJm|q> :

JeJg

where J ranges over all decompositions of I into subintervals.

Following Xu [28], see also [18, Section 4.2], the spaces V; () for intervals
in R? are defined inductively as follows.

The definition of V;(I) (¢ € [1,00)) for one-dimensional intervals is intro-
duced in Section 1. Suppose now that d € N\ {1} and fix an interval
I=1 x---x I in R% For a function m : R — C, we write m € V,(I) if

Imllv,r) == sup [m(z)| + sup [[m(z1, v, (nx--x1) + [Mllvar, (1) < o0
zel xr1€ly

Subsequently, D¢ stands for the family of the dyadic intervals in RY.
The definition of the spaces (Vg(D?), | - |lv,(pe)) (d > 2, q € [1,00)) is quite
analogous to the corresponding ones in the case of d = 1 from Section 1.

For a Banach space X, an interval I in R and ¢ > 1, we consider below
the vector-valued variants V,(I; X), Rq(I; X), and Rq(I; X) of the spaces
V(I), Rq(I), and R(I), respectively. Note that V,(I; X) C R,(I; X) for any
1 < ¢ < p and any interval I in R with the inclusion norm bounded by a
constant depending only on p and ¢; see [28, Lemma 2|. Moreover, higher-
dimensional counterparts of these spaces we define inductively as follows: let
I:=1%,1; be a closed interval in R? (d > 2). Set R,(I) := Ry(I1; Ry(I2 %

cox 1g)) and V(1) := Vy(I1; Vy(Iz x -+ x 1)), where Ry(I4) := R(I4) and

V(1) == V,(I4). Recall also that for any 1 < ¢ < p and any interval I in RY
(d > 1) we have

(12) Va(I) € Vo(I) € Rp(I)

with the inclusion norm bounded by a constant independent of I.

Finally, we denote by A;(Rd) (p € [1,00)) the class of weights on R?
which satisfy the strong Muckenhoupt A, condition. Note that, in the case
of d =1, A}(R) is the classical Muckenhoupt A,(R) class (p € [1,00)). We
refer the reader, e.g., to [17] or [14, Chapter IV.6] for the background on
Ap-weights.

The following complement to [28, Theorem (i)] is the main result of this
section.
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Theorem C. Letd > 2 and q € (1,2]. Then, V,(D%) C My(R%, w) for every
p > q and every weight w € A;/q(]Rd).

(ii) Let d > 2 and q > 2. Then, Vy(D?) C My(R%,w) for every2 <p < (3 —
%)*1 and every weight w € A;/Q(Rd) with sy, > (1 —p(3 — %))*1.

Lemma 12. For every d€ N, g€ (1,2], p>q, and every subset V C
A%, (RT) with sup,,ep[w] 4« (re) < 00 we have Ry(D?) C Mpy(R%, w) (w € V)

p/q v/a
and

s { | T, lpaw : € RBy(D?), Imllg oy <1, we V, T € D} < o0,

Here R,(D%) (q > 1) stands for the space of all functions m defined on
R? such that my; € ]qu(l) for every I € D¢ and sup;cpa HmeHfzq(I) < 0.
Define f/q(Dd) similarly.

The classes ﬁq(Dd) and A%(R?) are well adapted to iterate one-
dimensional arguments from the proof of Theorem A(i). Therefore, below
we give only main supplementary observations should be made.

Proof of Lemma 12. We proceed by induction on d. The proof of the state-
ment of Lemma 12 for d = 1 and p = 2 is provided in the proof of Theorem
A(i). The general case of d =1 and p > ¢ follows from this special one by
means of Rubio de Francia’s extrapolation theorem; see Lemma 7.

Assume that the statement holds for d > 1; we will prove it for d + 1.
Let m € R, (D) with ||m|| R, Dty < 1 By approximation, we can assume

that my; € Ry(I1; Ry(Ia X -+ x Igy1)) forevery I :=I1 x - -+ x Iz4q € DIFL.
Set my =Y ez, V1,501,7X, Where 477 > 0 with ZJP)/(I{J <1 and as €
Ry(Iy % -+ x Izy1) with HaI,JHRI LoxoxIy,) = 1 for every I'e DI+, Here
77 stands for a decomposition of I; corresponding to mjy.

Let ¢ € (1,2], p> ¢ and V,,, C A;/q(]RdH) with Supwev['l,U]A;/q(Rd+l) <
00. By Lebesque’s differentiation theorem, for every w € A*(R41) (r > 1)
one can easily show that w(-,y)€ A,/,(R), w(z,-) € A;/q(]Rd), and
[w(,9)]a,,,®) W, -)}A;/q(Rd) < [w]A;/q(Rd+l) for almost every y € R? and
x € R; see, e.g., [17, Lemma 2.2].

Therefore, by induction assumption, for every g € (1,2] and p € [¢/, ) \
{2} there exists a constant Cy,, > 0 independent of m and w € V,,, such that

for every w € V-

(13)  sup {HTQ,JHp,w(m JelT, I Dd“} <C,, forae z€cR.
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Let f(z,y) := ¢(x)p(y) ((z,y) € R, where ¢ € S(R) and p € S(RY).
Note that the set of functions of this form is dense in L9 (R%+!, w). Indeed,
by the strong doubling and open ended properties of Aj-weights, we get (1 +
|- "% w e LYRY) (r > 1,w € A%(R?)); see, e.g., [27, Chapter IX, Proposi-
tion 4.5]. Hence, this claim follows from the standard density arguments.
Moreover, we have Ty, f = > ;v1,757¢Ta, , p. In the sequel, we consider the
case of ¢ € (1,2) and ¢ = 2 separately. For ¢ € (1,2), by Fubini’s theorem,
we get

T f s < 3 [ 180617 [ (Tuspllwdyds  (we VT € D)
JET, R

Therefore, by Theorem B(i) and (13), we conclude that

sup { | T,

Ie DdH} < 00.

¢wWE Vq,fJ'v m € RQ(Dd—H)’ Hm”ﬁq(pdﬂ) <1,

Consequently, by Rubio de Francia’s extrapolation algorithm, see [26, The-
orem 3| or [10, Chapter 3], the same conclusion holds for all p > g.
For ¢ = 2, by Fubini’s theorem and Minkowski’s inequality, we conclude

that
1T £ / 1571 () (
JEI;

(w €Vop, I € 'Dd+1)

P

ar, ]p||p7w(x > dl'

for every p > 2. Hence, by Theorem 2 and (13), we get the statement of
Lemma, 12 also for ¢ = 2. O

Proof of Theorem C. Note first that for every V C A}(RY) with
SUPy,ep[w]as < 00, by the reverse Hélder inequality, there exists s > 1 such
that w® € A}(R?) (w € V) and SUP,>9 wey[w?]a: , < oo. Thus, by Lemma
12 and an interpolation argument similar to that in the proof of Theorem
A(i), we get

SUP{||me1||2,w tw €V, m € Ry(DY), Im||z, oy <1, T € Dd} < 0.

Therefore, as in the proof of Theorem A(i), one can show that for
every q € (1, 2] and every subset V C A3, (R?) with N := sup,epw]a:, <

2/q
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00, there exists a constant o = «/(d, ¢, N) > 1 such that ﬁaq(Dd) C My (R4, w)
(w e V) and

sup { | T o0 : m € Rag(D?), Imllg, (poy 1, w eV, T€ D} < 0.

Now, by means of (12), Kurtz’ weighted variant of Littlewood—Paley’s
inequalities, [17, Theorem 1], and Rubio de Francia’s extrapolation theo-
rem, [26, Theorem 3|, the rest of the proof of (i) runs analogously to the
corresponding part of the proof of Theorem A(i).

Consequently, by (i), the proof of the part (ii) follows the lines of the
proof of Theorem A(ii). O
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