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de Rham and Dolbeault cohomology of
solvmanifolds with local systems

HisAasH KASUYA

Let G be a simply connected solvable Lie group with a lattice T’
and the Lie algebra g and a representation p : G — GL(V,) whose
restriction on the nilradical is unipotent. Consider the flat bundle
E, given by p. By using “many” characters {a} of G and “many”
flat line bundles {E,} over G/T', we show that an isomorphism

Pa (e, Va®V,) = P H(G/T,E. ® E,)
{a} {Ea}

holds. This isomorphism is a generalization of the well-known fact:
“If G is nilpotent and p is unipotent then, the isomorphism
H*(9,V,) = H*(G/T, E,) holds”. By this result, we construct an
explicit finite-dimensional cochain complex which compute the
cohomology H*(G/TI', E,) of solvmanifolds even if the isomorphism
H*(g,V,) = H*(G/T, E,) does not hold. For Dolbeault cohomol-
ogy of complex parallelizable solvmanifolds, we also prove an ana-
logue of the above isomorphism result which is a generalization
of computations of Dolbeault cohomology of complex paralleliz-
able nilmanifolds. By this isomorphism, we construct an explicit
finite-dimensional cochain complex which compute the Dolbeault
cohomology of complex parallelizable solvmanifolds.

1. Background and main results
1.1. Background

We have nice theorem for de Rham cohomology of nilmanifolds with local
systems.
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Theorem 1.1 (due to [12] or [15]). Let N be a simply connected real
nilpotent Lie group and n the Lie algebra of N. Suppose N has a lattice
I'. Let p: N — GL(V,) be a finite-dimensional unipotent representation.
We define the flat bundle E, = (N x V,)/I" given by the equivalent relation

(vg, p(y)v) = (g,v) for ge N, v eV, v € I'. Consider the cochain complex
Ang @V, of Lie algebra (see [13] ) and the canonical inclusion

N\ e @V, — A*(N/T,E,).
Then this inclusion induces a cohomology isomorphism
H*(n,V,) = H(N/T',E,).

Some researchers tried to extend Theorem 1.1 for solvmanifolds. In fact,
it is proved that for a simply connected solvable Lie group G with the Lie
algebra g admitting a lattice I' and a representation p : G — GL(V),), if:

(H) ([6]) The representation p @ Ad is triangular or,

(M) ([11]) The two images (p @ Ad)(G) and (p@® Ad)(T") have same
Zariski-closure in GL(V,) x Aut(gc),
then the isomorphism H*(g,V,) = H*(G/I', E,) holds. However, in general
the isomorphism H*(g,V,) = H*(N/T', E,) does not hold.

As an Analogue of Theorem 1.1 we have the following theorem for Dol-
beault cohomology of complex parallelizable nilmanifolds.

Theorem 1.2 (due to [16]). Let N be a simply connected complex nilpo-
tent Lie group andn the Lie algebra (as a complex Lie algebra) of N . Suppose
N has a lattice T'. Let o : N — GL(V,) be a finite-dimensional holomorphic
unipotent representation. We also consider the anti-holomorphic representa-
tion 6 : N — GL(V3). Define the flat holomorphic vector bundle Lz = (N X
Vz)/T over G/T' given by the equivalent relation (vg,a(y)v) = (g,v) for
g€ N,v eV, vecT. We consider the Dobeault complex (A**(N/T', L), 0).
We regard \n* ® V, as the subcomplex of (A>*(N/T', Ls),0) which consists
of the left-invariant “anti”-holomorphic forms with values in Ls. Then the
inclusion

J\n* @V, — A (N/T, Ls)

induces a cohomology isomorphism

H*(l‘l, VU) = Hg*(Na L&)‘
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Hence since N/T' is complex parallelizable, we have an isomorphism
A\ C™N @ H*(n,V,) = Hy* (N, Ly).

It is desired that Theorems 1.1 and 1.2 are generalized for solvmanifolds
and we can compute the de Rham and Dolbeault cohomology of solvmani-
folds even if the isomorphism H*(g,V,) = H*(G/T, E,) (resp. ACImN @
H*(n,V,) = Hg’*(N, Lz)) does not holds.

1.2. Main results

The first purpose of this paper is to show new-type cohomology isomorphism
theorems for solvmanifolds which are generalizations of Theorems 1.1 and
1.2. These analogous each other. We consider the “many” characters of G
and “many” line bundles over G/T". In this paper, we prove:

Theorem 1.3. Let G be a simply connected real solvable Lie group with a
lattice I' and g the Lie algebra of G. Let N be the nilradical (i.e., mazimal
connected nilpotent normal subgroup) of G. Let Ag Ny = {a € Hom(G,C¥)
loay, = 1} and Agn(T) the set {Ey} of all the isomorphism classes of flat
line bundles given by {VatacA.n - Let p: G — GL(V,) be a representation.
For the nilradical N of G, we assume that the restriction py, is a unipotent
representation. We consider the direct sum

@ /\g(*c®Va®Vp

OtG.A(G,N)

of the Lie algebra cochain complexes. We also consider the direct sum

B A(G/TE.®E,).
EQGA(G,N)(F)

Then the inclusion

@ /\ggj QVa®V, - @ A*(G)T,Ey ® E,)
aeA(G,N) EQEA(G,N)(F)

induces a cohomology isomorphism

P H@VaeV,)= & H(GIT E.@E)).
acA N E. €A n (D)
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We also prove:

Theorem 1.4. Let G be a simply connected complex solvable Lie group with
a lattice T and g the Lie algebra (as a complex Lie algebra) of G. Let N be the
nilradical of G. Let Big ny = {a € Homyo (G, C*)|a), =1} and Bigny(T)
the set { L} of all the isomorphism classes of holomorphic line bundles given
by {VataeBn, - Let 0 : G — GL(Vy) be a holomorphic representation. For
the nilradical N of G, we assume that the restriction o), is a unipotent
representation. We consider the direct sum

P Noev.ev,

a€Ba, N

of the Lie algebra cochain complexes. We also consider the direct sum

D AL L)
Ls GB(G,N) (F)

of Dolbeault complexes.
Then the inclusion

P AvovecV,— B A(G/T,La® Ls)

a€Ba, Ny L&EB(G,N)(F)

imnduces a cohomology isomorphism

P m@VioV,)= @  HG/I La® L)
aeBe,n) La€Ba,n)(T)

Remark 1. The correspondence A(g n)y — Aq,n)(I) (resp. Bign) —
Bia,n)(T)) is not 1 to 1. This remark is very important for the case the iso-
morphism H*(g,V,) & H*(G/T', E,) (vesp. H*(g,V,) & H"*(G/T, Ls)) does
not hold.

The second purpose of this paper is to construct a explicit finite- dimen-
sional cochain complex which compute the de Rham cohomology H*(G/T,
E,) and the Dolbeault cohomology H%*(G/T, L;) using Theorems 1.3 and
1.4. We prove:

Theorem 1.5. Let G be a simply connected real (resp complex) solvable Lie
group and g the Lie algebra of G. Define A(g n) (resp. B(G,N)) as in Theorem
1.3 (resp Theorem 1.4). Let p: G — GL(V,) (resp. 0 : G — GL(Vy)) be a
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representation with the assumption of Theorem 1.3 (resp. Theorem 1.4). We
consider the direct sum

P Asev.oy,

aE.A(c,N)

(resp.

D Arovier

aEB(G,N)

) of the Lie algebra cochain complezes.
Then there exists a finite-dimensional subcomplex

Arc P NecovadV,
OzE.A(G,N)
(resp.
Bc P Avev.el,

a€Ba, N

) such that the inclusion induces a cohomology isomorphism.

By Theorem 1.3 (resp. Theorem 1.4), we have the inclusion

L A — @ AY(G/TE,® E,)
E.eA,m(D)
(resp.

v:B*— @ AY(G/T,Ls® Ls)
La€Ae,n(T)

) inducing a cohomology isomorphism. Hence we have:

Corollary 1.6. Let A} =."'(A*(G/T,E,)) (resp. Bj=."1(A%*(G/T,
Ls)). Then we have an isomorphism

H*(Ar) = H*(G/T', Ey)

(resp.
H*(Bf) = H**(G/T, Ls)

and hence \ CH™C @ H*(B}) = H**(G/T, Ly)).
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Consider the adjoint representation Ad. Then the restriction Ad,, is
unipotent. Hence by the above cochain complex Ajf., we can compute the
cohomology H*(G/I', Eaq) on general solvmanifolds. The cohomology

H*(G/T', Exa) = H*(I', Ad)

is important for studying the deformation of lattice I" in G.

2. Preliminary: Jordan decompositions of representations

Let A € GL,(C). We denote by As (resp. A,) the semi-simple (resp. unipo-
tent) part of A for the Jordan decomposition (see [8] for the definition). We
will use the following facts.

Lemma 2.1. Let N be a simply connected nilpotent Lie group and ¢ : N —
GL(V,) a representation. Then the map ¢’ : N 5 g — (¢(g))s is also a rep-
resentation (see [2]). Since ¢'(N) is connected nilpotent group and consists
of semi-simple elements, the Zariski-closure of ¢'(N) is an algebraic torus
(see [8, Section 19]) and hence ¢ is diagonalizable.

3. Proof of Theorem 1.3
3.1. Cohomology of tori

Let A be a simply connected real abelian Lie group with a lattice I' and a
the Lie algebra of A.

Lemma 3.1. Let p: A — GL(V,) be a representation. Suppose p =3 ® ¢
such that B is a character of A and ¢ is a unipotent representation. Then
we have:

If B is non-trivial, then we have

H*(a,V,) =0.
If the flat line bundle Eg is non-trivial, then we have

H*(A)T,E,) = 0.
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Proof. Suppose dim V,, = 1. Then if 3 is non-trivial, we can show H*(a, V) =
H*(a,V3) = 0 by simple computation and if Eg is non-trivial, then we have

H*(AJT,E,) = H*(T,3) =0

by [10, Lemma 2.1].

In case dimV, =n > 1, by the triangulation of p, we have a (n — 1)-
dimensional A-submodule V, such that V,,/V,, = V3. Then by the long exact
sequence of cohomology of Lie algebra or group (see [13]), the lemma follows
inductively. ]

Lemma 3.2. Letp: A — GL(V),) be a representation. Then we have a basis
of V,, such that p is represented by

k
P:@ai®¢z’
i—1

for characters o; of G and unipotent representations ¢; of G.

Proof. For a character «, we denote by W, the subspace of V,, consisting of
the elements w € V,, such that for some positive integer n we have (p(a) —
a(a)I)"w = 0 for any a € A. Since A is abelian, we have a decomposition

Vy=Wa, @ ® W,

by generalized eigenspace decomposition of p(a) for all a € A. Let p;(a) =
(p(a))),. - Then we have p=p1 @ - @ pg. We have (pi(a))s = o;I. Let
pi(a) = (pi(a))y. By Lemma 2.1, ¢; is a unipotent representation and we
have p;(a) = (pi(a))s(pi(a))y = (a; @ ¢;)(a). Hence the Lemma follows. [

Let {Va}aeHom( A,c) be the set of all one-dimensional representations
of A and H(A/T') = {Es} the set of all the isomorphism classes of flat
line bundles given by {Va}aeHom( A,c+)- We notice that the correspondence
{Va}aetom(a,cr) — H(A/T) is not injective. We consider the direct sums

P Awaev.ey,
acHom(A,C*)

and

P A(AT,E.®E,).
E,eH(A/T)
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Proposition 3.3. The inclusion

P NweveeV,— P A(AT,E.®E,)

acHom(A,C*) E.eH(A/T)
induces a cohomology isomorphism.

Proof. Consider the decomposition

k
U:@ai®¢i
=1

as the above lemma. Then we have

P Nawev.ov,= B Aa@@Va%@Vd)

ac€Hom(A,C*) acHom(A,C*)
and
P AUrE.eE)= AT, @E ® Eqo, ® Ep,).
E.€H(A/T) E.€H(A/T)

By Theorem 1.1 and Lemma 3.1, we have

k
| @ AW EeE) :H*<A/F’€BE@>
=1

EL€H(A/T)

By Lemma 3.1 we have

k
H* P Aaev.eV,|=H* (a,@v@).
=1

acHom(A,C*)

Hence the proposition follows. O
3.2. Mostow bundle and spectral sequence

Let G be a simply connected solvable Lie group with a lattice I' and g be
the Lie algebra of G. Let N be the nilradical of G. It is known that I' N N
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is a lattice of N and I'/T'N N is a lattice of the abelian Lie group G/N (see
[15]). The solvmanifold G/T is a fibre bundle

N/T AN = NT/T G/T G/NT = (G/N)/(T/T N N)

over a torus with a nilmanifold N/T'N N as fibre. We call this fibre bundle
the Mostow bundle of G/T". The structure group is NI'/Ty as left translations
where T’y is the largest normal subgroup of I' which is normal in NT' (see
17).

Let p: G — GL(V,) be a representation such that the restriction pj,
is a unipotent representation. For the Mostow bundle p : G/T' — (G/N)/
(I'/T N N), we define the vector bundle

HY(N/T N N) = Uye/ny/rmnnyHUp ™ (2), Ep)

over the torus (G/N)/(I'/T N N). By Theorem 1.1, we have Hi(p~!(z), E,)
= H9(n,V,). Hence let Ay : G/N — GL(H%(n,V,)) be the representation
induced by the extension 1 - N — G — G/N — 1, then we can regard
HY(N/I' N N) as the flat bundle E, . We consider the filtration

p+q p+q
F? /\ ac = {w € /\ gelw(Xq, ..., Xpig) =0 for Xyq,..., X1 € n(c}.

This filtration gives the filtration of the cochain complex A g¢ ® V, and
the filtration of the de Rham complex A*(G/I', E,). We consider the spec-
tral sequence E;"(g) of A gi ® V, and the spectral sequence Ey(G/T) of
A*(GJT,E,). Set G/N =Aand I'/T NN = A and a = g/n. Then we have

the commutative diagram

Ey(G/T)

ig lg

/\ C% ® VAq —_— A*(A/A, EAq)

(see [6], [15, Section 7]).
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3.3. Proof of Theorem 1.3

Proof. Consider the spectral sequence E;"*(g) of

@ /\gE®Va®Vp

QEA(G,N)
and the spectral sequence E,*(G/T") of
B A(G/TE.®E,).
E.eAc,n()

Set A=G/N and A=T/I'N N and a = g/n. Since we can identify A )
(resp. A(g,n)(I')) with Hom(A, C*) (resp. H(A/A)), we have the commuta-

tive diagram

E(g) ET4(G/T)

: -

@aEHom(A,(C*) /\ C‘E(k: Q Vo ® VAq — ®EQGH(A/A) A*<A/A, E,® EAq).

By Proposition 3.3, the homomorphism Fj”(g) — E;"(G/T) induces a

~

cohomology isomorphism and hence we have an isomorphism FE”(g) &
E3>*(G/T). Hence the theorem follows. O

4. Proof of Theorem 1.4
4.1. Dolbeault cohomology of tori

First we prove Theorem 1.2 by Sakane’s Theorem [16].

Proof of Theorem 1.2. In case dimV, = 1, ¢ is trivial and the theorem fol-
lows from Sakane’s Theorem [16].

In case dimV, =n > 1, since o is unipotent, we have a (n—1)-
dimensional G-submodule V,» C V,, such that V,/V,. is the trivial submod-
ule. Then we have the spectral sequences

0—Ng" Ve —=Ag*" Vo —= ANg" @ Vs /Vor —=0
and

0 ——= A" (G/T, Ly1) —= A®*(G/T, Lg) —= A"*(G/T', Ly / Lyr) — 0.
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We have the commutative diagram

04>/\g*®vo’ /\g*®V0 /\g*®V0/V0/

l l !

0— > AO’*(G/F, Ly) —> AO’*(G/F, L;) — AO’*(G/F, Ls/Ls) > 0.

0

Considering the long exact sequence of cohomologies, by the five lemma, the
theorem follows inductively. O

Let A be a simply connected complex abelian group with a lattice I' and
a the Lie algebra of A.

Lemma 4.1. Let 0: A — GL(V,) be a holomorphic representation. Sup-
pose o = B & ¢ such that B is a character of A and ¢ is a unipotent repre-
sentation. Then we have:

If B is non-trivial, then we have

H*(a,V,) =0.
If the holomorphic line bundle Lg is non-trivial, then we have
HY*(AJT,Ls) =0

Proof. In case dimV,, = 1, the lemma is proved in [10].
In case dimV, =n > 1, by the triangulation of o, we have a (n — 1)-
dimensional A-submodule V, such that V,/V,. = V3. Then we have the

exact sequence
0——= A%*(A/T, Lg') —= A% (AJT, Ly) —> A% (AT, Ls/Ls1) — 0.

Considering the long exact sequence of cohomologies, the lemma follows
inductively. O

By similar proof of Lemma 3.2, we have the following lemma.

Lemma 4.2. Let 0: A— GL(V,) be a holomorphic representation. Then
we have a basis of V; such that o is represented by

k
UZ@O@@@
=1

for holomorphic characters «; and holomorphic unipotent representations

b
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Let {Va}aeHomhol( A,c+) be the set of all one-dimensional holomorphic
representations of A and Hyo(A/T") = {La} the set of all the isomorphism
classes of holomorphic line bundles given by {Va }aetom,. (a,c+)- We notice
that the correspondence {Vi}aetom,, (4,cr) — H(A/T') is not injective. We
consider the direct sums

B Noewel,

ac€Homye (A,C*)

and

P A AT, Lae Ls).
LaGth(A/F)

Proposition 4.3. The inclusion

P AdevudVe— P AT, La® Ls)

a€Homp (A,C*) La€Hna(A/T)

induces a cohomology isomorphism.

Proof. Using Theorem 1.2 and Lemmas 4.1 and 4.2, we can prove the propo-
sition by similar argument of the proof of Proposition 3.3 O

4.2. Mostow bundle and spectral sequence

Let G be a simply connected complex solvable Lie group with a lattice I’
and g be the Lie algebra of G. Then the Mostow bundle

N/TAN = NTT G/T G/NT = (G/N)/(L/T N N)

is holomorphic.

Let 0 : G — GL(V;) be a representation such that the restriction o), is a
unipotent representation. For the Mostow bundle p : G/I' — (G/N)/(I'/T' N
N), we define the vector bundle

HY(N/T N\ N) = Uype(a/ny/rronH (0~ (2), Ls)

over the torus (G/N)/(I'/T N N). By Theorem 1.2, we have H%4(p~!(x), L5)
= H9(n,V,). Hence let A, : G/N — GL(H9(n,V,)) be the representation
induced by the extension 1 = N — G — G/N — 1, then we can regard
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H%9(N/T N N) as the flat holomorphic bundle Lz. We consider the filtration

p+q p+q
Fp /\ g* = {u} - /\ g*[w(Xl,...,Xp+q) = 0 for X17...,Xp+1 S n} .

This filtration gives the filtration of the cochain complex A g* ® V,, and the
filtration of the Dolbeault complex A%*(G/T',L;) = C*(G/T, Ls) ® \ g*.
We consider the spectral sequence poEy* (g) of A g* ® V. and the spectral
sequence poFi*(G/T) of A®*(G/T,Ls). Set G/N =A and T/TNN = A
and a = g/n. By Borel’s result [7, Appendix 2], we have the commutative
diagram

DolETq(g) - DOIETQ(G/F)

lg lg

Na*® Va, — AO’*(A/A, L;\q).
4.3. Proof of theorem

Proof. Consider the spectral sequence po Fx " (g) of

D Nogovisl,

a€Ba,N)

and the spectral sequence poFEx™(G/T) of

P A (G/T Law Ls).

La€Ba,n(T)

Set A=G/N and A =T/T' NN and a = g/n. Since we can identify B
(resp. B(g,n)(I')) with Homye (A, C*) (resp. Hpol(A/A) as Section 4.1), we
have the commutative diagram

DolEik’*(g) DOIEI’*(G/F)

: |

®a€Homh01(A,(C*) /\ Cl* ® Va ® VA —_— @LQEH}]M(A/A) AO’*(A/A, L@ ® LA)

1%

By Proposition 4.3, the homomorphism po1 £ (g) — porE;” (G/T) induces

~Y

a cohomology isomorphism and hence we have an isomorphism pe Fy™ (g) =2
polEy (G /T). Hence the theorem follows. O
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5. Construction of finite cochain complex (de Rham case)

We will use the following proposition.

Proposition 5.1 ([2, Proposition 3.3]). Let G be a simply connected solv-
able Lie group G and N the nilradical of G. Then we have a simply connected
nilpotent subgroup C' C G such that G = C - N.

Remark 2. This proposition is given by the decomposition (not necessarily
direct sum) g = c+n (see [3, Theorem 2.2]). Since this decomposition is
compatible with any field (see [3, Theorem 2.2]), if G is complex Lie group
we can take a subgroup C' also complex.

Let G be a simply connected solvable Lie group and g be the Lie algebra
of G. Let N be the nilradical of G. Let p : G — GL(V),) be a representation.
Suppose the restriction pj, is unipotent. We consider the direct sum

@ /\gf{;@Va@Vp.

acA@,N

Then we have the G-action on this cochain complex via @ Ad ® a ® p. Since
this action is extension of the Lie derivation, the induced action on the
cohomology is trivial. Consider the semi-simple part

P Adeavp|(@)]| = P (Adys®alg) @ (p(g))s.

CME.A(G,N) s aGA(G,J\m

Take a simply connected nilpotent subgroup C C G as Proposition 5.1.
Since C' is nilpotent, the map

®:Cs3c— @ (Ady)s ® alg) ® (p(g))s

aGA(G,N)
cAut| P AstevasV,
OZEA(G’N)

is a homomorphism.We denote by

2(C)

P Asev.el,

OtE.A(G,N)
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the subcomplex consisting of the ®(C)-invariant elements.

Lemma 5.2. The inclusion

()

P Asov.ey, c P Asev.ey,

aE.A(c,N) OcEA(c,N)

induces a cohomology isomorphism.

Proof. Since the induced G-action on the cohomology H*(@aeA(c,m Aot ®
Va ®V,) is trivial and ®(C)-action is semi-simple part of G-action, the
induced ®(C)-action on the cohomology H*(Baca ., , NIC @ Va ®V)) is
also trivial and hence

3(C)
g @ Ascov.aV, =H| P AscovaoV,

aE.A(G,N) OtE.A(G,N)
Since @ is diagonalizable, we have

®(C)
||l @ Aeov.oy,

OcE.A(G,N)

®(0)
=H* @ /\gf{;@Va®Vp

OJE.A(G,N)

Hence the lemma follows. O

The subcomplex (@aeA(c,m A gt @ Vo @ V,)®() is desired subcomplex
A* as in Theorem 1.5. Using certain basis, we see that this complex is finite-
dimensional and write down the subcomplex A} as Corollary 1.6 explicitly.

We have a basis Xi,..., X, of gc such that (Ad.)s = diag(ai(c),...,
an(c)) for c € C. Let x1,..., 2, be the basis of gi which is dual to X1,...,
X,,. We have a basis vi,...,v, of V, such that (p(c))s = diag(a)(c),...,
ay,(c)) for any ¢ € C. Let v, be a basis of V,, for each character a € A ny-
By G=C-N, we have G/N=C/CNN and hence we have A n)
= Ac,cnnv = {a € Hom(C, (C*)‘O‘\omv =1}.
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For a multi-index I = {iy,...,i,} we write x; = x;, A--- Ax; , and oy =
aj, -+ . We consider the basis

1
{21 ®va ® Uk}lc{l,...,n},aeAc,cﬁN,ke{1,...,m}

of Ducac ony N\ OC @ Va ® V). Since the action

®:C — Aut (@/\g*@)va@vp)

[0}

is the semi-simple part of (HAd ® a ® p)|., we have

le
B(a)(r; @ ve @ vg) = af lad) s ® vy ® Vg

Hence we have

®(C)
(@ /\g(*c ® Vo ® Vp) = (21 ® Voot @ VE®) {1, n} k{1, .}

— /\<x1 ®’l}a1,... ,wn ®'Uan>
© (U1 © 01, Uizt ® V).

Finally we construct a finite-dimensional complex A}, which computes the
de Rham cohomology H*(G/T, E,).

Corollary 5.3. Let A} be the subcomplex of (P, N\gt @ Va ®Vp)<b(c)
defined as

AT = (xg ®’Ua1a;c—1 ®Uk|(a[oz;;1)|r =1).

Then we have an isomorphism
H*(Ay) =2 H*(G/T, E,).

Proof. Consider the inclusion
3(C)
| B Astevaev,| - @ A(GIESE)

ac€Aa.n E.eA@,m(T)

U1 ® vy, 01 ®vg) € AY(G/T, Ep) if and only if (aja;;lp)‘r = p|,.- Hence
we have = (A*(G/I', E,)) = A}. O
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Corollary 5.4. We consider the following conditions:
(01) For each multi-index I = {i1,...,ip} and k € {1,...,m}, the char-

acter Oqagc_l s trivial if and only if the restriction (04104;;1)|F is trivial.

(Q2) For each multi-index I = {i1,...,ip} and k € {1,...,m}, the char-
acter o Ia;_l is trivial or non-unitary.
If the condition (O1) or (Q2) holds, then we have an isomorphism

H*(g,V,) =2 H*(G/T, E,).

Proof. If the condition (¢1) holds, then we have A% = (A gk ® V,)*©).
Hence we have

(&)
m@m e =i (Nstev,)" " = H @)

The condition ({2) is special case of the condition ({1). Hence the corollary
follows. t

Remark 3. For a representation p : G — GL(V)) such that the restriction
p|y is trivial, the condition (M) (resp. (H)) in Section 1 is a special case of
the condition (1) (resp. (02))

Remark 4. Let ¢ be the Lie algebra of C. Take a subvector V' C ¢ (not
necessarily Lie algebra) such that g =V @ n. Then we define the map

ads :g=V @&n>3A+ X — (ada)s € D(g),

where (ad4)s is the semi-simple part of ad4 and D(g) is the Lie algebra of
derivations of g. This map is a Lie algebra homomorphism and a diagonal-
izable representation (see [4, 9]). Let Ad, : G — Aut(g) be the extension of
ads. Then this map is identified with the map

G=C-N>3c-nw— (Ad.) € Aut(g).
We define the Lie algebra ug C D(g) X g as
Ug = {X — adsx|X € g}.

Consider the above basis {x1,...,2,} of g¢. Then in [9] the author showed
that we have an isomorphism

/\(-7:1 ® Vays -5 Tn ®Uan> = /\(uG ®C)*
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(This fact gives the new developments of de Rham homotopy theory on
solvmanifolds. See [9].) Hence we can regard

2(C)
@ /\g&@Va®Vp :/\<$1®va1,...,xn®van>
(XE.AG,N

& (Uit ® 01, U1 © )

as the cochain complex of the nilpotent Lie algebra ug with values in some
representation.

6. Construction of finite cochain complex (Dolbeault case)

In this case, we can say almost same argument for the de Rham case without
difficulties. Let G be a simply connected solvable Lie group and g be the
Lie algebra of G. Let N be the nilradical of G. Let 0 : G — GL(V,) be a
holomorphic representation. Suppose the restriction o, is unipotent. We
consider the direct sum

@ /\g*@Va@JVp.

aGB(G,N)

Then we have the G-action on this cochain complex via @ Ad ® o ® p. Con-
sider the semi-simple part

P Adwacp|(@| = P (Ady)s®alg) @ (p(9))s-

a€Ba, Ny a€Ba, Ny

S

Take a simply connected complex nilpotent subgroup C' C G as Proposition
5.1 and Remark 2. Since C' is nilpotent, the map

®:C>3¢c+— @ (Adg)s ® a(g) ® (p(g))s

a€Ba, N

cAut| P AgeVacV,

acBa, N



de Rham Dolbeault cohomology of solvmanifolds 799

is a homomorphism. We denote by

3(C)

D Aveviov

acA@. N

the subcomplex consisting of the ®(C')-invariant elements. By similar proof
of Lemma 5.2, we have:

Lemma 6.1. The inclusion

()

D Nogovicl, c P Avevual

a€Ba, N a€Ba, N

induces a cohomology isomorphism.

We have a basis Xi,...,X, of g such that (Ad.)s = diag(ai(c),...,
ap(c)) for c € C. Let x1, ..., x, be the basis of g* which is dual to X7, ..., X,,.
We have a basis v1, ..., vy, of V, such that (o(c))s = diag(c/(c),...,al,(c))
for any ¢ € C'. Let v, be a basis of V,, for each character a € B(g,n). By G =
C-N, we have G/N =C/CNN and hence we have B(g n)y = Bc,ony =
{a € Homy(C, (C*)|OZ|CON =1}

For a multi-index I = {iy,...,i,} we write x;7 = x;, A--- Ax; , and oy =
a;, -+« . We consider the basis

{J}] @ Vo @ Uk}IC{l,...,n},aEAc,cmN7k€{17-~-7m}

of Duenp oy N8 @ Va ® V5. Since the action

®:C — Aut (@/\g*@Va®VU)

is the semi-simple part of (P Ad ® a ® o)), we have

D(a)(r; @ Vo @ vg) = af laal T @ Ve @ V.
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Hence we have

3(C)
<@ /\ gFRVL® VU) = (T1 @ Vg, -1 O V) I {1, n} ke{1,...;m}

:/\<x1®val,...,xn®van>

® (Vg1 @ V1, Uyt ® V).

Corollary 6.2. Let Bj be the subcomplex of <x1®va1a;€71®
Vk)IC{1,....n} ke{l,...m} defined as

— /-1
aAjQx
BF\: $1®Ua1a/71 ®Uk’ 75_1 =1).
k arog,
Ir

Then we have an isomorphism
H*(Bf) = H"*(G/T, L)

Proof. 1t is known that we have the 1 — 1 correspondence between the iso-
morphism classes of flat holomorphic line bundles over a complex torus and
the unitary characters of its lattice (see [14]). By this, for a € B vy, con-
sidering the unitary character g, the holomorphic line bundle Lg is trivial

if and only if the restriction (3 ). is trivial. Hence

L(.’IJ[ X vazaﬁjl (] Uk) c A*(G/F, La—)

— —/—1
if and only if the restriction (ngiﬂ_l )| is trivial. Then we have ¢~ (A*(G/T,
k

Ls)) = B} 0

Corollary 6.3. We consider the following condition:
(x) For each multi-index I = {i1,...,ip} and k € {1,...,m}, the char-

acter ala;_l is trivial if and only if the restriction (ZIZZKI)‘F is trivial.
I

If the condition (x) holds, then we have an isomorphism

H*(9,V,) =2 H**(G/T, Ly).

Proof. Suppose the condition (%) holds. Then we have B = (A g* @ V,,)®(©).
Hence we have

G L) =1 (N5 e o)™ = e V)
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Remark 5. We define the nilpotent Lie algebra ug as Remark 4. In the
complex case, ug is also a complex Lie algebra. As similar to Remark 4, we
have

®(C)
(@/\9*‘8"/&) = N1 @vay, . Tn @ va,) 2 g

Suppose G has a lattice I'. We consider the cochain complex

Bf = <x1®val| (Zj) = 1>.
I

Then we have an isomorphism H%*(B;) & H%*(G/T)) by Corollary 6.2. We
consider the following condition.

(0) For each 1 < i < n, the restriction (%)Ir is trivial.
If the condition (OJ) holds, then we have

Br = /\<$1®va17~--7xn®van> = /\u*G

Let Ug be the simply connected complex Lie group with the Lie algebra ug.
Then Ug is the nilradical of the semi-simple splitting of G (see [2]). It is
known that if G has a lattice, then Ug has a lattice IV (see [1]).

Hence we have:

Corollary 6.4. Let G be a simply connected complex solvable Lie group
with a lattice T'. If the condition (O) holds, then there exists a complex
parallelizable nilmanifold Ug /T’ such that we have an isomorphism

H**(G)T) = H**(Ug/T).

By this corollary we have some solvmanifolds whose Dolbeault cohomol-
ogy is isomorphic to the Dolbeault cohomology of nilmanifolds.

7. Example

Let G = C x4 C2 such that
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Then we have a++/—1b,c++/—1d € C such that Z(a + /—1b) + Z(c +
v/—1d) is a lattice in C and ¢(a + /—1b) and ¢(c + /—1d) are conjugate to
elements of SL(4,Z) where we regard SL(2,C) C SL(4,R) (see [5]). Hence
we have a lattice I' = (Z(a + v/—1b) + Z(c + v/—1d)) x4 I'” such that I is
a lattice of C2.

7.1. Twisted de Rham cohomology H'(G /T, Eaq)

For a coordinate (w, z1,22) € C x4 C? we have the basis {v1,...,v6} of gc
such that
0 o 0 0 - 0
vn=e"—, v=eY—, v3=¢e¢ Y—, my=e¢ Y—o,
! 07 2 071 3 029 4 07
0 0
Vs = —, Vg = ——.
> dw 5~ ow

Consider the dual basis
e Ydz, e "dz, eV dzy, eP dZs, dw, dib.

As we consider gc as a representation of g via Ad, we have the cochian
complex A g* ® gc whose differential is given by

dvy =dw vy, dvy =dw® vy, dvy=—dw vy, dvy=—d Q vy,
dvs = —e Ydz1 @ v1 + e¥dzy @ v3, dvg = —e“jdzl ® vg + ewd22 X v4.

For (w,0,0) € C, we have (Ad(y,0,0))s = diag(e”,e”,e™",e"",1,1) for the
basis {v1,...,vs}. Consider the cochain complex

®(C)
<@/\g*®va®vp>

as Section 5 where C' = C. Then we have

®(C)
(@/\g*wa@vp)

= /\(_wdzl ® Vew, € VdZ] @ Vew, €Vdz @ Ve-w, €VdZy ® Ve-w, dw, dw)
®<'U1 Q) Ve-w, V2 Q Ve-w,V3 & Vew, V4 & Vew, Vs, U6>'
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For any lattice I" we have by (G/T") = bi(g) = 2. But we will see that
dim H'(G/T', Eaq)
varies for a choice of I'. If b,d € 7Z, then we have

AL = (vs, vg),

A11~ = (e "dz1 ®@v1, € Ydz] @ Vew ® V2 @ Ve-w,
e PdZ] @ Vew @ V] @ Vew, € UdZ] & vg,
e’dzo R v3, €Vdzy @ Vo—w @ V4 ® Vew,
€PdZy ® Ve-v ® V3 @ Ve-u, €”dZy @ vy,
dw ® vz, dw ® vg, dw & vs, d0 ® vg).

Hence we have dim H'(G/T, Vaq) = dim H!(A}) = 6.
On the other hand, if b € 7Z or d &€ wZ, then we have

AO = </U57/1)6>7
All“ = (e7"dz1 ® v, e Pdz1 @ v2, eV d2y ® vs,
66)6&2 ® vy, dw ® v5, dw ® vg, dw Q v, d0 ® U6>-

Hence we have dim H'(G/T, Eaq) = dim H!(A}) = 2.

7.2. Dolbeault cohomology Hz™(G/T)

For a coordinate (z1, 22, 23) € C x4 C?, we consider the basis (21,72, 23) =
(dz1,e **dz9,e*dz3) of g*. We consider C' = C = {(21)} and (a1, a9, a3) =
(1,e*,e %) for C and (o, a2,a3) as in Section 5. If b & nZ or ¢ & 7Z,
then (%) holds and hence we have Hg’*(G/F) ~ NC*® H*(g). If b,d € 7Z,
then the condition (CJ) holds and hence we have H;™(G/T') = A C* @ A\ C®.
There exists a lattice I" which satisfies the condition () or (OJ) (see [5]).
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