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Higher preprojective algebras and stably
Calabi—Yau properties

CLAIRE AMIOT AND STEFFEN OPPERMANN

In this paper, we give sufficient properties for a finite-dimensional
graded algebra to be a higher preprojective algebra. These
properties are of homological nature, they use Gorensteiness and
bimodule isomorphisms in the stable category of Cohen—Macaulay
modules. We prove that these properties are also necessary for 3-
preprojective algebras using [18] and for preprojective algebras of
higher representation finite algebras using [5].

1. Introduction

Preprojective algebras play an important role in many different parts of
mathematics. Such an algebra is associated to a quiver () without oriented
cycles. It has been defined by Gelfand and Ponomarev in the 1970s to
get a better understanding of the representation theory of the path alge-
bra of the quiver ). Recently, in the context of higher Auslander—Reiten
theory, Iyama generalized the definition of preprojective algebras. If A is
a finite-dimensional algebra of global dimension d — 1, its d-preprojective
algebra II;(A) is defined as the tensor algebra T Ext‘f\:l(A, A°) where A°
is the enveloping algebra A ®@; A°P. It is naturally a positively graded alge-
bra. The bimodule Extjl\jl(A,Ae) is the zeroth cohomology group of the
inverse of the “canonical bundle” Homy (A, k)[—d + 1] in the derived cate-
gory DP(mod A). In the case where A satisfies some geometrical properties
(Fano, quasi-Fano, etc), its preprojective algebra has also been studied in
the context of non-commutative algebraic geometry (see [12, 21, 22]).

In this paper, we are interested in the properties that characterize finite-
dimensional preprojective algebras. For d = 2, the preprojective algebra Il =
II(kQ) is finite-dimensional if and only if @ is a Dynkin quiver and, in
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that case by a classical result, the algebra II is self-injective and there is a
functorial isomorphism

Ext(X,Y) = D Extl (Y, X)

for any X,Y € mod II. So in other words, the triangulated category mod II
is 2-Calabi—Yau. The duality above comes from an isomorphism

Hompp (I, I1°) = Q3. 11(1)

in the stable category of graded bimodules gr-II® (where II(1) is the graded
bimodule II shifted by 1). This isomorphism can also be written as

RHomyy (I1, 11%)[3] 2 TI(1)  in D"(gr-11°) /gr-perf I1°

using the triangle equivalence gr-II° 2 DP(gr-II°)/gr-perf II°. The main
result of this paper is the following.

Theorem 1.1 (Theorem 3.1). Let Il = P, 1L be a finite-dimensional
graded algebra satisfying the following properties:

(a) pdim DII = idimII < d — 2, that is, II is of Gorenstein dimension <
d—2;

(b) RHompe (I1, T1¢)[d 4 1] = TI(1) in DP(gr-11¢) /gr-perf 11°; and

(c) Ext? 1. (ILII°(i)) = 0 for all i < 0 and j > 0.

Then 11 is isomorphic as a graded algebra to I1z(A) for some algebra A of
global dimension at most d — 1.

Property (b) can be understood as an algebraic (and graded) enhance-
ment of the property stably Calabi-Yau for the algebra II. In particular,
it implies that the stable category of maximal Cohen—Macaulay modules
over II is a d-Calabi—Yau triangulated category. Gorensteinness and stably
Calabi—Yau property are homological properties that appear naturally in
the study of preprojective algebras (see [20]). Therefore (a) and (b) are nat-
ural hypotheses to consider. Hypothesis (c) becomes also natural when the
algebra II has finite global dimension (see Observation 3.3).

In a second part of the paper, we show that in certain situations also
the converse of the above theorem holds. We prove that properties (a)—(c)
are satisfied by the finite-dimensional preprojective algebras for d = 2 and
3 (Theorems 5.1 and 5.7). Moreover, using the results of Dugas in [5], we
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prove that properties (a)—(c) hold for self-injective d-preprojective algebras
for any d. More precisely we prove the following.

Theorem 1.2 (Theorems 4.8 and 5.9). The map A+—1TI;(A) gives a
one-to-one correspondence between (d — 1)-representation finite algebras A

and  finite-dimensional  self-injective graded algebras 11  satisfying
RHomyye (IT, T1¢)[d + 1] = TI(1) in DP(gr-11°) /gr-perf I1°.

This result is very similar to Theorem 4.35 of [12] that asserts that
the preprojective construction gives a one-to-one correspondence between
(d — 1) representation-infinite algebras A and homologically smooth algebras
IT satisfying RHomp (IT, 11°)[d] = TI(1) in DP(gr-TI°).

Plan of the paper

The paper is organized as follows. We start in Section 2 with preliminaries
on graded Gorenstein algebras, and Cohen—Macaulay modules, and define
the notion of bimodule stably (1)-twisted d-Calabi-Yau algebras. The main
result of the paper is proved in Section 3. Section 4 gives an interpretation
of the Gorenstein dimension of a d-preprojective algebra II4(A) in terms of
some Hom-vanishing in the category DP(mod A). In Section 5, we prove that
the converse of Theorem 3.1 is true for d = 2 and 3, and for preprojective
algebras of (d — 1)-representation finite algebras.

Notation

All algebras in this paper are finite-dimensional algebras over a field k.
For an algebra A, we denote by A° the tensor algebra A ® A°P. The dual
Homy (A, k) of A is denoted by DA. When nothing else is stated explicitly,
tensor products are over the field k.

2. Preliminaries
2.1. Graded algebras and graded modules

Let A= P, An be a positively graded algebra. For a graded A-module
M = ,,c; My, and for any p € Z, we denote by M(p) the graded module
DB,.cz My +p, which is the degree n part of M (p) is Mp,,,. We denote by gr-A
the category of finitely generated graded A-modules. Morphisms in gr-A are
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graded morphisms homogeneous of degree 0. The category gr-A is an abelian
Krull-Schmidt category.

By an abuse of notation, for M € gr-A we will denote by M € mod A its
image in mod A under the forgetful functor gr-A — mod A. Note that the
A°P-module Hom (M, A) = @, ., Homg, 4 (M, A(p)) is naturally graded.

We write

PEZL

gr-proj¢o A = add{A(i) | i > 0},
gr-proj-o A = add{A(7) | i < 0}

for the subcategories of gr-proj A of projectives generated in positive, respec-
tively, in non-positive, degrees.

For an additive category A, we denote by K"~ (A) (resp. K’(A)) the
homotopy category of right bounded (resp. bounded) complexes of objects
in A.

Proposition 2.1. Let A be a positively graded algebra, such that Ay has

finite global dimension. Then DP(gr-A) = K~ (gr-proj A) has a semiorthog-
onal decomposition

Kb’_(gr—proj A) = <Kb(gr—proj<0 A), Kb’_(gr—proj>0 A)> .

That is, we have Homgw - (gr-proj A) (Kb(gr—projgo A), K>~ (gr-proj. o 4)) =
0, and for X € K>~ (gr-proj A) there is a triangle

Xco —> X — Xop.
~—~ S~~~
€KP(gr-proj, A) €K™~ (gr-proj, o A)

Remark 2.2. It follows that the triangle in Proposition 2.1 is functorial in
X. We will denote by (—)s0 and (—)<o the functors in the triangle.
This semiorthogonal decomposition has already been used in [23].

Proof of Proposition 2.1. Since A is positively graded the space
Homg, 4 (A(7), A(j)) vanishes whenever j < i. It follows that

Homyg,_proj a(gr-proj<g A, gr-proj.o A) = 0,

and thus we have the Hom-vanishing of the proposition.
To obtain the triangle, we observe that any graded projective is the
direct sum of a graded projective generated in non-positive degree and a
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graded projective generated in positive degree. Choosing such decomposi-
tions for all terms of a right bounded complex X of graded projective A-
modules gives rise to a short exact sequence X¢g>—> X —> X and thus to
a triangle in the homotopy category, where X € Kb’*(gr—projgo A) and
X0 € K> (gr-proj. A). Finally observe that, since Ay has finite global
dimension, we may assume that only finitely many terms of the complex are
not generated in positive degrees, that is X¢ is also left bounded. O

2.2. Graded Cohen—Macaulay modules

Definition 2.3. An algebra A is said to be Gorenstein if its injective dimen-
sion (denoted id A) and the projective dimension of its dual (denoted pd D A)
are both finite. For such an algebra, the Gorenstein dimension of A is the
integer id A = pd A. We define the category of (mazimal) Cohen—Macaulay
modules by

CM(A) := {X € mod A | Ext’y(X, A) = 0 for i > 0}.
If moreover A is a graded algebra, we denote by

gr-CM(A) := {X € gr-A | ExtYy(X,A) =0 for i > 0}
the category of graded (maximal) Cohen—-Macaualy A-modules.

The next result is the graded version of a famous triangle equivalence
[3, Theorem 4.4.1] (see also [19, 24]).

Theorem 2.4. Let A be a graded Gorenstein algebra, then gr-CM(A) is a
Frobenius category and there is a triangle equivalence

DP(gr-A) /gr-perf A — gr-CM(A).

Because of this equivalence, we will use the notation gr-CM(A) for the
category DP(gr-A)/gr-perf(A). That is, we may write M = N in gr-CM(A)
even if M and N are not Cohen—Macaualy modules.

The next two lemmas are classical results on maximal Cohen—Macaulay
modules that will be used in this paper.

Lemma 2.5. Let A be a graded Gorenstein algebra of dimension g. For
X € gr-A, its gth syzygy Q9(X) is Cohen—Macaulay.
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Lemma 2.6. Let A be a graded Gorenstein ring and M a graded A-module.
Then there is a short exact sequence

with pd K < 0o and oM € gr-CM A.
In this situation oM is called a Cohen Macaulay replacement of M.

Proof. This fact is well known, but we include a sketch of the proof for the
convenience of the reader.

Sufficiently high syzygies of M are Cohen—Macaulay by Lemma 2.5,
so the claim trivially holds for them. Assume we already found the upper
sequence in the diagram below:

approx.
Piq---m--s > P
K’L—l T > CM(QZ_IM) _______ > Ql_lM

The right vertical sequence is the defining sequence of QM , and the middle
one is obtained by taking a left projective approximation of -, (M) and
its cokernel. We obtain an induced map as indicated by the upper dashed
arrow, which can be assumed to be split epi (by enlarging P;_; if necessary).
Then we obtain the desired sequence in the lower row of the diagram. Indeed,
K;_1 has finite projective dimension since both the kernel of Pj_; — P;_;
and K; do. O

Remark 2.7. The proof above also shows that, provided M is generated
in degree 0, we may choose M to only have projective summands which
are generated in degree 0.
Lemma 2.8. In the setup of Lemma 2.6, the following are equivalent:

(1) Vj > 0Vi<0: Ext!_,(M, A(i)) =0 and

(2) K can be chosen such that it has a projective resolution in gr-proj<o A.
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Proof. Since M is Cohen-Macaulay, applying the functor
Homyg, 4(—, A(7)) to the short exact sequence, we obtain isomorphisms

Ext? ., (M, A(i)) = Ext! (K, A(i)) for all j > 1

and an exact sequence

(1)

Homyye 4 (M, A(i)) = Homgea(cy M, A(i) —
— Homg, (K, A(i)) —> Exty, 4(M, A(i)).

= (2): Pick a minimal projective resolution of K

0 P, Py K.

Let j be the leftmost position such that P; is not contained
in gr-projy A (assuming such a term exists). It follows that
Extér_A(K, A(7)) # 0 for some ¢ < 0. By (1) and the discussion above it
follows that 7 =0. Thus K has a non-zero direct summand in
gr-proj- o A. Since Exté,r_ A(M, gr-proj,y A) = 0 such a summand can
be split off of the short exact sequence.

= (1): Since K has a projective resolution in gr-projg A4,
Extér_ 4 (K, A(4)) vanishes for all i < 0 and all j. The claim then imme-
diately follows from the discussion above. O

2.3. Stably graded Calabi—Yau algebras

Definition 2.9. A Gorenstein graded algebra A is called stably (p)-twisted
d-Calabi—Yau if there is a functorial isomorphism

DExt!

gr—A(X’ Y) = mg;—i\(y(p)a X)

for any X,Y € gr-CMI1I and for any i € Z.

Definition 2.10. A graded algebra A is called bimodule stably (p)-twisted
d-Calabi—Yau if there is an isomorphism

RHomg:(A, A°)[d + 1] = A(p) in gr-CM(A®).

The integer p is called the Gorenstein parameter.
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Remark 2.11 (see [10]). Recall that a bimodule (d + 1)-Calabi-Yau alge-
bra is a homologically smooth algebra satisfying

RHom 4. (A, A%)[d 4 1] = A in DP(gr-A°).

So the choice of d for the Calabi—Yau dimension in our definition could seem
strange. But the reason of our choice is motivated by the following result.

Theorem 2.12. Let A be a finite-dimensional graded Gorenstein algebra
which is bimodule stably (p)-twisted d-Calabi-Yau, then A is stably (p)-
twisted d-Calabi—Yau.

Proof. This can be shown using an Auslander—Reiten formula in gr-CM A as
it is done in [27, 3.10; 14, Theorem 8.3] for local isolated singularities. Here
we give a different argument using the description of the category gr-CM A
as the localization DP(gr-A)/gr-perf A.

From [17, Lemma 4.1] we know that for any X,Y € DP(gr-A) there is a
functorial isomorphism

L
D HOme(gr_A) (X,Y) = HOme(gr_A) (RHom 4 (A, A®) ®4 Y, X).

Moreover since the algebra A is Gorenstein, the functor
L
RHom (A, A°) ®4 — sends any perfect complex to a perfect complex.
Therefore, we can apply [1, Proposition 4.3.1] to deduce that the category
DP(gr-A)/gr-perf A has a Serre functor whose inverse is given by
L
RHom 4 (A, A®)[1] @4 —.
Now for any objects X,Y € gr-CM A and for any i € Z we have functo-
rial isomorphisms

DExt;, 4(X,Y) = DHom,, (X, YT[i])

L
= Hom,, 4(RHom (A, A°)[i +1]®4 Y, X)

I

L
7H0mgr-A (A[Z - d] (p) ®aY, X)
7H0mgr—A(Y p)) [d - Z])
Extg "y (Y (p), X). O
Note that if A is bimodule stably (p)-twisted d-Calabi—Yau, then it is

bimodule stably d-Calabi—Yau as an ungraded algebra. Therefore, by the
same argument the stable category CM A is d-Calabi—Yau.

1

12
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Remark 2.13. For a self-injective (or a Frobenius) algebra, the non-graded
version of Definition 2.10 coincide with the definition of Frobenius d-Calabi—
Yau algebra [8, Definition 2.3.6]. In this setup, Theorem 2.12 is [8, Theo-
rem 2.3.21].

2.4. Higher preprojective algebras

Let A be a finite-dimensional algebra of global dimension d — 1. We denote

L
by S4_1 = —®p DA[—d + 1] the composition of the Serre functor with the
(d — 1) desuspension of the bounded derived category DP(mod A). It is an
autoequivalence of DP(mod A). We denote by 74_1 the composition

Sd—1 0

mod A ——— DP(mod A) DP(mod A)

mod A.

The algebra A is called 74_1-finite if the functor 74_1 is nilpotent.

Definition 2.14 ([16]). The d-preprojective algebra of A is defined to be
the tensor algebra

I4(A) := Ty Extl '(DA, A).

It is immediate to see that we have II;A = P, 7,7, A as A-bimodules.
Hence the algebra A is 74_1-finite if and only if I1;(A) is finite-dimensional.

3. Homological characterization of finite-dimensional
preprojective algebras

In this section, we prove the main result of the paper, that gives a sufficient
condition for a finite-dimensional graded algebra II to be the d-preprojective
algebra of its degree zero subalgebra.

3.1. Main result and strategy of the proof
Theorem 3.1. Let 11 be a finite-dimensional positively graded algebra, and

an integer d > 2, such that

(1) II is Gorenstein of dimension at most d — 2, that is idII = pd DII = g,
for some g < d—2;

(2) II is bimodule stably (1)-twisted d-Calabi-Yau; and
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(3) Ext’

gr_Hc(H, I1°(3)) = 0 for alli < 0 and 7 > 0.

Then A =11y is a T74_1-finite algebra of global dimension < d— 1, and II is
the d-preprojective algebra of A.

The main ingredient of the proof is the triangle

<o I g in DP(gr-I1°)

=

given by Proposition 2.1, that is a decomposition of the projective bimodule
resolution of II according to the degrees the projective bimodules are gener-
ated in. More precisely, the strategy of the proof consists of the computation
of the cohomology groups of the triangle

Mo @5 A—TT@E A—Tlog ®% A— in DP(gr-Il @ A°P).

Let us start by reformulating some of the conditions. By Lemmas 2.6
and 2.8 and Remark 2.7 there is a short exact sequence of I1°-modules

KM —TI,

such that K has a finite projective resolution, with terms generated in non-
positive degree, and M is a Cohen—Macaulay II°-module, all of whose pro-
jective summands are generated in degree zero.

Observation 3.2. We may reformulate the condition that II is bimod-
ule stably (1)-twisted d-Calabi-Yau (condition (2)) by adding the following
isomorphisms (in gr-CM(II¢)) in front of and after the defining one:

def
RHomu. (M, T19)[d + 1] = RHomp (I, T1¢)[d + 1] = T1(1) = Q& T1d +1)(1).

Note that since M is Cohen—Macaulay we may drop the R in the left-
most term. Moreover by condition (1) we have that also Q%LHH is Cohen—
Macaulay. Thus, under condition (1), condition (2) is equivalent to

Homppe (M, T1°)(—1) = Q&I
up to projective summands generated in degree 1.

Observation 3.3. When we consider the special case where II has finite
global dimension, conditions (1)—(3) are very easy to check. Then we imme-
diately have gl.dim IT = g, so condition (1) holds whenever gl.dim IT < d — 2.
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Moreover condition (2) vacuously holds. Thus it remains to consider condi-
tion (3).

Lemma 3.4. IfII is a positively graded algebra with finite global dimension.
Then condition (3) is equivalent to I1 being concentrated in degree 0.

Proof. If TI is concentrated in degree 0, then clearly (3) holds.

Conversely, assume that II is not concentrated in degree 0. Then there
are two graded simples S and T such that Extér_H(S, T) # 0, where S is
concentrated in degree 0 and 7' in some positive degree. Now, considering
the injective resolution of S (note that this is concentrated in non-positive
degrees) and the projective resolution of 7' (which, similarly, is concentrated
in positive degrees), we find that Ext’(DII, II(j)) # 0 for some positive i and
negative j. O

On the other hand, we see that under condition (1) the degree 0 part of
IT also has global dimension < d — 2, so the d-preprojective algebra of Il is
ITp. In other words, II is the d-preprojective algebra of its degree 0 part if
and only if it is concentrated in degree 0.

This indicates that, at least in the special case of Il having finite global
dimension, condition (3) actually is the “correct” condition here.

3.2. The global dimension of A

Proposition 3.5. In the setup of Theorem 3.1 we have gl.dimA < d—1.

Proof. Tt suffices to show that pdy. A < d— 1. We have the following iso-
morphisms of A®-modules:

Q4.A = (Qf.1D),
= (QpQEHT), since Q4. IT is CM (Assumption (1))
(Qpe Homppe (M, T1°)(—1))g by Observation 3.2
= (Homyye (Qrre M, 1) (—1))g
Homg,_e (Qqre M, I1(—1)).

12

From the short exact sequence K > M —>11, it is easy to construct a short
exact sequence K’ > Qe M —> Qe Il with K’ having a projective resolution
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in gr-projo I1°. Thus Homg,.pre (K, TI°(—1)) vanishes and we have
Homgy.pre (e M, 11°(—1)) = Homgy.pye (11, 11(—1)).
Therefore we have
Q4 (A) = Exty . (ILII°(—1)) = 0
by assumption (3). O
3.3. Proof of Theorem 3.1
We start with a technical lemma that will be useful.
Lemma 3.6. In the setup of Theorem 3.1 we have an isomorphism
H(IL. @% A) = HH4(II(—-1) @ RHomy (DA, A)) i gr<II ® A°P)

foralli > —d+ g+ 1, where g is the Gorenstein dimension of 11.
In particular

H (T @ A) 2 TI(—1) ®p Ext$ (DA, A)

and
Hi(Ilso ®EA) =0 Vi>0.

Proof. Since K has a projective resolution with terms in gr-proj¢, II° we
have

Mo = Mo in DP(gr-11°).

From Observation 3.2 we know that the graded Cohen—Macaualy II°-
modules M and HomHC(Qﬁflﬂ,Hc)(—l) are isomorphic up to projective
summands generated in degree 0. Thus

H>0 = (Homne (Q%tlﬂv He)(_l))>0

Next we denote by P the complex formed by the first d + 1 terms of a
graded projective resolution of II as I1°~-module. Thus we have a triangle

QEFMId] — P— 11 in DP(gr-11°).
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Applying the functor (RHomyge (—[—d],II¢)(—1))0 we obtain
(RHomsy. (TT[—d], TT°) (—1)) 2 —> (Homr. (P[], TE) (~1)) o

Observe that since Qf.II is Cohen-Macaulay, the complex
RHomype (Qf. I, II°) is concentrated in homological degree 0, hence the com-
plex RHompp(IT,1I°) is concentrated in homological degrees 0,...,g.
Therefore, the complex

RHomyy. (IT[—d], 11°)(—1) = RHompy. (11, I1°)[d] (—1)
is concentrated in homological degrees —d, ..., —d + g. Thus the complex
RHomy. (II[—d], TI°)(—1) ®F A

is also concentrated in homological degrees < —d + g.
It follows that for ¢ > —d 4+ g + 1 we have

(3.1) H (o @5 A) 2 H (Homppe (P[—d], II°) (1)) s @& A)
~ HH ((Homppe (P, 11°)(—1))s0 % A).
Moreover, observe that
(Homne (P, He)(—l))>0 = Homne (P, He)>,1(—1) = HOHIHe (Pgo, He)(—l).

Since II is a positively graded algebra, P¢q is generated in degree 0. Hence
Pey =11 ® Q ®II, where @ is the complex formed by the first (d + 1) terms
of a projective resolution of IIyp = A as A°-module. Since gl.dimA <d—1
Q is a projective resolution of A as A®~-module, this leads to

(3.2) (Homype (P, I1°)(—1))>0 = 1T ®4 Hompe (Q, A®) @ II(—1).
Combining (3.1) and (3.2) we obtain

H'(I1>o @f; A) = H™((Hom (P, 11°)(—1)) 0 @1 A)
~ HH (T @,y HomAe(Q A®) @ II(—1) @ A)
= H”d(H( 1) ®% RHomy (A, A%))

(I(—1) ®% RHom, (DA, A))
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Now since g < d—2, we have g —d+ 1< —1. Moreover the global
dimension of A is at most d — 1, so the complex RHomy (DA, A) is con-
centrated in degrees < d — 1. Hence we have

H*(T1(—1) % RHomp (DA, A)) 2 T1(—1) ®4 Ext® (DA, A) fori= —1
=0 for ¢ > 0.

This finishes the proof. O

We now obtain the following short exact sequence, which is an essential
ingredient to our proof.

Proposition 3.7. In the setup of Theorem 3.1 we have a short exact
sequence of graded 11 ® A°P-modules

I(—1) @ Ext$ (DA, A) — T — A,
where I —=> A is the natural projection.

Proof. Consider IT as an object in DP(gr-II°), and the triangle

o II EEN)
given by Proposition 2.1. Applying the functor — ®ﬁ A we obtain a triangle
Mo @A — T @ A—Tl-g ®F A—  in DP(gr-II ® A°P).

Recall that from Observation 3.2, anfll'[ and Homppe (M, I1°)(—1) are iso-
morphic up to projective summands generated in degree 1. Hence we have
the following isomorphisms in DP(gr-11°):

(1 T <o = (Hompe (M, T1°)(=1)) <o
= (Homype (II, II°) (—1))<o  since the projective resolution
of K is generated in non-positive

degrees

I
o

since II is a positively

graded algebra.

So we get II¢g = Pgo = Il ®p @ ® II where @) is a projective resolution of A
as A®-module. Therefore we obtain II¢g ®ﬁ A =11
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Since we clearly have I ®& A = A we obtain an exact sequence

H (s @F A) II A HO(ITso @& A).

Now the claim follows from the “in particular” part of Lemma 3.6 above.
O

By Proposition 3.7 we have an isomorphism of graded II ® A°°-modules
II(—1) ®p Extt (DA, A) = TI.

The next proposition shows that this is enough to identify II as the tensor
algebra Ty Extfl\_l(DA, A) and thus finishes the proof of Theorem 3.1.

Proposition 3.8. Let Il be a positively graded ring, A =11y, and X a
A ® A°P-module. Assume there is an isomorphism

II(—1) @a X =150

of graded II ® A°P-modules.
Then, as graded Tings,

I=ThX.

Proof. Let h: II(—1) ®x X —TI5 be as in the assumption.
We define an isomorphism of graded A ® A°P-modules

p: TpX —1I
iteratedly by 9 = idy and by letting ¢, be the composition

_ Ran Pn—1 ® ldX ~
(TAX)TL =X anl XA X= Hny

where the last isomorphism is the degree n-part of h.
It only remains to check that ¢ respects the ring-multiplication. It suf-
fices to check that

(Pn+m(f ®g) = (Pn(f)spm(g)

for any f € X®" and g € X® ™, We show this by induction on m. For
m = 0 this is just the A-linearity of ¢,,. For m = 1 we have

oni1(f @ 9) E h(eon(f) © 9) = o1 ® g) € 0u(Her(g).
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For m > 1 we may assume that ¢ = x ® ¢’ for some x € X. (An arbitrary
element is a sum of elementary tensors, but since all maps involved are linear
it suffices to consider a single elementary tensor.) Now

Pntm(f @ 9) = Pnim(fOT® g/)
= ont1(f @) om-1(49") by inductive assumption

= <Pn(f)w(x)<pm_1(g’) by the case m =1
=on(fHp1(z®g") by inductive assumption
= Qon(f)()om(g>' |

Observation 3.9. Since II is a finite-dimensional algebra, it follows that
A is 74_;-finite, since this is equivalent to Ty Ext} (DA, A) being finite-
dimensional.

4. The Gorenstein dimension
4.1. Gorenstein dimension and cluster tilting subcategories

In this section, we express the Gorenstein dimension of the algebra II of The-
orem 3.1 in terms of certain vanishing of extensions in the derived category
DP(mod A). We start with the following result/definition.

Theorem 4.1 ([1, 5.4.2]; [13, 1.22]). Let A be a 741 -finite algebra. Then
the category

U = add{S;_|A |i € Z} CDP(modA)
is a (d — 1)-cluster tilting subcategory, that is,
% ={X € DP’(mod A)| Ext}y (%, X)=0Vi=1,...,d — 2}
= {X € DP(mod A)| Exty (X, %) =0Vi=1,...,d —2}.
Note that if II is an algebra as in Theorem 3.1, its degree zero subalgebra
A is always 74_1-finite, so the result above applies. The aim here is to express

the Gorenstein dimension g of 1I using the subcategory % . More precisely,
the main result of this section is the following.

Theorem 4.2. In the setup of Theorem 3.1 the Gorenstein-dimension g of
IT is given by

g=d—1+max{i <0|Hompu(meqn)(%,%]i]) # 0}.
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The proof of this theorem consists of two main steps: first, in Lemma 4.3
and Proposition 4.4, we calculate ¢ in terms of the non-vanishing of homolo-
gies of the complex IT ®% RHomy (DA, A). Second we show that this descrip-
tion coincides with the right-hand side term given in the theorem.

Lemma 4.3. In the setup of Theorem 3.1 we have
H'(II ©% RHomp (DA, A) =0 Vie{g+1,...,d—2}.
Proof. By Lemma 3.6 we have
HY(IT ®% RHomp (DA, A)) = H-4(Ilug @5 A) Vi > g+ 1.
Looking at the proof of Proposition 3.7 we see that
Hi(Tlsg @5 A) =0 Vi# —1.

The claim follows from these two statements. O

We now prove a converse of Lemma, 4.3.

Proposition 4.4. In the setup of Theorem 3.1 we have
g =max{i < d— 2| H(II @ RHom, (DA, A)) # 0}.

Proof. We have the inequality “>” by Lemma 4.3. It remains to show that
HI(IT ®% RHomy (DA, A)) # 0. To do so, we analyse what happens in the
proof of Lemma 3.6 for i = —d + ¢g. As in the proof there, we obtain the
triangle

(RHomyy. (I[—d], T1°) (=1))>0 @1; A~ (Homire (P[—d], TI°)(=1))>0 @ A
—II5g ®ﬁ A—

where P is the complex formed by the first (d+1) terms of a projective
resolution of II as a graded II-bimodule. Since H!(ITsg @& A) = 0 for i # —1
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it follows that

H'((RHomie (TT[~d], 1°)(=1)) >0 ®1f A)
= H'((Hompe (P[~d], II°) (1)) >0 ®1 A)

whenever ¢ < —1. In particular

HY((RHomyre (1T, 11°)(—1)) 50 ®ff A)
= HY"((RHomyy (TI[—d], TI°) (1)) 50 ©ff A)
=~ H9~((Hompe (P[—d], TI°)(—1))>0 ®f A)
(since g — d < —2)
= HY((Homype (P, I1°)(—1))s0 ®F A).

As in the proof of Lemma 3.6 we observe that
(Hompge (P, T1°)(—1)) 0 ®% A 22 (Homye (Pgo, I1°)(—1)) % A
>~ [1(—1) @% Homye(Q, A°)
=~ TI(—1) @% RHomy (DA, A),

where @ is a projective resolution of A as a A-bimodule. Hence it suffices to
show that

HY((RHomye (I, 1°)(—1) )5 @ A) # 0.

Since the complex RHomyre (IT,11I¢) is concentrated in homological degrees
at most g we have

HY((RHomp (I IT°) (1)) >0 ®1f A) = HY((RHomyy. (IL, 11°) (—1))>0) @1 A

Tensoring with A cannot kill a finitely generated II-module, so it suffices to
show that

H9 ((RHomy. (I1, II°) (—1)) o) # 0.

By assumption (3) the homology of the complex RHomp.(II, II°)(—1) of
graded II°-modules is concentrated in positive degrees, and hence we have

(RHomyge (I1, I1°) (—1) ) >0 = RHompy (IT, 11¢) (—1).
Thus it suffices that

HY (RHompe (I, [1¢) (— 1)) # 0,

=Ext (I1,11°) (~1)
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which holds by definition of g. ]
Therefore to prove Theorem 4.2 it is sufficient to prove

max{i < d — 2 | H(II % RHom, (DA, A)) # 0}
=d—1+max{i < 0| Hompps(mea r) (%, %i]) # 0}.

For the proof, we prepare the following two lemmas.

Lemma 4.5. Let A be an algebra of global dimension at mostd — 1. Assume
for some j > 0 and some p < —1 we have

H(S;7,(A) =0 Vie{p,...,~1}.

Then
irq—(J+1 ~ TTE Q— _i .
(S, (A) = Hi(S;Y (7, A)) Vi > p.

Proof. Since A has global dimension < d — 1 an easy induction shows that
the functor S;”, preserves the left aisle DP(mod A)S? of the canonical ¢-
structure of D”(mod A). Therefore S;z 1A\ is in negative degrees and we can
consider the triangle

trunc<0(S;7, (A)) — S;7, (A) — HO(S;7,(A)) —,
M‘_/
=7, A

where trunc<’X is the usual truncation of the complex X. Applying S;El
to it we obtain the triangle

Sy (trune<0(S77 (M) — S7U T (A) — S (777 A) —

By assumption we have that trunc<0(S;z 1(A)) is concentrated in degrees

< p—1. Hence S; !, (trunc<°(S;?,(A))) is also concentrated in degrees <
p — 1. Thus the triangle gives the desired isomorphism of homologies. O

Lemma 4.6. Let A be an algebra of global dimension at most d — 1. The
following are equivalent:

(1) Vi € {p,...,—1} ¥j > 0: H(S;? (A)) = 0;and
(2) Vi€ {p,...,—1} ¥j > 0: H(S !, (r,7,A)) = 0.
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Proof. Condition (1) = (2) follows immediately from Lemma 4.5.
Condition (2) = (1) follows from Lemma 4.5 by induction on j. O

Now we are ready to prove Theorem 4.2.

L
Proof of Theorem 4.2. We first note that RHomp(DA,A)®y — is the
inverse Serre functor on D(mod A), and that IT is isomorphic to D,>o T A
as a A-module. Hence we get the following equivalences for £ < d — 2:

. L
H' (RHomy (DA, A) @, TI) =0 Vie {(,...,d—2}
—H(ESTH ) =0 Vie{l,...,d—2}

— H'(S™ 1(TflA))—o Vie{l,...,d—2}¥j>0
= H(S;! (1P A) =0 Vie{-d+1+(,...,—-1}¥j>0
= H(SUTVA) =0 Vie{-d+1+¢,...,—1}¥j>0

where the last equivalence is Lemma 4.6 for p = —d + 1 + /.
We may drop the restriction to non-negative 7, since S, (A) is concen-
trated in positive degrees for negative j. So we have

A L
H'(RHoma (DA A) @) =0 Vie{(,...,d—2}
—= H(S;7,(A) =0 Vie{-d+1+4...,~1}Vj
— Home(modA)(Ay %[Z]) =0 Vi€ {—d +1+4,..., —1}.
Therefore we get the equality
max{i < d — 2 | H(II % RHomy (DA, A)) # 0}
=d—14+max{i <0| Home(mOdA)(%,%[ i]) # 0},

which finishes the proof of Theorem 4.2. O
4.2. The self-injective case

The situation of Theorem 3.1 is especially nice when the Gorenstein
dimension g of the algebra II is 0, that is when II is self-injective. In that
case, we prove that the algebra II is the preprojective algebra of a (d — 1)-
representation finite algebra.

Definition 4.7 ([15, Definition 2.2; 16, Theorem 3.1]). A 7,;_;-algebra
A is said to be (d— 1)-representation finite if the subcategory % C
DP(mod A) is stable under the Serre functor, that is S% = % .
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Theorem 4.8. Let Il be a finite-dimensional self-injective positively graded
algebra which is bimodule stably (1)-twisted d-Calabi—Yau. Then A =Tl is a
(d — 1)-representation finite algebra and there is an isomorphism of graded
algebras II = T14(A).

In order to prove this result, we introduce a technical definition.

Definition 4.9 ([16]). Let A be a 74_1-finite algebra. We say that A has
the vanishing of small negative extensions property (vosnex for short) if

Home(modA)(OZ/,%[’i]) =0 Vie {—(d — 3), ceey —1}.

From Theorem 4.2, we immediately deduce the following result, giving
an equivalent but more transparent characterization of what it means for an
algebra to satisfy the vosnex property.

Corollary 4.10. In the setup of Theorem 3.1 the following are equivalent:

(a) the graded algebra II has Gorenstein dimension < 1,

(b) the algebra A =Tl has the vosnex property.

Using this corollary together with Theorem 3.1 and some results in [16],
we achieve the proof of Theorem 4.8.

Proof of Theorem 4.8. First note that an algebra is self-injective if and only
if it is Gorenstein of dimension 0. Moreover if II is self-injective, then it
clearly satisfies hypothesis (3) of Theorem 3.1. Hence Il is the d-preprojective
algebra of its degree zero part A. Moreover, by Iyama and Oppermann [16,
Corollary 3.7], the vosnex property implies that A is a (d — 1)-representation
finite algebra. O

5. Bimodule Calabi—Yau properties of preprojective algebras

Throughout this section k is assumed to be an algebraically closed field.

By a classical result due to Ringel [25], if @ is an acyclic quiver, the
2-preprojective algebra Il of the hereditary algebra kQ is the usual pre-
projective algebra of Q). If () is Dynkin, then it is well known that II is
self-injective, finite-dimensional and that modII is 2-Calabi—Yau.

On the other hand, if A is a m»-finite algebra of global dimension 2, its
preprojective algebra IT = II3(A) is the endomorphism algebra of a cluster-
tilting object in a 2-Calabi—Yau category [2, Theorem 4.10]. Hence by Keller
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and Reiten [20, Theorem 3.3], the algebra II is Gorenstein and the stable
category CM I is 3-Calabi—Yau.

More generally, if A is a 7;_1-finite algebra of global dimension d — 1, its
preprojective algebra IT = II4(A) is the endomorphsim algebra of a (d — 1)-
cluster-tilting object in a (d — 1)-Calabi-Yau category by Guo [9, Theo-
rem 4.9]. If moreover A is (d — 1)-representation finite, the stable category
mod T is d-Calabi-Yau by Iyama and Oppermann [16, Corollary 4.6] (see
also [5, Proposition 3.3]).

In this section, we prove that these Calabi-Yau properties can be
deduced from bimodule properties of the preprojective algebra. More pre-
cisely, we prove that in the above cases, the preprojective algebra satisfies
the properties (1)—(3) of Theorem 3.1.

5.1. Classical preprojective algebras

Let @ be an acyclic quiver. Then the 2-preprojective algebra Ily(kQ) =
Tro Ext,lﬂQ(DkQ, kQ) is given by the double quiver @, obtained from Q by
adding for any a: i—> j an arrow a : j — 4, with the preprojective relations:
> acQ, 4@ — aa. The functor 7 is isomorphic to the Auslander—Reiten trans-
lation of DP(mod kQ). Thus kQ is 7 -finite if and only if the quiver Q is of
Dynkin type.

Using this description, we prove the converse of Theorem 3.1 for the
case d = 2.

Theorem 5.1. Let A be a basic T -finite algebra of global dimension < 1.
Then the 2-preprojective algebra 11:=TIa(A) satisfies the following
properties:

(1) II is self-injective (=Gorenstein of dimension 0); and

(2) II is bimodule stably (1)-twisted 2-Calabi-Yau.

In particular, mod Il is a 2-Calabi—Yau category.

Note that the self-injectivity of II immediately implies that
Ethgr-He (IL, II°(¢)) vanishes for all ¢ and all j > 0, so condition (3) of Theo-
rem 3.1 is automatically satisfied.

Proof. Condition (1) is well known (see [7]).
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Denote by P, the first three terms of the minimal projective resolution
of IT as a graded II-bimodule. Then P, is of the following form:

d
P 1e; @ eT1(—1) — P (Tey(a) ® es@I(—1) & Meg(q) @ eg(q)TT)
1€Q0 a€Qq

dy
— @ Ile; ® e;11,
1€Qo

where the maps d; and do are given on components by

a—>1

dl : Het(a) &® es(a)H —>Ile; ® ;11

€t(a) ® €s(a) > ae; ® e; — €; ® ea

and

i—>a
d, : Ile; @ el — Het(a) & es(a)H @& Het(a) ® €S(a)H
e; ® e Z €; @ €5(q)a + Gey(q) @ €;

a, s(a)=t

([6, 26] for a non-graded version).

Then one easily checks that Homppe(dg,II°) = dy(1), that is
Hompre (Py,11¢)[2] 2 P,(1) in KP(gr-proj I1¢). Hence taking 2, one obtains
Homyye (I1, I1¢) 2 Q3 (I1)(1) in gr-II°, which implies (2) by Observation 3.2
(note that II is Cohen-Macaulay by (1)). O

5.2. The case d = 3

For the case d = 3, we use a result due to Keller which shows that any 3-
preprojective algebra is given by a quiver with potential. So we start by
recalling some definitions due to Ginzburg [10] and Derksen et al. [4].

Definition 5.2. Let @ be a quiver, and W a potential, that is a (possibly
infinite) linear combination of cycles in (). Then the associated Jacobian
algebra, is

J = Jac(Q, W) = kQ/(0.W | ¢ € Q1),

where l;@ is the completion of path algebra kQ, and 0, is the unique linear
map such that 9,p = > vu for a path p.

p=uav



640 Claire Amiot and Steffen Oppermann
Observation 5.3. Let (Q, W) be a quiver with potential. We have

kQo = J/Rad J, and
kQ1 = the kQo ® kQyP-module generated by the arrows of Q.

The complex

d2 dl
(5.1) @ Jes(a) ® et(a)J** @ Jet(a) & es(a)J** @ Je; ®e;d
a€Q1 a€Q: 1€Qo

is the beginning of a projective resolution of J as J°-module.
Here the maps are given on components by

a—>1

d, s Jeg(a) ®ega) — Jei @ e

€t(a) ® €s(a) T 0€; @ €5 — €; @ eia

—b
and d; = 0 W, where for a cyclic path p we define

Oap(P): Jes(a) ® ex(a)y] — Jegp) ® espy
€s(a) @ €x(a) Z €s(a)U2Et(b) & Cs(b)U3U1Ex(qa)

p=ujauzbus

+ Z s(a)U3U1CL () @ E5(p)U2€t(q)

p=uibusaus

Observation 5.4. Let II be a finite-dimensional algebra, and let {e; | i €
{1,...,n}} be a complete set of idempotents. Then

Ile; ® ejH—> Homyge (Hej ® e;11, He),

a1e; @ ejag — [blej ® ejby —— blejGQ ® aie;ba
is an isomorphism for any i,j € {1,...,n}.

Lemma 5.5. Let (Q,W) be a quiver with potential. Let a and b be two
arrows of Q.
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Then, with the identification of Observation 5.4,
Hom je (04,3 W, J¢) = Op o W.

Proof. 1t is enough to check this for a cyclic path p. More precisely, we have
to check that

i 0 Opa(p) = Hom e (9ap(p), J°) o4,

where ¢ is the isomorphism of Observation 5.4. This can be verified by a
straightforward calculation. O

There is a link between 3-preprojective algebras and Jacobian algebras
given by the following result.

Theorem 5.6 (18, Theorem 6.12(a)]). Let A be a basic finite-
dimensional algebra of global dimension < 2. Let Q be the quiver of A, and
let R be a minimal set of relations, such that A = kQ/(R) and such that R
is the disjoint union of sets representing a basis of the Ext?\—space between
any two simple A-modules.

Then there is an isomorphism T Ext3 (DA, A) = Jac(Q, W), where Q
is obtained by adding to @ an arrow a, : t(r)—s(r) for each r € R, and
W =3, crarr. The grading on Ty Ext3 (DA, A) is given by the arrows of
Q having degree 0, and the arrows corresponding to the relations having
degree 1.

Using Keller’s description of 2-preprojective algebras as Jacobian alge-
bras, we can prove the converse of Theorem 3.1 for the case d = 3.

Theorem 5.7. Let A be a mo-finite algebra of global dimension < 2. Let
II=Txy Ext%(DA,A) be the associated 3-preprojective algebra. Then

(1) II is Gorenstein of dimension < 1;

(2) II is bimodule stably (1)-twisted 3-Calabi-Yau; and

(3) Exti. (I, 11°()) = 0 for all i < 0 and all j > 0.
In particular, the category CMII is 3-Calabi—Yau.

We start by the following lemma which gives an equivalent condition for
(2) in terms of the second syzygy of II.
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Lemma 5.8. A finite-dimensional graded algebra of Gorenstein dimension
< 1 is bimodule stably (1)-twisted 3-Calabi—Yau if and only if there is an
isomorphism Hompe (0211, 11°) 2 Q2 TI(1) in gr-CMII°.

Proof. First note that since the Gorenstein dimension of I is < 1, QpeIl is
Cohen-Macaulay by Lemma 2.5. Therefore Q% (II) is also Cohen-Macaulay
and does not have any projective direct summands. Then we observe that

RHomy (IT, T1¢) [4] = TI(1)
<= RHomp (II[—2],11°) = I1[—2]
< Hompe (QFIL, 11°) = QF.TI(1) in gr-CM(II°)
= Hompe (I, T1°) = QF.T1(1) in gr-CM(TI°).

in gr-CM(II°)
(1) in gr-CM(II°)

The last equivalence holds since both Hompe (Q%.11,11°) and Q2 II(1) are
Cohen—Macaulay without projective summands. O

Proof of Theorem 5.7. Condition (1) holds by Keller and Reiten [20, Propo-
sition 2.1].

By Theorem 5.6, there exists a quiver with potential (Q, W) with an
isomorphism II & Jac(Q, W). We consider the graded version of the exact
sequence in (5.1), and its terms by

Py = @ Heg(q) @ eg(qyII(—1 + dega),

a€@1

P = @ Heg(q) ® eg(qyII(—dega), and
a€Q1

Py = @ Ile; ® BZH(O)
i€Qo

By Lemma 5.5, keeping track of the external grading, we have
(52) Homne (dg, He) = dg(l)

We denote (—)¥ = Homye (—, IT°). Since the Gorenstein dimension of II
is < 1, the cokernel of dy is Cohen—Macaulay, and we have an isomorphism

(Cokerds)" =2 Ker(dy ).
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Using (5.2) we get the following isomorphisms:

(QF.ID)Y = (Im dy)" = Coker((Coker dy)¥ — P))
>~ Coker(Ker(dy) = Py)
=~ Coker(Ker(dz(1)) = P(1))
~ Imdy(1) = Of 11 II(1).

Hence we get (2) by Lemma 5.8.

By (1), ExtJ;.(II,1I°) vanishes for j > 2.

Denote by N the maximal summand of QpIl without projective sum-
mands. The module N is Cohen—Macaulay and we have QpeIl =2 N @ P. The
projective module P is a summand of P; and the induced map P, — P van-
ishes. Since the arrows of degree 1 correspond to minimal relations of A, and
hence also to certain minimal relations of Tx Ext3 (DA, A), P is generated
in degree 0, that is P € add II¢(0).

Now since II is bimodule stably (1)-twisted 3-Calabi—Yau, we have iso-
morphisms

Homp (N, 11°) =2 QF. N (1) = Q3.II(1) in gr-CMII°

The right isomorphism holds since Q3.II does not have any projective sum-
mands.
Now we have

Exty, . (IL 11°(i)) = Homgy.qre (Qqre 11, T1°(3) )

= (Homne (QHeH, He))i

= (Homne (N, He))i D (HOHlHe (P, He))i
(Q3.10);11 © (Homppe (P, T1°));.

1

Now if ¢ < 0, (Hompre (P, I1°)); clearly vanishes since P, hence Homye (P, I1¢)
are generated in degree 0. Moreover since gl.dim A < 2 the minimal projec-
tive resolution of 1I is generated in strictly positive degrees from position 3
on, that is (Q§.II)<o vanishes and thus claim (3) here holds. O

5.3. The (d — 1)-representation finite case
Theorem 5.9. Let A be a (d — 1)-representation finite algebra. Then its d-

preprojective algebra I1 is finite-dimensional self-injective and stably bimod-
ule (1)-twisted d-Calabi—Yau. In particular, mod IT is d-Calabi-Yau.
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Proof. Finite-dimensionality and self-injectivity are proved in [16, Corol-
lary 3.4].

Let A be a (d — 1)-representation-finite algebra. Then the category %
is a (d — 1)-cluster tilting subcategory of DP(mod A), which satisfies % =
% |d — 1]. Moreover, the category DP(mod A) is an algebraic triangulated
category, that is it is equivalent to the stable category of some Frobenius
category. Hence we can apply Theorem 3.2 of [5] and we obtain an isomor-
phism

Qg_@}”//op (Homy (—, —)) = Homy (—, —[—d + 1])

in mod(% ® % °P) up to projective summands.
So we have the following isomorphisms in gr-II¢:

QEFL(IT) = @ Hompp (mod 4) (A, 8,1y A[=d +1])
i>0
= GB Hompp (mod ) (SA, S7TTA).

i>0
On the other hand

Hompye (IT, I1°) = Hompy(DII, IT)

= @ Homps (med a) (DA, SJLA)'
i€z

Combining these two isomorphisms, and observing that SA = DA, we
obtain Q%;H(H) =~ Hompye (IT, II°)(—1) in gr-TI°. Since II is self-injective, II
is Cohen-Macaulay, so II is bimodule stably (1)-twisted d-Calabi-Yau by
Observation 3.2. O

Remark 5.10. Let A be an algebra which is 74_;-finite and satisfying the
vosnex property. In [16], the authors prove that the algebra IT = IT4(A) is
Gorenstein of dimension < 1 and that the stable category CM II is d-Calabi—
Yau (Theorem 1.2(1)). It follows from the proof (see [16, Theorem 5.11])
that moreover the category of graded Cohen—Macaulay modules gr-CM II is
(1)-twisted d-Calabi—Yau.

Unfortunately, it is not clear from the proof that this Calabi—Yau prop-
erty comes from a bimodule property. So we cannot use the results in [16]
to prove a result similar to Theorem 5.9 in the case where the algebra II has
Gorenstein dimension 1.



Preprojective algebras and stably Calabi—Yau properties 645

Acknowledgments

Most work of this project was done during visits of the authors to each oth-
ers universities, funded respectively by Norwegian Research Council project
196600/V30 and the GDR Théorie de Lie algébrique et géométrique. The
first author is partially supported by the ANR project ANR-09-BLAN-0039-
02. Both authors thank Alex Dugas for helpful hints about his article [5].

References

[1] C. Amiot, Sur les petites catégories triangulées, Ph.D. thesis, 2008,
available at http://www-fourier.ujf-grenoble.fr/amiot/these.pdf.

[2] C. Amiot, Cluster categories for algebras of global dimension 2 and quiv-
ers with potential, Ann. Inst. Fourier (Grenoble) 59 (2009), 2525-2590.

[3] R.O. Buchweitz, Mazimal Cohen—Macaulay modules and Tate cohomol-
ogy over Gorenstein rings, 155 pages, 1987, unpublished manuscript.

[4] H. Derksen, J. Weyman, and A. Zelevinsky, Quivers with potentials and
their representations. I. Mutations, Selecta Math. (N.S.) 14(1) (2008),
59-119.

[5] A. Dugas, Periodicity of d-cluster-tilted algebras, J. Algebra 368 (2012),
40-52.

[6] K. Erdmann and N. Snashall, On Hochschild cohomology of preprojec-
tive algebras LII, J. Algebra 205(2) (1998), 391-412, 413-434.

[7] K. Erdmann and N. Snashall, Preprojective algebras of Dynkin type,
periodicity and the second Hochschild cohomology, in ‘Algebras and
modules IT (Geiranger, 1996)’, 183-193, CMS Conf. Proc., 24, Amer.
Math. Soc., Providence, RI, 1998.

[8] C.H. Eu and T. Schedler, Calabi-Yau Frobenius algebras, J. Algebra
321(3) (2009), 774-815.

[9] L. Guo, Cluster tilting objects in generalized higher cluster categories,
J. Pure Appl. Algebra 215(9) (2011), 2055-2071.

[10] V. Ginzburg, Calabi-Yau algebras, 2012, arXiv:math/0612139.

[11] D. Happel, Triangulated categories in the representation theory of finite-
dimensional algebras, Cambridge University Press, Cambridge, 1988.



646 Claire Amiot and Steffen Oppermann

[12] M. Herschend, O. Iyama and S. Oppermann, n-representation infinite
algebras Adv. Math. 252 (2014), 292-342.

[13] O. Iyama, Cluster-tilting for higher Auslander algebras, Adv. Math.
226(1) (2011), 1-61.

[14] O. Iyama and Y. Yoshino, Mutation in triangulated categories and rigid
Cohen—Macaulay modules, Invent. Math. 172(1) (2008), 117-168.

[15] O. Iyama and S. Oppermann, n-representation finite algebras and n-
APR tilting, Trans. Amer. Math. Soc. 363(12) (2011), 6575-6614.

[16] O. Iyama and S. Oppermann, Stable categories of higher preprojective
algebras, Adv. Math. 244 (2013), 23-68.

[17] B. Keller, Calabi-Yau triangulated categories, in ‘Trends in Representa-
tion Theory of Algebras and Related Topics’, 467-489, EMS Ser. Congr.
Rep., Eur. Math. Soc., Zurich, 2008.

[18] B. Keller, Deformed Calabi-Yau completions, with appendix by Michel
Van den Bergh, J. Reine Angew. Math. 654 (2011), 125-180.

[19] B. Keller and D. Vossieck, Sous les catégories dérivées (French)
(Beneath the derived categories) C. R. Acad. Sci., Paris Sér. I Math.
305(6) (1987), 225-228.

[20] B. Keller and I. Reiten, Cluster-tilted algebras are Gorenstein and stably
Calabi-Yau, Adv. Math. 211(1) (2007), 123-151.

[21] H. Minamoto, Ampleness of two-sided tilting complexes, Int. Math. Res.
Notices 2012(1) (2012), 67-101.

[22] 1. Mori, Problems in non commutative algebraic geometry and repre-
sentation theory, Series of Cong. Rep., Proc. ICRA XIV, 355-406, Eur.
Math. Soc., 2011.

[23] D. Orlov, Derived categories of coherent sheaves and triangulated cate-
gories of singularities, Algebra, arithmetic, and geometry: in honor of
Yu. I. Manin. IT, 503-531, Progr. Math., 270, Birkhauser Boston, Inc.,
Boston, MA, 2009.

[24] J. Rickard, Derived categories and stable equivalence, J. Pure Appl.
Algebra, 61(3) (1989), 303317.

[25] C.M. Ringel, The preprojective algebra of a quiver, (English summary),
in ‘Algebras and Modules, II (Geiranger, 1996)’, 467-480, CMS Conf.
Proc., 24, Amer. Math. Soc., Providence, RI, 1998.



Preprojective algebras and stably Calabi—Yau properties 647

[26] A. Schofield, Wild algebras with periodic Auslander—Reiten translate,
unpublished manuscript.

[27] Y. Yoshino, Cohen-Macaulay modules over Cohen—Macaulay rings,
London Math. Society Lecture Note Series, 146, Cambridge Univer-
sity Press, Cambridge, 1990.

INSTITUT FOURIER, UNIVERSITE JOSEPH FOURIER
100 RUE DES MATHEMATIQUES

38402 SAINT MARTIN D’HERES

FRANCE

E-mail address: Claire.Amiot@ujf-grenoble.fr

INSTITUTT FOR MATEMATISKE FAG, NTNU

7491 TRONDHEIM

NORWAY

E-mail address: steffen.oppermann@math.ntnu.no

RECEIVED OCTOBER 3, 2013







<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


