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SEQUENCES OF WEAK SOLUTIONS FOR FRACTIONAL
EQUATIONS

Giovanni Molica Bisci

Abstract. This work is devoted to study the existence of infinitely many weak solu-
tions to nonocal equations involving a general integrodifferential operator of fractional
type. These equations have a variational structure and we find a sequence of nontriv-

ial weak solutions for them exploiting the Z2-symmetric version of the Mountain Pass
Theorem. To make the nonlinear methods work, some careful analysis of the fractional
spaces involved is necessary. As a particular case, we derive an existence theorem for the

fractional Laplacian, finding nontrivial solutions of the equation{
(−Δ)su = f(x, u) in Ω,

u = 0 in IRn\Ω.

As far as we know, all these results are new and represent a fractional version of classical
theorems obtained working with Laplacian equations.

1. Introduction

In this paper, we obtain an existence result for the following nonlocal problem:

(P f
K)

{
−LKu = f(x, u) in Ω,

u = 0 in IRn\Ω.

Here and in the sequel, Ω is a bounded domain in (IRn, | · |) with n > 2s (where
s ∈ (0, 1)) and with smooth (Lipschitz) boundary ∂Ω, f : Ω̄ × IR → IR is a suitable
continuous function with subcritical growth and LK is the nonlocal operator defined
as follows:

LKu(x) :=
∫

IRn

(
u(x + y) + u(x− y)− 2u(x)

)
K(y)dy, (x ∈ IRn),

where K : IRn\{0} → (0, +∞) is a function with the properties that:

(k1) γK ∈ L1(IRn), where γ(x) = min{|x|2, 1};
(k2) There exists λ > 0 such that

K(x) ≥ λ|x|−(n+2s),

for any x ∈ IRn\{0};
(k3) K(x) = K(−x), for any x ∈ IRn\{0}.
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A typical example for the kernel K is given by K(x) := |x|−(n+2s). In this case LK

is the fractional Laplace operator defined as

−(−Δ)su(x) :=
∫

IRn

u(x + y) + u(x− y)− 2u(x)
|y|n+2s

dy, x ∈ IRn.

Recently, a great attention has been focused on the study of fractional and nonlo-
cal operators of elliptic type, both for the pure mathematical research and in view of
concrete real-world applications. This type of operators arises in a quite natural way
in many different contexts, such as, among the others, the thin obstacle problem, opti-
mization, finance, phase transitions, stratified materials, anomalous diffusion, crystal
dislocation, soft thin films, semipermeable membranes, flame propagation, conser-
vation laws, ultra-relativistic limits of quantum mechanics, quasi-geostrophic flows,
multiple scattering, minimal surfaces, materials science and water waves.

In this paper, exploiting classical variational methods, problem (P f
K) is studied

requiring that the associated energy functional satisfies a standard symmetry as-
sumption.

More precisely, we apply the Z2-symmetric version of the Mountain Pass Theorem
(briefly Z2-MPT) for even functionals (see [11, Theorem 9.12]) to this kind of equa-
tions motivated by the current literature where the MPT has been intensively applied
to find solutions to quasilinear elliptic equations; see [2, 10,11,18].

Technically, this approach is realizable checking that the associated energy func-
tional verifies the usual compactness Palais–Smale (PS) condition in a suitable vari-
ational setting developed in [14]. Indeed, the nonlocal analysis that we perform here
in order to use Mountain Pass Theorem is quite general and successfully exploited
for other goals in several recent contributions; see [4, 14, 15, 17] for an elementary
introduction to this topic and for a list of related references.

This functional analytical context is inspired by (but not equivalent to) the frac-
tional Sobolev spaces, in order to correctly encode the Dirichlet boundary datum in
the variational formulation.

Further, we suppose that the right-hand side of equation (P f
K) is a continuous odd

function f : Ω̄× IRn → IR verifying the following conditions:

(h1) There exist a1, a2 > 0 and q ∈ (2, 2∗), 2∗ := 2n
n−2s such that

|f(x, t)| ≤ a1 + a2|t|q−1,

for every x ∈ Ω̄, t ∈ IR;
(h2) There are two constants θ > 2 and r > 0 such that

0 < θF (x, t) ≤ tf(x, t),

for every x ∈ Ω̄, and |t| ≥ r,

where the function F is the primitive of f with respect to the second variable, that is

(1.1) F (x, t) :=
∫ t

0

f(x, s) ds, (∀ t ∈ IR).

Under the previous assumptions, we prove the existence of infinitely many weak
solutions to problem (P f

K); see Theorem 3.1. Note that the symmetry hypothesis on
f allows to remove any condition at zero.
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In the nonlocal framework, the simplest example we can deal with is given by the
fractional Laplacian, according to the following proposition.

Theorem 1.1. Let s ∈ (0, 1), n > 2s and Ω be an open bounded set of IRn with
Lipschitz boundary.

Consider the following equation:

(1.2)
∫

IRn×IRn

(u(x)− u(y))(ϕ(x)− ϕ(y))
|x− y|n+2s

dx dy =
∫

Ω

f(x, u(x)) ϕ(x) dx

for any ϕ ∈ Hs(IRn) with ϕ = 0 a.e. in IRn\Ω.
If f : Ω̄ × IR → IR is an odd continuous function verifying (h1) and (h2), then

problem (1.2) admits a sequence of infinitely many solutions {uj}j∈IN ⊂ Hs(IRn),
such that uj = 0 a.e. in IRn\Ω.

The above result is the fractional analogous of [11, Theorem 9.38] in which the
classical Dirichlet problem

(Df )

{
−Δu = f(x, u) in Ω,

u = 0 on ∂Ω,

is studied; see [18, Theorem 6.6]. We also cite [2, 10] where MPT (and some of its
variant) has been intensively applied to find solutions to quasilinear elliptic equations.

The plan of the paper is as follows; Section 2 is devoted to our abstract framework
and preliminaries. Successively, in Section 3 we give the main result; see Theorem 3.1.
Finally, a concrete example of application is presented in Example 3.6.

2. Abstract framework

In this subsection, we briefly recall the definition of the functional space X0, firstly
introduced in [13], and we give some notations. The reader familiar with this topic
may skip this section and go directly to the next one.

The functional space X denotes the linear space of Lebesgue measurable functions
from IRn to IR such that the restriction to Ω of any function g in X belongs to L2(Ω)
and

((x, y) 	→ (g(x)− g(y))
√

K(x− y)) ∈ L2
(
(IRn × IRn)\(CΩ× CΩ), dx dy

)
,

where CΩ := IRn\Ω.
We denote by X0 the following linear subspace of X

X0 :=
{
g ∈ X : g = 0 a.e. in IRn\Ω}

.

We remark that X and X0 are nonempty, since C2
0 (Ω) ⊆ X0 by [13, Lemma 11].

Moreover, the space X is endowed with the norm defined as

‖g‖X := ‖g‖L2(Ω) +
(∫

Q

|g(x)− g(y)|2K(x− y) dx dy

)1/2

,

where Q := (IRn × IRn)\O and O := (CΩ)× (CΩ) ⊂ IRn × IRn.
It is easily seen that ‖ · ‖X is a norm on X; see, for instance, [14] for a proof.
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By [14, Lemmas 6 and 7] in the sequel we can take the function

(2.1) X0 � v 	→ ‖v‖X0 :=
(∫

Q

|v(x)− v(y)|2K(x− y) dx dy

)1/2

as norm on X0.
Also (X0, ‖ · ‖X0) is a Hilbert space with scalar product

〈u, v〉X0 :=
∫

Q

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x− y) dx dy,

see [14, Lemma 7].
Note that in (2.1) (and in the related scalar product) the integral can be extended

to all IRn × IRn, since v ∈ X0 (and so v = 0 a.e. in IRn\Ω).
In what follows, we denote by λk be the k-th eigenvalue of the operator −LK with

homogeneous Dirichlet boundary data, namely the k-th eigenvalue of the problem

(2.2)

{
−LKu = λu in Ω
u = 0 in R

n\Ω.

The set of the eigenvalues of problem (2.2) consists of a sequence {λk}k∈IN with1

(2.3) 0 < λ1 < λ2 ≤ · · · ≤ λk ≤ λk+1 ≤ · · ·
and

λk → +∞ as k →∞.

Further, the following characterization holds:

λk = min
u∈Pk\{0X0}

∫
R2n |u(x)− u(y)|2 K(x− y) dx dy∫

Ω
u(x)2dx

,

where

(2.4) Pk :=
{

u ∈ X0 : 〈u, ej〉X0
= 0 ∀j = 1, . . . , k

}
.

Finally, the symbol E(λk) denotes the linear space of eigenfunctions correspond-
ing to λk. For the existence and the basic properties of these eigenvalues we refer
to [15, Proposition 9 and Appendix A], where a spectral theory for these general
integrodifferential nonlocal operators was developed. Further properties can be also
found in [12].

While for a general kernel K satisfying conditions from (k1) to (k3) we have that
X0 ⊂ Hs(IRn), in the model case K(x) := |x|−(n+2s) the space X0 consists of all the
functions of the usual fractional Sobolev space Hs(IRn) which vanish a.e. outside Ω;
see [17, Lemma 7].

Here Hs(IRn) denotes the usual fractional Sobolev space endowed with the norm
(the so-called Gagliardo norm)

‖g‖Hs(IRn) = ‖g‖L2(IRn) +
(∫

IRn×IRn

|g(x)− g(y)|2
|x− y|n+2s

dx dy

)1/2

.

1As usual, here we call λ1 the first eigenvalue of the operator −LK . This notation is justified
by (2.3). Notice also that some of the eigenvalues in the sequence

{
λk

}
k∈IN

may repeat, i.e., the

inequalities in (2.3) may be not always strict.
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Before concluding this subsection, we recall the embedding properties of X0 into the
usual Lebesgue spaces; see [14, Lemma 8].

The embedding j : X0 ↪→ Lν(IRn) is continuous for any ν ∈ [1, 2∗], while it is
compact whenever ν ∈ [1, 2∗), where 2∗ := 2n/(n − 2s). Hence, for any ν ∈ [1, 2∗]
there exists a positive constant cν such that

(2.5) ‖v‖Lν(IRn) ≤ cν‖v‖X0 for any v ∈ X0.

For further details on the fractional Sobolev spaces we refer to [4] and to the
references therein, while for other details on X and X0 we refer to [13], where these
functional spaces were introduced, and also to [12,14,15,17], where various properties
of these spaces were proved.

Finally, for the sake of completeness, we recall that a C1-functional J : E → IR,
where E is a real Banach space with topological dual E∗, satisfies the Palais–Smale
condition at level μ ∈ IR, (briefly (PS)μ) when:

(PS)μ Every sequence {uj}j∈IN in E such that

J(uj) → μ, and ‖J ′(uj)‖E∗ → 0,

as j →∞, possesses a convergent subsequence.
We say that J satisfies the Palais–Smale condition (in short (PS)) if (PS)μ holds for
every μ ∈ IR.

With the above notation, our main tool is the following classical result recalled in
a convenient form.

Theorem 2.1. Let E be an infinite-dimensional real Banach space and let J ∈
C1(E; IR) be even, satisfying the (PS) condition and J(0E) = 0. Suppose E = E1⊕E2,
where E1 is finite-dimensional and J satisfies:

(I1) There exist constant ρ, α > 0 such that

J(u) ≥ α,

for every u ∈ E2 and ‖u‖E = ρ.
(I2) For each finite-dimensional subspace W ⊂ E, the set

{u ∈ W : J(u) ≥ 0}
is bounded in E.

Then J has an unbounded sequence of critical values.

See [11, Theorem 9.12].
We cite the monograph [6] as general reference on variational methods adopted in
this paper.

3. The main theorem

Our result is as follows.

Theorem 3.1. Let s ∈ (0, 1), n > 2s and Ω be an open bounded set of IRn with
Lipschitz boundary and K : IRn\{0} → (0, +∞) be a map satisfying (k1)–(k3). In
addition, let f : Ω̄ × IR → IR be an odd continuous function verifying (h1) and (h2).
Then, problem (P f

K) possesses an unbounded sequence of weak solutions.
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We recall that a weak solution of problem (P f
K) is a function u ∈ X0 such that∫

Q

(
u(x)− u(y)

)(
ϕ(x)− ϕ(y)

)
K(x− y) dx dy

=
∫

Ω

f(x, u(x))ϕ(x) dx, ∀ ϕ ∈ X0.

For the proof of Theorem 3.1, we observe that problem (P f
K) has a variational

structure, indeed it is the Euler–Lagrange equation of the functional JK : X0 → IR
defined as follows:

(3.1) JK(u) :=
1
2

∫
Q

|u(x)− u(y)|2K(x− y) dx dy −
∫

Ω

F (x, u(x)) dx.

Note that the functional JK is Fréchet differentiable in u ∈ X0 and for any ϕ ∈ X0

one has

〈J ′K(u), ϕ〉 =
∫

Q

(
u(x)− u(y)

)(
ϕ(x)− ϕ(y)

)
K(x− y) dx dy −

∫
Ω

f(x, u(x))ϕ(x) dx.

Thus, critical points of JK are solutions to problem (P f
K). In order to find these

critical points, we will make use of Theorem 2.1. For this, we have to check that the
functional JK has a particular geometric structure and satisfies the PS compactness
condition.

3.1. Proof of Theorem 3.1. In order to prove our result, we apply (as claimed
before) Theorem 2.1 to the functional JK defined in (3.1). The conclusion of The-
orem 3.1 is equivalent to the assertion that JK admits an unbounded sequence of
critical points. Hence, let us start observing that, since f is odd in the second vari-
able i.e., f(x,−t) = −f(x, t), for every t ∈ IR, JK is even. Moreover, by definition,
JK(0X0) = 0.

In the next two lemmas, we shall verify the compactness (PS) condition.

Lemma 3.2. Every PS sequence for the functional JK is bounded in X0.

Proof. Let {uj}j∈IN ⊂ X0 be a PS sequence i.e.,

(3.2) JK(uj)→ μ,

for μ ∈ IR and

(3.3) ‖J ′K(uj)‖X∗
0

= sup
{∣∣〈 J ′K(uj), ϕ 〉

∣∣ : ϕ ∈ X0, ‖ϕ‖X0 = 1
}
→ 0,

as j →∞.
We argue by contradiction. So, suppose that the conclusion is not true. Passing to

a subsequence if necessary, we may assume that

‖uj‖X0 → +∞,

as j →∞.
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By definition it follows that

JK(uj)− 〈J
′
K(uj), uj〉

θ
=

(
1
2
− 1

θ

)∫
Q

|uj(x)− uj(y)|2K(x− y) dx dy

+
∫

Ω

[
f(x, uj(x))uj(x)

θ
− F (x, uj(x))

]
dx,

for every j ∈ IN.
Thus (

θ − 2
2θ

)
‖uj‖2X0

≤ JK(uj)− 〈J
′
K(uj), uj〉

θ

−
∫
|uj(x)|>r

[
f(x, uj(x))uj(x)

θ
− F (x, uj(x))

]
dx,

+ M meas(Ω), ∀ j ∈ IN,

where “ meas(Ω)” denotes the standard Lebesgue measure of Ω and

M := max
{∣∣∣∣f(x, t)t

θ
− F (x, t)

∣∣∣∣ : x ∈ Ω̄, |t| ≤ r

}
.

Now, we observe that, the Ambrosetti Rabinowitz condition yields∫
|uj(x)|>r

[
f(x, uj(x))uj(x)

θ
− F (x, uj(x))

]
dx ≥ 0.

So, we deduce that(
θ − 2
2θ

)
‖uj‖2X0

≤ JK(uj)− 〈J
′
K(uj), uj〉

θ
+ M meas(Ω),

for every j ∈ IN.
Then, for every j ∈ IN one has

C‖uj‖2X0
≤ JK(uj) + θ‖J ′K(uj)‖X∗

0
‖uj‖X0 + M meas(Ω),

where C := m0

(
θ−2
2θ

)
> 0.

In conclusion, dividing by ‖uj‖X0 and letting j → ∞, we obtain a contradiction.
�

The above Lemma implies that the C1-functional JK verifies the PS condition as
proved in the next result.

Lemma 3.3. The functional JK satisfies the compactness (PS) condition.

Proof. Let {uj}j∈IN ⊂ X0 be a PS sequence and, in order to simplifies the notations,
let us put

Φ(u) :=
1
2

∫
Q

|u(x)− u(y)|2K(x− y) dx dy,

for every u ∈ X0.
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Taking into account Lemma 3.2, the sequence {uj}j∈IN is necessarily bounded in
X0. Since X0 is reflexive, we may extract a subsequence that for simplicity we call
again {uj}j∈IN, such that uj ⇀ u∞ in X0. This means that∫

Q

(
uj(x)− uj(y)

)(
ϕ(x)− ϕ(y)

)
K(x− y) dx dy(3.4)

→
∫

Q

(
u∞(x)− u∞(y)

)(
ϕ(x)− ϕ(y)

)
K(x− y) dx dy,

for any ϕ ∈ X0, as j →∞.
We will prove that uj strongly converges to u∞ ∈ X0. Exploiting the derivative

J ′K(uj)(uj − u∞), we obtain

(3.5) 〈Φ′(uj), uj − u∞〉 = 〈J ′K(uj), uj − u∞〉+
∫

Ω

f(x, uj(x))(uj − u∞)(x) dx,

where

〈Φ′(uj), uj − u∞〉 =
∫

Q

|uj(x)− uj(y)|2K(x− y) dx dy

−
∫

Q

(
uj(x)− uj(y)

)(
u∞(x)− u∞(y)

)
K(x− y) dx dy.

Since ‖J ′K(uj)‖X∗
0
→ 0 and the sequence {uj − u∞} is bounded in X0, taking into

account that |〈J ′K(uj), uj − u∞〉| ≤ ‖J ′K(uj)‖X∗
0
‖uj − u∞‖X0 , one has

(3.6) 〈J ′K(uj), uj − u∞〉 → 0,

as j →∞.
At this point, we observe that, since the embedding X0 ↪→ Lq(Ω) is compact,

clearly uj → u∞ strongly in Lq(Ω). So by condition (h1), we easily obtain that

(3.7)
∫

Ω

|f(x, uj(x))||uj(x)− u∞(x)|dx → 0,

as j →∞.
By (3.5) relations (3.6) and (3.7) yield

(3.8) 〈Φ′(uj), uj − u∞〉 → 0,

as j →∞.
Hence by (3.8) we can write∫

Q

|uj(x)− uj(y)|2K(x− y) dx dy(3.9)

−
∫

Q

(
uj(x)− uj(y)

)(
u∞(x)− u∞(y)

)
K(x− y) dx dy → 0,

as j →∞.
Thus, by (3.9) and (3.4) it follows that

lim
j→∞

∫
Q

|uj(x)− uj(y)|2K(x− y) dx dy

=
∫

Q

|u∞(x)− u∞(y)|2 K(x− y) dx dy.



SEQUENCES OF WEAK SOLUTIONS FOR FRACTIONAL EQUATIONS 249

In conclusion, thanks to [3, Proposition III.30], uj → u∞ in X0. The proof is
complete. �

The proof of the main result is concluded if we prove that hypotheses (I1) and (I2)
in Theorem 2.1 are verified. We show these facts in the next two propositions.

Proposition 3.4. The functional JK satisfies condition (I1).

Proof. We claim that there exists k0 ∈ IN sufficiently large and two positive constants
ρ and α such that for every

u ∈ E2 :=
⊕
k≥k0

E(λk)
‖·‖X0

,

with ‖u‖X0 = ρ, there holds JK(u) ≥ α.
Indeed, since q ∈ (2, 2∗) one has

(3.10) ‖u‖q
Lq(Ω) ≤ ‖u‖β

L2(Ω)‖u‖q−β

L2∗ (Ω)
, (∀u ∈ X0),

where we set β := 2
(

2∗−q
2∗−2

)
; see, for instance, [1, p. 105].

Now, let us denote by {ek}k∈IN the sequence of eigenfunctions. By [15, Proposition 9
and Appendix A], we have that the sequence {ek}k∈IN is an orthonormal basis of L2(Ω)
and an orthogonal basis of X0.

More precisely, for every k ∈ IN one has

(3.11) 〈ek, ek〉X0 = λk

∫
Ω

ek(x)2dx = λk,

and

(3.12) 〈ei, ej〉X0 =
∫

Q

(
ei(x)− ei(y)

)(
ej(x)− ej(y)

)
K(x− y) dx dy = δj

i

for all i, j ∈ IN.
If u ∈ E2, u =

∑+∞
j=k0

βjej , for suitable βj ∈ IR, where j ∈ IN and j ≥ k0. Hence,
by using (3.11) and (3.12) one has

‖u‖2L2(Ω) =
+∞∑
j=k0

β2
j

∫
Ω

ej(x)2dx =
+∞∑
j=k0

β2
j

λj
〈ej , ej〉X0 ≤

1
λk0

‖u‖2X0
,

i.e.,

(3.13) ‖u‖L2(Ω) ≤ 1√
λk0

‖u‖X0 ,

for each u ∈ E2.
By the growth condition (h1) there is a positive constants C1 such that

|F (x, ξ)| ≤ C1(1 + |t|q),
for every x ∈ Ω̄, ξ ∈ IR.
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Then, by (3.10), (3.13) and using the Sobolev’s embedding X0 ↪→ L2∗
(Ω) we have

JK(u) ≥ ‖u‖2X0

2
− C1‖u‖q

Lq(Ω) − C1 meas(Ω)

≥ ‖u‖2X0

2
− C1‖u‖β

L2(Ω)‖u‖q−β

L2∗ (Ω)
− C1 meas(Ω)

≥ ‖u‖2X0

2
− C1

cq−β
2∗

λ
β/2
k0

‖u‖q
X0
− C1 meas(Ω)

≥
(

1
2
− C1

cq−β
2∗

λ
β/2
k0

‖u‖q−2
X0

)
‖u‖2X0

− C1 meas(Ω),

for every u ∈ E2.
We may let ρ := 2

√
C1 meas(Ω) + 1 and choose k0 ∈ IN such that

λk0 ≥
(
2qC1c

q−β
2∗ (C1 meas(Ω) + 1)(q−2)/2

)2/β

,

to achieve that
JK(u) ≥ 1, (α := 1)

for every u ∈ E2 and ‖u‖E = ρ.
Hence, condition (I1) is verified. The proof is complete. �

Proposition 3.5. The functional JK satisfies condition (I2).

Proof. Let W ⊂ X0 be a finite-dimensional space. We prove the set

{u ∈ W : JK(u) ≥ 0}
is bounded in X0.

Indeed, let u ∈ X0 arbitrary and denote

Ω< := {x ∈ Ω : |u(x)| < r},
as well as

Ω≥ := {x ∈ Ω : |u(x)| ≥ r}.
We shall prove that JK satisfies the following estimate:

(3.14) JK(u) ≤ ‖u‖2X0

2
−

∫
Ω

γ(x)|u(x)|θdx + κ,

where κ is a suitable positive constant and γ ∈ L∞(Ω), with γ > 0 in Ω.
To show the above inequality, let us start observing that by (h1), as pointed out

before, the function F satisfies

(3.15) |F (x, ξ)| ≤ C1(1 + |ξ|q), ∀x ∈ Ω̄, ∀ ξ ∈ IR.

We claim that there exists γ ∈ L∞(Ω), γ > 0 in Ω, such that

(3.16) F (x, ξ) ≥ γ(x)|ξ|θ, ∀x ∈ Ω̄, ∀ |ξ| ≥ r.
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Indeed, since F is θ-superhomogeneous, we have that

F (x, ξ) ≥ γ1(x)|ξ|θ, ∀x ∈ Ω̄, ∀ ξ ≥ r,

where γ1(x) := F (x, r)/rθ. It is easy to see that γ1 ∈ L∞(Ω) and γ1 > 0 in Ω.
In a similar way, it follows that

F (x, ξ) ≥ γ2(x)|ξ|θ, ∀x ∈ Ω̄, ∀ ξ ≤ −r,

with γ2(x) := F (x,−r)/rθ. Also in this case γ2 ∈ L∞(Ω) and γ2 > 0 in Ω.
Then (3.16) holds with

γ(x) := min{γ1(x), γ2(x)},
for every x ∈ Ω̄.

Now, by condition (3.15) we conclude that∫
Ω<

F (x, u(x)) dx ≥ −C1(rq + 1) meas (Ω).

Further, inequality (3.16) yields∫
Ω≥

F (x, u(x)) dx ≥
∫

Ω≥
γ(x)|u(x)|θdx.

Then

JK(u) ≤ ‖u‖2X0

2
−

(∫
Ω<

F (x, u(x)) dx +
∫

Ω≥
F (x, u(x)) dx

)

≤ ‖u‖2X0

2
−

∫
Ω≥

γ(x)|u(x)|θdx + C1(rq + 1) meas (Ω)

≤ ‖u‖2X0

2
−

∫
Ω

γ(x)|u(x)|θdx + κ,

where
κ := (‖γ‖∞rθ + C1(rq + 1)) meas (Ω).

Hence, inequality (3.14) is proved.
At this point, observe that the functional ‖ · ‖γ : X0 → IR defined by

‖u‖γ :=
(∫

Ω

γ(x)|u(x)|θdx

)1/θ

,

is a norm in X0.
Since in W the norms ‖ · ‖X0 and ‖ · ‖γ are equivalent (W is finite-dimensional),

there exists a positive constant κW such that

‖u‖X0 ≤ κW ‖u‖γ ,

for every u ∈ X0.
Consequently, we have that

JK(u) ≤ κ2
W

2
‖u‖2γ − ‖u‖θ

γ + κ,

for every u ∈ W .
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Hence
κ2

W

2
‖u‖2γ − ‖u‖θ

γ + κ ≥ 0,

for every
u ∈ {u ∈W : JK(u) ≥ 0}.

Since θ > 2 we conclude that the above set is bounded in X0. �

Proof of Theorem 3.1 concluded. With the above notations, we can write

X0 = E1 ⊕ E2,

where E1, given by Span{ej : j < k0}, is the orthogonal complement of E2. Thanks
to Lemma 3.3 and Propositions 3.4 and 3.5, Theorem 2.1 implies that the functional
JK possesses an unbounded sequence of critical value {JK(uk)}k∈IN, where uk is a
weak solution of (P f

K). Since J ′K(uk)(uk) = 0,

(3.17)
∫

Q

|uk(x)− uk(y)|2K(x− y) dx dy =
∫

Ω

f(x, uk(x)) dx,

and it follows that

(3.18) JK(uk) =
∫

Ω

[
1
2
f(x, uk(x))uk(x)− F (x, uk(x))

]
dx → +∞,

as k → ∞. Hence by (3.17) and (3.18) and (h2), the sequence {uk}k∈IN must be
unbounded in X0 and in L∞(Ω). The proof is complete. �

In conclusion, we present a simple and direct application of Theorem 3.1.

Example 3.6. Let s ∈ (0, 1), n > 2s and Ω be an open bounded set of IRn with
Lipschitz boundary and consider the following nonlocal problem:

(PK)

{
−LKu = u3 + u in Ω,

u = 0 in IRn\Ω,

where K : IRn\{0} → (0, +∞) is a map satisfying (k1)–(k3).
Owing to Theorem 3.1, problem (PK) admits infinitely many weak solutions.

For completeness we also cite the recent papers [5, 7–9, 16] for some results on
elliptic fractional problems.
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Dipartimento P.A.U., Università degli Studi “Mediterranea” di Reggio Calabria, Salita

Melissari – Feo di Vito, 89100 Reggio Calabria, Italy
E-mail address: gmolica@unirc.it





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


