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SEQUENCES OF WEAK SOLUTIONS FOR FRACTIONAL
EQUATIONS

GIOVANNI MoLICA BISCI

ABSTRACT. This work is devoted to study the existence of infinitely many weak solu-
tions to nonocal equations involving a general integrodifferential operator of fractional
type. These equations have a variational structure and we find a sequence of nontriv-
ial weak solutions for them exploiting the Zs-symmetric version of the Mountain Pass
Theorem. To make the nonlinear methods work, some careful analysis of the fractional
spaces involved is necessary. As a particular case, we derive an existence theorem for the
fractional Laplacian, finding nontrivial solutions of the equation

(=A)Su = f(xz,u) inQ,

u=0 in R™\Q.
As far as we know, all these results are new and represent a fractional version of classical
theorems obtained working with Laplacian equations.

1. Introduction
In this paper, we obtain an existence result for the following nonlocal problem:
f —Lrgu= f(x,u) in Q,
(Pk) B o
u=20 in IR™\Q.

Here and in the sequel, © is a bounded domain in (IR",|-|) with n > 2s (where
s € (0,1)) and with smooth (Lipschitz) boundary 9Q, f : @ x IR — IR is a suitable
continuous function with subcritical growth and Ly is the nonlocal operator defined
as follows:

Lru(z) := / ) (U(ﬂc +y) +u(r—y) - 2U(m))K(y)dy, (z € R"),

where K : IR"\{0} — (0, +00) is a function with the properties that:

(k1) 7K € L'(IR™), where y(x) = min{|z[?, 1};
(k2) There exists A > 0 such that

K(z) > Az|~ (29,

for any x € R™\{0};
(ks) K(x) = K(—x), for any x € R"\{0}.
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A typical example for the kernel K is given by K (z) := |=|~("*2%) In this case Lx
is the fractional Laplace operator defined as

—(=A)u(x) = / u(@ +y) +uz —y) — 2u(z)

Ve

Recently, a great attention has been focused on the study of fractional and nonlo-
cal operators of elliptic type, both for the pure mathematical research and in view of
concrete real-world applications. This type of operators arises in a quite natural way
in many different contexts, such as, among the others, the thin obstacle problem, opti-
mization, finance, phase transitions, stratified materials, anomalous diffusion, crystal
dislocation, soft thin films, semipermeable membranes, flame propagation, conser-
vation laws, ultra-relativistic limits of quantum mechanics, quasi-geostrophic flows,
multiple scattering, minimal surfaces, materials science and water waves.

dy, x€IR"

n

In this paper, exploiting classical variational methods, problem (P};) is studied
requiring that the associated energy functional satisfies a standard symmetry as-
sumption.

More precisely, we apply the Zo-symmetric version of the Mountain Pass Theorem
(briefly Zo-MPT) for even functionals (see [11, Theorem 9.12]) to this kind of equa-
tions motivated by the current literature where the MPT has been intensively applied
to find solutions to quasilinear elliptic equations; see [2,10,11,18].

Technically, this approach is realizable checking that the associated energy func-
tional verifies the usual compactness Palais—Smale (PS) condition in a suitable vari-
ational setting developed in [14]. Indeed, the nonlocal analysis that we perform here
in order to use Mountain Pass Theorem is quite general and successfully exploited
for other goals in several recent contributions; see [4,14,15,17] for an elementary
introduction to this topic and for a list of related references.

This functional analytical context is inspired by (but not equivalent to) the frac-
tional Sobolev spaces, in order to correctly encode the Dirichlet boundary datum in
the variational formulation.

Further, we suppose that the right-hand side of equation (PIJ;) is a continuous odd
function f: Q x IR™ — IR verifying the following conditions:

(h1) There exist a,a2 >0 and q € (2,2%), 2* := n2_”28 such that

|f(z,t)] < a1+ asft|!™",

for every x € Q, t € IR;
(ha) There are two constants 6 > 2 and r > 0 such that

0 < OF (2,1) < tf(x,8),
for every x € Q, and |t| > 7,

where the function F' is the primitive of f with respect to the second variable, that is

(1.1) F(x,t) :—/0 f(z,s)ds, (VtelR).

Under the previous assumptions, we prove the existence of infinitely many weak
solutions to problem (P};); see Theorem 3.1. Note that the symmetry hypothesis on
f allows to remove any condition at zero.
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In the nonlocal framework, the simplest example we can deal with is given by the
fractional Laplacian, according to the following proposition.

Theorem 1.1. Let s € (0,1), n > 2s and Q be an open bounded set of R"™ with
Lipschitz boundary.
Consider the following equation:

(ule) —ul) (@) — o) , [
wy [ et dady = [ f(o.ul@) plo)d

for any ¢ € H*(IR"™) with ¢ =0 a.e. in R™\Q.
If f : QxR — R is an odd continuous function verifying (hi) and (hs), then

problem (1.2) admits a sequence of infinitely many solutions {u;};e;:v C H*(IR™),
such that u; =0 a.e. in IR™\Q.

The above result is the fractional analogous of [11, Theorem 9.38] in which the
classical Dirichlet problem

(Dy)

—Au = f(z,u) in Q,
u=0 on 0f),

is studied; see [18, Theorem 6.6]. We also cite [2,10] where MPT (and some of its
variant) has been intensively applied to find solutions to quasilinear elliptic equations.

The plan of the paper is as follows; Section 2 is devoted to our abstract framework
and preliminaries. Successively, in Section 3 we give the main result; see Theorem 3.1.
Finally, a concrete example of application is presented in Example 3.6.

2. Abstract framework

In this subsection, we briefly recall the definition of the functional space Xy, firstly
introduced in [13], and we give some notations. The reader familiar with this topic
may skip this section and go directly to the next one.

The functional space X denotes the linear space of Lebesgue measurable functions
from IR™ to IR such that the restriction to  of any function g in X belongs to L?(Q)
and

((z,9) = (9(z) = gW)VE(z — ) € L*((IR" x R™)\(CQ x CQ), dz dy),

where CQ := IR"\Q.
We denote by Xy the following linear subspace of X

Xo = {g €X:g=0ae. in ]R”\Q}

We remark that X and Xy are nonempty, since C3(Q)) C X, by [13, Lemma 11].
Moreover, the space X is endowed with the norm defined as

1/2
lgllx = gl ey + ( /Q 9(2) — 9(y)PE (x — ) dx dy) ,

where @ := (IR" x IR")\O and O := (CN) x (CN) C R" x R".

It is easily seen that || - || x is a norm on X; see, for instance, [14] for a proof.
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By [14, Lemmas 6 and 7] in the sequel we can take the function

1/2
(2.1) X050 [olx, = ( /Q lo(z) — v(y)PK(z — y)da dy)

as norm on Xj.
Also (Xo, || - ||x,) is a Hilbert space with scalar product

(1, 0) x, = /Q (u() — u(y)) (v(z) — v()) Kz — y) dz dy,

see [14, Lemma 7).

Note that in (2.1) (and in the related scalar product) the integral can be extended
to all IR" x IR", since v € X (and so v = 0 a.e. in R™\Q).

In what follows, we denote by A\, be the k-th eigenvalue of the operator —Lx with
homogeneous Dirichlet boundary data, namely the k-th eigenvalue of the problem
{—E Ku=Au 1in

(2.2) .
u=20 in R™\Q.

The set of the eigenvalues of problem (2.2) consists of a sequence {\ }rew with?

(2.3) O0< A <A< S A< A1 <0

and
A — +0o0 as k — oo.

Further, the following characterization holds:

fRQ,,L u(x) — u(y)|2 K(z —vy)dxdy

AL = i
k UGPRI{%XO} fQ U($)2dl'
where
(2.4) Pk::{uEXO:(u,ej>X0:0 ijl,...,k:}.

Finally, the symbol E(\;) denotes the linear space of eigenfunctions correspond-
ing to A;. For the existence and the basic properties of these eigenvalues we refer
to [15, Proposition 9 and Appendix A], where a spectral theory for these general
integrodifferential nonlocal operators was developed. Further properties can be also
found in [12].

While for a general kernel K satisfying conditions from (k1) to (ks) we have that
Xy C H*(IR™), in the model case K (z) := |z|~("*2%) the space X, consists of all the
functions of the usual fractional Sobolev space H*(IR") which vanish a.e. outside €;
see [17, Lemma 7].

Here H*(IR"™) denotes the usual fractional Sobolev space endowed with the norm
(the so-called Gagliardo norm)

) — 2 1/2
ol = olsey + ([ D=0 gpy)

RrxRe T —y|"T2

LAs usual, here we call A1 the first eigenvalue of the operator —L . This notation is justified
by (2.3). Notice also that some of the eigenvalues in the sequence {Ak}ke]N may repeat, i.e., the

inequalities in (2.3) may be not always strict.
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Before concluding this subsection, we recall the embedding properties of X into the
usual Lebesgue spaces; see [14, Lemma 8|.

The embedding j : Xy — LY(IR") is continuous for any v € [1,2*], while it is
compact whenever v € [1,2%), where 2* := 2n/(n — 2s). Hence, for any v € [1,2%]
there exists a positive constant ¢, such that

(2.5) ||U||LV(IRTL) < ¢ylv]|x, for any v € Xj.

For further details on the fractional Sobolev spaces we refer to [4] and to the
references therein, while for other details on X and X, we refer to [13], where these
functional spaces were introduced, and also to [12,14,15,17], where various properties
of these spaces were proved.

Finally, for the sake of completeness, we recall that a C'-functional J : E — IR,
where F is a real Banach space with topological dual E*, satisfies the Palais—Smale
condition at level p € R, (briefly (PS),) when:

(PS),, Every sequence {u;}jen in E such that
J(uj) = p, and || (w))[|- — 0,

as j — o0, possesses a convergent subsequence.

We say that J satisfies the Palais-Smale condition (in short (PS)) if (PS), holds for
every u € RR.

With the above notation, our main tool is the following classical result recalled in
a convenient form.

Theorem 2.1. Let E be an infinite-dimensional real Banach space and let J €
CH(E;R) be even, satisfying the (PS) condition and J(0g) = 0. Suppose E = E1® E»,
where Fq is finite-dimensional and J satisfies:

(I1) There exist constant p,o > 0 such that
J(u) > a,

for every u € Ey and ||ullg = p.
(I2) For each finite-dimensional subspace W C E, the set

{ue W:J(u) >0}
1s bounded in E.
Then J has an unbounded sequence of critical values.
See [11, Theorem 9.12].

We cite the monograph [6] as general reference on variational methods adopted in
this paper.

3. The main theorem

Our result is as follows.

Theorem 3.1. Let s € (0,1), n > 2s and Q be an open bounded set of R"™ with
Lipschitz boundary and K : R"\{0} — (0,+00) be a map satisfying (k1)-(ks). In
addition, let f : Q x R — IR be an odd continuous function verifying (hi) and (hs).
Then, problem (P};) possesses an unbounded sequence of weak solutions.
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We recall that a weak solution of problem (Pff() is a function v € X such that
(0~ u) (60) — ) K ) vy
= /Qf(w,u(x))go(x) dz, Y ¢ € Xy.

For the proof of Theorem 3.1, we observe that problem (PIJ;) has a variational
structure, indeed it is the Euler—Lagrange equation of the functional Jx : Xg — R
defined as follows:

(3.1) T (u) :;/Q|u(x)u(y)|2K(acy)dacdy/QF(x,u(x))dﬂc

Note that the functional Jg is Fréchet differentiable in u € Xy and for any ¢ € X
one has

Uil = [

(1) ~ ulo) (o) ~ P K (&~ y) dody — [ Fa,ula))pla) da.
@ Q

Thus, critical points of Jg are solutions to problem (PIJ;) In order to find these
critical points, we will make use of Theorem 2.1. For this, we have to check that the
functional Jg has a particular geometric structure and satisfies the PS compactness
condition.

3.1. Proof of Theorem 3.1. In order to prove our result, we apply (as claimed
before) Theorem 2.1 to the functional Jx defined in (3.1). The conclusion of The-
orem 3.1 is equivalent to the assertion that Jx admits an unbounded sequence of
critical points. Hence, let us start observing that, since f is odd in the second vari-
able i.e., f(z,—t) = —f(x,t), for every t € IR, Ji is even. Moreover, by definition,
Jr(0x,) = 0.

In the next two lemmas, we shall verify the compactness (PS) condition.

Lemma 3.2. Every PS sequence for the functional Jg is bounded in X.

Proof. Let {u;};en C Xo be a PS sequence i.e.,

for p € IR and
(83)  Iicw)llxs = s {|(Jk(w).9)] = ¢ € Xo, Igllx, =1} =0,
as j — o0.

We argue by contradiction. So, suppose that the conclusion is not true. Passing to
a subsequence if necessary, we may assume that

||Uj||X0 — +00,

as j — 00.
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By definition it follows that

i) = (5-3) [ bnse) = w Kt ) dody

+/Q {f(%uj(ﬂf))uj(ﬂf) _F(x’uj(x))] dz,

i (ug) —

0

for every j € IN.
Thus

<92_2) %, < Twe(uz) — %(Uoﬂ

B flaui@)ui@)  pe oW g
Lo Fla )| do
+ M meas(Q2), VjeN,

where “meas(£2)” denotes the standard Lebesgue measure of € and

M := max { ’ f(xe’ D e

::I:EQ,|1€|§T}.

Now, we observe that, the Ambrosetti Rabinowitz condition yields

/|uj($)|>r [f(a:,w(:v))uj'(:r) B F(m,uj(x))] P

0

So, we deduce that

_9 ()
(%577 ) sl < i) = L0 4 A mease)

for every j € IN.
Then, for every j € IN one has
Cllujl%, < Ji(ug) + 015 (u)) | xz 5] x, + M meas(£2),

where C :=my (‘92;02) > 0.

247

In conclusion, dividing by |u;[/x, and letting j — oo, we obtain a contradiction.

0

The above Lemma implies that the C'-functional Jg verifies the PS condition as

proved in the next result.

Lemma 3.3. The functional Ji satisfies the compactness (PS) condition.

Proof. Let {u;}jenw C Xo be a PS sequence and, in order to simplifies the notations,

let us put
v = 5 [ 1) u(0) K ) ddy

for every u € Xj.
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Taking into account Lemma 3.2, the sequence {u;};en is necessarily bounded in
Xp. Since X is reflexive, we may extract a subsequence that for simplicity we call
again {u;} e, such that u; — us in Xo. This means that

(3.4) /Q (u;(2) — u; (1) (o) — o)) K (& — y) da dy

=/, (uoo () — s (1)) (@(2) — 9(y)) K (z — y) dz dy,

for any ¢ € Xy, as j — oc.
We will prove that u; strongly converges to u., € Xg. Exploiting the derivative
Ji (uj)(uj — uso ), we obtain

(3.5)  (@'(uy),uy — ueo) = (T (u5), uj — ueo) + /Q f(@,u;(@))(uj — uso) (@) da,
where

(B (1), 15 — ) = /Q i () — s ()P K (& — ) der dy

- /Q (uy(@) — w4y (9)) (11 () — e (4)) K (& — ) drdy.

Since [|Jj (u;)[|x; — 0 and the sequence {u; — us } is bounded in Xy, taking into
account that |(Ji(u;), uj — teo)| < [ Jfe (uy)llxg [luj — ool x,, one has
(3.6) (Jie (u), w5 — tios) — 0,

as j — 00.
At this point, we observe that, since the embedding Xy — L9(2) is compact,
clearly u; — s strongly in L9(£2). So by condition (hi), we easily obtain that

(3.7) / [ (@, uj (2))[Ju(2) = oo (x)]dz — 0,
Q

as j — o0.

By (3.5) relations (3.6) and (3.7) yield
(3.8) (@(u)), 45 — usc) — 0,
as j — o00.

Hence by (3.8) we can write
69 [ @ - uwPKE -y dedy

Q

— /Q (u](:t) —uj (y)) (uoo(:v) — uoo(y)) K(x —y)dxdy — 0,

as j — 00.
Thus, by (3.9) and (3.4) it follows that

jlim luj(z) —u;(y) P K(z — y) dz dy
— 00 Q

- / oo (@) — oo () K (& — y) de dy.
Q
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In conclusion, thanks to [3, Proposition II1.30], u; — us in Xo. The proof is
complete. 0

The proof of the main result is concluded if we prove that hypotheses (I7) and (I3)
in Theorem 2.1 are verified. We show these facts in the next two propositions.

Proposition 3.4. The functional Jx satisfies condition (Iy).

Proof. We claim that there exists ky € IN sufficiently large and two positive constants
p and « such that for every

——II'lx
we B =@ EN)
k>ko
with ||u||x, = p, there holds Jx (u) > a.
Indeed, since ¢ € (2,2*) one has
(3.10) el 00y < lullfa @ lulf2fq)  (Yu € Xo),

where we set 8 := 2(3:—:3); see, for instance, [1, p. 105].

Now, let us denote by {ex } ..y the sequence of eigenfunctions. By [15, Proposition 9
and Appendix A], we have that the sequence {€y}, cqy is an orthonormal basis of L*(€2)
and an orthogonal basis of Xj.

More precisely, for every k € IN one has

(3.11) <€k, €k>X0 = )\k /Q 6k(l')2dx = )\k,

and

(3.12) (eires)xo = / (ei(@) = eiy)) (e (@) — ¢;(y)) K (z — y) dw dy = 5]
Q

for all 7,5 € IN.
Ifue FEy, u= ijozo Bje;, for suitable 3; € IR, where j € IN and j > kg. Hence,
by using (3.11) and (3.12) one has

) +oo ) ) +oo ﬁZ 1 )
ey = 3 82 [ estaPdo = Y Llesesn, < 5l
j:ko Q ]:kO J ko
ie.,
1
(3.13) ey < ——lullx,.
v/ Ak

for each u € E>.
By the growth condition (hy) there is a positive constants Cy such that

[F(z,6)] < Cr(1 +[t]%),

for every z € , £ € IR.
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Then, by (3.10), (3.13) and using the Sobolev’s embedding Xy < L (Q) we have

; Jul, .
) = X — CyfJulld o) — Oy meas(©)

[Jull% -
> TO _ C’1Hu||€2(9)||u|\qpf(m — C1 meas(9)

[l 3 a0
> %~ )k, - Crmeas(©)

)\ko
1 6‘21:5 o2 )
2 5 B Cl )\5/2 ||u||Xo ||uHXO - Cl Ineas(Q),
ko

for every u € FEs.
We may let p := 2,/C} meas(€2) + 1 and choose kg € IN such that

2/p
Ay > (2‘10103:5(01 meas(Q) + 1)(‘1*2)/2) ,

to achieve that

for every u € Ey and |jul|g = p.
Hence, condition ([;) is verified. The proof is complete. O

Proposition 3.5. The functional Ji satisfies condition (I3).
Proof. Let W C X be a finite-dimensional space. We prove the set
{u e W: Jg(u) >0}

is bounded in Xj.
Indeed, let u € X arbitrary and denote

Qe :={z € Q:|ulz)| <r},

as well as
Qs :={z e Q:|u(z)| >r}.

We shall prove that Jg satisfies the following estimate:

(3.14) Jr(u) < ”u!XO - /Q'y(x)u(x)|‘9da: + K,

where & is a suitable positive constant and v € L*°(£2), with v > 0 in Q.
To show the above inequality, let us start observing that by (hy), as pointed out
before, the function F' satisfies

(3.15) [F(z, )] < Ci(1+[¢g]7), YVreQ VEER.
We claim that there exists v € L>(£2), v > 0 in €, such that
(3.16) F(z,8) 2 v()|€]’, Ve eQ Vg >
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Indeed, since F' is #-superhomogeneous, we have that
F(z,8) 2 m(@)¢)’, VYee veEzr

where v, (x) := F(z,7)/r?. Tt is easy to see that v; € L>(Q) and y; > 0 in Q.
In a similar way, it follows that

F(z,€) > 72(2)[¢’, YzeQ VEL —r,

with 42 (z) := F(z, —r)/r’. Also in this case o € L>(Q) and v, > 0 in €.
Then (3.16) holds with

V(@) = min{y (), 72(2)},
for every = € Q.
Now, by condition (3.15) we conclude that

/ F(x,u(z))dx > —Cq(r? + 1) meas ().
Q<
Further, inequality (3.16) yields

0
/Q> F(z,u(x))dx Z/Q ~(z)|u(z)| dz.

>

Then
lull%,
Jr(u) < - F(x,u(z))dx + F(x,u(x))dx
Qc SZZ

lull%, 0 g )

< — y(z)|u(x)|”dx + C1(r? 4+ 1) meas ()

, >
<o [ @t + x
Q
where

K= (||7||oo7°9 + C1(r? + 1)) meas ().

Hence, inequality (3.14) is proved.
At this point, observe that the functional | - ||, : Xo — IR defined by

1/6
ol = ( / v(x)IU(w)Igdx> ,
is a norm in Xj.

Since in W the norms | - ||x, and || - ||, are equivalent (W is finite-dimensional),
there exists a positive constant ky such that

[ullxo < mwllully,

for every u € Xj.
Consequently, we have that

2
K
Trcw) < I full? — ull + 5,

for every u € W.
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Hence
B a2 — -+ 5 2 0
5 Ilully ull5 +r >0,
for every
ue{ueW: Jg(u) > 0}.
Since 6 > 2 we conclude that the above set is bounded in Xj. O

Proof of Theorem 3.1 concluded. With the above notations, we can write
Xo=FE ® E>,

where E1, given by Span{e; : j < ko}, is the orthogonal complement of E,. Thanks
to Lemma 3.3 and Propositions 3.4 and 3.5, Theorem 2.1 implies that the functional
Jxk possesses an unbounded sequence of critical value {Jg (ux)}renw, where uy is a
weak solution of (P};) Since Jy (ug)(ux) =0,

(3.17) / ur(@) — ux(9)]PK (@ — y) de dy = / f(,up(z)) de,
Q QO
and it follows that

(3.18) Ik (ug) = /Q Bf(x,uk(m))uk(x) - F(x,uk(m))] dx — 400,

as k — oo. Hence by (3.17) and (3.18) and (hs), the sequence {uj}renw must be
unbounded in X and in L>°(€2). The proof is complete. O

In conclusion, we present a simple and direct application of Theorem 3.1.

Example 3.6. Let s € (0,1), n > 2s and  be an open bounded set of R" with
Lipschitz boundary and consider the following nonlocal problem:

(Pr) {—EKu:u3+u in Q,

u=0 in R™\Q,

where K : R"\{0} — (0,400) is a map satisfying (k1)—(k3).
Owing to Theorem 3.1, problem (Px) admits infinitely many weak solutions.

For completeness we also cite the recent papers [5,7-9,16] for some results on
elliptic fractional problems.
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