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SOME UNSTABLE CRITICAL METRICS FOR THE L
n
2 -NORM OF

THE CURVATURE TENSOR

Atreyee Bhattacharya and Soma Maity

Abstract. We consider the Riemannian functional defined on the space of Riemann-
ian metrics with unit volume on a closed smooth manifold M given by Rn

2
(g) :=∫

M |R(g)|n
2 dvg where R(g), dvg denote the Riemannian curvature and volume form

corresponding to g. We show that there are locally symmetric spaces which are unstable
critical points for this functional.

1. Introduction

Let M be a closed smooth manifold of dimension n ≥ 3. In this paper, we study the
following Riemannian functional defined on the space of Riemannian metrics:

Rp(g) :=
∫

M

|R(g)|pdvg,

where R(g) and dvg denote the Riemannian curvature tensor and volume form corre-
sponding to the Riemannian metric g on M , p ∈ [2,∞). If p �= n

2 , then Rp is not scale
invariant. For p not equal to n

2 , we always restrict Rp to the space of metrics with
unit volume to study its critical points, infimum and local minimizing properties. Let
S2(T ∗M) be the space of symmetric two tensors on M and W be the subspace of
S2(T ∗M) orthogonal to Rg and the tangent space of the orbit of g under the action
of the group of diffeomorphisms of M at g. By a standard technique, one proves that
every irreducible locally symmetric space is a critical point of Rp. Let H denote the
Hessian of Rp. For definitions of critical metric and Hessian, we refer to Section 2.

Definition 1.1. Let g be a critical point for Rp. g is stable for Rp if there is an ε > 0
such that for every element h in W
(1.1) H(h, h) ≥ ε‖h‖2,
where ‖.‖ denotes the L2-norm on S2(T ∗M) defined by g.

g is called weakly stable if H is non-negative definite. In [6], it is proved that
spherical space forms are stable for Rp for p ≥ 2 and hyperbolic manifolds are stable
for p ≥ n

2 . Viewing these results it is natural to expect that every irreducible locally
symmetric space is stable for this functional. However, we show in this paper that
this is not always the case.
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Theorem 1. Let (M, g) be an irreducible locally symmetric space of compact type.
If the universal cover of M is one of the following then (M, g) is not weakly stable
for Rn

2
.

SU(q)(q ≥ 3), Sp(q)(q ≥ 2), Spin(5), Spin(6), SU(2q + 2)/Sp(q + 1),

Sp(q + l)/Sp(q)× Sp(l)(l, q ≥ 1), E6/F4, F4/Spin(9).

As a corollary, we see that the examples of locally symmetric spaces mentioned in
the above theorem are not local minima for Rn

2
. On the other hand, the Cheeger–

Gromov [2, 3] theory on collapsing Riemannian manifolds with bounded curvature
implies that if a manifold admits an F -structure of positive rank then the infimum of
Rp is zero for any p > 0. In particular, if a compact manifold admits a free S1-action
then the conclusion holds. Every Lie group and SU(2q + 2)/Sp(q + 1) admit free
isometric S1 actions (for the latter, see [4]). Therefore the infimum of Rp is zero in
these cases.
As for the other examples in Theorem 1, we observe that Sp(q + l)/Sp(q) ×

Sp(l) (l, q ≥ 1) and F4/Spin(9) do not admit F -structures of positive rank, since
their Euler characteristics are non-zero (for the latter fact, see [5]). The results of
Yang in [8] imply that if a compact manifold does not admit an F -structure of posi-
tive rank then the infimum of Rp is positive for any p > n

2 . However, it is not known
if the infimum is positive for the same for p = n

2 . It was conjectured by Gromov that
a compact Riemannian manifold with sufficiently small L

n
2 -norm of the curvature

tensor admits an F -structure of positive rank.
It is interesting to note that the proof of Theorem 1 actually gives the instability

of Rp at the symmetric metrics of Sp(q + l)/Sp(q)× Sp(l) (l, q = 1) and F4/Spin(9)
for p ∈ (n/2, n/2 + ε) for some small ε. For such p, it would be interesting to study
the existence and geometry of minimizers of Rp on these spaces. Even the question
of existence and geometry of minimizers of Rp restricted to the conformal class of
symmetric metrics might be of some interest.
The main theorem in this paper follows by restricting H to the space of conformal

variations of g and then using an estimate for the first positive eigenvalue of the
Laplacian. Let (M, g) be a simply connected irreducible symmetric space of compact
type. Let λ1 denote the first positive eigenvalue of the Laplacian and s be the scalar
curvature of (M, g). We prove that g is stable for Rn

2
restricted to the space of

conformal variations of g if and only if λ1
s ≥ 2

n .

2. Proof

Let {ei} be an orthonormal basis at a point of M . Ř is a symmetric 2-tensor defined
by

Ř(x, y) =
∑

R(x, ei, ej , ek)R(y, ei, ej , ek).

Let D and D∗ be the Riemannian connection and its formal adjoint.
dD : S2(T ∗M)→ Γ(T ∗M ⊗ Λ2M) and its formal adjoint δD are defined by

dDα(x, y, z) := (Dyα)(x, z)− (Dzα)(x, y),

δD(A)(x, y) =
∑
{DeiA(x, y, ei) +DeiA(y, x, ei)},
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where Λ2M and Γ(T ∗M ⊗ Λ2M) denote the alternating two forms and the sec-
tions of T ∗M ⊗ Λ2M , respectively. Let gt be a one-parameter family of metrics with
d
dt (gt)|t=0 = h and T (t) be a tensor depending on gt. Then d

dtT (t)|t=0 is denoted by
T ′g(h). Define Πh(x, y) = d

dtDxy|t=0 where x, y are two fixed vector fields. The suffix
h will be omitted when there is no ambiguity. Consider any f ∈ C∞(M). Then

g(Πfg(x, y), z) = 1
2 [Dxfg(y, z) +Dyfg(x, z)−Dzfg(x, y)](2.1)

= 1
2 [df(x)g(y, z) + df(y)g(x, z)− df(z)g(x, y)].

Let Δ denote the Laplace operator defined on C∞(M).We use the following definition:

Δf = −tr(Ddf).

The point-wise inner product, point-wise norm, global inner product and global norm
induced by g are denoted by (, ), |.|, 〈, 〉, ‖.‖, respectively.
∇Rp(g) in S2(T ∗M) is called the gradient of Rp at g if for every h ∈ S2(T ∗M),

d

dt |t=0
Rp(g + th) = R′p|g.h = 〈∇Rp(g), h〉

g is called a critical point for Rp if the component of ∇Rp(g) along the tangent space
of the space of Riemannian metrics with unit volume at g is zero. The Hessian of Rp

at a critical point is given by

H(h1, h2) = 〈(∇Rp)′g(h1), h2〉 ∀ h1, h2 ∈ S2(T ∗M).

Proposition 2.1. Let (M, g) be a compact irreducible symmetric space and f ∈
C∞(M). Then

H(fg, fg) = p|R|p−2[a‖Δf‖2 − b‖df‖2 + c‖f‖2],
where, a, b and c is given by

a = n− 1 + (p− 2)
4s2

n2|R|2 ,

b = 4(p− 1)
s

n
,

c =
(
p− n

2

)
|R|2.

Let (M, g) be a closed irreducible symmetric space and h1, h2 ∈ S2(T ∗M). From [6]
(4.1), we have

H(h1, h2) = −p|R|p−2(〈δD(D∗)′g(h1)R, h2〉+ 〈D∗R′g(h1), dDh2〉)
− p|R|p−2〈Ř′g(h1), h2〉 − p〈(|R|p−2)′g(h1)R, DdDh2〉
− p

n
|R|2〈(|R|p−2)′g(h1)g, h2〉+ 1

2
〈(|R|p)′g(h1)g, h2〉

+
p

n
‖R‖p〈h1, h2〉.

(2.2)

Next we compute each term of the above equation for conformal variations to obtain
the proposition.

Lemma 2.1. 〈δD(D∗)′(fg)R, fg〉 = 4 s
n‖df‖2.
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Proof. Let g̃(t) be an one-parameter family of metrics with g̃(0) = g and T be a (0, 4)
tensor independent of t. Expressing D∗ in a local coordinate chart and differentiating
each term in the expression, we have

(D∗T )(x, y, z) = g̃kj [TΠkjxyz + TjΠkxyz + TjxΠkyz + TjxyΠkz
]− (g̃kj)′(DkT )jxyz.

Note that, Π acting on two vector fields gives a vector field. Now evaluating
(D∗)′g(h)(R) on an orthonormal basis, we have

(D∗)′g(h)(R)jkl = RΠiijkl +RiΠijkl +RijΠikl +RijkΠil
.

From the definition of dD, we have

dDfg(x, y, z) = Dyfg(x, z)−Dzfg(x, y) = df(y)g(x, z)− df(z)g(x, y).

Combining the above two equations, we have∑
(D∗)′(fg)jkld

D(fg)jkl = 2
∑

[RΠiijkj +RiΠijkj +RijΠikj ]dfk.

Let μ be the Einstein constant of (M, g)

2
∑

RΠiijkjdfk = 2
∑

g(Π(ei, ei), em)R(em, ej , ek, ej)df(ek)(2.3)

= −(n− 2)μ|df |2.
Similarly,

(2.4) 2
∑

RijΠikjdfk = nμ|df |2 and 2
∑

RiΠijkjdfk = 2μ|df |2.
Combining equations (2.3) and (2.4) the proof of the lemma follows. �

Lemma 2.2. 〈D∗R′g(fg), dDfg〉 = −(n− 1)‖Δf‖2 + (n− 4) s
n‖df‖2.

Proof. By a simple calculation, we have

(2.5) D2
x,yfg(u, v) = Ddf(x, y)g(u, v)

and

(2.6) DdDfg(x, y, z, w) = Ddf(x, z)g(y, w)−Ddf(x, w)g(y, z).

From [1] 1.174(c) and using (2.5), we have

R′g(fg)(x, y, z, u) = −1
2
[Ddf(y, z)g(x, u) +Ddf(x, u)g(y, z)(2.7)

−Ddf(x, z)g(y, u)−Ddf(y, u)g(x, z)]

+ fR(x, y, z, u).

Therefore,

(R′g(fg), DdDfg) = DdfikR′g(fg)ijkj −DdfilR
′
g(fg)ijjl

= −(n− 2)|Ddf |2 − |Δf |2 − 2μ|df |2.
Using Bochner–Weitzenbök formula on the space of one forms, we have

Δdf = D∗Ddf + μdf.

Hence the lemma follows. �

Lemma 2.3. 〈Ř′g(fg), fg〉 = 4 s
n‖df‖2 − |R2|‖f‖2.
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Proof.
Řpq = g̃i1i2 g̃j1j2 g̃k1k2Rpi1j1k1Rqi2j2k2 .

Differentiating it with respect to t and evaluating on an orthonormal basis, we have

(Řg.h)′pq = −hmn (RpmijRqnij +RpimjRqinj +RpijmRqijn)

+ (R′g.h)pijkRqijk +Rpijk(R′g.h)qijk.

Therefore,
〈Ř′g(fg), fg〉 = −3|R|2‖f‖2 + 2〈(R′g.fg), fR〉.

Using (2.7), we have

(Ř′g(fg), R) =
1
2

∑
[DdfjkRijki +DdfilRijjl −DdfikRijkj −DdfjlRijil]

+ f |R|2
= 2μΔf + f |R|2.

Hence the lemma follows. �
Lemma 2.4. (|R|p)′(fg) = 2 s

np|R|p−2Δf − pf |R|p.
Proof.

(|R|p)′(fg) = p|R|p−2(R, R′g.fg)− 2p|R|p−2(Ř, fg)

= p|R|p−2(R, R′g.fg)− 2pf |R|p−2tr(Ř)

= p|R|p−2(2μΔf + f |R|2)− 2pf |R|p
= 2μp|R|p−2Δf − pf |R|p.

�
Using (2.6), we have (DdDfg, R) = 2(Ddf, r) = −2μΔf . Now the Proposition (2.1)

follows from the above lemma and equation.

Proof of Theorem 1. Let (M, g) is a simply connected irreducible symmetric space of
compact type which is not a sphere. Then

R =
s

n(n− 1)
I +W,

where I is the curvature of standard sphere with sectional curvature 1 and W is the
Weyl curvature of (M, g). From the above expression, we have

s2

|R|2 <
2

n(n− 1)
.

Let λ1 be the first positive eigenvalue of the Laplacian of (M, g) and f be an eigen-
function corresponding to λ1. Then from Proposition 2.1, we have

H(fg, fg) = sλ1p|R|p−2

[
a

(
λ1

s

)
− b

s

]
‖f‖2

≤ sλ1p|R|p−2

[(
n− 1 + 4

n− 4
n3(n− 1)

)
λ1

s
− 2

n− 2
n

]
‖f‖2.

From Tables A.1 and A.2 in [7], we have

H(fg, fg) < 0.
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This completes the proof. �
Remark: If we choose a sufficiently large eigenvalue λi such that a

(
λi

s

)− b
s < 0. Let

f̃ be an eigenfunction corresponding to λi. Then we have H(f̃ g, f̃g) > 0. This makes
(M, g) a saddle point for Rn

2
.

Theorem 2. Let (M, g) be either a compact quotient of an irreducible symmetric
space of non-compact type or a compact symmetric space which is not one of the types
in Theorem 1. Then g is stable for Rp restricted to the space of conformal variations
of g for p ≥ n

2 .

Proof. If (M, g) is a compact quotient of an irreducible symmetric of non-compact
type then the theorem is an immediate consequence of Proposition 2.1. Otherwise
from Tables A.1 and A.2 in [7], we observe that λ1

s ≥ 2
n . Using this estimate and

Proposition 2.1, the proof of the theorem follows. �
Remark: Let (M, g) be one of the critical metrics of Rp mentioned in Theorem 2.
This is an immediate consequence of the above theorem that g is a local minimizer
for Rp(p ≥ n

2 ) restricted to the space of metrics conformal to g.
It is interesting to note that if (M, g) is a simply connected irreducible symmetric

space of compact type which is not a sphere, then (M, g) is stable for Rn
2
if and only

if it is stable for the identity map as a harmonic map.
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