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SOME UNSTABLE CRITICAL METRICS FOR THE L:-NORM OF
THE CURVATURE TENSOR

ATREYEE BHATTACHARYA AND SOMA MAITY

ABSTRACT. We consider the Riemannian functional defined on the space of Riemann-
ian metrics with unit volume on a closed smooth manifold M given by ’R%(g) =

T |R(g)|%dvg where R(g), dvg denote the Riemannian curvature and volume form
corresponding to g. We show that there are locally symmetric spaces which are unstable
critical points for this functional.

1. Introduction

Let M be a closed smooth manifold of dimension n > 3. In this paper, we study the
following Riemannian functional defined on the space of Riemannian metrics:

Ro(g) == /MR(g)mg,

where R(g) and dv, denote the Riemannian curvature tensor and volume form corre-
sponding to the Riemannian metric g on M, p € [2,00). If p # %, then R, is not scale
invariant. For p not equal to 4, we always restrict R, to the space of metrics with
unit volume to study its critical points, infimum and local minimizing properties. Let
S2(T*M) be the space of symmetric two tensors on M and W be the subspace of
S2(T*M) orthogonal to Rg and the tangent space of the orbit of g under the action
of the group of diffeomorphisms of M at g. By a standard technique, one proves that
every irreducible locally symmetric space is a critical point of R,. Let H denote the

Hessian of R,,. For definitions of critical metric and Hessian, we refer to Section 2.

Definition 1.1. Let g be a critical point for R,,. g is stable for R, if there is an € > 0
such that for every element h in W

(1.1) H(h,h) > €|[n]?,
where ||.|| denotes the L?-norm on S?(7T™* M) defined by g.

g is called weakly stable if H is non-negative definite. In [6], it is proved that
spherical space forms are stable for R, for p > 2 and hyperbolic manifolds are stable
for p > . Viewing these results it is natural to expect that every irreducible locally
symmetric space is stable for this functional. However, we show in this paper that
this is not always the case.
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Theorem 1. Let (M,g) be an irreducible locally symmetric space of compact type.
If the universal cover of M is one of the following then (M, g) is not weakly stable
Jor Ra.

SU(q)(qg > 3), Sp(q)(¢>2), Spin(b), Spin(6), SU(2q+ 2)/Sp(q+1),
Sp(q+1)/Sp(q) x Sp(l)(l,q > 1), Es/Fy, Fy4/Spin(9).

As a corollary, we see that the examples of locally symmetric spaces mentioned in
the above theorem are not local minima for Rn. On the other hand, the Cheeger—
Gromov [2, 3] theory on collapsing Riemannian manifolds with bounded curvature
implies that if a manifold admits an F-structure of positive rank then the infimum of
R, is zero for any p > 0. In particular, if a compact manifold admits a free S'-action
then the conclusion holds. Every Lie group and SU(2q + 2)/Sp(q + 1) admit free
isometric S' actions (for the latter, see [4]). Therefore the infimum of R, is zero in
these cases.

As for the other examples in Theorem 1, we observe that Sp(q + 1)/Sp(q) X
Sp(l) (I,q > 1) and F4/Spin(9) do not admit F-structures of positive rank, since
their Euler characteristics are non-zero (for the latter fact, see [5]). The results of
Yang in [8] imply that if a compact manifold does not admit an F-structure of posi-
tive rank then the infimum of R, is positive for any p > 7. However, it is not known
if the infimum is positive for the same for p = 5. It was conjectured by Gromov that
a compact Riemannian manifold with sufficiently small L>-norm of the curvature
tensor admits an F-structure of positive rank.

It is interesting to note that the proof of Theorem 1 actually gives the instability
of R, at the symmetric metrics of Sp(q +1)/Sp(q) x Sp(l) (I,q = 1) and F'4/Spin(9)
for p € (n/2,n/2 + €) for some small €. For such p, it would be interesting to study
the existence and geometry of minimizers of R, on these spaces. Even the question
of existence and geometry of minimizers of R, restricted to the conformal class of
symmetric metrics might be of some interest.

The main theorem in this paper follows by restricting H to the space of conformal
variations of ¢ and then using an estimate for the first positive eigenvalue of the
Laplacian. Let (M, g) be a simply connected irreducible symmetric space of compact
type. Let A1 denote the first positive eigenvalue of the Laplacian and s be the scalar
curvature of (M, g). We prove that g is stable for R restricted to the space of

conformal variations of ¢ if and only if % > %

2. Proof

Let {e;} be an orthonormal basis at a point of M. R is a symmetric 2-tensor defined
by

R($7 y) = ZR(%, €i,€4, ek)R(ya €i, €4, ek)‘

Let D and D* be the Riemannian connection and its formal adjoint.
dP . S2(T*M) — T(T*M ® A?M) and its formal adjoint 6” are defined by

dPa(z,y,2) = (Dya)(z, z) — (D.a)(z,y),
§D(A)(.Z',y) = Z{DEiA(x7y7ei) + DeiA(yv‘rvei)}7
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where A2M and I'(T*M @ A*M) denote the alternating two forms and the sec-
tions of T*M ® A?M, respectively. Let g; be a one-parameter family of metrics with
%(gt)‘tzo = h and T(t) be a tensor depending on g;. Then %T(t)n:o is denoted by
Ty (h). Define I (x,y) = %Dmy‘tzo where x,y are two fixed vector fields. The suffix
h will be omitted when there is no ambiguity. Consider any f € C°°(M). Then

(2.1) 9(Myg(2,y). 2) = 3[Dafg(y, 2) + Dy fe(z,2) — D2 fg(z,y)]
Let A denote the Laplace operator defined on C°°(M). We use the following definition:

Af = —tr(Ddf).
The point-wise inner product, point-wise norm, global inner product and global norm
induced by g are denoted by (), |.|, (), ||.||, respectively.

VR,(g) in S?(T*M) is called the gradient of R, at g if for every h € S*>(T*M),

0 g o9 1) =Ry b= (VR (9). )

g is called a critical point for R, if the component of VR, (g) along the tangent space
of the space of Riemannian metrics with unit volume at g is zero. The Hessian of R,
at a critical point is given by

H(h1,hy) = (VRy),(h1),ha) ¥ hy,hy € S*(T*M).

Proposition 2.1. Let (M,g) be a compact irreducible symmetric space and f €
C>(M). Then

H(fg. fg) = pIRP2[allAf|* = blldf|* + cll £117],
where, a, b and c is given by

452
a=n—1+(p )n2|R|2’

S

n
o= (v-3) AP

Let (M, g) be a closed irreducible symmetric space and hy, ho € S?(T*M). From [6]
(4.1), we have

H(h, ) = —plRIP (6P (DY, () B, ) + (D* R, (), dPha)
— DRI (Y (), ha) — p{(IRIP=2),(ha) R, D)
— RP(RIP2Yy (), o) + 3 (1RYy (), ho)

+ 2RI (h, o).

(2.2)

Next we compute each term of the above equation for conformal variations to obtain
the proposition.

Lemma 2.1. (6°(D*)(fg)R, fg) = 4%||df||2-
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Proof. Let g(t) be an one-parameter family of metrics with g(0) = g and T be a (0,4)
tensor independent of t. Expressing D* in a local coordinate chart and differentiating
each term in the expression, we have

(D*T)(2,y,2) = 3 [T, 2y + Tittyz + Thatty = + Tjayn,.] — (%) (DiT) juy--

Note that, II acting on two vector fields gives a vector field. Now evaluating
(D*);(h)(R) on an orthonormal basis, we have

(D*), (h)(R)jr1 = Ry, gkt + Rtk + Rijingr + Rijra,, -
From the definition of d”, we have

dP fg(x,y,2) = Dyfg(x,z) — D fg(x,y) = df (y)g(x, z) — df (2)g(z,y).

Combining the above two equations, we have
D (DY (F9)iuad” (£9)jm = 2D [Ruvijns + Rimhg + Rijing)dfe.
Let u be the Einstein constant of (M, g)

(2.3) 2> Ru,jejdfe =2 g(I(es, €:), em)Rlem, €5, e, €5)df (ex)
— —(n - 2plds.
Similarly,
(2.4) 23 " Rijn,,jdfi = npldf|* and 2 R, kjdfs = 2uldf|*.
Combining equations (2.3) and (2.4) the proof of the lemma follows. O

Lemma 2.2. (D*R;(fg),d” fg) = —(n — D|Af|? + (n — 4) 3 || df ||*.

Proof. By a simple calculation, we have

(2.5) D3, f9(u,v) = Ddf (x,y)g(u, v)

and

(26) Ddeg(iU, Y,z w) - Ddf(.’E7 Z)g(y, w) - Ddf(x7 w)g(y, Z)

From [1] 1.174(c) and using (2.5), we have

21)  Ry(fo)wy2u) =~ [Ddf(y, 2)gle, u) + Daf(w, w)g(y, 2)
- Ddf(xv Z)g(y7 u) - Ddf(yv U)g(ib’, Z)]
+ fR(x7 y7 Z’ u)'

Therefore,

(Rl,(fg),Dd" fg) = Ddfi R, (f9)ijr; — DdfuRl(fg)ijj
= —(n—2)|Ddf|> — |Af[* — 2uldf|*.
Using Bochner—Weitzenbok formula on the space of one forms, we have
Adf = D*Ddf + pdf.
Hence the lemma follows. g

Lemma 2.3. (R (fg), fg) = 45 |ldf || — |R*|| f]*.
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Proof.

qu = §i1i2§jlj2gk1k2 Rpiu'lkl qu2j2k2'
Differentiating it with respect to ¢ and evaluating on an orthonormal basis, we have
(Rg-h)pg = —hmn (Rpmij Ranij + RpimjRainj + Rpijm Raijn)
+ (Rg-h)pijiRaijk + Rpiji (Rg-h)gijk-
Therefore,
(Ry(f9), f9) = =3|RP|[I* + 2((Ry-fg). [ R).
Using (2.7), we have

(Ry(f9), R) = % > [DdfjrRijii + Ddfi Rijj — Ddfix Rijig — Ddfji Rijil
+ fIR[?
=2uAf + f|R)?.
Hence the lemma follows. O
Lemma 2.4. (|RI")'(fg) = 22p|R"“2Af — pf|R.
Proof.
(IR[P)(fg) = pIR[P"*(R, R;,.fg) — 2p|R[P*(R, fg)
= p|RIP7*(R, Ry fg) — 2pf|RI"tx(R)
= p|R[P(2uAf + fIRI?) — 2pf|RIP
= 2up|RIP2Af — pf|RIP.
O

Using (2.6), we have (DdP” fg, R) = 2(Ddf,r) = —2uAf. Now the Proposition (2.1)
follows from the above lemma and equation.

Proof of Theorem 1. Let (M, g) is a simply connected irreducible symmetric space of
compact type which is not a sphere. Then
s

- n(n —1)
where [ is the curvature of standard sphere with sectional curvature 1 and W is the
Weyl curvature of (M, g). From the above expression, we have

52 - 2

R[>~ n(n—1)

Let A1 be the first positive eigenvalue of the Laplacian of (M, g) and f be an eigen-
function corresponding to A;. Then from Proposition 2.1, we have

H(fo.50) = aplp=2 [a (21) = 2 s

—4 A n—2
< sMplRP2 [ (n-1+4—""2 2L _o 2
< snpRlP | (01t ) 222 g

I+W,

From Tables A.1 and A.2 in [7], we have
H(fg,fg) <0.
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This completes the proof. O

Remark: If we choose a sufficiently large eigenvalue A; such that a (%) - g < 0. Let

f be an eigenfunction corresponding to A;. Then we have H ( fo. f g) > 0. This makes
(M, g) a saddle point for Rz .

Theorem 2. Let (M,g) be either a compact quotient of an irreducible symmetric
space of non-compact type or a compact symmetric space which is not one of the types
in Theorem 1. Then g is stable for R, restricted to the space of conformal variations

of g forp> 3.

Proof. Tt (M, g) is a compact quotient of an irreducible symmetric of non-compact
type then the theorem is an immediate consequence of Proposition 2.1. Otherwise
from Tables A.1 and A.2 in [7], we observe that 21 > 2. Using this estimate and
Proposition 2.1, the proof of the theorem follows. O

Remark: Let (M, g) be one of the critical metrics of R, mentioned in Theorem 2.
This is an immediate consequence of the above theorem that g is a local minimizer
for R,(p > %) restricted to the space of metrics conformal to g.

It is interesting to note that if (M, g) is a simply connected irreducible symmetric
space of compact type which is not a sphere, then (M, g) is stable for R= if and only
if it is stable for the identity map as a harmonic map.
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