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A THOM-SEBASTIANI THEOREM IN CHARACTERISTIC p

LEr Fu

ABSTRACT. Let k be a perfect field of characteristic p, X; (¢ = 1,2) smooth k-schemes,
fi+ Xs — A}C two k-morphisms of finite type, and f : X1 Xp X9 — A}C the morphism
defined by f(z1,22) = fi(21) + f2(22). For each ¢ € {1,2}, let x; be a k-rational point
in the fiber f;l(O) such that f; is smooth on X; — {z;}. Using the ¢-adic Fourier trans-
formation and the stationary phase principle of Laumon, we prove that the vanishing
cycles complex of f at © = (z1,z2) is the convolution product of the vanishing cycles
complexes of f; at z; (1 =1,2).

1. Introduction

Let f; : (C™,0) — (C,0) (i = 1,2) be two germs of analytic functions with isolated
critical points, and consider the germ f : (C" "2 0) — (C,0) defined by f(21,22) =
f1(21)+ f2(22). The classical Thom—Sebastiani theorem ([15]) states that the vanishing
cycles complex of f is isomorphic to the tensor product of those of f; and fy. This
theorem is not correct for a general field k. Indeed, let f : A7 — A} be the k-morphism
defined by the quadratic polynomial

f=2++2
for a field k of characteristic # 2, £ a prime number distinct from the characteristic of
k, Q, an algebraic closure of the field Q, of f-adic numbers, and R® f(@e) the vanishing
cycles complex for the constant f-adic sheaf Q, relative to the morphism f. By [5, XV
2.2], we have R'®;(Q,) = 0 for i # n—1, and R"~1®;(Q,) is supported at the origin.
Let K = k((t)) be the formal Laurent series field. The stalk (R"~1®;(Q,))o at the

origin is a one-dimensional Q,-vector space on which Gal(K/K) acts continuously.
By [5, XV 2.2.5D, EJ, we have
n

(r=0s@0)y = Vi (- [3])

for some one-dimensional Q,-vector space V, on which Gal(K/K) acts through a
character

x:Gal(K/K) — Q,
of order 2, where [%] denotes the largest integer that is less than or equal to 5. Since

[%] in the Tate twist is not linear in n, one sees immediately that the Thom—Sebastiani
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theorem in terms of tensor product does not hold for a general field &k and quadratic
flzz%_l_..._i_zil, f2:”27211+1+"'+zr211+n2?

if both n1 and no are odd.

In [1] (unpublished), Deligne studies the analog of the Thom—Sebastiani theorem for
the variation morphism, and realizes that the tensor product in the Thom—Sebastiani
theorem should be replaced by the convolution product. Deligne constructs the van-
ishing cycles complex Vy and the monodromy 7T’y associated to f with the aid of those
(V4,,Ty,) (i = 1,2) associated to f;. Topologically, Vy retracts to the join Vi * Vy,.
This should be translated using convolution.

In [16], using the Fourier transformation, the formula

/eitf:/eitfl/eitf27

and the asymptotic expansions of such integrals for ¢ — oo, Varchenko proves a
Thom—Sebastiani theorem for the Hodge spectrum. Inspired by Varchenko’s method,
we prove a Thom—Sebastiani theorem in characteristic p using the Deligne-Fourier
transformation.

The Thom—Sebastiani theorem has been studied extensively over C. See, for exam-
ple, [6, 7, 13, 14]. Due to the use of the Deligne-Fourier transformation, our method
cannot be directly applied to the characteristic 0 case. But it suggests that one can
use the Fourier transformation for D-modules to study the Thom—Sebastiani theorem
over C.

2. Main result

Throughout this paper, k is a perfect field of characteristic p and ¢ is a prime num-
ber distinct from p. We assume that for any finite extension k' of k, the groups
H(Gal(k'/k),Z/¢Z) (i € N) are finite. For any scheme X of finite type over k, the
category D2(X,Q,) constructed in [4, 1.1] is a triangulated category. Let S be a
Henselian trait of equal characteristic p with generic point 1 and special point s such
that k(s) = k, let f: X — S be a morphism of finite type, and let K be an object
in D%(X,Q,). We refer the reader to [5, XIII] for the definitions and properties of the
nearby cycles complex RV ¢(K) and the vanishing cycles complex R®;(K) relative
to the morphism f. We also denote R¥; and R®; by RV and R® for convenience.

Lemma 2.1. Let X — S be a morphism of finite type, let x be a k-rational point in
the special fiber X, and let K € ob D%(X,Q,). Suppose X — {x} — S is smooth and
the sheaves H9(K)|x {5} are lisse for all q:

(i) R(K)|x, () = 0.

(ii) Suppose furthermore that X is pure of dimension n and regular at x, and K
is a lisse sheaf. Then R'®(K) vanishes fori#n —1, and R"1®(K) is a skyscraper
sheaf on X35 supported at x.

Proof. See [10, 2.10]. We give a proof here for completeness. (i) follows from the
smooth base change theorem. Under the assumption of (ii), K[n] is a perverse sheaf on
X. By [9,4.6], R®(K|n])[—1] is perverse. Combined with (i), we see that R®(K[n])[—1]
is a perverse sheaf on X5 supported at . Our assertion follows. O
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Let A%o) be the Henselization of A} at 0, let 1y be its generic point, and let j :
Ny — A%o) be the canonical open immersion. We can identify a Gal(7j/ng)-module
with a sheaf on no. Let (A}, X1 A})(0,0) be the Henselization of A} x;, A}, at (0,0), and
let

Pr,Pa,a: (A Xk Ag)o,0) = Ay
be the morphisms induced by the two projections p1,ps : A xj Al — A} and the
addition a : A} xx A} — A} of the algebraic group A}, respectively. Let Vi and Vz be
Q-representations of Gal(7y/n0), and regard them as sheaves on 9. By [12, 2.7.1.3],
the vanishing cycles complex R®5(pijiVi @ p5jiVa) relative to the morphism a is
nonzero only at (0,0) and at degree 1. Recall that the convolution product of V; and
Vo ([12, 2.7.2]) is the Gal(7p/n0)-module

Vi Vo = R'®4(p1Vi @ P5jiVa) (0,0)-
If ¥ and 7, are objects in D%(no, Q,), we define their convolution product to be
Vx5 = RO (P17 @ §55175)0,0)-

If #; (i = 1,2) are objects D%(no, Q,) defined by the Gal(7y/no)-modules V; (i = 1,2),
respectively, then (7#1x73)[1] is the object in D%(ny, Q) defined by the Gal(7j/no)-
module V; % V5.

Our main result is the following.

Theorem 2.2. Let f; : X; — AL (i = 1,2) be two flat k-morphisms of finite type,
Kl‘ € ObDIC)(Xi,@Z), X = Xl Xs Xg, K= Kl gL KQ, and f X = X1 Xk X2 — Ai
the morphism defined by

f(z1,22) = fi(z1) + fa(22).

For each i € {1,2}, let x; be a k-rational point in the fiber f;'(0). Suppose that X;
is regular, (K;) are lisse for all q, and fi|x,—{z,} is smooth. Denoted by x the
k-rational point (x1,x2) on X. Denoted, respectively, by R® ;s and R® ¢, the vanishing
cycles functors relative to the morphisms

X xay Aoy = Aoy Xi xay Alg) = Aoy

obtained from f and f; by base change.
(i) X is regular, and f|x_iz) is smooth.
(ii) As objects in D%(no, Q,), we have a canonical isomorphism

(B, (K1))a, (R, (K2))ay = (RPf(K))a-

(iii) Suppose furthermore that for each i, K; is a lisse sheaf. Let n; = dim O, 4,,
and let n = ny + ny. Then as Gal(7jp/no)-modules, we have a canonical isomorphism

(Rm_lq)fl(Kl))zl % (an—lq)f2 (1{2))I2 >~ (Rn—l(l)f(K))z.
Example 2.3.

By our construction, the canonical isomorphisms in Theorem 1.2 (ii)—(iii) are as-
sociative. Let us use Theorem 2.2 to calculate the vanishing cycles complex for the
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quadratic morphism
FrAR DAL f(2) =R 2R

in the case where char k # 2.
First consider the case where n = 1. Then f is a finite morphism. By the proper
base change theorem, we have

R®(Qy) = RP(£.Qy).
We have o
f*@é = Qé @j!’%/xw

where j : A} — {0} — A} is the canonical open immersion and .#,, is the Kummer
sheaf on A} — {0} associated to the nontrivial character

Xo © po(k) — {£1}
of order 2. Let K = k((t)) be the formal Laurent series field, and let V,, be the
one-dimensional Q,-vector space on which Gal(K/K) acts through the character

0(ﬁ))
o)

For the vanishing cycles functor with respect to the identity morphism on A%o)v we

Gal(K/K) — Q,, o~ Xz(

have

RQ(QZ) =0, Rq)(]"%/)(z) = VXQ'
Indeed, let n (resp. 0) be the generic (resp. closed) point of A%o)- For any object K in
D? (A%O),@g), R®(K) can be identified with the cone of the specialization morphism
Ky — Ky If K = Qy, the specialization morphism is an isomorphism and hence,
R®(Q,) =0.If K = ji.%#,,, we have K5 = 0 and K5 = V,,. So, we have R®(j1.%,,) =
V.. We thus have

RY®;(Qy) =V,

for the quadratic morphism f(z) = 22. By Theorem 1.2, for f = 22 +--- + 2
have

2

o, we

(RO} H(Qy))o = +" (Vo)
where %™ denotes the nth convolution power. Let us calculate this convolution power.
Fix a nontrivial additive character ¢ : Z/p — QZ. Let

g(x2, ) = Y <x> Y(x)

zelFy p

be the quadratic Gauss sum, and let G(x2,%) is be the one-dimensional Q,-vector

space with Gal(F,/F,) action, so that the geometric Frobenius element acts by scalar

multiplication by —g(x2,%). Let Vim be the one-dimensional Q,-vector space with

Gal(F,/F,) action, so that the geometric Frobenius element acts by scalar multipli-
m

cation by (%) . We can also regard G(x2,%) and Vim as Q-vector spaces with
Gal(K/K) action and with Gal(k/k) action through the canonical homomorphisms

Gal(K/K) — Gal(k/k) — Gal(F,/F,).
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We have
G(x2,¥) ® G(x2,¥) = Ve(-1).

This follows from the formula

(0 0)* = ()

p

for the quadratic Gauss sum. We thus have the following formula for the nth tensor
power

Vem (—m if n = 2m is even,
©" (Vs ® Glxa, ) { e

Vo @ G(x2,%) ® Vem(—m) if n=2m + 1 is odd.

Let Z(9°°) be Laumon’s local Fourier transformation [12, 2.4.2.3] associated with
the character ¢. By [12, 2.5.3.1], we have

ﬁwm,)(vm) = Vi, @ G(x2, ).
By [12, 2.7.2.2 (i)], we have
ﬁ(ﬂ,oo/) ( " (VX2)> o~ ®ng(0,oo/) (sz)a
®n<VX2 ® G(X2a ¢))7
~ {Ve (=m) if n = 2m is even,

1%

Vi, ® G(x2,%) @ Vem (—m)  if n =2m + 1 is odd.
On the other hand, the calculation of [12, 2.5.3.1] shows that
F O (Vom (—m)) 22 Vi (—m),
F O (Vg @ Ve (=m)) = Vi, @ G(x, %) © Ver (=),

By the inversion formula for the local Fourier transformation [12, 2.4.3 (i)c)], we must
have

n ) Vem(—m) if n = 2m is even,
* (VXQ) = V . _ .
o @ Vem(—m) if n=2m +1is odd.

We thus get the following corollary.

Corollary 2.4. Let k be a perfect field of characteristic p # 2, let f : AR — A} be
the k-morphism defined by

f@) =2+ +2,
and let R¢>f(@4) be the vanishing cycles complex of the morphism
AR X1 Ay — Al
induced from f by base change. Then with the notation of 2.8, we have
e _ o | Vem(—m if n = 2m s even,
(maggy), = {TCm |
0 Vo @ Vem(—m) if n=2m +1 is odd.
Note that the above formulas are compatible with those of [5, XV 2.2.5D, E| for
algebraically closed field k.
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3. Use of Laumon’s local Fourier transformation

The Artin—Schreier morphism
AL - ALt tP —t

is a Z/p-torsor. Fix a nontrivial additive character ¢ : Z/p — @Z Pushing-forward
the Artin—Schreier torsor using =1, we get a lisse sheaf £, on Al. Denote the inverse
image of £}, under the morphism

A} xp AL — AL () — tt
by Ly (tt'). Let A} xx A — A} x;P; be the open immersion defined by the canonical

open immersion A} = P} — {o0’} — P}. Denoted by £ (tt’) the sheaf on A} xj P}
obtained from the sheaf £ (tt') on A} x; A} by extension by zero. To distinguish

the two factors in A} x; Al and in A} x; P}, we denoted the objects related to the

second factor by symbols with the superscript . Denoted by IP’%OO,) the Henselization

of P at oo’, denote by 7 its generic point, and denoted the restriction of %, (tt")

to Afg) Xk P, also by .Z(tt'). Fixed a uniformizer 7 of S. We have a k-morphism
S — A}, induced by the k-homomorphism

klt] = T'(S,Os), tw— .

It induces a k-morphism S — A%o)v which we denote also by . Denoted by £ (7t’)

the inverse image of £, (tt') under the morphism

7I'><idp1 ,
S Xk ]P)%oo’) _)(oo ) A%O) Xk P%Oo/)

Our proof of Theorem 2.2 relies on the following lemma.

Lemma 3.1. Let g:Y — S be a flat morphism of finite type, let K € ob D%(Y,Q,),
and let y be a k-rational point in the special fiber g='(s). Suppose that Y is reqular
and pure of dimension n, gly g,y is smooth, and the sheaves U (K)|y _y,y are lisse
for all q.

(i) R®,_, (p’{j!(Rd)g(K)y) ®L .,wa(wt’)) is supported at (s,0'), and R®,_,
(pr’l‘K @k (g x id]pz ,))*gw(ﬂ't/)) is supported at (y,o0"), where R®,(K),

is a complex of Gal(7/n)-module and is regarded as an object in D%(n,Q,),
Jj :m <= S is the canonical open immersion, R®, , denotes the vanishing
cycles functors for the projections

1 1 1 1
S Xk P(oo') — P(oo’)’ Y Xk P(oo’) — P(oo')’

and p1,pry, are the projections
pl:Sxk}P’%oo/)~>S7 prlekuP’%Oo,)HY.

(ii) We have a canonical isomorphism
RO, (p13(R2,(K),) ©F Zy(w)

~ RO, (pr;K @ (g x idgs /))*,,%(wt'))( X
oo y,00’
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(iii) Suppose K is a lisse sheaf. Then R'®,,_, (pr”{K@L(g xid]pg /))*Zw(mf’)) van-

ishes for i # n, and R"®,,_, <pr“{K @F (g x id]}n% /))*fd, (mf’)) is a skyscraper
sheaf on'Y X, o' supported at (y, ).

(iv) Under the condition of (i), we have a canonical isomorphism of
Gal(Too /Noor ) -modules

F(0:0) (R"—l@g(K)y) ~ R, (pr’{K @ (g x idgy /))*gw(mf))( .
oo y,OO/
We will prove Lemma 3.1 in Section 4. Let us deduce Theorem 2.2 from Lemma 3.1
and the Kiinneth formula for the nearby cycles functor in [9, 4.7].

Proof of Theorem 2.2. Since X; (i = 1,2) are regular and k is perfect, X; are smooth
over k, and hence X = X7 X X is smooth over k. It follows that X is regular. Note
that for any smooth k-scheme Y and any k-morphism of finite type f: Y — AL, f is
smooth at a k-point y of Y, if and only if df (y) € Q%//k’y ®ey y k(y) is nonzero, where
by abuse of notation, we denote also by f the image of £ under the k-homomorphism

k[t] — (Y, Oy)

corresponding to the k-morphism f. This follows from [8, 17.11.1 (b)< (¢')].
Let us prove f|x_g,) is smooth. By base change to an algebraic closure of k, we

are reduced to the case where k is algebraically closed. Suppose z© = (xgo),xgo)) is
a k-rational point in X = X; Xy X5, where f is not smooth. By our assumption, f
is smooth on (X7 — {x1}) x (X2 — {x2}). It follows that either x§°) = x7 or xéo) =
ZTo. Without the loss of generality, assume xﬁo) = z. If xgo) # x9, then by our

assumption, fy is smooth at :Ego). By the discussion above, dfs defines a nonzero

. (0) . . .
element in Qi@/kmgj) ®e k(x5 ). Under the identification

2.2l

Qx/n = 1% i @pg%fz/k,

where p; : X1 X, Xo — X; (i = 1,2) are the projections, df is identified with (dfy, df2).
It follows that df defines a nonzero element in Qﬁ(/k 20 ®6, o) k(z(). So f is smooth
at (9. Contradiction. So we must have 3"’ = 5 and hence, 2(©) = z. This proves (i).
By [3, Sommes trig. 1.3.1], we have a canonical isomorphism

(f1 % idpy ) L (t) RE (fo x idpy )" Ly (i) 2 (f % idp1 )" L (1)),

where the external tensor product is taken with respect to the Cartesian diagram

1 1
Xl XkXQ kak — XQ XkPk7

! |

Xy x Py, — P}.
So we have
(v, Ko ©F (1 % idgy ) Zy(@8)) B (priy, Kz @ (f2 x idpy )" 2, (1))
> priy K @ (f x idpy )" Zy (1),
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where
pry @ X1 xkXo ¥k Py — X1 xx Xo, pry, : X1 xxPp — X1, pry, : Xo X, P — X5

are the projections. Therefore, we deduce from [9, 4.7] a canonical isomorphism

Ry, (pr}lKl @ (fi idP;)*gw(tt/>) X" RV, , (pr}2K2 ®" (f2 x idp1)* %, (tt'))

~ RV, (pr}K ®L ( fxidpi)*fw(tt’))
Since priy K ®@% (f x idp1 )*Zy(tt') vanishes on X xy ', we have

Ra,_, (K & (f x idgy )" Zy (1)) = R, (pric K @F (f x idey)* 2, (i),

and we have similar isomorphisms if we replace f by f; and pri K by pry. K;. So we
have a canonical isomorphism

(3.1) Ro,_, (v, K1 @ (i x idey )" 2 (687) ) 2
Ra,_, (priy, K2 @ (f2 x idpy ) 2, (i0))
= Ro,, (i K @ (f x idsy) 2, (1) ).
Combined with Lemma 3.1(i), we get
RO, , (Prﬁ(l Ky @ (fi x idP;)*m) ®"

(IlvoO,)
RO (pri, Ko 0 (f2 < i Zy(0))
2,00

~ Ro, (pr}K ®" (f x idp )" 2, (tt/))

(z,00")

By Lemma 3.1(ii), this induces a canonical isomorphism

(3.2) R®,_, (p”{j!(R‘I)fl (K1)zy) @F W) 00

RO (bR (Ka)a) ©F Z,G0))

=~ RO, , (ij! (R®;(K),) @ W) (0,00

and under the assumption of Theorem 2.2(iii), we get a canonical isomorphism
FON (R0, (K, ) @ FOSD (R710, (Ks),, )
o g7 (0.09") (R”‘léf(K)m).
By [12, 2.7.2.2(i)] and the inversion formula for local Fourier transformation [12, 2.4.3
i)c)], under the assumption of Theorem 2.2(iii), we have a canonical isomorphism
R0 (Ky)yy * R 7104, (K, = RV1O4(K),.

The argument in the proof of various results in [12] also shows that in general we
have a canonical isomorphism

R(I)fl (Kl)zliR(ﬁfQ (K2)352 = R(pf(K)I
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We give a detailed argument for completeness. Choose L, L1, Ly € ob DY(A}L—{0},Q,)
such that
L|770 g]%q)f([()ﬁﬂv L1|770 gRq)ﬁ(Kl)mlv L2|'f]0 gR@fz(KQ)rzv
and such that J#9(L), #9(Ly), #(Ls) are lisse on A} — {0} and tamely ramified
at oo for all q. The existence of L, L1, and Lo follows from Lemma 3.2 below. Let
F : DAL, Q) — De(A;, Q)

be the Deligne-Fourier transformation ([12, 1.2.1.1]), and let ¢ : Aj — {0} — A} be the
canonical open immersion. By the same argument as the proof of [12, 2.3.3.1] (which

relies on [12, 1.3.1.2]), by the fact that 5#’9(L) and 5#9(L;) are lisse on A}, — {0} and
tamely ramified at co, and by [12, 2.4.3 (iii)b)], we have

FWL) [, = R (pi3(RE(K):) ©F Z,G0))
FOLO ., 2 RO, (i (R, (K2)) 0V BiD)) |
F (L) Mlo, = B, (55 (RO, (Ko)e,) €8 Zy0))
So we can write the isomorphism (3.2) as

(7 (ulr) @ F(uLa))[~2ly,, = F (L)1,
By [12, 1.2.2.7], we get the isomorphism
F(uLy x ulo)ly_, = F(ul)|,_,,
where 11 L1 % 11Lg is the (global) convolution product of v and v Ly ([12, 1.2.2.6]).
By the above isomorphism and Lemma 3.3 below, we have
R@no (L1L1 * L;Lg) = R(I)no (L[L),
where R®,,, denotes the vanishing cycles functor relative to the identity morphism
on Afy. By [12, 2.7.1.1 (iii)], this last isomorphism is exactly
R(I)fl (Kl)ﬂhqu)fQ (K2)332 = R(I)f(K>I
([l

Lemma 3.2. For any object K in D2(no, Q,), there exists an object K in DY(A} —
{0},Qy) such that K|, = K and such that 7% (K) are lisse on A} — {0} and tamely
ramified at oo for all q.

Proof. By the description of the derived category of ¢-adic sheaves in [4, 1.1], there
exists a finite extension E of Qq such that K is given by an object in D%(ng, R), where
R is the integer ring of F. Let A be a uniformizer of R. The object K corresponds to a
projective system defined by complexes K,, € ob D¢ ¢(no, R/(A™)) and isomorphisms

K1 @fjney R/ = K,

in Deig(no, R/(A™)). By [3, Rapport 4.6], we can represent each K, by a bounded
complex, so that all components K! (i € Z) are constructible flat sheaves of R/(\")-
modules on 79. As 19 is the spectrum of a field, a flat constructible sheaf of
R/(A™)-modules is just a free R/(A")-module of finite rank with a continuous
Gal(7o/no)-action. Denote Aj — {0} by Gk, and let (G i, 7o) ™™ be the



110 LEI FU

quotient of m1(Gy, k, 7o) classifying finite etale coverings of G, tamely ramified
at oo. By [12, 2.2.2.2], the composite of the canonical homomorphisms

tame, o0

Gal(7o/10) = m1(10,70) = 71 (G ks 70) = 7T1(Gom k7o)
has a retraction
7 71 (G e, 70) ™% — Gal(7o /no).-
Through the composite

71 (G ks o) = T1(Gom g, T0) ™ 5 Gal(7 /m0),

each free R/(A\™)-module of finite rank with a continuous Gal(jy/no)-action can be en-
dowed with a continuous 71 (G, k, 70 )-action extending the given action of Gal(79 /7o)
at 0 and tamely ramified at co. In particular, each component K of the complex K,
now becomes a free R/(A")-module of finite rank with continuous 71 (G, , 7o )-action
extending the given action of Gal(7jy/n9) at 0 and tamely ramified at co. We thus

get a lisse constructible flat sheaf K, of R/(\")-modules on G,, tamely ramified
at oo with the property K, |,, = K7. The differential morphisms dj : K} — Kit
for the complex K, are linear maps compatible with the Gal(7jy/ng)-action, and in-

duce linear maps compatible with the 71 (G, k, 7j0)-action. So they define morphisms
p .

of sheaves d% K, — ?::rl with the property d o d = 0. We thus get a complex
K, €ob Dt (G i, R/(A")) with the property Fﬂno >~ K,,. Finally, let us prove the
isomorphisms

Kn+1 ®é/(>\n+l) R/(/\n) = Kn

in Deig(no, R/(A")) can be extended to isomorphisms
K1 ©Fmy R/ 2 K,
in Dt (G, R/(A™)). The projective system (K,,) € ob D2(Gy k, R) then defines an

object K in ob D%(G,, ,Q,) with the required property. Since components of K1
are free R/(A"1)-modules of finite rank, we have

K1 @Fjoniy BR/(A") 2 K1 @gjoaniy RI(A™).

The isomorphism K, 1 ®é/()\n+1) R/(A\") 2 K,, in Dgf(no, R/(\")) can be repre-
sented by a diagram
L
N
K1 ®pyoantr) R/ (A") K,

where the two arrows are quasi-isomorphisms. By [3, Rapport 4.7], we may assume
that L is a bounded above complex of free R/(A™)-modules of finite rank with con-
tinuous Gal(#y/n9)-action. Again through the composite

71 (G ks M0) = 1 (G, 770) % = Gal(7jo /o),
we can extend L to a complex L of lisse constructible flat sheaves of R/(A")-modules
on G,, ; and extend the above diagram to a diagram
L
_ LN
K1 ®pyoantry R/ (A") Kn
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of complexes of lisse sheaves of G, ; so that the two arrows are quasi-isomorphisms.
This defines the isomorphism

K41 ®R/(/\n+1) R/(}\n) = Fn
in Dot (G i, R/(A™)) that we are seeking. O

Lemma 3.3. Let Li,Ly € obD%AL, Q). If F(L1)|,., = F(La)|y., then
Rq)no (Ll) = Rq)ﬁo (LQ)

Proof. Let L € obDY(A},Q,) and let L' = Z(L). By the inversion formula for the
Deligne-Fourier transformation [12, 1.2.2.1], we have

F' (L") = b,.L(-1),
where b: A} — A} is the morphism defined by ¢ — —t, and .#’ denote the Deligne-
Fourier transformation for the dual of A} (which is the second factor of A} xj; A}).
So we have
Ry, (L) = b" Ry, (F'(L'))(1)-
By [12, 2.3.2.1(i)] (which relies on [3, Th. finitude 2.16]), R®,, (:#'(L’)) depends only
on L[, , =.%(L)|,_, . Our assertion follows. O

Remark 3.4. We expect that Theorem 2.2 still holds, if we just assume that
HUK;)|x,— {2, are lisse for all ¢. The difficulty is that we do not know whether this
weaker condition implies that R® ¢ (K') is supported at x. Using Lemma 2.1 (i) and the

canonical isomorphism (3.1), one can show that R®,,_, (pr}K@L (f xidp )" 2y (tt’))

is supported at (x,00’) under this condition.

4. Proof of Lemma 3.1
We first prove Lemma 3.1(i) and (iii).

Proof of Lemma 3.1(i) and (iii). That R®,_, (p“{jg(Rq)g(K)y) &L Zd,(ﬂt/)) is sup-
ported at (s,o0") follows from [12, 2.4.2.2] and the fact that the functor
RO, _, (p’{j!(—) QL fw(ﬂ't’)) is exact. Here 1/t is a uniformizing parameter 7’ on
P%OO,), and in Laumon’s notation, £, (t') is £ (r/7'). By [12, 1.3.1.2], R®,,__, (£, (wt"))
vanishes on S x;, 3. On the other hand, g x idp(1 , is smooth on (Y —{y}) xx IP’%OO,),

and J9(K)|y_yy) are lisse for all g. By the smooth base change theorem and the
projection formula, we have

Ra,_, (priK & (g x i )" Lol v )0

= (pr{ )iy — s @ ({9 % ids) Ry, (Za(m) )y — () s
=0.

It follows that R®, _, (pr’{K ®F (g x idp% /))*3“7#’)) is supported at (y,30"). This
proves Lemma 3.1(i).
Note that the restriction of .Zy(mt’) to S X oo is a lisse sheaf. So under the

assumption of (iii), the restriction of priK ®% (g x idp ,))*.Zd,(wt’)[n} to Y Xp Moo
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is perverse. By [9, 4.5], R¥,_, (pr‘{K @k (g x idﬂm% /))*Df,j,(wt’))[n] is perverse on
Y x; 30'. Note that pri K ®@F (g x id]pz ,))*gw(ﬂ't/) vanishes on Y x; o0’. So we have

R®,_, (pr’;K ®F (g x idp%w,))*fw(ﬂt’)) ~ RV, (pr{K ®" (g % idpéw,))*.fw(wt’)).

Hence R®, _, (pr’{K @ (g x idpz ,>)*$¢(ﬂt’)>[n] is a perverse sheaf on Y xj o0’
supported at (y,a0"). Lemma 3.1(iii) then follows. O

Lemma 4.1. Let K be an object in D8(S,Q,), let
p1: S X ]P’(loo,) — S, po: S X IP’%OO,) — ]P’(oo/)

be the projections, and let j : 7 — S be the canonical open immersion. We have a
canonical isomorphism

R®,  (piK e Zy(nt)) = RS, _, (5i (iR, (K)) @ Zy(rt)) ),

where R®,_, denotes the vanishing cycles functor with respect to the projection pa,
R, (K) denotes the vanishing cycles complex of K relative to idg, which is a complex
of Gal(7/n)-modules and is regarded as an object in D%(n,Q,), and can be identified
with the cone of the specialization morphism K — Kj.

Proof. Let E be a finite extension of Q, in Q, containing im(v), let R be the integral
closure of Z; in E, and let A be a uniformizer of R. It suffices to prove the same asser-
tion for any complex K of sheaves of R/(A\™)-modules for any positive integer m. For
convenience, write A for R/(A\™). For any scheme X, denote by C'(X, A) the triangu-
lated category of complexes of etale sheaves of A-modules on X with morphisms being
homotopy classes of morphisms of complexes. Let S be the strict Henselization of S
at a geometric point 5 over s. Fix notation by the following commutative diagram:

J 7
2 &

7l S 5
[
n Lo§g &L
For any complex K € ob C(S,A), we have
RI(5, RY,,(K)) = RT(s,7" Rj.j" (K|3))
= 1(5,7" .57 (K35))

~ K.

So, RV, (K) corresponds to the complex K5 of A-modules with Gal(7/n)-action. Re-
call that R®, (K) is the mapping cone of the canonical morphism i*(K|g) — RV, (K).

Let I be the inertia subgroup of Gal(7j/n), that is, the kernel of the canonical
epimorphism Gal(7j/n) — Gal(s/s). The functor

K (i*K,j*K,i*K — i*j.j*K)
defines an equivalence of categories from the category C(S,A) to the category of

triples
(F? G7 F - GI)?
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where F' is a complex of A-modules with Gal(5/s)-action which can be identified with
an object in C(s,A), G is a complex of A-modules with Gal(7j/n)-action which can
be identified with an object in C(n,A), and F — G! is an equivariant morphism
complexes. Given an object K in C(S, A), consider the triples

id
K'=(Ks;, K5, K5 > K5), K =(Ks5, Kq, Ks — K}).
Note that the second object is exactly the triple associated to K and hence is denoted
by K. The first object corresponds to a complex of constant sheaves on S. We have
a canonical morphism K’ — K. Let K" be the mapping cone of K/ — K. Then the
canonical morphism jij*K” — K" defines a quasi-isomorphism jiR®,(K) — K". We
thus have a distinguished triangle
K' — K — jR®,(K) —
in the derived category D(S, A). It gives rise to a distinguished triangle
R, (0K’ @ Zy(nt)) — RV, _, (piK @" Zy(xt)))
= R, _, (01 (j:RO, (K)) @F Zy(7t)) —,
which can be identified with a distinguished triangle
R®, (p;K’ oL .,%(m/)) — R®,_, (p;K oL xw(wt')>
= R®,_, (pi (71RO, (K)) & Z,(xt]) —

because .Z (mt’) vanishes on S x5, 30" Since K’ corresponds to a complex of constant
sheaves on S, we have
Ra,_, (iK' &" Z,(xt)) =0

by [12, 1.3.1.2]. (Note that [12, 1.3.1.2] holds also for the torsion coefficients A as its
proof in [11, Appendix 2.4] shows.) We thus have

Ro,_ (niK & Zy(nt)) = RD,_, (pi (7R, (K)) @ Zy(nt)).
O

Lemma 4.2. Let f : X — S a morphism, x a k-rational point in the special fiber
f~1(s), X(z) the Henselization of X at x, f(z) : X(z) — S the morphism induced by
f, and K € ob D%(X,Q,). Then we have a canonical isomorphism

RO(Rf(a)(K|x(,)) = (RO(K))s.

Proof. Let X(z) (resp. S) be the strict Henselization of X (resp. S) at a geometric
point Z (resp. 5) over x (resp. s). Since z is a k-rational point, we have Xz =
X(z) X5 S. Let Ja@)  X@) — S be the morphism induced by f. It can be identified
with the base change of f(,) : X(,) — S. Fix notation by the following commutative
diagram:

) X5 = X@) — X@) x5S

f(i),ﬁ l J, f(f) - l f(i:),g

U]

= S £ s
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For convenience, denote the restrictions of K to X(,), X(z) and Xz x g7 also by K.
Then R®(Rf(,).K) is the mapping cone of the canonical morphism

"Rfe) K — i"Rj.j*Rf(z). K
We have
RI(3,i*Rf(3).K) = RI(S, Rf(z). K)
= RI'(X(z), K),

(
(
RT(5,i"Rj.j* Rf(z). K) = RU(S, Rj.j* Rf(z). K)
(7
(7

12

L(7, 7" Rf(z) K)

0, Rf )5+ K)

(X(i) xg 1, K).
It follows that R®(Rf(,).K) can be identified with the mapping cone of the canonical
morphism

12

R
RI’
RT

12

RF(X(E), K) — RF(X(@ Xg 17, K)
The later is exactly (R®(K)),. O
Under the assumption of Lemma 3.1, let Y(,y be the Henselization of Y at y, and

let g¢y) : Yy — S be the morphism induced by g. Fix notation by the following
commutative diagram:

9y Xidp1
Yi) %k Ploo) =TSP, B P,
PTi(y) ! pl
Y 7y S —  Speck.

Denote the restriction of K to Y(,) also by K. We have canonical morphisms
R, (viRg)-K " Z,(x0))
= RV, , (R(g(y) X idpgw/))*pr’{(y)K ®F fw(wt/))
(smooth base change theorem)
& R\I/noc, <R(g(y) X idP%w/))* (pI‘T(y)K ®L (g(y) X ldp?wl>)*$¢ (Wt/))>
(projection formula)
— R(g(y) X id@/)*R\I/nm, (pI‘I(y)K ®L (g(y) X id]p%oo,))*gw(ﬂt/))

Since pi Ry, K ®% £, (rt') and Iy, K L (g(y) % id]p% /))*fw(mﬁ’) vanish on the
fibers over oc’, their vanishing cycles complex and nearby cycles complex coincide. So
the composite of the above canonical morphisms can be identified with a canonical
morphism

R®, (prg(y)*K ®F fw(ﬂt’))

— R(g(y) X id@')*Rq)Uoo’ (pr’f(y)K ®L (g(y) X idp%m/))*gw (Ft’)).
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Applying Lemma 4.1 to the complex Rg(,).K on S, we get a canonical isomorphism
R, _, (i Ry K ©F Zy(xl)) = R, _, (01 (i RO(Ry().K)) &" Z(x1))).
By Lemma 4.2, we have
R®(Ry(y). K) = (RO4(K))y.
We thus get a canonical morphism
Ra,_, (v} (i (ROy(K)),) &" 2, (1))
= Rg(y) x idser) o Ry, (prig) K @ (g % idps_, )" Zy(nt) ).

By Lemma 3.1(i) that we have shown at the beginning of this section, this gives rise
to a canonical morphism

(4.1) Re,,_, (pi (71RO, (K)),) " Z,(x0))

— R®,_, (priK @" (g xidsy_, )" Zy(xt))

(8,007)

(y,00)

Under the assumption of Lemma 3.1(iii), taking the nth cohomology on both sides
and using the definition of .#(©->") in [12, 2.4.2.3], we get a canonical morphism

F(0,00) (R”—lobg(K )y> — Ry, (pr’fK ®" (g idﬂ”ém/))*m) (y,00")

Lemma 4.3. Let f : X — S be a proper morphism, and let K € ob D%(X,Q,).
Suppose X is reqular pure of dimension n, f is smooth at points in f~1(s) — A for a
finite set A of k-rational points in f~1(s) and the sheaves #(K)|x_a are lisse for
all gq. Then for all x € A, the canonical morphisms

R®, _, (p’{ (J1(ROf(K)).) @F W) (5,00")
— R®,_, (prTK @b (f x idpgw,))*m) (2,00)
constructed above are isomorphisms, where pry : X Xy IFD(100’) — X is the projection.
Suppose furthermore that K is a lisse sheaf. Then the canonical morphisms
y(o,m/)(Rn_lq)f(K)m) — R"®,_, (pr’{K @ (f x idp%m,))*M) (3.00')

are isomorphisms for all x € A.

Proof. The second statement follows from the first one. To prove the first statement,
it suffices to prove the above canonical morphisms induce an isomorphism

D e (b1 (1 (RO (K)).) &F Zy(nt))

’
ccA (s,00")

N I . * 0 (11
— P Re,, (prik " (f xidw_, )" Zy(nt)) (or00)

z€A
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Fix notation by the following commutative diagram:

indJP’(l )
1 oo’ P2 1
X Xk ]P)(Oo/) — S Xk P(OO/) — P(Oo/)
pry l P1 l l
X EN S —  Speck

We have canonical isomorphisms
R, (piR.K @ Zy(xt"))
= RV, , (R(f X idp(l /))*pf{K L fﬂm’)) (smooth base change theorem)

~ RY, (R( fxidp ) (priK ©F (f x idp(lm/))*gw(mf)))

(projection formula)
> R(f x ids ). RT,_, (pr{K " (f x idps ,)>*zw(m/))

(proper base change theorem)

Since p; Rf. K @F Ly (mt') and pri K @L (f x idpz ., )*Z,y(mt’) vanish on the fibers over
oo’, their vanishing cycles complex and nearby cycles complex coincide. So the stalk
at (s, 00") of the composite of the above canonical isomorphisms can be identified with

RO, (piRSK o 2,01

5,00")
= (R(f x ids). R, (pri K ©F (f x idpzm/))*m))(w,) .
Applying Lemma 4.1 to the complex Rf.K on S, we get
R, , (niRf.K @ Zy(nt)) = RO, (pijiRO(RS.K) &F Zy(xt)).
So we get a canonical isomorphism

(42) RO, (pijiRO(RLK) ©F Zy(x1))

(s,007)
= (R(f x ids) ROy (priK ©F (f xidgy_ )" Zo(al))
By the proper base change theorem and lemma 2.1, we have
R®(Rf.K) = Rfe.(R®(K))
= (P (R (K))..

z€A

By Lemma 3.1(i) that we have shown at the beginning of this section, we have
(R( f x ids) R, _, (pr’;K " (f x idp, /))*.,%(wt')))

~ (P Ra,_, (pr’l‘K @ (f x idp%w,))*iﬂw(wt’))

z€A

(8,007)

(z,00")
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So we can write the isomorphism (4.2) as

D Re,., (PR (K))s &7 Zy(wt))

z€A

~ @D ra,_, (pr;K ®F (f x idps /))*f“wt’))
rEA

(5,00")

(z,00)

This last isomorphism coincides with the morphism induced by the canonical mor-
phisms (4.1)

Re,_, (i (RO (K)). ©F Z,(x0))

(s,00)
— R®, (pr’;K oL (f x idpgm/))*fw(wt’)) ooy

It follows that these canonical morphisms are isomorphisms. O
We are now ready to prove Lemma 3.1(ii) and (iv).

Proof of Lemma 3.1(ii) and (iv). The canonical morphism (4.1) defined before
Lemma 4.3

R, (pT (71(RD4(K)),) ®" W) (s,00")

— R®,_, (pr’fK ®L (g x idp )*.%(m/))
(o) (y,00)
commutes with the base change on the trait S. By [3, Th. finitude 3.7], to prove
this canonical morphism is an isomorphism, we can reduce to the case where k is
algebraically closed and S = Spec k[[]]. By [5, XVI 2.5], there exists a smooth pro-
jective variety Z over k, a morphism h : Z — ]P’,lc smooth outside a finite set of closed
points in Z, and a closed point z of Z such that h(z) = 0 and that there exists an
S-isomorphism between the Henselization of Y at y, and the Henselization of Z Xp1 S
at z, where S is regarded as a Pj-scheme by identifying S with the completion of
P} at 0. To prove the canonical morphism (3) is an isomorphism is a problem local
with respect to the etale topology. So we may reduce to the case where Y is an open
subscheme of X = Z XpL S,y =2z and g : Y — S is induced by the projection
f:X=7Z XpL S — S. The morphism f : X — § is projective, and is smooth at
points in f~1(s) — A for a finite set A of closed points in f~!(s). Our assertion then
follows from Lemma, 4.3. (]

5. Questions and conjectures
Deligne makes the following conjecture ([2]):

Conjecture 5.1. Let A be a Noetherian torsion ring with the property that mA = 0
for some integer m relatively prime to p. let S1, So, S be Henselian traits over Spec k
of equal characteristic p, all with residue field k, let s1, s2, s be their closed points,
and let a : S1 X So — S be a k-morphism such that a(s1,s2) = s and such that
a(-,82) : S1 — S and a(sy,-) : So — S are isomorphisms. For each i, let f; : X; — S;
be a morphism of finite type, let x; be a k-rational point in the special fiber such
that fi|x,—z, i smooth, and let K; € ob D’C’tf(Xi,Z/Em) such that HY(K;)|x,—x,
are locally constant for all q. (Or more optimistically, one can just assume K; is
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universally locally acylic outside x; relative to f;.) Let n; be the generic point of S;,
and let j; : m; — S; be the canonical open immersion.

(i) Under the above conditions, a o (fi x fo) is locally acyclic relative to K; X
Ky outside (x1,2), and hence the vanishing cycles complex R®qq(f, x 1,) (K1 XE Ks)
relative to the morphism ao (f1 X fa) is supported at (x1,x2). (Confer [3, Th. finitude
2.12] for the definition of local acyclicity.)

(ii) There is a canonical isomorphism

R (1 (RO 7, (K1))2,) B i (RO, (K2))as))
(R(I)ao(fl X f2) (K K" KQ))

where (R®y, (K;))s, (i =1,2) are complexes of A-modules with Gal(n; /n;)-action and
are regarded as objects in D’C’tf (ni, A).

(s1,82)

1

M
(z1,22)

Due to the use of the Deligne—Fourier transformation, the method used in this paper
is not applicable to solve the conjecture unless a is directly related to the addition of
the algebraic group A,{;. Moreover, our method works only in characteristic p. Another
problem that is not treated in the paper is how the Thom—Sebastiani theorem behaves
with respect to the variation morphism. This problem over C is treated by Deligne
[1] by topological methods.
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