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A FOURIER APPROACH TO THE PROFILE DECOMPOSITION
IN ORLICZ SPACES

HAJER BAHOURI AND GALINA PERELMAN

ABSTRACT. This paper is devoted to the characterization of the lack of compactness of
the Sobolev embedding of HN (R2N) into the Orlicz space using Fourier analysis. The
approach adopted in this paper is strikingly different from the one used in 2D in [4,6,7],
which consists in tracking the large values of the sequences considered. The analysis we
employ in this work is inspired by the strategy of P. Gérard in [13] and is based on the
notion introduced in [8] of being log-oscillating with respect to a scale.

1. Introduction and statement of the results

1.1. Setting of the problem and main result. We are interested in the nonho-
mogeneous Sobolev space HYY (R?Y) which consists of functions u in L?(R*) such
that

(1) oy = [ (11PN RO de < o,
where @ denotes the Fourier transform of u:
u(g) :—/ e 1 y(x) du,
R2N

with - € the inner product on R?V. It is well known that H™ (R?*Y) is continuously
embedded in all Lebesgue spaces LP(R?Y) for 2 < p < oo, but not in L>=(R?Y). On
the other hand, it is also known that HY (R?Y) embeds in £(R*"), where L£(R?")
denotes the Orlicz space associated to the function ¢(s) = e*® — 1. Recall that the
Orlicz spaces are defined as follows:

Definition 1.1. Let ¢ : RT™ — R* be a convex increasing function such that
$(0)=0= 11I(I)1+ o(s), lim ¢(s) = occ.

We say that a measurable function u : R? — C belongs to L? if there exists A > 0

such that
/ [0) (|u(:v)|> dx < 00.
Rd A
We denote then

(1.2) |ullpe = inf {/\ >0, /R b ('“&”') dr <1 } .
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34 H. BAHOURI AND G. PERELMAN

The Sobolev embedding
(1.3) HY (R?N) — L(RY),
stems immediately from the following sharp Moser—Trudinger type inequalities (see

[1,2,23,24] for further details):

Proposition 1.2.

(1.4) sup / (eﬂN‘“(‘”)‘z - 1) dr < oo,
R2N

||U'HHN(R2N)S1

here 3 2N 72N 22N " 2N
where fny = —————, with wony_1 = ——
WaN—-1 (N — 1)'
The aim of this paper is to describe the lack of compactness of the Sobolev em-
bedding of HY(R2?Y) into £L(R?V). In [4,6,7], the authors studied this question in
the two-dimensional (2D) particular case and characterized the lack of compactness
by means of an asymptotic decomposition in terms of generalizations of the following

example by Moser ( [20-22]):
,/;—; if || < e—on,

the measure of the sphere SN 1.

fau(w) =9 _doglo| o o, lz| <1
vV2ay,™ - -7
0 it |z| > 1,

where (o) is a sequence of positive real numbers going to infinity. In order to state
in a clear way the corresponding result, let us introduce some notations as in [7].

Definition 1.3. We shall designate by a scale any sequence a := (ay,) of positive
real numbers going to infinity, by a core any sequence x := (x,,) of points in R?V and
by a profile any function ¢ belonging to L?(R,). Given two scales a, &, two cores
z, £ and two profiles ¢, @, we shall say that the triplets (o, z, ) and (&, Z, ), are
orthogonal if

(1.5) either log (G /arn) | == o0,

or &, = o, and
log |2y — ZTn| n—ooo
_2eln 7 In| n=x

Qp

(1.6) a € [—o0, +o0],

with in the case when a € ]0,400[ ¥ or 4 null for s < a, where 1)(s) := / o(t) dt
0

and ¥ (s) ::/ o(t) dt.
0
In [7], the following result is proved.

Theorem 1.4. Let (u,) be a bounded sequence in H'(R?) such that
(1.7) U, =0 in HYR?*), n— oo,

(1.8) limsup ||up ||z = Ao > 0 and

n—oo
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(1.9) Jim limsup {[unl|z(jaf> r) = 0-

Then, up to a subsequence extraction, there exists a sequence of scales (g(j)), a
sequence of cores (29)) and a sequence of profiles (p\9)) such that the triplets (a9), 29,
<p(j)) are paitrwise orthogonal in the sense of Definition 1.3 and, we have for all £ > 1,
(1.10)

¢ G [ )
)= 32 |5 0 (FEEZED) 000 i 101 =

ag) n—00

where Y9 (s) := / o9 (t) dt. Moreover for all £ > 1, we have the following orthogo-
0
nality equality

¢
(1.11) IV tnlF 2@y =D oD 2@, ) + VPO 172 @2y +0(1), n— oo
=1

Remarks 1.5.

e The example by Moser reads as

o, — log |x|
MOENES I
faulz) = 22 ( . )

where
0 if s<O0,
L(s)= <s if 0<s<1,
1 if s>1.

e It was shown in [8] that the sequence (f,, ) can be written under the form:

fom(‘r) = ?;;(x) + T’n<l‘),

with ||Vry,|r2 — 0 and

— 1 2 iz 1 log |£]
(1.12) fan(x)—wv%/Rze |€2<P< o, >d§,

where (1) = 1p0,11(n).

Let us point out that the strategy adopted in [7] to build the asymptotic decompo-
sition in terms of generalizations of the example by Moser concentrated around cores
is based on capacity arguments and uses in a crucial way the fact that the Schwarz
symmetrization minimizes the energy (for more details, we refer the reader to [17,19]
and references therein). As the Schwarz symmetrization process does not allow to
control the HY-norm when N > 1, the method developed in [7] does not apply to
higher dimensions.
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The strategy we adopt here to describe the lack of compactness of the Sobolev em-
bedding (1.3) in the 2ND general case is rather inspired by the approach of P. Gérard
in [13] which is based on Fourier analysis. However, unlike the framework studied by
P. Gérard, the elements which are responsible of the lack of compactness of (1.3) are
spread in frequency. We are therefore led to revisit the method of P. Gérard to address
that issue.

Note that the description of the lack of compactness in other critical Sobolev em-
beddings was achieved in [5,10,13,14] and has been at the origin of several develop-
ments such as regularity results for Navier—Stokes systems in [9,12], qualitative study
of nonlinear evolution equations in [3,16,18,26] or estimate of the life span of focusing
semi-linear dispersive evolution equations in [15]. Further applications of the charac-
terization of the lack of compactness in critical Sobolev embeddings are available in
the elliptic framework. Among others, one can mention [11,20,21,25].

The main purpose of this paper is to establish the following theorem:

Theorem 1.6. Let (u,) be a bounded sequence in HY (R?N) such that

(1.13) U, =0 in HYNR?), n— oo,

(1.14) limsup ||un||z = 4o > 0 and

(1.15) hm hmsup/ |u,|? dz = 0.
R=00 n—oo Jjz|>R

Then, there exists a sequence of scales (g(j)), a sequence of cores (g(j)) and a sequence
of profiles (p\9) such that the triplets (o), 20 W) are pairwise orthogonal in the
sense of Definition 1.8 and such that, up to a subsequence extraction, we have for all

0>1,
ol (@—z))-€ lo
) ( log [¢]
(1.16) / e <,o<”< o | dé (@),
i= 1 \ald) JlE=1 Qi
: 1 ()
with Cn = and limsup |7z =X,

(27T)N\/W2N—1 n—o00

Moreover for all £ > 1, we have the following stability estimates

A1) il = 3 16y + 10 gon, +0(1), oo
7j=1

The following proposition the proof of which is postponed to Appendix A.2 allows
us to relate in the 2D case Theorem 1.6 to Theorem 1.4.

Proposition 1.7. Let (ap)n>0 be a scale in the sense of Definition 1.3 and ¢ in
L?(R,). Set with the notation of Theorem 1.6

Cn et ®E log |¢|
n = d¢.
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Then

(1.18) gn(x) = Cwa< 12g$> +tn(x),

n

WaN -1 n—oo

Y ~
with Y (y) :/0 p(t)dt, Cn = RCSLE and ||t,]lz — 0.

By this proposition, one can write the elementary concentrations

el (o= log [¢]
(1.19) f9)(z) = / Lp(J) >0 ) de,
[o) g1 |§|2N o

under the form

A ~ S —loglz — 2 A
(1.20) FP(x) = Cn /o) ) (Og '”ij) 7 1) 449 (a),
(6%

-~ w — 1 n— oo . .

where Cy = (2271)\7]\71 and ||t$f)||£ — 0. This allows us to view Theorem 1.6 as a
™

generalization of Theorem 1.4.
Remarks 1.8.

e Arguing exactly as in the proof of Proposition 1.15 in [4] and making use of
(1.4) and (1.20), we can prove that the elementary concentrations fy o satisfy

) (4)
(1.21) lm 9z = —— max L)l

\/m s>0 \/E ’
where ) (s) := /S o (¢) dt.
0

e Note that the elementary concentrations f,gj ) defined above by (1.19) belong
to HN (R?Y) while a priori the generalizations of the example by Moser:

1 _ (4)
Cy \/7¢(J)< og|m n |> only belong to H'(R*Y).

e The hypothesis of compactness at infinity (1.15) is crucial: it allows to avoid
the loss of Orlicz norm at infinity; without this assumption, the result is not
true.

e Note also that the lack of compactness of the Sobolev embedding (1.3) was
studied in the radial framework for the 4D case in [10] by tracking the large
values of the sequences studied.

1.2. Layout of the paper. The paper is organized as follows: in Section 2, we
recall some useful results about profile decompositions. The proof of Theorem 1.6 is
addressed in Section 3. In Appendix A, we establish Proposition 1.7 and highlight the
connection between Orlicz space and some space involved in the proof of Theorem 1.6.

We mention that the letter C' will be used to denote an absolute constant which
may vary from line to line. We also use A < B to denote an estimate of the form
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A < CB for some absolute constant C'. For simplicity, we shall also still denote by
(uy,) any subsequence of (u,,) and designate by o(1) any sequence which tends to 0 as
n goes to infinity.

2. Background material

Let us start by introducing the notions of being log-oscillating with respect to a scale
and of being log-unrelated to any scale, which are a natural adaptation to our setting
of the vocabulary of P. Gérard in [13].

Definition 2.1. Let v := (v,,),>0 be a bounded sequence in L?(R%) and o := (v )n>0
be a sequence of positive real numbers.

e The sequence v is said « log-oscillating if

(2.1) hranjolip </|£< o [0, (€ )|2d§—|—/|£> . |@(§)|2d§> Rooo

e The sequence v is said log-unrelated to the scale « if for any real numbers
b>a>0

(2.2) / ()2 de "= 0
caon <[¢|<ebon

Remarks 2.2.

e In what follows, it will be convenient for us to write in the 2ND case’

_ 1
Un(g) = W (pn(logm‘aw)

Note that if (v,,)nen is a bounded sequence in L?(R2Y) whose Fourier trans-
form is supported in {¢ € R2N: ¢ > 1}, then (¢n)nen is a bounded sequence
in the space L?(R, x S?V~1). In terms of (i,,), the property for (v,) to be a
log-oscillating can be written as:

a}%,/ 00
lim sup </ / lon (t, w)[2dtdw —I—/ / |<pn(t,w)|2dtdw> Roee g,
n—oo s2N-1 Jo s2N=-1 Ja, R

1
We will say that (¢n)nen is
«

n

-concentrated.

Similarly, the property for (v,,) being log-unrelated to the scale & means that
for any real numbers b > a > 0

bay,
/ / lon (t,w)|? dt dw "= 0.
s2v-1 Jga,

1
The sequence (¢p)nen Will be said unrelated to the scale —-
Qp

WWhere obviously & = |¢] - w, with w € S2N 1,
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e According to (1.12), we can easily prove that the example by Moser V f,, is
a log-oscillating. Indeed for R > 1

[ NP = [ ©Pdes [ VR ©F de
€|<e R

1€1<1 1<|é|<e R

Firstly
/ IV fa, (O d€ < || fa, 72 =30,
l€l<1

and secondly thanks to (1.12)

Qn

S7Th c (" dr C
Vi (©)Pd g/ T oy <& o),
[ g FEt@Pde < O [ S < et

n
where o(1) denotes a sequence which tends to 0 as n goes to infinity. Therefore
lim sup / oy (Vha (O & =30
n—oo Jjg|<e B
Finally Identity (1.12) easily implies that
tmsup [ [V (P d o,
n—o0  Jig|zeltan
which ends the proof of the result.
In the proof of Theorem 1.6, we shall need the following result which is an immediate
consequence of Theorem 2.9 in [13]. Note that in that framework a scale will designate

a sequence h := (hy,) of positive real numbers and 1 the scale in which all the terms
are equal to the number 1.

Theorem 2.3. Let (¢, )nen be a bounded sequence in L*(Ry x S?N~1). Then, there
exists a sequence of scales (h(j))jzl and a sequence of bounded sequences (g(j))jzl in
the space L?>(Ry x S?N=1) such that:

o ifj £k, ‘log (hﬁi)/h%’“)) noee
e for all j, gV is hU)-concentrated;
e up to a subsequence extraction, we have for all £ > 1

)

¢
(2.3) on(t,w) = Z 9D (tw) + Ot w), with limsup |rP|z == 0,
=1 n—o0
where
(2.4) IO i=sup [ [ 17O (4,00 dt do
kez JS2N-1 Jok<g<ok+1

Furthermore for any £, (r%)) is unrelated to the scales (h9)) for j = 1,...,¢, and

therefore
J4

(2.5) ||S0n||2L2(R+><S2N*1) = Z Hg’r(lj)||%2(R+><S2N*1) + ||T§LE)H%2(R+><S2N*1) +o(1).
j=1
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3. Proof of Theorem 1.6

3.1. Scheme of the proof. The proof relies on a diagonal extraction process and is
done in three steps. In the first step, we extract the log-oscillating components of the
sequence (u,) we investigate. For that purpose, we reduce the problem to the study
of the bounded sequence (¢,) in L2(R, x S?N 1) expressed in terms of (u,,) outside
the low frequencies as follows:

T(e) = |§|1N on(log [£],w).

Then we extract the concentrated components of the sequence (¢,) applying Theo-
rem 2.3. This allows us to complete this step expressing (u,) by means of (¢,,).

The second step is dedicated to the extraction of the cores and the profiles. It
consists firstly in applying with a slight modification the processes developed in [13],
secondly in replacing the profiles obtained by this method in L?(R, x S>¥~1) by their
average on the sphere, and finally in translating the result in terms of (uy,).

In the third step, we establish that the remainder term tends to zero in the Orlicz
space as the number of functions in the sum and n go to infinity. As we shall see in
the sequel, the remainder term includes two parts. A first part which comes from the
decomposition on log-oscillating components, and that we deal thanks to the connec-
tion between B space defined by (2.4) and Orlicz space. Regarding the second part,
it comes from the error committed by replacing the profiles obtained in the second
step by their average on the sphere. We treat it through some suitable estimates.

3.2. Extraction of log-oscillating components. In view of Assumption (1.15),
the sequence (u,) converges towards 0 in L?(R?Y). Therefore, for any fixed M

/|£<M(1 * ‘§|2)N{U/\”(£>|2d§ <(1+ MQ)NHUnH%MRzN) .

Thus writing?

un = X(D)un + (1 = x)(D)tn,
where x is a radial function in D(R*") equal to one in B(0,1) and valued in [0, 1],
we infer that

(3.1) Uy, = U + 7"71”

where (1,,) is a bounded sequence in HY (R?Y) the Fourier transform of which is
n—oo

supported in {f c R?V; |¢| > 1} and HT}LHHN(RzN) — 0.
Our starting point consists in observing that

1
(3.2) un(§) = IEE n (log [¢],w),

with ,, a bounded sequence of L?(R; x S?¥~1). Indeed, we have

/\~ o0 2dp
DN 172 2w =/ dw/ | (log p,w)|"—=
S2N -1 1 P

:/ dw /OO |cpn(u,w)|2du,
S2N-1 0

" 2ye recall that X(DVF(E) = x(E)7(E).
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which ensures the result. Consequently, one can write

(3.3) U () = @n ) /|5>1 |e£|2N on(log €], w) d¢ + 7} (),

with (¢ )nen a bounded sequence in L?(R; x S?V~1). Taking advantage of the fact
that ||Un|z2®evyy — 0, we infer with the vocabulary of Remarks 2.2 that the
sequence (¢n)nen is unrelated to the scale 1 and to any scale (hy,)nen tending to
infinity. Indeed, for any real numbers b > a > 0

/ dw/ |80n(uaw)|2du§62Nb/ dw/ |¢n(u,w)|2e*2N“du
§2N -1 a<u<b §2N -1 a<u<b

< N[0, |12 eny < V|2 gany " 0.
Along the same lines, if (hy,)nen is any scale tending to infinity, then we have for any
real numbers b > a > 0 and n large enough

/ dw/ |on(u, w)[? du§e2Nb/ dw/ lom (1, ) |22V du,
§2N -1 aghnugb S2N -1 Oﬁugb

which ensures the result.
Now to extract the log-oscillating components of the sequence (u,,), we shall apply
Theorem 2.3 to the sequence (¢,,). Up to a subsequence extraction, this gives rise to

¢
(3.4) Z g9 (t,w) + 19 (¢, w),

for (t,w) € Ry x S2N=1 where the sequence (g (j)) is h)- concentrated, with for
j#k |10g (h(J)/h(k )| == oo, and where ( ) is unrelated to any scale (h(j ) for
j=1,...,¢, and satisfies

2it1

limsup sup / dw / ﬁ;(f) (t,w)|2dt =00,
2N -1 2i

n—oo  jEZ
Taking advantage of the above, we deduce that the components /g‘;(j )
Decomposition (3.4) are h)-concentrated with hY) "= 0.
Therefore, up to a subsequence extraction, we have

intervening in

(3.5) Z 99 () + 8 () + o(1),

where the Fourier transforms of the sequences ( %)) and (gflj )) for j € {1,...,£4} are
supported in {¢ € RN (€| > 1} and satisfy

—

(36) g€ = |€|12N 5 (log el w) amd £D(6) = LT (log €], w).

IS

and where o(1) tends to 0 in H~ (R?") and thus in £ as n goes to infinity. Moreover,
in light of Proposition A.1 which relates the Orlicz and B norms

(3.7) limsup [t == 0.

n—o0



42 H. BAHOURI AND G. PERELMAN

It is then obvious that the sequences (|D|V gy )) are a?) log-oscillating in the sense

n—

of Definition 2.1, with o) = h(1j> % o0, and that (|D|Nt£f)) is log-unrelated to the

scales ) for j =1,...,£. Indeed,

— y dp
/. e o ©F = [ aw [ 3 (togp.)? %
—5y (log €)= R §2N-1 5 (log p)>R p

NE)

- / dw / 5D (1,0 d.
SQN—I ZR

)

The sequence Z];(j ) being %—Concentrated, we deduce that
Qn
lim sup / 161 g7 (@)1 dg =5 0
n—00 T(log l€h=R

Along the same lines, we get

. R—oo
lim sup / \|s|Ng ©Pde = o,
15 (log [¢])

n—o0

and establish that (\D|Nt(z)) is log-unrelated to the scales o) for j =1,...,¢. This

achieves the proof of the claim. The fact that oz(] ) = h(l'j) easily implies that the scales

(@) are pairwise orthogonal in the sense of (1.5).

3.3. Extraction of cores and profiles. Now our aim is to prove that the sequence

(gff ))neN can be decomposed up to a subsequence extraction according to

Z '/'E xn)g 10
o <z>l< %J§'>d£+o<1>,
(07%

fo

where the profiles ¢! belong to L2(R ) and the cores (7)), en are sequences of points
in R2Y satisfying the orthogonality assumption (1.6), and where o(1) designates a
sequence which tends to 0 in £ as n and L go to infinity.

For that purpose, let us firstly recall that

0) = G [ g 9 o

(3.8)

-concentrated. Thus

(J))

where the sequence (g,

a(J)
el log [¢]
(3.9) / o) Sl w | de,
‘/ (J l€|>1 |§|2N asf)

with % a bounded sequence in L2(R x S2¥=1) which is 1-concentrated.
In order to establish (3.8), we shall revisit the proof of Proposition 4.1 of P. Gérard
n [13]. For that purpose, with a fixed scale (o), let us for a sequence (¢,) bounded
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in the space L2(R; x S?2V~1) and 1-concentrated denote by P(p,) the set of weak
limits in L2(Ry x S2N~1) of subsequences of

o Tp-e“ntw On (t, w)’

where z,, € R?YN and set

(3.10) N(pn) = sup  [[@lia(m, xsen-1):
PEP(pn)

Now the heart of the matter consists in establishing the following lemma:
Lemma 3.1. Let (,) be a bounded sequence in L?(Ry x S?2N—1) 1-concentrated,
and (an)nen be a sequence of positive real numbers going to infinity. Then, up to

a subsequence extraction, there exists a sequence ((I)(l))l21 of functions belonging to
L*(Ry x S?N=1) and a sequence of cores (zV);>1, such that for any L > 1 we have

L
gon(t,w) _ Z efiiﬂill)-eantw @(l) (t,w) 4 T£LL) (t,w),
=1
with
(1) For all1 <l <, we have

log |z — 2| o,
—M "% a € [~00,+00] with in the case when a > —oo,
(879

D (t,w) =0, for t<a.

2) elan e wp (D (g w) "0 in L2(Ry x SPNTY),
(3) For all1 <1’ <1, the sequence

ei (Is)imgf’))_eantwq)(l) (t,w> —~0 in LQ(R+ X SQN*l)
(4) limsup n(rH) = 0.

L—oo

, N — 0.

Remark 3.2. Let us point out that Claims (2) and (3) ensure that for all | < L,
eiwn et wp (B ) P20 in L2(Ry x S2V-1) and in particular,

L
(3.11) 16 enllZ = 1690172 + (16722 +o(1), n— oo,
=1
for any 6 in L>(R4).

Proof. If n(¢y) = 0, we are done. Otherwise there exists @) € P(¢,,) such that

1
18D )22 2 S (o).
Thus we have, up to a subsequence extraction

gon(t,w) — e—’l;xgll).eantw <D(1) (t,w) + T,(ll)(t,w),
with (:ch)) a core and

(3.12) etmn et (D )"0 in L2(R, x SV,
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Now if n(r{!)) = 0, we stop the process. If not there exists &2 e P(g,,) such that

23, > 2 n(riD),
which, up to a subsequence extraction, gives rise to

rgll)(t,w) — otz e §(2) (t,w) + rgf) (t,w),
for some core (:cg)), and with
ei T e w rD(t,w)"2°0 in LRy x PV,
Up to a subsequence extraction, we can suppose that
_loglan) = 1] e
(79

We claim in the case when a > —oo that ®®) () = 0 for all ¢ < a. Indeed, if not there
exists a < a such that

(3.13) / / 0@ (t,w)|* dt dw = 6 > 0.
—oo J§2N -1
By hypothesis if € > 0 is chosen so that a@ + € < a, then
logled) o] _
(3.14) _loglz zn| >a+e, for n sufficiently large.

Qnp

But by construction, we have

/ / 10 (t,w)|* dt dw = lim T,
oo JS2N -1 n—00
with
+oo . (2) ant T oY\
I, ::/ / et T e ) X[0,a) (£) 23 (t,w) dt dw.
—00 S§2N -1

Moreover

oo (D) oty (1 (@) (D) gant —
7, _/ / elon et (¢ ) f @ a2 (1) @O (1, w) dit duw
— 00 SQN*I

+oo 1) _ant —
= [ 00) xo (0B () d e+ R,
—oo JS§2N-1
with

Ral < [ [ 0] [0 512 — ottt
< [ol®) - gD] e
By virtue of (3.14)
() — 2@ <em @+ for n sufficiently large,

which implies that
[Rn| Se e =500
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This in light of (3.12) yields a contradiction with (3.13) and then concludes the proof
of the orthogonality property for ®). According to the fact that by construction ®(2)
is not null, we deduce that a < +oc.

We next address Claim (3), which is in fact a direct consequence of Claim (2).
Indeed, in view of the orthogonality property for ®2), it suffices to demonstrate in
the case when a < 400 that for all g in D(Ja, +oo x S2N 1)

teo 2D g (®).eonty, n—oo
(3.15) / / T )W (¢ w) dt dw =S 0.
§2N -1

For that purpose, we perform the change of variables £ = e®*! - w which leads to

1 i (2D (@), log|¢| £ dg
jn:/ ez(xn wn)fg ' el ’
ay Jr2N Qp |£‘ |§|2N

log[¢] €
[l
Then integrating by parts, we get

. (1) (2)
[ ey a1 loglﬁl 1 a
= /M oD —aPp ¢ P T

which implies that

where ¢ is supported in {eo‘"‘“ <g < enb }, with a < a1 < b; < .

anby

1 f° 1 p2N-1
| 3 / dp
n Op Jeanar |$£Ll) . $£L2)‘ p2N+1
—Qnpal
S o
e70) ‘xn — In |

and ensures the result.
An iteration argument allows us to construct the families (®());>; and (z(V);>;
satisfying Claims (1)—(3) of Lemma 3.1. Finally, recalling that by construction

(i) < 2| @E+Y)2,,

we deduce in view of the convergence of the series Z |o® |2, that
lEN

limsup n(rH) = 0.

L—oo

This ends the proof of the lemma. O

Corollary 3.3. Under notations of Lemma 3.1, we have
(3.16) limsup ||RY)], =2° 0,

n—o0

Cn. e log [¢]
R(L) : TSLL) ,w | d€.
() = VOn Jig>1 €12 Qn ¢

where
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Proof. The goal is to prove that for all ¢ > 0, there exist Ly € N and C an absolute
constant such that
VL > Lo, limsup |RP)||; < Ce.

n—oo
Recall that ¢,, is a bounded sequence in L?(R; x S?N~1!) which is 1-concentrated,
and therefore there exists RO > 0 such that

(3.17) limsup </ / lon (t, w)|? dtdw—i—/ / lon (t,w)|? dtdw) < €2,
n—oo S2N 1 S2N 1 RU

Since by Assertion (3.11), we have for any L > 1

/ / ) (1, ) 2 dt dew < / lon (t,w) 2 dt dow
§2N=1 J{t< 7= }YU{t=Ro} §2N=1 J{t< 7= }U{t=Ro}

+o(1),
as n tends to infinity, we obtain for any L > 1
(3.18) lim sup / / [rD (¢, w)|? dt dw < 2.
n—oo  JSAN-1 J{t<Z-3U{t>Ro}

Now let us decompose R%L) into two parts as follows:

R = D + (R~ FD),

~ Cn e e log [¢] log [¢]
R () := 0 rB =5 0 ) d
(z) o o1 JEPY XR ( @, o, 3
1

and where xpg, is a function of D(R) which is equal to one in {R— <y < Ro}
0

with

1
supported in {ﬁ <y< QRO} and valued in [0, 1].
O ~
First let us consider RSLL) — R%L). By straightforward computations, we get
IR = B e S IR = B |l gany < 11(1 = )il

Since
(1 = xro)r$P 7 < / 1) (¢, w)|? dt dw,
{t<& }U{t>Ro}

we deduce in light of (3.18) that
limsup [|R)7 — BP|e S e

n—oo

Now let us address RS, To go to this end, let us start by observing that for any
L>1

(3.19) lim sup r IRP || oo greny < n(r$P) 2 |Ix o | -

n—oo
Indeed, if not there exists an integer Ly, a positive real number § and a subsequence
(R%Lk‘))) such that

1
= IR o aomy 2 085 e 2 + 6

On,
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for k sufficiently large. Therefore, there exists a sequence of points (z,,) such that

L Lo)\% g
\/@ R (@ )] 2 m(riie))2 [Ixm, ll22 + 2

which means that

i ek 1 )
‘/ / X R (t)e? @nk e w p(Lo) (t,w> dt dw‘ > n(r(E)2 (xRl r2 + 5
Ry JS2N-1

for k big enough. But the sequence (e’ *"& ekt r%“)) is bounded in L?(R, x S?V-1).
Thus, up to a subsequence extraction, it converges weakly in L? to a function H
belonging to P(ri:").

1 1)
77(71%[;;0))2 ||XR0||L2 + 5 < )/ A N XRo(t)H <t7w> dtdw‘ < HHHLZHXR()HLQa
R, Js2v-1

which contradicts the definition of n(n(io)) and ends the proof of Claim (3.19).
Now using the simple fact that for any function u

/ <e|“(w)|2 - 1) dx < / elu@I? lu(x)|? da,
R2N R2N

we get for any A > 0

Passing to the limit, we deduce that

) () 1 1R 10~
(320) /RzN (el A |2 ) dx S ﬁe >\2L HR,,(,LL)”%2(R2N)
But
N
IR gan, /Nh/ e N D1 ) dit o S & [ B, .

2

which together with (3.19) and (3.20) implies that
limsup [| B2 < On(riP)=.

The fact that n(r (L)) % 0 allows us to conclude the proof of (3.16). O

In order to obtain a decomposition under the form (1.16), we shall replace the profiles
obtained above in L?(R, x S?N~1) by their average on the sphere. To go to this end,
let us point out that if we set

ol (z) := 5&2 - ° FE ¢ [@(l) (bim,w> ¢l<10§|§|>] de,

1
where ¢'(t) := / ®D(t,w) dw, then we have
WoN-—-1 Js2N-1
(3.21) |41 == 0.

Assertion (3.21) stems from the following lemma:
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Lemma 3.4. Let (ay,)nen be a sequence of positive real numbers going to infinity, ®
be a function in L>(Ry x S?N~1) and set for x € R?N

- eted log [¢] log [¢]
") = /Rwa”[(an ) ¢< o )]df’

where
1
(3.22) o(t) := / D(t,w) dw.
WoN—-1 Jg2N-1
Then
(3.23) [@nllc = 0.

Proof. Let us first consider the case when ® belongs to D(R; x S?¥~1) and decompose
®,,(z) as follows:

B, (2) = 8V (@) + 8P (2), with

3 (z) = [1 el 1oloslel ) [ loelél) | .
on . 2N /<|5|<max( ,1) |§|2N < Qp e ¢ Qp ¢

Observe that in view of (3.22) we have

/1 1 log [¢] log [¢]
— P d
Qp /1<§|<max(i,1) |§|2N [ ( (679 )W> ¢< (679 >‘| €

Therefore

1 1

i
1 (e 1)

l§|§\§max(|m‘71) |£|2N

_ ¢<IO§|€|>] de

Ed /ma"(lil’”/ log p log p
< ) — dpd
~ Jan )i S2N—1 o ' ¢ o p o
< L
~Y /an

Now to estimate ®', we shall argue as for the proof of Assertion (3.15). Thus inte-
grating by parts, we deduce that o2 (x) = <I>§12’1)(:L‘) + (32 (x), with

(2, 1) — mﬁ € 1 1Og|£|
q)n 2N /§|>max( |$|2 v£[|£|2N <@< (679 e
gty
79

—_

|20

N
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By straightforward computations, one can prove that

d 1
2P0 ()| £ / P
vOén|JJ| >max( % p vV Qp

)

In summary, in the case when ® belongs to D(R x S?¥~1), we have proved that
1
N \ﬁ
This achieves the proof of the result, noticing that || ®,, > “—> 0 and remembering
that for bounded functions the Orhcz space L acts like L2.

Let us now treat the case when ® € L%(R, x S?¥~1). Density arguments ensure
that for any € > 0, there exists ®. € D(R; x S?¥~1) such that

| — P12 <e.

[@nllLe <

Therefore € > 0 being fixed, we can write

_ /1 et log [¢] log [¢]
(I)n - 2N /]RzN |£|2N [ E( o, 7W> _¢e< o, )

where ¢.(t) := / P (t,w) dw and ||ty || g~ w2y S €. This ends the proof
WoN—-1 Jg2N-1
of the result by virtue of the Sobolev embedding (1.3).

dé + t (),

O
Remark 3.5. Let us also note that
1812 gy = 112, xson 1) — won—1 [6]3age,

Now let us return to the proof of Theorem 1.6. In view of the above analysis, up to a
subsequence extraction, we obtain a decomposition of (u,) under the form (3.5), and

for any j > 1 we have
l (z— z(J k)
€ g (1"% '.5|> dé +RIP (),
o)

2 ﬁ m / €PN

where the couples (zU*), ¢(WF)) are pairwise orthogonal in the sense of (1.6), and
where

(3.25) limsup |[REX)||, =0, and

n—oo

(3.24)

K
320 o oy = 35 WMy + IR sy +2(1): 1= 0

Summing Decomposmon (3.24), we deduce that up to a subsequence extraction

iacfac(j’k) .
(z—a )Eqs(j’k) (108; |§|>d£_|_r7(LL,k1,...7KL)($)’

i= 1k 1\/ G /R” €12 ot

Up (v
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with under notation of (3.5) and (3.24)

L
p(EokoKL) (L) Z R,
j=1

Since (|D|Nt$lL)) is log-unrelated to any scale (aglj)), j=1,...,L, and (|D|Ng7(Lj)) is
a9 log-oscillating where the scales a/) are pairwise orthogonal in the sense of (1.5),
we deduce from (2.5) and (3.26) that for any L and K

(3.27)

L K;
||uﬂ||?;[N(]R2N) = Z Z H¢<J7k)“%2(R+) + ||707(1L)k1"“’KL)H?.'IN(RzN) + O(l), n — 00,
j=1k=1

which concludes the proof of the theorem.

Appendix A

A.1. Connection between B and Orlicz spaces. The following result allows us
to relate the Orlicz norm with the || - || norm:

Proposition A.1. There is a positive constant C' such that
[wle < Cllwls,

where

1 el
(A1) w(a) = /M o Wlogel.w) e,

with w in L*(Ry x S?N=1) and

(I

2j+1
|w||s := sup (/ dw/ | ﬁ(t,w)’th)
JEZ §2N -1 27

Proof. For fixed A > 0, let us estimate the integral:

|w at)|2
el > —1)dzx.
R2N

2p
| wie) |2 _ ||w||L2p
e X —1])de = E .
/RzN < ) 1 /\2pp!

Firstly let us investigate Hw||2Lp2p We have that for any p > 1

2 ~12
lwll s, < C*PID]™ .,
L2p—1

Obviously

But in view of (A.1) and Holder inequality, we get for any p > 2

—1
- 9i+1 o1
-1 — 2Nt
B E e r-1dt .
27

JEZL

2p
~112p—1 ~
@] S llwl
T

2p
2p—
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Clearly,

p—1 —1 p—1

2J+1 2p—1 2127—1 . ] 2p—1
_ 2Nt p—1 —2N27 _anN2it1
e r-1dt = W e r-1 —e pr-1 .
23

1 2Jo
- < < 1, we infer that
2 " 2p—1

Choosing jo such that

p—1

2 2Nt e p—1
> (/ e‘mdt) <(2p-1)% .
i2jo \7%

Indeed observing that the ratio 2pi
p j—

1
1 is uniformly bounded with respect to p > 2,
we deduce that for all j

p—1

2 2Nt ot p—1 2N27
/ e 1t S(2p—1)Te %oT,
2

J

which according to the choice of jy gives rise to

2+ 2Nt 22:11 p—1 2N27
S([ o) cwoys e
i>jo \7?% i>jo
< (2p - 1)215?11 > (2p-1)27
JjZJjo

Ho1 —Jo H=r
S@2p-1)T(2p—1)2770 < (2p— 1)

]

On the other hand for j < jy, we get

p—1 p—1
<p2;V1> BRREIES (ei”ff _ 1) o
p—1 p—1
2p—1 2] 2p—1 ) p—1
D —

In view of the choice of jy, this implies that

p—1

2i+1 2p—1
__ 2Nt
/ e r1dt =
27

A

2 21;%11 147 1 p—1
S ([ #a) s X @y st s @ p B
i<jo \V¥ <o
By virtue of the above, this ensures that

9J+1

2Nt 21;7:11 21
> / e r-1dt <(2p—1)%.
2

JEL /
We deduce that for any p > 2

2 ~112 -1
lwll, < C* @l (20 —1)" .
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Along the same lines, we obtain

w]Z2 < [lwllz,
which leads to

~12 p
/ RECIERA < Z 2 | @||7 (2p— 1)
R2N A2pp!

p>1

-1

This ends the proof of the proposition thanks to Stirling formula. O

A.2. Fourier approximation of generalizations of example by Moser. The
aim of this section is to establish Proposition 1.7 which allows us to relate the gener-
alizations of example by Moser to the elementary concentrations involving in Decom-
position (1.16).

Proof of Proposition 1.7. The proof of Proposition 1.7 goes along the same lines as
the proof of Lemma 3.4. We sketch it here for the convenience of the reader. Before
entering into the details, let us point out that the function

Ga(2) = CN\/Can< 1°g'x')

Onp

is supported in the unit ball of RV and also writes:

1 (logl¢]

Now by density arguments, we can as in the proof of Lemma 3.4 reduce to the case
when ¢ belongs to D(R,). Let us then decompose g, (x) as follows:

gn(z) = gf () + ¢P(2), with

C et®é log |¢]
(1) _ YN g d
() = Van Ji<jg<max(t ) €PN ( Qn

In one hand in view of (A.2), we have

9 (@) = Gn(@) + t1(z), with

(e’ —1) 10g |§|
0 q
<\§\<max(‘z‘, ) |£|2N

max(‘ml,) 1 1
VA J1 Qn vV Qn

On the other hand integrating by parts, we get 97(12)( )= g7(12 1)( )+ g(2 2)( ) with

Cn

(07%

|tn ()] =

(21) () = LON e T 1 log |¢]
g (x) = e -V @ d¢ and
Van Jesmax( ity 2P 5[|£2N o
1
g2 Nz S
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Clearly
9”(:@‘51/ @571
V|| p=max( k1) p? " o
This easily ensures the result. (]
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