
Math. Res. Lett. 20 (2013), no. 6, 1177–1181 c© International Press 2013

A NOTE ON AUTOMORPHISMS OF THE AFFINE
CREMONA GROUP

Immanuel Stampfli

Abstract. Let G be an ind-group and let U ⊆ G be a unipotent ind-subgroup. We prove
that an abstract group automorphism θ : G → G maps U isomorphically onto a unipotent

ind-subgroup of G, provided that θ fixes a closed torus T ⊆ G, which normalizes U and
the action of T on U by conjugation fixes only the neutral element. As an application we
generalize a result by Hanspeter Kraft and the author as follows: If an abstract group
automorphism of the affine Cremona group G3 in dimension 3 fixes the subgroup of

tame automorphisms TG3, then it also fixes a whole family of non-tame automorphisms
(including the Nagata automorphism).

0. Introduction

Throughout this note we denote by Gn the group of polynomial automorphisms
Aut(An) of the complex affine space A

n = C
n. Such an automorphism has the

form g = (g1, . . . , gn) ∈ Gn with polynomials g1, . . . , gn ∈ C[x1, . . . , xn]. We de-
fine deg g := maxi deg gi. The tame automorphism group TGn is the subgroup of
Gn generated by the affine linear automorphisms, (i.e., the automorphisms g with
deg g ≤ 1) and the triangular automorphisms, (i.e., the automorphisms (g1, . . . , gn)
where gi = gi(xi, . . . , xn) depends only on xi, . . . , xn for each i). The main result of
Hanspeter Kraft and the author [7] is the following.

Theorem 1. Let θ : Gn → Gn be an abstract automorphism. Then there exist g ∈ Gn

and a field automorphism τ : C → C such that

θ(f) = τ(g ◦ f ◦ g−1) for all tame automorphisms f ∈ TGn.

If θ preserves in addition the ind-group structure of Gn (see below for a defini-
tion), then Alexei Belov–Kanel and Jie-Tai Yu proved recently that θ is an inner
automorphism of Gn (see [3]).

In dimension n = 2 all automorphisms are tame (cf. [6, 11]). But in dimension
n = 3, Ivan P. Shestakov and Ualbai U. Umirbaev showed that the famous Nagata
automorphism uN ∈ G3 (see below for a definition) is non-tame (cf. [10]). It is an
open problem if there exist non-tame automorphisms in dimension n > 3. A natural
question is, whether Theorem 1 extends to the entire automorphism group Gn, i.e.,
whether θ(f) = τ(g ◦ f ◦ g) for all f ∈ Gn. If this would be true, then every abstract
automorphism of Gn would preserve the algebraic subgroups of Gn (see below for a
definition). In fact, a main tool in the proof of Theorem 1 is to show that certain
algebraic subgroups are sent to isomorphic algebraic subgroups under an abstract
automorphism of Gn. The main point of this note is to refine these techniques. In
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order to state the main result, we introduce the concept of an ind-group and related
terms.

A group G is called an ind-group if it is endowed with a filtration by affine varieties
G1 ⊆ G2 ⊆ . . . , each one closed in the next, such that G =

⋃∞
i=1 Gi and such that the

map G × G → G, (x, y) �→ x · y−1 is a morphism of ind-varieties (see [8, chapter IV]
for an introduction to ind-varieties and ind-groups). We then write G = lim−→Gi. For
example, Gn = lim−→Gn,i is an ind-group, where Gn,i is the set of all automorphisms
g ∈ Gn with deg g ≤ i (see [2]). We endow an ind-group G = lim−→Gi with the following
topology: a subset X ⊆ G is closed if and only if X ∩Gi is closed in Gi with respect
to the Zariski topology for each i. If H ⊆ G is a closed subgroup, then H inherits in a
canonical way an ind-structure from G, namely H = lim−→H∩Gi. But for our purposes,
we need a more general definition of an ind-subgroup.

Definition 1. Let H be a subgroup of an ind-group G = lim−→Gi. We say that H is
an ind-subgroup of G if H can be turned into an ind-group H = lim−→Hk such that to
every k there exists i = i(k) such that Hk ⊆ Gi is closed. Clearly, the ind-structure
of H is then unique. We say that H is an algebraic subgroup of G, if H is closed in G
and contained in some Gi.

Definition 2. We say that an ind-group U is unipotent if U = lim−→Ui where Ui is a
unipotent algebraic group for all i.

Remark 1. Every element in a unipotent ind-group is unipotent. We do not know
whether an ind-group consisting only of unipotent elements is always unipotent. If
the ind-group is commutative, then we are able to prove this.

Main Theorem. Let θ : G → G be an abstract automorphism of an ind-group G that
is the identity on a closed torus T ⊆ G. If U ⊆ G is a unipotent ind-subgroup that is
normalized by T and if the neutral element of U is the only element that is fixed under
conjugation by T , then θ(U) is a unipotent ind-subgroup of G and θ|U : U → θ(U) is
an isomorphism of ind-groups.

Recall that there exists a bijective correspondence between locally nilpotent deriva-
tions of C[x1, . . . , xn] and unipotent elements of Gn, given by D �→ exp(D) where

exp(D) =

( ∞∑
i=0

Di(x1)
i!

, . . . ,
∞∑

i=0

Di(xn)
i!

)

(see [4, Section 1.5]). If D is a locally nilpotent derivation and f ∈ kerD then fD
is again a locally nilpotent derivation and we call exp(fD) a modification of exp(D).
For example, the Nagata automorphism uN is a modification of u := expD where

D = −2y
∂

∂x
+ z

∂

∂y
, p = xz + y2 ∈ ker D and uN = exp(pD).

Recently, Shigeru Kuroda gave a characterization of the non-tame modifications of
certain unipotent automorphisms (see [9, Theorem 2.3]). This result implies that for
all f ∈ kerD \C[z] the modification exp(fD) of u is non-tame. Clearly, all the mod-
ifications of u lie in the centralizer Cent(u). As a consequence of our Main Theorem
we get the following result.
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Application. Let θ : G3 → G3 be an abstract automorphism that is the identity on
the tame automorphisms TG3. Then θ fixes Cent(u) where u = exp(D) and D =
−2y · ∂/∂x + z · ∂/∂y. In particular, θ fixes the non-tame automorphisms exp(fD)
where f ∈ ker D \ C[z] and thus θ fixes the Nagata automorphism uN .

Remark 2. All the results and proves work over any uncountable algebraically closed
field of characteristic zero.

1. Proof of the Main Theorem. Let V be a commutative unipotent algebraic
group. Recall that V has a unique C-vector space structure such that the product in
V corresponds to addition. Also recall that a map of commutative unipotent algebraic
groups V → V ′ is a homomorphism of algebraic groups if and only if it is C-linear.

We start with a lemma that proves the Main Theorem in the case when U ⊆ G is
an algebraic subgroup isomorphic to C

+.

Lemma 1. Let θ : G → G be an abstract automorphism that is the identity on
a closed torus T ⊆ G and let U ⊆ G be an algebraic subgroup isomorphic to C

+

which is normalized by T with character λ. If λ is non-trivial, then θ(U) ⊆ G is an
algebraic subgroup isomorphic to C

+ and T normalizes θ(U) with the same character
λ. Moreover, θ|U : U → θ(U) is an isomorphism of algebraic groups.

Proof. Let U ′ := θ(U) ⊆ G. Choose u0 ∈ U that is different from the neutral element
e ∈ G. Then, U ′ \ {e} = { t · θ(u0) · t−1 | t ∈ T } and {e} are constructible subsets
of some filter set of G and since U ′ is a group it follows that U ′ ⊆ G is an algebraic
subgroup (see [5, 7.4 Proposition A]). Since U ′ has no element 	= e of finite order, U ′

is unipotent. As U ′ is a toric variety with exactly two orbits, U ′ is one-dimensional
(see also [7, Proposition 2]). Let λ′ be the character of U ′. We have

(∗) θ(λ(t)u0) = θ(t · u0 · t−1) = t · θ(u0) · t−1 = λ′(t)θ(u0) for all t ∈ T.

Hence, it follows that λ and λ′ have the same kernel and thus λ = ±λ′. If we take
t ∈ T such that λ(t) = 2 then equation (∗) implies that λ′ 	= −λ. Hence, λ = λ′ and
θ|U : U → U ′ is C-linear by equation (∗). �
Proof of the Main Theorem. Let U ⊆ U be an algebraic subgroup that is normalized
by T . Choose closed algebraic subgroups V1, . . . , Vr ⊆ U which are isomorphic to C

+

and which are normalized by T , such that LieU = Lie V1 ⊕ · · · ⊕ Lie Vr. Thus, for
suitable indices i1, . . . , im we have U = Vi1 · · ·Vim (see [5, 7.5 Proposition]). According
to Lemma 1, θ(U) = θ(Vi1) · · · θ(Vim) is a constructible subset of some Gi ⊆ G and
thus θ(U) is an algebraic subgroup of G. Again, since no element 	= e in U has finite
order, θ(U) is unipotent. Consider the following commutative diagram.

Vi1 × · · · × Vim

����

θ×···×θ �� θ(Vi1)× · · · × θ(Vim)

����
U

θ|U �� θ(U)

The vertical maps are induced by the product in U and hence they are surjective
morphisms. The top horizontal map is an isomorphism of varieties by Lemma 1. The
lemma below due to Hanspeter Kraft implies that the abstract group homomorphism
θ|U is an isomorphism of algebraic groups.
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As we can replace the filtration of U by a filtration of unipotent algebraic subgroups,
each one normalized by T , it follows that θ(U) ⊆ G is a unipotent ind-subgroup and
θ|U : U → θ(U) is an isomorphism of ind-groups. �

Lemma 2 (Hanspeter Kraft). Let X and Y be affine varieties and let f : X → Y
be an abstract map. If there exists a surjective morphism g : Z � X such that the
composition f ◦ g : Z → Y is a morphism and if X is normal, then f is a morphism.

For the proof of this lemma, one shows that the graph of f is closed in X × Y .

2. Proof of the Application. First, we determine the structure of Cent(u). Denote
by E the partial derivative with respect to x. The ind-subgroups of G3 listed below
are clearly contained in Cent(u).

C := {(ax, ay, az) | a ∈ C
∗},

F := {exp(fD) | f ∈ kerD},
H := {exp(hE) | h ∈ ker E ∩ ker D}.

Remark that kerE ∩ ker D = C[z] and thus H = {(x + h, y, z) | h ∈ C[z]}.
Proposition 1. We have a semi-direct product decomposition

Cent(u) = C � (H� F).

Proof. Recall that p = xz + y2, z ∈ ker D. In fact, R := ker D is the polynomial ring
C[z, p] by [1, Theorem (b)]. We have R[x] = C[z, x, y2] and hence a decomposition
C[x, y, z] = R[x] ⊕ yR[x]. Let g = (g1, g2, g3) ∈ Cent(u). Write g1 = v + yq with
polynomials v, q ∈ R[x]. In C[x, y, z, t] we have, by definition,

v(x− 2ty − t2z) + (y + tz)q(x− 2ty − t2z) = v(x) + yq(x)− 2tg2 − t2g3.

A comparison of the coefficients with respect to the variable t shows that v = r + sx
with r, s ∈ R, and q ∈ R. Hence, we get g1 = r + sx + qy, g2 = sy − (q/2)z, g3 = sz,
and s ∈ C

∗. Up to post composition with an element of C we can assume that s = 1.
Thus,

g ◦ exp
(q

2
D
)

=
(

x + r +
q2

4
z, y, z

)
.

One easily sees that this automorphism belongs to H. �

Let U be the ind-subgroup H ◦ F ⊆ G3. Every element g = exp(hE) ◦ exp(fD) ∈
H ◦ F satisfies

gm = exp(mhE) ◦ exp

(
m−1∑
i=0

exp(ihE)∗(f)D

)
for all m ∈ N.

Since H∩F = {id}, this shows that every element 	= id of U has infinite order and is
contained in an algebraic subgroup of U . Thus every element of U is unipotent. Now,
Proposition 1 implies that U is the set of unipotent elements of Cent(u). A calculation
shows that

(�) F = CentU [U ,U ]

where [U ,U ] is the commutator subgroup of U . Let T := {(a2b−1x, ay, bz) | a, b ∈ C
∗}

which is a closed algebraic subgroup of G3. The torus T normalizes Cent(u), H, F
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and U . In fact, it follows from equation (�) that T is the largest subgroup of the
standard torus in G3 that normalizes Cent(u).

Proof of the Application. As u is a tame automorphism, θ preserves Cent(u). A cal-
culation shows that the neutral element is the only element ofH (of F) that commutes
with T . Thus the Main Theorem applied to the unipotent ind-subgroups H and F of
G3 implies that θ(U) = U . From equation (�) it follows that θ preserves F . We define
VF as the set of all algebraic subgroups of F which are isomorphic to C

+ and which
are normalized by T . One can see that the elements of VF correspond to the locally
nilpotent derivations zmpnD for all m, n ≥ 0 and hence different elements in VF have
different characters. This implies that for all V ∈ VF there exists aV ∈ C

∗, such that
θ|V = aV idV . Let e := (x− 1, y, z) ∈ H. A calculation shows that

e ◦ exp(zmpnD) ◦ e−1 = exp

(
n∑

i=0

(
n

i

)
zi+mpn−iD

)
for all m, n ∈ N.

Applying θ to the last equation and using the fact that exp(zjD) and e are tame
automorphisms yields aV = 1 for all V ∈ VF . As all the subgroups V ∈ VF generate
F , it follows that θ is the identity on F . SinceH and C consist of tame automorphisms
this finishes the proof. �
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in Mathematics, Birkhäuser Boston Inc., Boston, MA, 2002, ISBN 0-8176-4227-7.
[9] S. Kuroda, Wildness of polynomial automorphisms in three variables (2011),

http://arxiv.org/abs/1110.1466.
[10] I.P. Shestakov and U.U. Umirbaev, The tame and the wild automorphisms of polynomial rings

in three variables, J. Amer. Math. Soc. 17(1) (2004), 197–227 (electronic).

[11] W. van der Kulk, On polynomial rings in two variables, Nieuw Arch. Wiskunde (3) 1 (1953),
33–41.

Mathematisches Institut, Universität Basel, Rheinsprung 21, CH-4051 Basel,
Switzerland

E-mail address: immanuel.e.stampfli@gmail.com





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


