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THE EVENTUAL SHAPE OF BETTI TABLES OF POWERS
OF IDEALS

AMIR BAGHERI, MARC CHARDIN AND Huy TA1 HA

ABSTRACT. Let G be an abelian group and S be a G-graded a Noetherian algebra over
a commutative ring A C Sp. Let Iy, ..., Is be G-homogeneous ideals in S, and let M be
a finitely generated G-graded S-module. We show that the shape of non-zero G-graded
Betti numbers of lel ... Its exhibit an eventual linear behavior as the t;s get large.

1. Introduction

It is a celebrated result (cf. [5,12,15]) that if I C S is a homogeneous ideal in a
Noetherian standard N-graded algebra and M is a finitely generated Z-graded S-
module then the regularity reg(I*M) is asymptotically a linear function for ¢ >> 0.
This asymptotic linear function and the stabilization index have also been studied
in [1,4,7-9].

In the case S is a polynomial ring over a field, a more precise result is proved
in [5]: the maximal degree of an ith syzygy of I*M is eventually a linear function
of t. Our interest here is to understand the eventual behavior of the degrees of all
the minimal generators of the ith syzygy module. This is of particular interest when
the grading is given by some finitely generated abelian group G that is not Z, as in
this case the result for the regularity of powers do not have an evident analogue. One
can in particular consider the Cox ring of a toric variety, graded by the divisor class
group.

We shall actually show, in the G-graded setting, that the collection of non-zero
G-graded Betti numbers of M T fl ... I's exhibits an asymptotic linear behavior as the
t;s get large. Let us also point out that, even when an explicit minimal free resolution
of these powers is known, for instance when I is a complete intersection ideal, the
degrees of ith syzygies of I do not exhibit trivially a linear behavior.

Throughout the paper, let G be a finitely generated abelian group and let S =
Alzq,...,z,] be a G-graded algebra over a commutative ring A C Sy. Hence A =
S/(z1,...,2y) is a G-graded S-module concentrated in degree 0.

Our work hinges on the relationship between multigraded Betti numbers and the
graded pieces of Torf(MIi51 .-+ It= A); we, thus, examine the support of the module
Tory (MI' ... It:| A) as the t;s get large. Our main result, in the case of a single ideal,
gives the following:

Theorem 1.1 (see Theorem 4.6). Let I = (f1,..., fr) be a G-homogeneous S-ideal,
and let M be a finitely generated G-graded S-module. Set T := {degq(fi)}i_;-
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Let £ > 0, and assume that £ = 0 or A is Noetherian.

There exist a finite collection of elements §; € G, a finite collection of integers t;,
and a finite collection of non-empty tuples E; = (viq1,...,%,s,) of elements in T', such
that the elements (v j+1 — Vi,j» 1 < j < s; — 1) are linearly independent, satisfying

Suppg (Torf (MI', A)) = U ( U CL1Yig+e o Cs, Vi, + 0i), V> max{t;}.

The condition of linear independence stated for E; implies that ciy;1 + -+ +
Cs:Viss 7 ChVin + - F Vi, if ey + oA e, =+ -+ and (e, ..., c,) F

(c),...,c, ). Note the important fact that the elements in E; are all in I', the set of

s Cs;
degrees of generators of I.

Theorem 4.6 is proved in the last section of the paper. Our proof is based on the
two following observations. Firstly, the multi-Rees module (sometimes also referred to

as the Rees modification) MR = P, -, MI .. It is a G x Z°-graded module over
the multi-Rees algebra R = 69@20 It ... It Secondly, if G’ is a finitely generated
abelian group and R = S[T1,...,T,] is a G x G'-graded polynomial extension of S,

such that degeay o (a) = (deggs(a),0) for any a € S, then for a graded complex G, of
free R-modules,

H;((Ge)ax(s) @5 A) = Hi(Ge @5 A) ¢, 151

where () (57 denotes the degree G x {d}-strand of the corresponding complex. In
particular, if G, is a G x G’-graded free resolution of an R-module N, as (Ge)gx s}
is a G-graded free resolution of the S-module N¢y (53, it follows that

Tor; (Nax (s}, A) = Hi(Ge @5 A)gx (6},

in which G, ®g A is viewed as a G x G’-graded complex of free A[T7y, ..., T,]-modules.
These observations allow us to bring the problem to studying the support of graded
AlTh, ..., T,]-modules. We proceed by making use of the notion of initial submodules
to reduce to the case when the module is a quotient ring obtained by a monomial
ideal. The result then follows by considering the Stanley decomposition of such a
quotient ring.

In its full generality, our proof of Theorem 4.6 is quite technical, so we start in
Section 3 by considering first the case when each I; is equi-generated. In fact, in this
case, with the additional assumption that A is a Noetherian ring, our results are much
stronger; the asymptotic linearity appears clearer and the proofs are simpler. We can
also examine the support of local cohomology modules of MI{* - - Its. Our results, in
the case when each I; is finitely generated in a single degree +;, are stated as follows.

Theorem 1.2 (Theorem 3.3). Assume that i = 0 or A is Noetherian. Then there
exists a finite set A; C G such that

(1) Forallt = (ty,...,ts) € N®, Tory (MI!* .- It  A), = 0 if n & Nitt1y1+- - +ts7s.
(2) There exists a subset A}, C A; such that Tory (M - Tt A)p s tottay. 70

fort >0 and n € A}, and Tor? (MII* - T A) by tettay. = 0 for t >0 and
n g A
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(3) Let A — k be a ring homomorphism to a field k. Then for any 6 and any j, the
function

dimy, Tor ' (Tor{ (MI{ -+ I, A)s it 4ty s )
s polynomial in the t;s for t > 0, and the function
dimy, Tor] (M} - I B) 5ty 4t

is polynomial in the t;s for t > 0.

Theorem 1.3 (Theorem 3.4). Let b be a G-homogeneous ideal in S such that
for any i > 0 and 6 € G, H{(S)s is a finitely generated A-module. Then, if A is
Noetherian, for i > 0, there exists a subset A; C G such that

(1) Hi(MI - T5) ittty 70 fort = (t1, ..., ts) > 0 if only if n € A;.
(2) Let A — k be a ring homomorphism to a field k. Then for any § and any j, the
function

dimg Tor;l(HEl) (MI? T I§S)5+t1’n+“'+ts”y’s ) k)

is a polynomial in the t;s for t > 0.

In the simplest scenario, when S is a standard graded polynomial ring over a field
k, m C S the homogeneous maximal S-ideal, s = 1, and I C S is a homogeneous ideal
generated in degree d, Theorems 1.2 and 1.3 give the following result.

Corollary 1.4. Fori > 0, there exist t; and finite sets A, C A; C Z such that

(1) for allt € N, Tory (MI*,k)ysta =0 if n & As;
(2) fort>t;, Tor; (MI',k)yiia # 0 if and only if n € A;
(3) for anyn € Z, the function dimy ToriS(MIt, k)ytta is a polynomial int fort > t;;
(4) for any 0 € Z, the function dimy H: (M1%)g 44 is a polynomial in t, for t > 0.
While writing this paper, we were informed by Whieldon that in her recent work
[16], a similar result to Corollary 1.4 (1)—(3) is proved. We later learned that Pooja
Singla also proved these results, in the second chapter of her thesis [14], indepen-
dently. She also shows in [14] that if I is graded ideal, then for any a,b € Z,
dimy, Torf (I, k)qape is a quasi-polynomial in ¢ for ¢t > 0, and give results describ-
ing the regularity of I}' --- It for t > 0.

In the general setting, when A is not necessarily a field and S is not necessarily
standard graded, the problem is more subtle, and requires more work and a different
approach.

We choose not to restrict to a Noetherian base ring in all our results as it seemed
to us that it makes the presentation more clear to put this hypothesis only in the
statements where it is of use in the proof.

2. Preliminaries

In this section, we collect necessary notations and terminology used in the paper, and
prove a few auxiliary results. For basic facts in commutative algebra, we refer the
reader to [6,13].
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From now on, G' denotes a finitely generated abelian group, S = Alzy,...,x,] is
a G-graded algebra over a commutative ring with identity, A C Sy and M is a G-
graded S-module. By abusing notation, we shall use 0 to denote the identity of all
abelian groups considered in the paper; the particular group will be understood from
the context of its use.

Definition 2.1. Let F C G be a collection of elements in G. We say that F is a
linearly independent subset of G if E forms a basis for a free submonoid of G.

Definition 2.2. The support of M in G is defined to be
Suppg(M) = {y € G | M, # 0}.
Remark 2.3. When A is a field, let Fy be a minimal G-graded free resolution of M

over S, where
B, — ) S(-n) 0.
neG
The numbers ﬂ%(M) are called the multigraded (or G-graded) Betti numbers of M
and
BL(M) = dimy Tor} (M, A),
as, by definition, the maps in F, ® g A are zero maps.

More generally, we shall prove the following lemma relating the multigraded Betti
numbers of M and the support of Torf(M, A).

Lemma 2.4. Let F, be a G-graded free resolution of a G-graded S-module M. Then

(1) F; has a summand S(—v) for any vy € Supp(Tors (M, A)).

(2) Assume that there exists ¢ € Homy(G,R) such that ¢(deg(xz;)) > 0 for all i and
M is finitely generated. Then there exists a G-graded free resolution ¥, of M such
that

F = GB S(—vie) with 74 € U SuppG(TorJS(M, A)), VL.
(€E! J<i

Note that, without further restrictions on A and/or M one cannot in general choose
! so that ;¢ € Suppg (Tory (M, A)), VL.

Proof. For (1), let K be defined by the exact sequence
0-K—-Fy—M-—0

and note that Fo®g A — M ®g A is onto. As (Fo®g A), # 0 if and only if S(—~v) is a
direct summand of Fy, the result holds for ¢ = 0. Furthermore, --- — F; — K — 0 is
a resolution of K, Tor{ (M, A) is a graded submodule of K ®g A and Tor? (M, A) ~
Tor? | (K, A) for i > 2, which implies the result by induction on i.

To prove the second statement, we relax the finite generation of M by the following
condition, which will enable us to make induction : 3¢ € R, ¢(dega) > ¢, Va € M.
Note that if a module satisfies this condition, any of its submodules satisfies the same
condition.
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Set T} := SuppG(TorJS(M, A)). Let ¥ : Fo = Dycp, S(—70,) — M be the aug-
mentation and Ej := {¢ € Ey | vo0 € To}. Denote by v’ the restriction of ¢ to
0= @ZGE{, S(=70.0)-
We now prove that v’ is onto. First, note that ¢’ ®g A is surjective. Assume that
1’ is not surjective, let M’ be the image of ¥’ and

h:=inf{p(y), M, # M.} > inf{¢(deg(a)), a € M} € R.

Set € := min{¢(deg(x;)), i = 1,...,n} > 0 and choose m € M, \ M, for some v
with h < ¢(v) < h+e. As )/ ®g A is onto, there exists m’ € M’ such that m is of the
form m’ + Z:;l m;x;. Now, for some value ¢ we have m; ¢ M’. It then follows that
o(deg(m;)) = ¢(v) — ¢(deg(x;)) < h, contradicting the definition of h.

We will now prove (2) by induction on i. To end this, assume that there exists a
graded complex

OHFQH-uHFéHM%O

with at most non-zero homology in homological degree ¢ > 0, and such that F, =
Drep S(—7ie) with vie € U;<; T

If the complex is exact, our claim is proved; otherwise, by setting K; C F, for the
ith homology module of the complex and @; := ker(F, ®s A — F,_; ®g A), one has

Suppa(K; ®s A) = SuppG(Toer(M7 A)) U Suppg (ker(Q; — Torf(M7 A))).

Applying the argument above to a graded onto map F — K, and using that by
induction

Suppg (Ki @5 A) € Ti1 U Suppg(F; ®s A) € Uj<it T

one obtains a graded free S-module I, ; as claimed mapping onto K. O

Let t = (t1,...,ts) € Z°. We shall write t > 0 (respectively, ¢t > 0, t <0 and ¢ # 0)
if t; > 0 (respectively, ¢t; > 0,t; < 0 and ¢; # 0) for all i = 1,...,s. For a property
that depends on a parameter ¢t € Z°, one says that the property holds for t > 0 if
there exists tg € Z° such that it holds for t € ty + N°. The following semi-classical
lemma will be of use.

Lemma 2.5. Let R be a finitely generated N°-graded algebra over a commutative ring
A. Let M be a finitely generated Z°-graded R-module. Then either My = 0 for t > 0
or My # 0 fort> 0.

Proof. Let b = ®ti>1 R, ,...+,) be the ideal generated by elements of strictly positive
degrees. If M # HQ(M) one has M; # 0 for any t € t, + N°, where ¢, is the degree of
a non-zero element in M/HJ(M).

If M = HY(M) then any generator a of M spans a submodule of M that is zero
in degrees deg(a) + by(1,...,1) + N*, where b, is such that for any product p of b,
elements among the finitely many generators of the R-ideal b, one has pa = 0. As M
is finitely generated, the result follows. O

We shall make use of the notion of initial modules with respect to a monomial order.
This is a natural extension of the familiar notion of initial ideals in a polynomial ring.

Let F be a free S-module. We can write F' = P, ; Se;. A monomial in F is of the
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form x“e;, where x® is a monomial in S and i € I. A monomial order in F is a total
order, say <, on the monomials of F' satisfying the following condition:

if u < v and w # 1 is a monomial in S then u < vw < vw.

It can be seen that < is a well ordering, i.e., every non-empty subset of the mono-
mials in F' has a minimal element. We refer the reader to [6, 15.2] for more details on
monomial orders on free modules.

Definition 2.6. Let F be a free S-module, and let K be an S-submodule of F'. Let
< be a monomial order in F. The initial module of K, denoted by in-(K), is defined
to be the S-submodule of F' generated by

{x%e; | 3f =x¢; + smaller terms € K}.

Proposition 2.7. Let F be a free G-graded S-module, and let K be a G-graded
S-submodule of F. Let < be a monomial order in F. Then inL(K) is a G-graded
S-module of F', and

Suppg (F/K) = Suppg (F/ in< (K)).

Proof. 1t is clear from the definition that in-(K) is a G-graded S-module. To prove
the proposition, we need to show that for any p € G, K, = F, if and only if
ing(K), =F,.

Clearly, if K, = F}, then all monomials of degree p in F' are elements of K, and
thus, are elements of in- (K). Therefore, in this case, in4(K), = Fj,.

Suppose now that in (K), = Fj,. Let x*e; be the smallest monomial of degree p
in F but not in K, if it exists. Then x“e; € inL(K),. Thus, there exists an element
f € K of the form

f = Xaei + g,
where g consists of monomials that are smaller than x“e; with respect to <. Since
K is a G-graded S-module, we can choose f to be G-homogeneous of degree u. That
is, all its monomials are of degree p. This implies that all monomials, and thus, all

terms in g are elements in K. In particular, g € K. Therefore, x%¢; = f —g € K, a
contradiction. Hence, F,, = K,,. The proposition is proved. (]

One of our techniques is to take the collection of elements of certain degrees from
a complex. This construction gives what we shall call strands of the complex.

Definition 2.8. Let F, be a G-graded complex of S-modules and let I' C G. The
I-strand of F,, often denoted by (IFe)r, is obtained by taking elements of degrees
belonging to I' in F, and the boundary maps between these elements (since the com-
plex is graded, the boundary maps are of degree 0). In particular, if F' = @WGG FE,
is a G-graded S-module, then Fr := Gawel“ F,. Note that the degree I'-strand of a
complex/module is not necessarily a complex/module over S.

3. Forms of the same degree

In this section, we consider the case when every ideal I; is generated in a single degree.
That is, when deg(f; ;) = : for all j. We keep the notations of Section 2.



THE EVENTUAL SHAPE OF BETTI TABLES OF POWERS OF IDEALS 1039

Let G’ denote a finitely generated abelian group. The following result, with G’ =
772, will be a key ingredient of our proof.

Theorem 3.1. Let R = S[Ty,...,T,] be a G x G'-graded polynomial extension of S
with degg v (a) € G x 0 for all a € S and degg o (T;) € 0 X G' for all j. Let M
be a finitely generated G X G'-graded R-module and let i be an integer. Assume that
1 =0 or A is a Noetherian ring. Then

(1) There exists a finite subset A; C G such that, for any t, Torf(M(*7t),A)5 =0 for
all 5 ¢ A;.

(2) Assume that G' = Z°. For 6 € A, Torf(M(*,t),A)(; =0 for t > 0 or Tor;
(M), A)s # 0 for t > 0. If, furthermore, A — k is a ring homomorphism to a
field k, then for any j, the function

dimy, Tor/'(Torf (M. 1), A)s. k)
is polynomial in the t;s for t > 0, and the function
dimk TOI‘;S (M(*7t), k)5
is polynomial in the t;s for t > 0.

Proof. Let Fq be a graded free resolution of M over R, where [F; = ®n,j R(—n,—j)Pni
is of finite rank for ¢ = 0, and for any ¢ when A is Noetherian. For ¢t € G’, the (x,t)-
strand of F,, denoted by F, is a G-graded free resolution of M) over S = R, o),
that is not necessarily minimal. Its ith term is

Fi = @ S(—n)"i @4 Bi_;,
7

where B = A[Th,...,T,].

Let A; = {n | 3j : B} ; # 0}. The module Torf (M, »), A) = H(F, ®s A) is a
subquotient of the module P, ; A(=n)P15 ®4 B;_;, and (1) is proved.

To prove (2), observe first that Torf(M(*yt),A)g = H;(F. ®5 A)s and (A(—n) ®a
Bt,j)é = As_y®aB,_jis zero if n # &. Thus, H;(F ®gA)s is equal to Hi(F[.s] ®s A,
where IF[.é] is the subcomplex of Fq given by

5 NG i i
F = @ R(=6,—)% = @IS(—6) ®a B(—))%.
J J
As FY! ®g A is a graded complex of finitely generated B-modules, Hi(F[.é] ®s A)is a
finitely generated B-module for any ¢ when A is Noetherian. Similarly, Toris (M 4y, k)s
= H,(F, ®s k)s = H; (IF[.M ®g k) is a finitely generated k[T1,...,T,]-module for any i
when A is Noetherian.
This proves (2) in view of Lemma 2.5 and [11, Theorem 1]. O

Remark 3.2. In the context of point (2) above, there is a graded spectral sequence
of graded B-modules with second term Efl(t) = Tor}q(Tor;9 (M, 4), A)s, k) that con-
verges to Torisﬂ- (M4 1y, k)5 Tt follows that all terms EY,(t) for p > 2 are finitely
generated k[T1,...,T,]-modules. In particular, one can write :

dimy Torf (M 1), k)s = > dimg ES(t) < > dimg EY(t), Vp>2,
it+j=¢ i+j=,
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which provides a control on the Hilbert function (and polynomial) of Tor? (M, k)s in
terms of the ones of Torf(Torf(M, A)s, k) for i+ j5=1.

We are now ready to examine the asymptotic linear behavior of non-zero G-graded
Betti numbers and non-vanishing degrees of local cohomology modules of MI* - Is.
In the next two theorems, let R = S[T;,; | 1 < i < 5,1 < j < r]. Then R
is equipped with a G x Z®-graded structure in which degq,z:(x;) = (degg(z:),0)
and deggyz:(T;,;) = (0,e;), where e; is the ith element in the canonical basis of
Z°. Recall that v; = degg(fi,;) and let v := (y1,...,7s). For t = (t1,...,t5) € Z%,
let It := I* .. . It Tt .= T} .. T, I'TH(y.t) = I (b)) T) .. I (teys)TE and

MITTH(y.t) := MI{ (tyy))T) . I (terys) T

Theorem 3.3. Assume that i =0 or A is Noetherian. Then there exists a finite set

A; C G such that

(1) For allt € N°, Tory (MI" - Tt  A), =0 if n &€ Ay +tiys + -+ teys.

(2) There exists a subset A, C A; such that Tory (MI Tt A)yitimytstory, 70
fort >0 and n € A} and Tor? (MII - It A)p ity o ttuy, = 0 fort >0 and
n¢ AL

(3) If, furthermore, A — k is a ring homomorphism to a field k, then for any § and
any j, the function

dimy, Tor ' (Tor{ (MI{ -+ I, A)s ity 4it oy )
is polynomial in the t;s for t > 0, and the function
dimy, Tor? (MIT -+ 12 B) sttt
s polynomial in the t;s for t > 0.

Proof. Let R := @~ I'T!(v.t) and MR := @,~, MI'T"(~.t) denote the (shifted)
multi-Rees algebra and the multi-Rees module with respect to I1,. .., I, and M. The
natural surjective map ¢ : R — R that sends z; to x; and T} ; to f; ;7; makes MR a
finitely generated G x Z°-graded module over R.

Observe that, for any § € G and t € Z5, MR (5 ~ [MI'(v.t)]ls = [MI'54~.4,
where in the last term 0 + .t := & + t1y1 + - - - + t5ys. Thus, the assertion follows by
applying Theorem 3.1 to the R-module M := MR. O

Theorem 3.4. Let b be a G-homogeneous ideal in S such that for any i > 0 and
§ € G, H.(S)s is a finitely generated A-module. Then, if A is Noetherian, for i > 0,
there exists a subset A; C G such that

(1) HEZ)(MI{/I o 'I§S)7I+t171+“'+ts"/s #0 fort= (tla s 7t8) > 0 if only if n € A;.
(2) If, furthermore, A — k is a ring homomorphism to a field k, then for any § and
any j, the function

dimy, Torf (Hy (MIT - 12 )5ttt )
is a polynomial in the t;s for t > 0.
Proof. Since taking local cohomology respects the G-homogeneous degree, we have

Hy(MI) 5440 = Hig(MR) 5.0y = (Heg(MR) 5.4)) -
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Let B = A[T;;,1 < i <s, 1 < j < r;. Since B is a flat extension of A,
H{p(R)(s,) = H{r(B®4S) s+ is a finitely generated B-module. Let Fy be the mini-
mal G x Z*®-graded free resolution of MR over R. Since A is Noetherian, each term F;
of F, is of finite rank. This implies that for all § € G, i > 0 and j > 0, H} 5 (F;)(s,) is
a finitely generated B-module. The spectral sequence Hi5(F;) = H\ 7 (MR) implies
that Hip(M R)(5,%) is a finitely generated multigraded B-module. This proves (2) in
view of [11, Theorem 1].

Note that H{p(MR)s¢ = 0 for all ¢ > 0 if and only if K5 = H{p(MR) (5.4 is
annihilated by a power of the ideal a := (\,_;(Zi1,...,T;r,). Hence (1) holds with

Ai:={0€G | Ks# HJ(K;)}.

4. Forms of arbitrary degrees

This section is devoted to proving our main result in its full generality, when the ideals
I;s are generated in arbitrary degrees. We start by recalling the notion of a Stanley
decomposition of multigraded modules.

Definition 4.1. Let G be a finitely generated abelian group and let B = A[Ty, ..., T;]
be a G-graded polynomial ring over a commutative ring A. Let M be a finitely gen-
erated G-graded B-module. A Stanley decomposition of M is a finite decomposition
of the form

=1

where the direct sum is as A-modules, u;s are G-homogeneous elements in M, Z;s
are subsets (could be empty) of the variables {T1,...,7,}, and u;A[Z;] denotes the
A-submodule of M generated by elements of the form u;m where m is a monomial in
the polynomial ring A[Z;].

The following lemma is well known in N-graded or standard N™-graded situations
(cf. [2,3,10]).

Lemma 4.2. Let G be a finitely generated abelian group and let B = A[Ty,...,T;]
be a G-graded polynomial ring. Let I be a monomial ideal in B. Then a Stanley
decomposition of B/I exists.

Proof. The proof follows along the same lines as in the proof of [10, Corollary 6.4]
or [2, Theorem 2.1], as one notices that any monomial is a homogeneous element. [J

Theorem 4.3. Let G be a finitely generated abelian group, B = A[Ty,...,T,] be a
G-graded polynomial ring over a commutative ring A and M be a finitely generated G-
graded B-module. Let I' denote the set of subsets of {degg(T3)}i_, whose elements are
linearly independent over Z. Then there exists a collection of pairs (0,, E,) € G x T,
forp=1,...,m, such that

Suppg (M) = (9, + (),

p=1

where (E,) represents the free submonoid of G generated by elements in E,,.
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Proof. Since M is a finitely generated G-graded B-module, there exists a homogeneous
surjective map ¢ : F' — M from a free B-module F' to Ml. We can write F' = @;11 Be;,
where deg(e;) represents the degree of the ith generator of M. Let K = ker ¢. Then
M ~ F/K. In particular, Suppg (M) = Suppg (F/K).

Extend any monomial order on B to a monomial order on F = @, Be;, by
ordering the e;’s. Since M is G-graded, so is K. Thus, by Proposition 2.7, we have
Suppg (F/K) = Suppg (F/in<(K)). Therefore,

Suppg (M) = Suppg (F/ in< (K)).

Observe that inL(K) is generated by monomials of the form T%e; (where T® =
- T for a = (a1, ...,a,) € N"). Let I; be the monomial ideal in B generated

B
by all monomials T for which T%¢; € in4(K). Clearly, F'//ins(K) ~ ", 7€
By Lemma 4.2, for each ¢ = 1, ..., m, there exists a Stanley decomposition of Tei

e EBuu

B
where u;; are homogeneous elements of I—ei and T;; are subsets (could be empty) of

the variables {T7,...,T,} in B. This givels

m  m;

F/ins (K @@u”

=1 j5=1

Thus, Suppg (F/ in<(K)) can be written as a finite union of the form

Suppg (F/ in< (K U Suppg Ung[Tz‘jD-

i
Let §;; = degg(ui;). Then

Suppg (F/ in< (K)) = [ (9 + Suppe (A[T])).
i,J
To prove the theorem, it now suffices to show that Suppg(A[T};]) can be decomposed
into a union of free submonoids of G of the form (E), where FE is a linearly independent
subset in T'.

Since A[T;;] is a polynomial ring whose variables are variables of B, without loss
of generality, we may assume that T;; = {T,...,T,}, i.e., A[T;;] = B. Let H be the
binomial ideal in B generated by {T® — T# | deg(T*) = degg(T?)}. Then taking
the quotient B/H is the same as identifying monomials of the same degree in B.
Thus, we have

Suppg (B) = Suppg (B/H) = Suppg(B/in<(H))

RO
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By Lemma 4.2, a Stanley decomposition of B/ in<(H) exists. That is, we can write
B/in<(H) = P u;AlZ)]
j=1

where u; are G-homogeneous elements of B/in(H) and Z; are subsets (could be
empty) of the variables {T7,...,T,}. Let E; be the set of degrees of variables in Z;. It
further follows from (4.1) that B/in<(H) has at most one monomial in each degree.
This implies that the support of u; A[Z;] are all disjoint and each set E; is linearly
independent. Hence, by letting o; = degg(u;), we have

S

Suppg(B) = [[ (o5 + (E;)).

Jj=1

The theorem is proved. O

Remark 4.4. It would be nice if the union in Theorem 4.3 is a disjoint union. How-
ever, this is not true. Let B = A[x, y] be a Z-graded polynomial ring with deg(x) =4
and deg(y) = 7 (hence, I' = {4,7}). Let M = B/(x) @ B/(y) ~ Aly] & A[z]. Then
Suppy (M) = {4a + 7b | a,b € Z>o}. Moreover, linearly independent subsets of I" are
{4} and {7}. It can be easily seen that Supp; (M) cannot be written as disjoint union
of shifted free submonoids of Z generated by 4 and/or by 7.

For a vector ¢ = (c1,...,¢5) € Z° and a tuple E = (v1,...,vs) of elements in G, we
shall denote AF the empty tuple if s < 1 and the (s —1)-tuple (v —v1, ..., Vs —Vs_1)
else, and by c.E the G-degree ijl c;v;. If E and E' are tuples, we denote by E|E’
the concatenation of E and E’.

Remark 4.5. With some simple linear algebra arguments, it can be seen that for
tuples E1, ..., E; of elements of G, the tuple of elements of G x Z*, F1 x {e1}| - - |Es X
{es}, where e; is the ith basis element of Z*, is linearly independent if and only if
AE;|---|AE;s is linearly independent. These equivalent conditions imply that for

(c1,...,¢5) # (cf,...,cl), with ¢;, ¢} € Zgo"l and |c;| = |c}| for all ¢, one has ¢1.E7 +
<-4 cs.Es # c.Ey + -+ + c/.E,. This last fact is a direct corollary of the linear
independence of Ey x {e1}| - |Es X {es}, as c1.(E1 x {e1}) + -+ cs.(Fs x {es}) =

(Cl.El + -t CS.ES) X (|C1|61 + -t |CS|65).

We shall now prove our main result. Recall that I; = (fi1,..., fir,) and let v; ; =
deg(fij)-

Theorem 4.6. Let G be a finitely generated abelian group and let S = Alxy, ..., x,)
be a G-graded algebra over a commutative ring A C So. Let I; = (fia,---, fir:)
for i =1,...s be G-homogeneous ideals in S, and let M be a finitely generated G-
graded S-module. Set I'; = {degq(fi ;) }ji,- Let £ > 0 and assume that £ =0 or A is
Noetherian.

There exist a finite collection of elements 5;; € G, a finite collection of integers tf;,i’

and a finite collection of non-empty tuples Ef;ﬂ- C TI';, such that AE£71| e |AE£7S is
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linearly independent for all p, satisfying :

Suppg (Tory (M- 1%, A)) = | J (85 + U cl.BL 4+ el B,

p=1 1EL |
i€yl el =ti—t!

if t; > maxp{tf,’i} for all 4.

Proof. As before, we use t to denote (t1,...,t5) € Z°, and let R := @~ I'Tt and
MR = @~ MI'T". Consider R = Alz1,...,2,|[T;;,1 <i<s, 1 <j<r], the
G x Z*-graded polynomial ring over Alxy,...,x,] with deggyz:(z;) = (degg(x;),0)
and degg . z:(T5;) = (degq(fij), €i), where e; denotes the ith canonical generator of
Z°. The natural surjective map ¢ : R — R that sends x; to x; and T} ; to f; ;T; makes
MR a finitely generated G x Z°-graded module over R.

Let Fy be a G x Z®-graded free resolution of MR over R. If A is Noetherian,
then each F; can be chosen of finite rank, and we make such a choice. For t € Z?,
the degree (x,t)-strand F% of F, provides a G-graded free resolution of MI* over
S = R,,0). Thus,

Tory (MI', A) = H;(F! @g A).
Moreover, taking homology respects the graded structure, and therefore,
H;(F, ®s A) = H;(Fe @ R/mR) (. ),

where m = (z1,...,x,) is the homogeneous irrelevant ideal in S.

Let IV = {(vij, i) € G x Z°} = ][, T'; x {e;} be the set of degrees of the variables
T; ;. Observe that H;(Fe @ g R/mR) is a finitely generated G x Z*-graded module over
R/mR ~ B for any i if A is Noetherian, and for ¢ = 0 in any case. Applying Theorem
4.3 to the G x Z*-graded module H;(F, ® g R/mR) we obtain a finite collection of
elements 9;; € G x Z? and a finite collection of linearly independent subsets Eﬁ cr
(which we view in a fixed order as tuples), for p = 1,...,m, such that

Suppgyzs (Hi(Fe @1 R/mR)) = | J (65 + (E}
p=1

Let 05 = (65,0 ,,...,t5 ), where 6 € G and t} , € Z. One has Ef = [17_, Ef ; x{e;}.
The hnear independence of the elements in Ef; is equivalent to the fact that the
elements of AEY ||---|AEf , are linearly independent.

Taking the degree (x,t)-strand of H;(Fe ® g R/mR), we get

Cs

Suppg (Tory (MIM ... It A)) = ((5Z U c1.Ef;71 +- CS'EZl;,S)'

1 1EL ;|
ci€lyg Pt ey |=t; —tt

D,

p

O
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Example 4.7. Let I C S be a complete intersection ideal of three forms fi, fa, f3 of
degrees a, b, c. One easily sees, for instance by the Hilbert Burch theorem, that

foT3 — f3T3
R( b 2)(T1 T2 Tg)R(b %) 71) (fSTl — fng)
—a—b—c— Ty — foT,
0 @ i fo fs Rlca e, 1) fils — f2 1R R,
R(-a—b—c¢,—1) &)
R(—a—b,—1)

is a graded free R-resolution of R;.
It follows that Torj (It, A),, = B, Tory (I*, A), = By—a—b—ct—1, and

B,ufbfc,tfl

s (m & ) @
ory (I",A), = coker | Bu—a—b—ct-2————>By a_ct-1

D

Bu—a—b,t—l
Now, Tor? (R, A) has the following Stanley decomposition:
A[Ty, Ty, Ts)(=b — ¢, = 1) @ A[Th, Ts](—a — ¢, 1) @D A[Ty, Tz, Ts)(—a — b, —1).

The ideal H generated by the binomials 7% — T° with deg(T®) = deg(T?) is the
kernel of the map
A[Th TQ, Tg] e A[’LL, ’U]
TN —— w®
Ty —— b
T3 ——— w°
and is therefore generated by a single irreducible and homogeneous binomial.

If, for example, (a,b,c) = (2,5,8) then this relation is T§ — Ty T3, and a Stanley
decomposition of, for instance, A[Ty, Ty, T3]/(T%) is A[T1, T3] ® T A[Ty,T5](—5,—1).
It finally gives the following decomposition for Torf (R, A) : A[Ty, T3](—13,—1) @
To ATy, T5)(—18, =2)® A[T1, T5](—10, —1) D ATy, T3] (=7, = 1) D TL ATy, T3] (—12, —2).

Setting Fy := {2+ 88 | o,8 € Zy,a+ 3 =t} = 2t + 6{0,--- ,t}, one gets that
for t > 2,

~ Suppy(Tory (I, A)) = By U (5+ Ey1),
— Suppy(Tor{ (I, A)) = (13 + E;_1) U (18 + E;_2) U (10 + E;_1) U (7T + E;_1) U
(12 + By ),
— Suppy(Tory (I, A)) = (15 + E;_1) U (20 4+ E;_»).
Note that one has the simplified expression :
— Suppy(Tory (I, A)) = (5+ E;) U (10 + E;_,).
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