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LOWER BOUNDS FOR THE WEAK TYPE (1, 1) ESTIMATE FOR
THE MAXIMAL FUNCTION ASSOCIATED TO CUBES IN HIGH

DIMENSIONS

A.S. Iakovlev and J.-O. Strömberg

Abstract. In this paper, we will provide the quantitative estimation for the dependence
of a lower bound of the Hardy–Littlewood maximal function. This work was inspired by
the paper [1] of Stein and Strömberg where general properties of the maximal function

were studied. In that work, the increase with the dimension d of the constant Ad that
appears in the weak type (1, 1) inequality for the maximal function was proved however
no estimation were given. In a recent paper [2], J.M. Aldaz showed that the lowest

constant Ad tends to infinity as the dimension d → ∞. In this paper, we improve the
result of J.M. Aldaz providing quantitative estimation of Ad ≥ Cd1/4, where C is a
constant independent of d.

1. Introduction

By a cube Q(x, r) we mean a closed l∞ ball of the radius r with the center at x in R
d,

in other words Q(x, r) is a closed cube centered at x with sides parallel to coordinate
axes, and the side length 2r.
Definition. Let f(x) be a function of L1(Rd) then the maximal function Mdf(x)
associated with the cube Q(x, r) is defined as follows

(1.1) Mdf(x) := sup
r>0

1
|Q(x, r)|

∫
Q(x,r)

|f(y)| dy,

where |Q(x, r)| stands for the Lebesgue measure in R
d. In this paper, it will be con-

venient to use the following representations for this quantity:

(1.2) |Q(x, r)| =
∫

Q(x,r)

1dy =
∫

Rd

χQ(x,r)(y)dy.

Here and in what follows χQ denotes the characteristic function of the set Q.
A fundamental property of the Hardy–Littlewood maximal function Md consists

in the fact that it satisfies the weak-type (1, 1) inequality, i.e., there exists a constant
A > 0, such that for all α > 0 and for all f ∈ L1

(1.3) α |{x : Mdf(x) ≥ α}| ≤ A‖f‖L1 .

Let us denote by Ad the best (i.e., lowest) constant A satisfying this inequality
in R

d.
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2. Result

The result of this paper is formulated in the following theorem

Theorem: If Md is a maximal function defined in (1.1) and weak-type inequality (1.3)
holds then there exists a constant c > 0 independent of d such that Ad ≥ cd1/4.

3. Proof of the theorem

In course of the proof of the theorem we will use a discrete infinite measure μ which
is constructed as Dirac deltas placed at each point of the integer lattice Z

1. Then, for
d-dimensional space μd is defined as μd = μ1 × μ1 × · · · × μ1. That will allow us to
prove the theorem utilizing the following three steps. At the first stage we will prove
the following proposition

Proposition: Let Q0 be the unit cube [0, 1]d in R
d. Then there exists α0 such that

(3.1) α0|{x : x ∈ Q0, Mdμ
d(x) > α0}| > c0d

1/4,

where c0 is a constant independent of d.
The proof of this proposition is the main part of the proof of the theorem for-

mulated above. As an immediate consequence of the proposition we will see that if
the proportion holds for Q0 then μd can be restricted to a cube Q(x, r0) with radius
r0 = ρd1/4, r0 ∈ N and the result of the proposition will still hold.

At the second stage, we will be able to restrict the infinite measure μd to a sig-
nificantly large cube to get a finite measure and then proceed applying the following
lemma

Lemma 1. For every dimension d there exists a closed cube K(R) ∈ R
d with side-

length R ∈ Z such that if we restrict μd onto K(R) and denote by N the number of
translated unit cubes Q0 + n where n ∈ Z

d inside K(R) where the proposition holds
and the corresponding cube Q(x, r0) + n ⊂ K(R) then

lim
d→∞

N

(R + 1)d
= 1.

Note that (R + 1)d is equal to the number of Dirac delta functions within K(R).

The finite measure μd|K(R) form Lemma 1 then can be used in the mollification
procedure [3] to obtain a function f ∈ L1 with a desired property. This will be done
at the third stage of the proof applying the following lemma

Lemma 2. Let c be a given constant. If there exists a finite sum μ =
∑n

i=1 δxi of
Dirac Deltas in R

d such that the inequality α|{x : Mdμ(x) ≥ α}| > cn is satisfied for
some α > 0, then there exists a function f ∈ L1(Rd) and a constant β > 0 for which
the inequality β|{x : Mdf(x) ≥ β}| > c‖f‖1 holds true.

Technically the most complicated stage is the proof of the proposition. This will be
the subject of the next section. We will give the proofs of the Lemmas 1 and 2 in the
appendix.



LOWER BOUNDS FOR THE WEAK TYPE (1, 1) ESTIMATE ... 909

4. Proof of the proposition

4.1. Notations. Let us consider u ∈ (0, 1/2) and an interval I ⊂ R. Let us call y ∈ I
to be centered at level u (more briefly centered) if it belongs to the closed subinterval
with the same center as I and with the length (1−2u)|I| and to be off center (at level
u) otherwise. In particular for I = [0, 1], the centered values are those belonging to
the interval [u, 1− u]. The role of u in the proof is to serve as a parameter to control
a placement of the center of our cubes.

Definition. Let Q0 be the unit cube [0, 1]d in R
d and let Ed

u,k be a set consisting of
x ∈ Q0 such that k coordinates of the vector x = {x1, . . . , xd} are off-centered at level
u whereas remaining d− k coordinates are centered.

It is clear that for each particular choice of k off-centered coordinates the corres-
ponding subset of Ed

u,k has the measure (2u)k(1 − 2u)d−k. For the entire Ed
u,k with

combinatorial arguments one gets

(4.1) |Ed
u,k| = (2u)k(1− 2u)d−k

(
d

k

)
,

where
(

d
k

)
stands for the binomial coefficient.

Let x be a point in the set Ed
u,k and let s be a positive integer s > 0, then the cube

Q(x, s− u) contains (2s− 1)k(2s)d−k integer grid points. For this cube, the quantity

M(d, u, k, s) =
1

|Q(x, s− u)|
∫

Q(x,s−u)

dμd

can easily be computed explicitly

M(d, u, k, s) =
(2s− 1)k(2s)d−k

2d(s− u)d
.

The inequality

Mdμ
d(x) ≥ M(d, u, k, s)

is an obvious consequence of the definition of the maximal function applied to the
measure μd. If now we restrict x onto the set Ed

u,k then the value of M(d, u, k, s) can
be taken as the constant α0 in the proposition and the left-hand side of (3.1) in this
case takes the explicit form

(4.2) M(d, u, k, s)|{x ∈ Ed
u,k : Mdμ

d(x) ≥ M(d, u, k, s)}| = M(d, u, k, s)|Ed
u,k|.

In order to expand (4.2) onto entire cube Q0 we consider the following construction.
Let us take sets Ed

u(k),k with k ∈ Δ = [kmin, kmax] and u(k) such that u(j) < u(k) if
j < k. It is apparent that the sum of these sets

QΔ =
⋃

k∈Δ

Ed
u(k),k

will obey the exhausting condition

lim
kmin→0

lim
kmax→d

QΔ = Q0.
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Then, in order to expand (4.2) onto the set QΔ one needs to take the minimal value
of all M(d, u(k), k, s) terms, i.e.,

M0 = min
k∈Δ

M(d, u(k), k, s).

As the result the extension of the relation (4.2) onto QΔ reads as

(4.3) M0

∣∣{x ∈ QΔ : Mdμ
d(x) ≥M0}

∣∣ = M0 |QΔ| ,
where M0 now serves as the constant α0 of the proposition. This observation is the
basis for all estimations that follows. In order to prevent overloading of formulae below
we will often suppress in notations the dependence of u on k implying it implicitly.

As the next step we will estimate the value of |QΔ|. Let us make use of the repre-
sentation (1.2) and use the Schwarz inequality in the form

(4.4)

[∫
χQΔ

∑
k∈Δ

χEd
u,k

dx

]2

≤
∫

χ2
QΔ

dx

∫ ∑
k∈Δ

χEd
u,k

∑
j∈Δ

χEd
u,j

dx.

Taking into account the property of the characteristic function χ2
QΔ

= χQΔ , the
obvious identity

χQΔ

∑
k∈Δ

χEd
u,k

=
∑
k∈Δ

χEd
u,k

and properly rearranging the terms in the double sum of the integrand in the second
integral of the right-hand side of (4.4) we arrive at the inequality

(4.5) |QΔ| =
(∫

χQΔdx

)
≥

(∫ ∑
k χEd

u,k
dx

)2

∫ ∑
k χEd

u,k
dx + 2

∫ ∑
k>j χEd

u,k∩Ed
u,j

dx
.

Here it is assumed that the k and j sums are taken over the interval Δ.
Introducing (4.5) into (4.3) we obtain the inequality

(4.6) M0|QΔ| ≥
M2

0

(∫ ∑
k χEd

u,k
dx

)2

M0

∫ ∑
k χEd

u,k
dx + 2M0

∫ ∑
k>j χEd

u,k∩Ed
u,j

dx
.

In we now take into account the monotonic character of M(d, u, k, s) as the function
of u and k then this inequality can be strengthened to take the form

(4.7) M0|QΔ| ≥ (M0/M1)2

(∫ ∑
k MkχEd

u,k
dx

)2

∫ ∑
k MkχEd

u,k
dx + 2

∫ ∑
k>j MkχEd

u,k∩Ed
u,j

dx
.

Here for shortening of notations, we have introduced M1 = maxk∈Δ M(d, u, k, s) and
Mk = M(d, u, k, s).

In what follows, we will deal with this representation. The right-hand side of
(4.7) will be estimated by making use of the appropriate estimations for every term
of this fraction. For that purpose, we will look for s0 such that M(d, u, k, s0) =
sups∈R+

M(d, u, k, s). In principle, s0 should be integer, i.e., s0 ∈ N, however techni-
cally the case of real value of s0 such that s0 ∈ R+ can be easier analyzed. From now
on we will consider parameter s to be real valued. The latter will allow us using the
differential calculus for computing extrema.
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In order to be able to use the same estimations for s0 real and integer we will need
sups∈R+

M(d, u, k, s) and sups∈Z+
M(d, u, k, s) to have the same order of d. That will

be a restriction on some of our parameters. Formally this restriction can be written
as

(4.8)
sups∈R+

M(d, u, k, s)
sups∈Z+

M(d, u, k, s)
< e.

In general, it is enough to have any constant independent of d in the right-hand
side of this inequality. This special choice of the bound is made for computational
convenience and will be used later.

4.2. Estimations for s ∈ R. We start by finding s0 that provides the maximal
value for Mk. The problem reduces to find the solution of the equation

∂

∂s
log M(d, u, k, s) =

(d− k)u + (k − 2ud)s
(2s− 1)s(s− u)

= 0,

which yields

(4.9) s0 = (d− k)u/(2ud− k).

This expression introduces the following restriction for k, i.e., since the value of s0 is
sufficiently positive, k should not exceed 2ud, i.e., k < 2ud. Calculating Mk at s = s0

leads us to the following result

(4.10) M(d, u, k, s0) =
kk(d− k)d−k

dd(2u)k(1− 2u)d−k
.

We can now fix the parameter s in all above and following formulae as s = s0. Let us
estimate the integral ∫

MkχEd
u,k

dx

from (4.7) when d � 1 and k � 1 recalling that∫
MkχEd

u,k
dx = M(d, u, k, s0)|Ed

u,k|.

Whereas the first factor in the right-hand side has the relatively simple form (4.10),
the second one contains the binomial coefficient (4.1).

This coefficient can be evaluated for large values of d and k by using the Stirling
formula [4]

n! =
√

2πn
(n

e

)n

(1 + O(1/n)).

In our construction we will restrict k to be in the interval [ζd, ξd], where 0 < ζ < ξ < 1
which implies that the lower bound for k, namely kmin, in our computations will also
be considered large.

Therefore, the binomial coefficient
(

d
k

)
in (4.1) can be approximated as(

d

k

)
≈

√
d√

2π(d− k)k
dd

kk(d− k)d−k
,
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which yields

(4.11) M(d, u, k, s0)|Ed
u,k| ≈

√
d√

2π(d− k)k
.

Consequently, for the sum of such terms we get

(4.12)
∫ ∑

k∈Δ

MkχEd
u,k

dx =
∑
k∈Δ

M(d, u, k, s0)|Ed
u,k| ≈

∑
k∈Δ

√
d√

2π(d− k)k
.

For large d the sum in the right-hand side of (4.12) can be transformed to an expression
containing the Riemann integral sum, i.e.,∑

k∈Δ

√
d√

2π(d− k)k
= d1/2

∑
k∈Δ

1/d√
2π(1− k/d)k/d

for the integral

(4.13) I(ζ, ξ) =
∫ ξ

ζ

dτ√
2π(1− τ)τ

,

where ζ = kmin/d and ξ = kmax/d. This implies that

(4.14)
∫ ∑

k∈Δ

MkχEd
u,k

dx ≈ d1/2I(ζ, ξ).

The integral I(a, b) in the right-hand side of (4.14) converges for all a and b such
that (a, b) ∈ (0, 1). Now it is obvious that, since the integrand in (4.13) is positive,
then extending or narrowing of the integration interval (a, b) relatively to (ζ, ξ) will
lead us to the upper or lower bounds. So that we can state that there exist constants
B1 < B2, which are independent of d such that

B1d
1/2 ≤

∫ ∑
k∈Δ

MkχEd
u,k

dx ≤ B2d
1/2.

Let us notice that in any case B2 can be taken as I(0, 1). These inequalities allow us
to estimate the numerator term and the first term in denominator of (4.7).

What is left is the estimation of the second term in the denominator of the fraction
in (4.7).

Recalling that u = u(k) and u(k) > u(j) if k > j and setting for shortening of
notations u(k) = u and u(j) = v, the measure of the intersection of two sets Ed

u,k and
Ed

v,j can easily be evaluated as

|Ed
u,k ∩ Ed

v,j | = (2v)j(2u− 2v)k−j(1− 2u)d−k

(
d

k

)(
k

j

)
.

After regrouping the factors we arrive at the expression

|Ed
u,k ∩ Ed

v,j | = (2u)k(1− 2u)d−k

(
d

k

)
(2w)j(1− 2w)k−j

(
k

j

)
,

where w = v/2u. Using (4.11) for {d, k, j} � 1 we get

|Ed
u,k ∩ Ed

v,j | ≈ |Ed
u,k|

√
k√

2π(k − j)j
M−1(k, w, j, s0)
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and consequently

(4.15) M(d, u, k, s0)|Ed
u,k ∩ Ed

v,j | ≈
√

d√
2π(d− k)k

√
k√

2π(k − j)j
M−1(k, w, j, s0).

Introducing representations derived in (4.15) into the right-hand side of (4.7) we
obtain

(4.16) M0|QΔ| ≥

(∑
k

√
d√

2π(d−k)k

)2

∑
k

√
d√

2π(d−k)k
+ 2

∑
k>j

√
d√

2π(d−k)k

√
k√

2π(k−j)j
M−1(k, w, j, s0)

.

Now we rewrite the double sum in the form∑
k>j

√
d√

2π(d− k)k

√
kM−1(k, w, j, s0)√

2π(k − j)j
(4.17)

=
∑
k∈Δ

√
d√

2π(d− k)

k−1∑
j=kmin

M−1(k, w, j, s0)√
2π(k − j)j

.

As in the case of the sum (4.12) the double sum (4.17) can be transformed into
the integral sum of some double integral. This transformation will be the subject
of the rest of this subsection and finally will provide us with the desired estimation
for the second term in the denominator of (4.16). First we estimate M−1(k, w, j, s0).

For computational convenience, we introduce a new function L(k, w, j) defined as
follows:

L(k, w, j) = log M(k, w, j, s0).
To get an estimation for L(k, w, j) from below we will construct the Taylor expansion
with respect to j around minimal value of this function. From here on we will treat
both j and k as real parameters which will allow us to calculate derivatives and deter-
mine dependance for other parameters. This procedure does not affect the accuracy
since at every moment the restriction from R to Z and be performed.

Then the value of j0 that provides the minimum to L(k, w, j) can be found from
the following equation:

∂

∂j
L(k, w, j) = log

(
j(1− 2w)
2w(k − j)

)
= 0

and has the form j0 = 2wk. By direct computation one gets L(k, w, j0) = 0. f deriva-
tive of L(k, w, j) with respect to j has the following form:

∂2

∂j2
L(k, w, j) =

k

j(k − j)
≥ 0,

which shows that the Taylor expansion up to the first nonzero term of second order
can be written as follows:

(4.18) L(k, w, j) =
1
2

(j0 − j)2

2wk(1− 2w)
+ O((j0 − j)3).

The value of j0 − j in the numerator can be represented as

j0 − j = 2wk − j =
u(j)
u(k)

k − j = u(j)
(

k

u(k)
− j

u(j)

)
.
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By the Mean value theorem we obtain

k

u(k)
− j

u(j)
=

∂

∂k

(
k

u(k)

)
k=k̃

(k − j),

where k̃ ∈ (j, k). The value ∂
∂k

(
k

u(k)

)
can be evaluated using the following consider-

ations. By Implicit function theorem we define u(k) as the solution of the equation

(4.19) L(d, u, k) = L0,

where L0 = log(M0) is a constant. Then differentiating (4.19) and using

d

dk
L(d, u(k), k) =

∂

∂k
L(d, u(k), k) +

∂

∂u
L(d, u(k), k)

∂u(k)
∂k

we arrive at the representation

∂u(k)
∂k

= −
∂
∂kL(d, u(k), k)
∂

∂uL(d, u(k), k)
,

or more explicitly

∂u(k)
∂k

= −
log

(
k(1−2u)
2u(d−k)

)
2du−k

(1−2u)u

.

Consequently for ∂
∂k

(
k

u(k)

)
we get

(4.20)
∂

∂k

(
k

u(k)

)
=

1
u

+
k(1− 2u)
u(2ud− k)

log
(

k(1− 2u)
2u(d− k)

)
.

To simplify (4.20) will expand the logarithm with help of Taylor series in the vicinity
of k0 = 2ud. Due to the singularity in the prelogarithmic term at k = k0 the expansion
should be taken up to the quadratic term

log
(

k(1− 2u)
2u(d− k)

)
=

k − 2ud

2ud(1− 2u)
+

(4u− 1)(k − 2ud)2

2(2ud)2(1− 2u)2
+ O((k − 2ud)3).

Substitution into (4.20) leads us to

(4.21)
∂

∂k

(
k

u(k)

)
=

2ud− k

4u2d(1− 2u)
+ O((k − 2ud)2).

The denominator of the right-hand side of (4.18) can be estimated using the following
consideration. The value w was set as w = u(j)/2u(k). We can express u(k) with the
help of k0 as follows:

(4.22) u(k) =
k0

2d
=

k0 − k + k

2d
=

k

2d
+

k0 − k

2d
.

From our previous considerations k ∈ [ζd, ξd], so we can conclude that

k

2d
∼ const.

The restriction (4.8) in the form

(4.23) log
(

M(d, u, k, s0)
M(d, u, k, s∗)

)
< 1.
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can be used to estimate k0 − k as follows. Since s∗ ∈ Z is the point such that
M(d, u, k, s∗) = sups∈Z+

M(d, u, k, s), it is obvious that |s0 − s∗| < 1. Now if we
will show that for any s̃ ∈ (min(s0, s∗), max(s0, s∗)) the inequality holds

(4.24)
∂

∂s
log M(d, u, k, s)|s=s̃(s0 − s∗) < 1,

then (4.23) will hold true due to the Mean value theorem. The explicit form of (4.24)
reads

(k0 − k)(s0 − s̃)(s0 − s∗)
(2s̃− 1)s̃(s̃− u)

< 1.

One can strengthen the last inequality removing the positive factor in the numerator
(s0 − s̃)(s0 − s∗) < 1 which yields

(4.25)
k0 − k

(2s̃− 1)s̃(s̃− u)
< 1.

Since |s̃ − s0| < 1 and s0 � 1 we can replace the denominator by 2s3
0. Inserting the

explicit value (4.9) of s0 into inequality (4.25) we get it in the following form

(k0 − k)4

2u3(d− k)3
< 1.

Thus we have arrived at the estimation

k0 − k < (d− k)3/4(2u3)1/4.

It was shown before that d− k ∼ d1 and u ∼ d0 then we may conclude that

(4.26) k0 − k < k̂1 d3/4

with k̂1 being a some constant. This inequality being introduced to (4.9) will generate
the fact that s0 ∼ d1/4 which is consistent with our assumption s0 � 1.

Now we can rewrite (4.22) as

u(k) =
k

2d
+ O(d−1/4).

The latter allows us to use the following asymptotic relation

w � j

2k

as d →∞. Thus, we can write asymptotic equality for the denominator of (4.18)

(4.27) 2j0(k − j0) = 4wk(k − 2wk) � 2
j

k
k(k − j

k
k) = 2j(k − j)

Taking into account (4.21) and (4.27) the formula (4.18) for large d can be rewritten
in the form

L(k, w, j) � k

2j(k − j)

(
j

2d

)2 [ (k0 − k)2

(2ud)2(2u)2(1− 2u)2

]
k=k̃

(k − j)2.

In order to get the final estimation from below for L(k, w, j) we proceed as follows.
The inequalities

2ud < d, 2u(1− 2u) < 1/4
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can be used for the denominator, and the numerator can be estimated with the help
of inequality

j > kmin.

For the estimation of L, we are dealing with the smaller value of k0 − k chosen the
better. However, the estimation should be valid for all range of k0 − k including the
worst case of k0− k ∼ d3/4, i.e., when it is close to its upper bound (4.26). Hence, we
will use the inequality k0 − k > k̂0d

3/4, where k̂0 < k̂1 is a constant. This shows that

L(k, w, j) > 2
kkmink̂0

d5/2
(k − j).

With this inequality we are ready to perform the final evaluation of the double sum
(4.16). At the first stage for the sum with respect to j in (4.17) we get

k∑
j=kmin

M−1(k, w, j, s0)√
2π(k − j)j

<

k−1∑
j=kmin

exp(−2kkmink̂0
d5/2 (k − j))√

2π(k − j)kmin

.

Replacing j with kmin in the denominator in the right-hand side makes this inequality
even stronger. Changing the summation index in the right-hand side we obtain

(4.28)
k−1∑

j=kmin

M−1(k, w, j, s0)√
2π(k − j)j

<

√
k

kmin

k−kmin∑
r=1

1√
2π

√
k

r
exp

(
−2

k2kmink̂0

d5/2

r

k

)
1
k

and we can see that the sum in the right-hand side of (4.28) can now be considered
when k � 1 as the Riemann integral sum for the integral

J(1− kmin/k, 0) =
∫ 1−kmin/k

0

1√
2πτ

exp(−2
k2kmink̂0

d5/2
τ)dτ.

That implies that

k−1∑
j=kmin

M−1(k, w, j, s0)√
2π(k − j)j

<
d5/4

2kmin

√
kk̂0

Φ

⎛
⎝
√

(1− kmin/k)k2kmink̂0

d5/2

⎞
⎠ ,

where Φ(x) stands for error function [4] Φ(z) = 2/
√

π
∫ z

0
exp{−x2}dx.

It is possible to show that the argument of the error function has the order of d1/4.
Therefore, one can extend this argument of the error function to +∞ and taking into
account that Φ(+∞) = 1, we end up with

∑
k∈Δ

√
d√

2π(d− k)

k−1∑
j=kmin

M−1(k, w, j, s0)√
2π(k − j)j

<
d5/4

2kmink̂
1/2
0

∑
k∈Δ

√
d√

2π(d− k)k
.

The sum on the right-hand side was already estimated in (4.14) as
∑
k∈Δ

√
d√

2π(d− k)k
< d1/2I(0, 1).

This results ∑
k∈Δ

√
d√

2π(d− k)

k−1∑
j=kmin

M−1(k, w, j, s0)√
2π(k − j)j

<
d3/4

2ζk̂
1/2
0

I(0, 1).
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Here, we have used the fact that kmin = ζd. So, the upper bound for the second term
in the denominator of (4.6) can be written in the form

M0

∫ ∑
k>j

χEd
u,k∩Ed

u,j
dx < B3d

3/4,

where B3 is some constant. Finally, we obtain the inequality for M0|QΔ|

M0|QΔ| > B2
1d

B2d1/2 + 2B3d3/4
∼ c0d

1/4,

which finalizes the proof of the proposition. �

5. Final proof

Collecting results from the previous sections we have proven by direct construction
that the constant M0 can be taken as α0 of the proposition. We have shown that
inequality Mdμ

d > M0 is fulfilled on the set QΔ ⊂ Q0. Moreover, we have proven
that there exists a constant c0, which is independent of d, such that

M0|QΔ| > c0d
1/4.

Thus, the proposition has been proven. �
Now we can use Lemma 1 in order to extend the proposition onto the class of

finite measures, i.e., the restriction of the measure μd onto a large cube K(R) with
sidelength R ≥ θd5/4+ε leads us to the inequality

(5.1) α0|{x : Md(μd|K(R))(x) ≥ α0}| > c0d
1/4(R + 1)d.

The final result follows from the Lemma 2, i.e., there exists a constant β > 0 and
f ∈ L1 such that

β|{x : Mdf(x) ≥ β}| > c0d
1/4‖f‖L1 .

Appendix A. Proof of lemma 1.

Let us consider some x inside Q0 = [0, 1]d. Then the proposition holds true not only for
infinite measure μd but for μd|Q(x,r0) where r0 > s0−u or more explicitly r0 = ρd1/4,
r0 ∈ Z as well, with some appropriate ρ independent of d. Thus for a significantly
large cube K(R) the proposition will hold true for any translated unit cube Q0 + n
where n ∈ Z

d within a smaller cube K(R − r0) with the same center as K(R). The
number of unit cubes that fits into K(R− r0) is N = (R− r0)d.

Thus asymptotically as d →∞
N

(R + 1)d
∼

(
1− (r0 − 1)

(R + 1)

)d

.

If we now set R ≥ θd5/4+ε where ε > 0 and θ is some constant independent of d, then
asymptotically when d →∞ we will obtain(

1− (r0 − 1)
(R + 1)

)d

≥
(
1− ρ

θd1+ε

)d

∼ 1.

Now taking into account the fact that N < (R + 1)d we arrive at the desired result

lim
d→∞

N

(R + 1)d
= 1. �
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Appendix B. Proof of Lemma 2.

Although the original proof of this Lemma can be found in [3] we give it here for
completeness and unification of notations.

Suppose μ =
∑n

i=1 δxi and α > 0 are such that the inequality

α|{Mμ ≥ α}| > cn

holds. Let us prove that for every ε > 0 there exists f ∈ L1(Rd) with ‖f‖1 = n and
{Mμ ≥ α} ⊂ {Mf > (1 + ε)−1α}. Let l(Q) denotes the side length of the cube Q.
For each x ∈ {Mμ ≥ α}, select a cube Q(x, r) with

N(Q(x, r))
|Q(x, r)| > α.

Here N(Q(x, r)) stands for a number of point masses contained in Q(x, r).
We make additional assumption that l(Q(x, r)) ≥ α−1/d. This is always possible

to fulfill since each Q(x, r) must contain at least one point mass. Since α is strictly
positive we can define a as

a = sup
r
{l(Q(x, r)) : x ∈ {Mμ ≥ α}} < ∞.

Given any ε > 0, choose δ(ε) such that for every y ∈ [α−1/d, a], (y+δ)d/yd < 1+ε. Let
Ei be a closed cube centered at xi with the sidelength δ and define f = δ−d

∑n
1 χEi .

Replacing each Q(x, r) by the cube Q(x, r + δ/2), we see that {Mμ ≥ α} ⊂ {Mf >
(1 + ε)−1α}.

Pick ε > 0 so small that α|{Mμ ≥ α}| > (1 + ε)cn. Since ||f ||1 = n, we get

α|{Mf ≥ α(1 + ε)−1}| ≥ α|{Mμ ≥ α}| > (1 + ε)c||f ||1.
The conclusion now follows by setting β = α(1 + ε)−1 . �
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ics, KTH, SE-100 44, Stockholm, Sweden

E-mail address: jostromb@kth.se



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


