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MONODROMY OF GALOIS REPRESENTATIONS
AND EQUAL-RANK SUBALGEBRA EQUIVALENCE

CHUN YIN Hul

ABSTRACT. Let K be a number field, & the set of prime numbers, and {py}rc o a
compatible system (in the sense of Serre [19]) of semisimple, n-dimensional ¢-adic repre-
sentations of Gal(K/K). Denote the Zariski closure of p;(Gal(K/K)) in GL, g, by G¢
and its Lie algebra by ge. It is known that the identity component G7 is reductive and
the formal character of the tautological representation G} — GL, g, is independent of
£ (Serre). We use the theory of abelian ¢-adic representations to prove that the formal
character of the tautological representation of the derived group (G;?)dc}r — GLy q,
is likewise independent of ¢. By investigating the geometry of weights of this faithful
representation, we prove that the semisimple parts of gy ® C satisfy an equal-rank subal-
gebra equivalence for all £, which is equivalent to the number of A, := sl, 11 ¢ factors for
n € {6,9,10,11, ...} and the parity of the number of A4 factors in gy ®C are independent
of £.

1. Introduction

Let K be a number field, K its algebraic closure and G := Gal(K/K) the abso-
lute Galois group of K. Let & be the set of prime numbers. A compatible system
(Definition 3.4) of ¢-adic representations {py}ec 2 of G is a collection of continuous
representations
pe s Gx — GLn(Qy),

indexed by &, such that for any £ € &, p, is unramified at all but finitely many
non-Archimedean places of K, and for any ¢,/ € &2, the characteristic polynomials
of pe(Frob,,) and pp (Frob,,) (well-defined if p, and p, are unramified at v, and w is
a valuation of K extending v) are equal with rational coefficients for all but finitely
many non-Archimedean places v of K. Such a compatible system arises, for example,
from the Galois action of Gk on the f-adic Tate modules Ty(A) ® Q; of an abelian
variety A defined over K (see [19, Chap. 1]) or more generally, on the (-adic étale
cohomology groups HY (X7, Q) of a complete non-singular variety X defined over
K (Deligne [3]). We may assume that our representations p, are semisimple for all
¢ by semi-simplification since the characteristic polynomials of matrices only carry
information from the semisimple parts.

For a compatible system {ps}sc o of semisimple ¢-adic representations of G, the
Zariski closure of py(G k) in the algebraic group GL, g, is a reductive algebraic group
and is called the algebraic monodromy group at £. Denote it by Gy, its connected
component by Gy, and its Lie algebra by g. Let ®, : Gy — GL,, g, be the tautological
representation. Consider the following conjectures:
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Conjecture 1.1. There exists a faithful representation ® : G — GL,, g of a reductive
group G over Q, such that for all £ € &, (G4, ®y) = (G, P) xg Qp.

Conjecture 1.2. There exists a faithful representation ® : G — GL,, g of a connected
reductive group G over Q, such that for all £ € &, (G, ®¢) = (G, P) xg Qr.

Conjecture 1.1 is true if p¢(Gg) is abelian for one ¢; see chapter 3 of [19]. Weaker
variants of this conjecture have appeared many times in the literature. For example, if
our compatible system {py}ec o comes from the Galois action on the Tate modules of
an abelian variety, then Conjecture 1.2 follows immediately from the semisimplicity
of pe (Faltings [4]) and the Mumford-Tate conjecture (see Mumford [15], Serre [18,
Section 9]). If {ps}ec» comes from the Galois action on the étale cohomology groups
of a complete non-singular variety, then Conjecture 1.2 is implied (see [12, Section 5])
by the well-known semisimplicity conjecture [18, Section 9] and the general Tate
conjecture [22]. By the method of Frobenius tori, Serre [16, p. 6, Section 17],[17,
Section 2.2.3] has proved the following ¢-independence results.

Theorem 1.3. The open subgroup of finite index p; ' (G$(Qy)) C G is independent
of £.

Theorem 1.4. The pair (Ty, ®;) consisting of a mazimal torus T; of G and the
tautological representation ®, : T, — GL, q, s independent of . Therefore, the
formal character of G} — GL, g, and hence the rank of G are independent of £.

Remark 1.5. Serre originally stated these results for representations associated to
abelian varieties, but his proofs work for arbitrary compatible systems.

Remark 1.6. Theorem 1.3 implies there is a smallest finite extension K" of K
such that the Zariski closure of p;(G geonn) in GL,, g, is equal to G for all ¢. For more
results about K°°™; see Silverberg and Zarhin [20, 21] and Larsen and Pink [13].

We study /-independence of compatible systems of ¢-adic representations of G,
assuming semisimplicity. We are not able to prove Conjectures 1.1 and 1.2, but using
the theory of abelian ¢-adic representations, we extend Theorem 1.4 by proving that
the formal character of the representation of the derived group (G9)%" — GL,, g, is
independent of ¢. Using these data, we prove that the semisimple parts of the com-
plexified Lie algebras g, ® C satisfy an equal-rank subalgebra equivalence (Definition
2.18). The results of this paper are summarized as follows.

(1) (Proposition 3.18) The dimension of the center of G§ is bounded by dgconn,
the common dimension of the Serre groups Sy, associated to the number field
KCOHI’!I

(2) (Theorem 3.19) The triple (((G9)4" NTy)°, Ty, @) is independent of ¢, where
T, is a maximal torus of Gj and ®, is the embedding of T, into GL, q,.
Therefore, the formal character of the tautological representation (G9)d4er —
GL,, g, and hence the semisimple rank of G are independent of /.

(3) (Theorem 3.21) Consider the free abelian group of virtual complex simple
Lie algebras which contains semisimple Lie algebras naturally. We divide by
the subgroup generated by all expressions g — ) where h C g are equal rank
semisimple Lie algebras. The semisimple parts of the complexified Lie alge-
bras g, ® C have the same image in this quotient group (satisfy equal-rank
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subalgebra equivalence in Definition 2.18) for all ¢. This is equivalent to the
number of A, := sl,4; ¢ factors for n € {6,9,10,11,...} and the parity of
the number of A4 factors in g, ® C are independent of £.

(4) (Theorem 4.1) Let K be a field, finitely generated over Q and Gk its absolute
Galois group. If the system {ps}sc 2 arises from the Galois action of Gk on
the Tate modules of an abelian variety X defined over a field K, then (3)
holds for g, ® C.

Remark 1.7. Larsen and Pink [11] studied compatible systems of representations of
profinite groups that are endowed with a dense subset of “Frobenius” elements. They
gave an example in [11, Section 10] that the semisimple rank of G, (the algebraic
monodromy group at ¢) depends on ¢, contrary to (2).

Remark 1.8. (1), (2), (3) above also hold for any semisimple compatible system of
A-adic [19, Chap. 1, Section 2.3| representations. This will be explained at the end of
Section 3.

Remark 1.9. We study /-independence of mod ¢ Galois representations that arise
from étale cohomology in a subsequent paper [9] and obtain “mod ¢” versions of (2)
and (3) when £ > 0.

Let us sketch the proofs of our results. We may assume that K = K°"" so that
Gy = Gj. Since the Lie algebra of [G¢, Gy is the semisimple part of g,. Hence, we
could study the dimension of the center of g, by considering the dimension of the
image of following semisimple ¢-adic representation

Gr 2% Go(Qu) — Go/[Ge, Gol(Qr) — GL, (Qp).

This map factors through the quotient Gx — G322, so we get Uy : G2 — GL,,(Qy).
Let ), be the set of finite places of K. Since ¥, is unramified at all except finitely
many places S of K, if F, is a Frobenius element of a valuation w of K extending a
place v € >\, then the eigenvalues of Wy(F,,) are algebraic numbers. This is the
key observation, which leads to result (1). By imitating the proof of Theorem 1.10,
we can find an integer N such that ¥ : G2 — GL,,(Qy) is locally algebraic.

Theorem 1.10. (See Serre [19, Chap. 3, Section 3], Waldschmidt [23], Henniart [7,
Section 5])

If p: G?}) — GL,,,(Qy) is a rational, semisimple, (-adic abelian representation of K,
then p s locally algebraic.

Therefore, by the theory of abelian ¢-adic representation, \Ilév arises from some
abelian f-adic representation attached to some Serre group Sy,. In other words, Sy (Qy)
surjects onto U2 (G3P). Since the dimension of W)Y (G%2), W, (G4P) and the center of gy
are the same, we get (1). By the above techniques, the upper bound of the dimension
of center in (1) and Theorem 1.4, we construct an auxiliary compatible system of
representations of Gk to prove (2). The restriction of the formal character to the
derived group of G are independent of ¢ by (2). Therefore, we only need to study
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the semisimple part of go. We have for each ¢ a faithful representation of (g¢)ss ® C,
which gives the same formal character. So, we need to answer the question below.

Q: To what extent is a complex semisimple Lie algebra g determined if the formal
character of a faithful representation of g is given?

Larsen and Pink have answered this question in the case that the representation is
irreducible [10, Section 4]. The difficulty of the question can be illustrated by the
following example. We know that F; x A; and A4 X A4 are subalgebras of maximal
rank in Fjg, so if we restrict a representation of Eg to F7 x A; and A4 X Ay, the formal
characters of these two representations are the same. We address this question by
investigating the geometry of the roots and weights in the formal characters. Actually,
we will first prove that the number of A,, factors for n € {6,9,10,11,...} and the
parity of the number of A4 factors in g are invariants (Theorems 2.14 and 2.17).
Then, it follows easily that the image of g in the quotient group in (3) is invariant
(Theorem 2.19). This together with Proposition 2.20 imply (3). Finally, (4) is a direct
consequence of (3) and a result on ¢-independence of specialization of monodromy
groups of abelian varieties (Hui [8, Theorem 2.5]).

The structure of this paper is as follows. Section 2 is devoted to answering question
Q, which is purely representation theoretic; we only use the representation theory of
complex semisimple Lie algebras. We will prove (1), (2), and (3) in Section 3. This
section relies heavily on the theory of abelian ¢-adic representation (Serre [19]). In
Section 4, we consider systems {ps}sc o coming from abelian varieties and prove (4).

2. Geometry of weights in formal characters

This section is purely representation theoretic and self-contained. It is devoted to
answering the question below.

Q: To what extent is a complex semisimple Lie algebra g determined if the formal
character of a faithful representation of g is given?

(2.1) Let g be a complex semisimple Lie algebra and t; some Cartan subalgebra of
g. Denote the roots, the weight lattice and the Weyl group by ®4, Ay and Wy, re-
spectively. If © : g — gl(V) is a representation of g on some n-dimensional complex
vector space V, then the action of t; on V' can be diagonalized and then we have
n weight vectors ai,...,a, € tj. Let Z[A4] be the group ring over Z generated by
the free abelian group Ay. We define the formal character of © to be Charg (V) :=
a1 + -+ a, € Z[Ag]. We know that Charg (V') is invariant under the Weyl group
Wy. Let W : h — gl(V’) be a representation of another complex semisimple § on an
n-dimensional complex vector space V'. We say h and g have the same formal char-
acter if there is an isomorphism F' between t; and t7 such that F'(Chary (V))(defined
in an obvious way) is equal to Charg (V). We can now state our main theorems of
this section.

Theorem 2.14. If faithful representations of two complex semisimple Lie algebras g
and b have the same formal character, then the number of A,, factors of g and § are
the same when n € {6,9,10,...}.
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Theorem 2.17. If faithful representations of two complex semisimple Lie algebras g
and b have the same formal character, then the parities of the numbers of A4 factors
of g and by are the same.

Theorem 2.19. If faithful representations of two complex semisimple Lie algebras
g and b have the same formal character, then g and b satisfy equal-rank subalgebra
equivalence (Definition 2.18).

(2.2) If © : g — gl(V) is a faithful representation, then g is embedded as a subspace
in End(V) =V ® V* through ©. It is easy to check the representation of g on this
subspace g C End(V) = V ® V* is the adjoint representation [5, Chapter 13.1].
Therefore, the representation of g on V ® V* contains the adjoint representation of g
as a subrepresentation and is also faithful. The formal character of V ® V* depends
only on the formal character of V' and is just the sum of all the differences of weights in
Charg (V). All the roots of g appear in the formal character Char(V @ V*) because the
adjoint representation is a subrepresentation. So from now on, we may further assume
that Charg(V') contains all the roots of g. The advantage of this assumption is that
there are strong geometric connections among roots and weights once we introduce a
suitable Euclidean metric on Ay ® R.

(2.3) Suppose Charg(V) = ag + -+ + ay, we define an inner product on (Ay ® R)*
in terms of the formal character by setting

(IL’l, x2) = Z ai(xl)ai(xg).

We denote the dual inner product on Ag @ R by ( , ). Since O is faithful, {a;} spans
Ag®R,s0 (, )and (, ) are positive definite. Since Charg (V') is Wy invariant, so is
(', ). This determines (, ) up to a positive scalar factor on each simple root system
of g. Wy is then a subgroup of the orthogonal group O(Ay ® R) under this Euclidean
inner product. Note that ( , ) is defined solely by the formal character Charg (V).

(2.4) Now if V and V' are faithful representations of g and h with the same formal
character, then we could assume that the roots of g and h appear in the formal
character by (2.2). We can define an Euclidean inner product (which depends only
on the formal character) on Ag ® R and on Ay ® R respectively by (2.3). Since the
formal characters are the same, Ag ® R and Ay ® R are isometric.

Let v € @4 and u € ®y. We claim that the angle 6 between them with respect to
the Euclidean metric above belongs to the set {0°,30°,45°,60°,90°,120°,135°, 150°,
180°}. Indeed, since u (a root of h) is also a weight of g while v (a root of g) is also a
weight of b, we still have the following relations [5, Section 14.1]:

||u|| cos @ _ 2<u,v> 7.
[[v]] (v,v)

||v]| cos 6 _ 2<u,v> c7
] (u, u)

The product of the left-hand side is 4 cos? § € Z and we obtain our claim.
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[l

Now, we can determine the ratio Tl
If & = 0° or 180°, then ”uH \‘I‘ullll % We conclude that ”U—H €{3.1,2}

_ ano 0 HUH Il o 2 ol 1 .
If & = 30° or 150°, then ol Tull € V5 We conclude that Tl € {\/g,\/g},
If & = 45° or 135°, then Hg”, HZH Z . We conclude that ”ZH € {%, V23
If § = 60° or 120°, then lul 1ol ¢ Z We conclude that 12l = 1.

[oll? el Ju]]

Lemma 2.5. Every semisimple Lie algebra g contains a semisimple subalgebra g’ of
mazimal rank such that every simple factor of g’ is of type A, and the number of A,
factors of g and g’ are the same for n € {4,6,9,10,11,12,...}.

Proof. By Table 1 [6, Table 5] at the end of this section and the following facts [5,
Chap. 18, 19]:

s0(3) = 4,
s50(4) = Ay x Ay,
50(6) = As,
sp(2) = Ay,

s0(4) C so(5) = sp(4),
one can choose a subalgebra g’ of g of maximal rank such that every simple factor

of g’ is of type A, and that the number of A, factors of g and g’ are the same for
n e {4,6,9,10,11,12,...}. O

Since g’ C g are of same rank, one may assume that they have the same Cartan
subalgebra. If © : g — gl(V) is a representation of g and we take the restriction to g’,
then Chare (V') = Charg), (V). To prove Theorems 2.14 and 2.17, we can reduce to
the case that every simple factor of our Lie algebras g, b is of type A,,.

Lemma 2.6. Suppose q is a simple factor of g of type A, n > 2. Let u be a root of
b such that u ¢ (Aq @ R)U (Aq ® R): C Ay ® R. Then the angle  between u and any
root of g can only be 45°, 60°, 90°, 120°, 135°.

Proof. We decompose the semisimple Lie algebra g into simple factors with q; = q.
Ag@R=(Ag, ®R)L(Ag, ®R)L--- L(Ag,, ®R).

Since u ¢ (Aq @ R) U (Aq ® R)*, u ¢ Ay, ® R for all i. Thus, the angle cannot be
0° or 180°. Assume that v is a root of g such that the angle # between u and v is
30° (if & = 150°, then choose root —v). Since q = ¢ is of type A, (n > 2), we can
always choose some root w € ®4, such that {u,v, w} are linearly independent and
the angle between v and w is not 90°. Now, consider the group G generated by R,,
R,, and R, the three reflections of hyperplanes corresponding to roots u, v, and w.
Since each reflection is either in the Weyl group of g or in the Weyl group of b, the
formal character Charg (V') is invariant under G. It follows that G is finite because
G permutes weights in Charg (V') and those weights span Ay ® R. So, we conclude
that G is a finite subgroup of O(Ay®R), the orthogonal group of Ag®@R. Also note that
the three-dimensional space spanned by {u,v,w} is actually invariant under G.
Denote the determinant 1 subgroup of G by G, it is a finite subgroup of SO(3).
By the classification of finite subgroups of SO(3) [1, Chap. 5 Thm. 9.1}, G* is one of
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the following:
C : The cyclic group of rotations by multiples of 360°/k about a line;
Dy, : The dihedral group of symmetries of regular k-gon;
T : The tetrahedral group of 12 rotations carrying a regular tetrahedron to itself;
O : The octahedral group of 24 rotations carrying a cube to itself;
I : The icosahedral group of 60 rotations carrying a regular icosahedron to itself.
Note that both the angle between u,v and the angle between u,w are not 90°,
and this means G can only be T, O or I. But the angle between u, v is 30°. This
implies G contains R, o R,, a rotation of order 6 which is impossible. This finishes
the proof. O

(2.7) Let q be a complex semisimple Lie algebra of type A,,, n > 1, then A; ®z R has
dimension n. There exist weights eq,. .., ey, e,1 € Aq such that (see [6, Table 1])

Aq ® R = spang{ei,...,en,€nt1},
extex+--+eptent =0,
Ny =Ze1 @ - D Zey,.

If we normalize so that the length of roots is v/2, then

nil if1<i=j<n,
el =9 1
n

The roots ®4 comprise the set {e; —e; : 1 <i# j <n+1}. We can take {e1,...,e,}
as a basis of Aq ® R. The picture for A looks like

€y~ €3
A
e, —e e —eq
€2
€1
e. _
e, —e; 3 €1 — €
v A2

€3 — €y
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The square of the length of a weight w = aje; + -+ 4+ ane, is

n 2 s
>oiogna; —2 Zi<j aiaj
n+1

@ _ S a? +Zi<j(ai —aj)? N (n—k)+k(n—k)
n+1 - n+1 ’

<CL161 + -+ anen,a1e1 + -+ anen> =

if k is the number of zero a;. Thus, if w # 0 satisfies ||w| < 1, then

(n—k)+k(n—k)

1>
n+1

Y

SO
1>kn—Fk—-1),

which implies £k = 0 or n — 1. Thus, one sees easily that the shortest weight is of

length /7. Since n (the“numerator”) is the biggest integer smaller than n + 1

(the“denominator”), it is easy to check that nLH is the only length of weight that
is less than 1.
If ||w|| = 1, then it is not hard to see by investigating inequality (€2) that
(n—k)+k(n—k)
n+1 '

lw|l =

So
1l=k(n—k-1),
which implies £k =1 and n = 3.

Proposition 2.8. Suppose q is a simple factor of g of type A,, normalized as in
(2.7). Let u be a root of h. The orthogonal projection of u to Aq ® R, denoted by u/,
belongs to Aq. We write v/ = ajer + - +ane,. fu ¢ (A;@R)U(A;@R)L C A;®R,
then the following are true.

(1) If the angle 0 between u and some root of q is 60°, then either all a; € {0,1}
or all a; € {0, —1}.

(2) If the angle 6 between u and some root of q is 45°, then all a; € {0, 1}, or all
a; € {0,—1}, or all a; € {0,2}, or all a; € {0, —-2}.

Proof. Suppose g = q1 P - - D gy, is the decomposition of g into a direct sum of simple
factors with q; = q. We know that the representation ring of g is the tensor product
over Z of the representation rings of g; for all i [5, Exercise 23.42]. In other words, any
representation of g is given by the direct sum of some tensor products of irreducible
representation of q;. Therefore, if u is a weight of g appearing in Charg(V'), then u’
is some weight appearing in some irreducible representation of g, so v’ belongs to A,.

Since u ¢ (Aq ® R) U (Ay ® R)* and the roots ®, span Ay ® R, there exist some
root of q such that 6 € {30°,45°,60°,120°,135° 150°} by (2.4). I claim that if the
angle 6 between u and some root of q is 60°, then the angle between u and any root
of q belongs to {60°,90°,120°}, and if § = 45°, then the angle between u and any
root of q belongs to {45°,90°,135°}. Suppose not, let vi,vs € ®4 such that the angle
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between u and vy is 45°, while the angle between u and vy is 60° (WLOG). Since q is
of type A,,, we have
el

lodll — lvall”

By (2.4), the right-hand number and the left-hand number belong to Z — {0} and

\% — {0} respectively but the two sets are disjoint. So this is impossible.

Let v be a root of q and 6 the angle between u and v, and write v’ = aje1+- - -+ape,.
First consider v = e; — e;, where i,j < n. By (2.7), we have

(W', v)

<a1€1 + -t anen, € — 6j>

:a’i(n—i_l)_ZZ:lak_aj(n—’_l)_z’g:lak:a‘_af
n+1 n+1 B
Then consider v = e; — e, 11 where i < n. By (2.7), we have v = e; +ea+---+¢;_1+

2e;+e€i41+ -+ ey, s0

(W' v) = (arer + -+ anen,e1 +ea + - e +2e +eipr + -+ ep)

n

_ai(n+1) =3 ak +Zaj(n+1) Dk Ok _

7.

n+1 ; n+1
j=1
If we are in the 60° case, then |lu|| = ||v|]| = v/2. Therefore, |a;| and |a; — a;| are both
of the form
! 1 if 8 =60°,120°
|<u',v>|:'2<“7”> :‘2<“’”> = [2cosf] ={ o
(v,v) (v,v) 0 if 6 =90°.

From this, it is easy to see that either all a; € {0,1} or all a; € {0, —1}.
If we are in the 45° case, then ||u| is either 2 or 1. If ||u|| = 2, then

! 2 if 6 =45°,135°
(', v) :|2\/§cos9|:{ ' 5%, 1357,

{u, v)

(v, 0)

ail, lai—a;] = | (') | = \2

:’2

(v,v) 0 if 8 =90°.
When |lu|| = 1, then

! 1 if # = 45°,135°
ail,|a; —a;| =W, v)| = 2(u,v> = 2<u,v> = [V2cosf| = ’ ’
o s = a5 = 0} = 2| = 28| mosgy = £ 0O
From this, it is easy to see either all a; € {0,1} or all a; € {0,—1} or all a; € {0,2}
or all a; € {0, —2}. O

(2.9) Again, suppose q is a simple factor of g of type A,,. Let u be a root of h such that
ug (Ag@R)U(Ay®@R)L C Ay ®R. Let q’ be a simple factor of g of rank n’ such that
the orthogonal projection u’ of u to Ay @ R is non-zero. Write v’ = aje1+- -+ aprep
as in (2.7). Let k' be the number of zero coefficients. Normalize so that ||ul|? = 2. We
can use Proposition 2.8 (coordinates computation) to compute ||u’[|?. Consider the
following three cases:

(1) If the angle between u and some root of q’ is 60°, then by (2.4) the length of
roots of g’ is v/2. By using (2.7) and Proposition 2.8, we have
2 = 2 0+ Dncicon (4 —4)° (0 = K)(K + 0l

"2 = c e ’ /
||| = larer+- - +anen 1 1
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(2) If the angle between u and some root of q' is 45° and assuming the length of
roots of g’ is 2 (see (2.4)), then we multiply by 2 and use (2.7) and Proposition
2.8 to get

||2 — 2(2721 a’lz + Zl§i<j§n’<a'i - aj)Q)
n +1

||u/||2 = 2||Cl1€1 + o Fanen

B 2(n' =K (K +1)
a n' +1

(3) If the angle between u and some root of g’ is 45° and assuming the length of
roots of g’ is 1, then we multiply 1/2 and use (2.7) and Proposition 2.8 to get

’

/|2 = llater + -+ apen || _ Do a; + Di<icjon (@i — a;)?
2 2(n' +1)
A - EYK 1) 2 — KK+ 1)
N 2(n' +1) B n +1 ’

Note that (n’ — k') + (k' +1) = n/ + 1, so it is easy to see [|u/[|* > 1 for the 60° case
and |[u/[|? > 1 for the 45° case.

(2.10) The computations in (2.9) imply strong restrictions on the lengths of various
projections of the root u. Suppose that we are in the situation of (2.9) and q = q; is
of type A,, n > 4. Consider the situation that there exists another simple factor gs
of rank ny of g such that the projection us of u to A4, ® R is non-zero.

Let us first show that the angle between u and any root of g2 cannot be 30° or 150°.
Suppose not, choose root vs of go that makes angle 30° with u. Choose a root vy of
q1, so that the angle 6 between vy and u is less than 90° by u ¢ (Aq @ R)U (Aq ®R)*L.
(2.4) implies 6 is 30° or 45° or 60°. By considering the Euclidean space spanned by
u, v1, U2, one sees easily that the first two cases are impossible because v, and vy are
perpendicular. For the case # = 60°, one observes that u lies on the plane spanned by
roots vy, ve. Since n > 2 and u ¢ (Aq ® R) U (Aq ® R)*, the angle between any root
of g1 and u belongs to {60°,90°,120°} by (2.4) and one can choose a root v} of ¢y
making an angle of 60° with u by the second paragraph of the proof of Proposition
2.8. This is also absurd if one consider the Euclidean three-space spanned by vy, v,
and vy. Therefore, we can apply the results in (2.9).

Let u; be the projection of u to Ay, ® R. Then we have

2= [lull® > [luall® + [luz|*.
If the angle between u and some root of ¢y is 45°, then by (2.9) and above

2n N9 2n 1
2> 2 2> > -
>l + el > 55 4 >

which is impossible when n > 4.
If the angle between u and some root of q; is 60° and the angle between u and some
root of g9 is 45°, then by the calculations above,

2n
2> g |2+ 1.

2> 2 2> 2
2l + ffuall™ = Jun "+ =7 >
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By (2.7) and n > 4, the only length of weight that is less than or equal to 1is , /"

+
Therefore, ||uy|?* = But then

n+1

n 2n9 n
2> 2 2> > 1.
> P+ fuall? 2 g+ = > T

This implies

1
2 _ 2 <o ()= —.
Jull® = (e [* + [luz]®) < nrl nrl

Note that —— < 3 when n > 2. Therefore, by the last line of (2.9), we conclude that

lull® = llua|l* + uz||?,
and hence,
n 2(%2 — /{32)(]{72 + 1)
It is easy to check that this is not solvable for n > 1. Therefore, there does not exist

a root v € ®4 such that the angle between v and u is 45°. Using similar arguments,
we see if n is big (at least > 4), then u can only have two components, i.e.,

2 =

2 = [lull® = [lual® + [luz|*.
Since no weight of A4,, has length 1 for n > 4, one of the ||u;]||?, ||uz||? is smaller than

1 and the other is bigger than 1. Since is the only length of weight smaller

T
than 1 in A,,, together with (2.9), this gives the following Diophantine equation for
positive integers m, [, k:

_om (I—k)(k+1)
(D) 2_erl I+1 ’

Proposition 2.11. The solutions of Diophantine equation (D) are (m, [, k) = (1,5, 2),
(1,7,1), (1,7,5), (2,5,1), (2,5,3), (4,4,1), and (4,4, 2).
Proof. Write a =1 — k and b = k + 1. Since m is positive, thus we have
ab
a+b

<2,
which is equivalent to
(a—2)(b—2) <3.

If @ — 2 and b — 2 are non-zero, then there are only finitely many possible pairs (a, b).
In this case, there exists only one solution (m, I, k) = (1,5,2), which corresponds to

(a,b) = (3,3).
If a — 2 = 0, then the equation becomes
m 2b
2=—— 4+ —
m+1 * b+2’

which is equivalent to

m(b—2) =

Therefore, we see (m,b) = ( ,6),(2,4), (4 3) and we deduce easily that (m,l, k) =
(1,7,1),(175) (2,5,1), (2, 3),(441) (4,4,2). O
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(2.12) From Proposition 2.11, we see that the m, [ coordinates of solutions of (D) do
not belong to {6,8,9,10,11,...}. Therefore, there does not exist a root u € ¢y such
that u ¢ (Aq @ R) U (Aq @ R)* for any A, factor q of g where n € {6,8,9,10,11,...}.
In other words, any root u € ®; must either be contained in or perpendicular to
Ay ® R € Ag ® R. On the other hand, since any simple root system is irreducible,
there exist simple factors p1,...,p, of h such that A;@R = (A, ®R)@- - - & (A, QR).
If we consider the sum of all the weights in the formal character sitting in this subspace
of tg, then it is actually a formal character coming from some faithful representations
of g and p; ® --- @ ps [5, Exercise 23.42]. Thus, we reduce our problem to the case
that g is a simple complex Lie algebra of type A,, n € {6,8,9,10,11,...}. If we
can prove that s = 1, then p; = q and the number of A, factors of g and b for
n € {6,8,9,10,11,...} are the same.

(2.13) Suppose g is simple of type A, n € {4,5,6,9,10,11,...} and h =p; D--- D ps
is a direct sum of simple factors of type A,,. Assume that the length of roots of g is
V2. Let u be a root of h and 0 the angle between v and some root v € ®,. Consider
the following three cases:

¢ = 30° This is impossible because we can always choose some root v" (since n > 3)
of g that makes an angle of 30° with u such that {u,v,v'} spans a three-
dimensional space and then use the argument in Lemma 2.6.

0 = 45° Then u is either of length 1 or 2 by (2.4). It is impossible for v and some
root of g to be parallel because § = 45°. Hence, the angle between u and any
root of g belongs to {45°,90°,135°}. By Proposition 2.8 and computations in
(2.9), we deduce that

4n—k)(k+1
1= = {0 RDEED

Hence, we for both cases obtain the equation
kn—k—1)=1,

which implies (n, k) = (3, 1). This is impossible since 3 ¢ {4,5,6,9,10,11,...}.

6 = 60° Length of u is v/2 by (2.4). If u is not equal to any root of g, then the angle
between u and any root of g belongs to {60°,90°,120°}. By Proposition 2.8
and computations in (2.9),

(n—k)(k+1)

L= fuf? = =20

(n—k)(k+1)
n+1 '
2(n+1)=(n—k)(k+1).

Let N=n+1and K =k + 1, we have
K? -~ NK +2N =0.

2= |lull* =

Since N? — 8N, the discriminant of the left-hand side is a perfect square A2,
thus we have

(N —A)(N +A) =8N.
Assume that A is non-negative, we have 1 < (N — A) < 8. So, we only have
eight cases to consider: (N — A) € {1,2,...,8}. We find that N can only be
8,9, thus n can only be 7,8, which do not belong to {4,5,6,9,10,...}.
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So 8 = 0° or 180° and we conclude that any root u of § lies on the line spanned
by a root g. If we can prove that b is simple, then g = h and we are done. Write
h=p1Bp2D - P ps and let n; be the rank of p;. If we take a base S; of p; for all
1 <4< s, then S; is a subset of @4 for all ¢ and Sy is orthogonal to S; for ¢ > 2. Note
that the union of all S; forms a basis of Ay @R, therefore SoU---US, spans a space of
dimension n—nq. By (2.7), the set of roots of g is given by {e;—e; : 1 <i # j < n+1}.
Without loss of generality, we may assume that

S1 = {cler —ea),clea —e3),...,c(en, — €ny41)}
for some constant ¢ € {1/2,1,2} by (2.4). If ajeq + - -- + ane, is orthogonal to Sy,
then ay = ag = -+ = ap, = an,+1 by (2.7). Therefore, the set of roots of g that are

orthogonal to S is

{ei—ej: mi+1<i#j<n+1},
which spans a space of dimension n —ny — 1. It contradicts that Sy U---U .S spans a
space of dimension n—ni. So, we conclude that f is simple and isequal tog = A,, if n €
{4,5,6,9,10,11,...}. If we consider the intersection of the two sets {6,8,9,10,11,...}
and {4,5,6,9,10,11,...} in (2.12) and (2.13), then we can get the following theorem.

Theorem 2.14. If faithful representations of two complexr semisimple Lie algebras g
and b have the same formal character, then the number of A,, factors of g and b are
the same when n € {6,9,10,...}.

Proof. First, we may assume that each faithful representation contains the adjoint
representation as a subrepresentation by (2.2). Hence the roots ®4, ®j really appear
in the formal character. Since we only care about the number of A,, factors for n €
{6,9,10, ...}, we assume that g and h only have simple factors of type A,, by Lemma
2.5. Now if q is a simple factor of g with rank n € {6,9,10,...} and u € @y (2.12)
says that u is either contained in or perpendicular to Ag ® R. So, we may reduce to
the case that g is q and if we can prove that h is also simple, then we are done. Finally,
(2.13) finishes that part. O

(2.15) We are going to prove that the parities of the number of A4 factors of g and
h are equal. Again we may assume that our Lie algebras only have simple factors of
type A,, by Lemma 2.5 and the roots of  appear in the formal character by (2.2).
Therefore, the roots of h belong to Ag. Suppose

g =01 9o,
h="bh1 Dh

are decompositions into a direct sum of proper ideals such that Aj, ® R = Ay, ® R.
Then we also have Ay, ® R = Ay, ® R by orthogonality. If this is the case, then we
say the pair (g ~ V,h ~ V') of representations is reducible. It is because the weights
of the original formal character sitting inside Ag;, ® R = Ay, ® R come from some
faithful representations of g; and b;, i = 1,2. We can reduce our problem to some
pairs (g; ~ Vi,h; ~ V) for i = 1,2. Now we assume that (g ~ V;h ~ V') is not
reducible. If v € &5 and u € @y, then by (2.4) we have

(v, 0)

(u,u)

e 203b



718 CHUN YIN HUI

for some integers a, b.

(2.16) Assume that the pair (g ~ V,h ~ V') is not reducible. Let n be their common
rank and write

g=aq1 D Ddm,
b=p @ Dps

as direct sums of simple factors. Let the rank of q;, p; be n;, r;, respectively. The
standard basis for the weight lattice of q;, Ag,, 1 <7 < m is given by

{e’i, eé, e ef“}.
So a basis for the weight lattice of g, A4 is given by

o 1 1 1 2 2 2 m _m m
B ={e1,65, .. €p €1,€5, . e ... €] e0 e

5 Cno 9 Cngo 9, I
If we normalize the inner product ( , ), so that the length of roots of q; is v/2, then

by (2.15) the positive-definite n x n matrix @) defining (, ) on Ag®@R under the basis
B is

Qi 0 ... 0
0 ’}/QQQ 0

Q= : : . : ’
0 0 cor YmQm

where 7; € 223% by (2.15) and Q; is an n; x n; matrix in the following form by (2.7)
for1 <i<m:

n; -1 -1
ni+1 ni+1 " ni+1
-1 n; -1
-1 -1 n;
ni+1 n;+1 7 n;+1
If we take a base S = {uq,...,u,} of root system of b, then it defines an n x n matrix

A whose ith column is u; in terms of the basis B. Since all u; belong to the weight
lattice of g, A is a matrix of integral entries. If we enumerate S in a proper way, then
we have the following equation:

/1101 0 0
AtQA _ 0 IUQCQ 0
0 0 ... uCs

where p; € 2237 by (2.15) and Cj is the Cartan matrix of p; for 1 < j < s. We know
that the determinant of the Cartan matrix C; is 7; +1 and it is easy to check that the
determinant of Q); is %H Therefore, by taking determinant of the matrix equation,
we get

Y2 . Ymdet(A)?

(ni+1)....(npm + 1)

— 1) (4 1),
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We see det(A) is an integer and 7;, p1; € 22372, If we reduce this equation modulo (Q*)2,
then by the unique factorization of primes we see the parities of ords(n1+1) - - - (n,+1)
and ords(r; +1) - - (rs+1) are the same. By Theorem 2.14, the number of 4,, factors
for n > 9 is invariant, so this implies the parity of number of A, factors is an invariant
because 4 + 1 = 5. Thus, we have just proved the following theorem.

Theorem 2.17. If faithful representations of two complex semisimple Lie algebras g
and b have the same formal character, then the parities of the numbers of A, factors
of g and by are the same.

Definition 2.18. Consider the free abelian group § of virtual complex simple Lie
algebras. Semisimple Lie algebras are subset § in a natural way. We divide by the sub-
group ® generated by all expressions g — b, where hh C g are semisimple of same rank.
We say that two complex semisimple Lie algebras g and b satisfy equal-rank subalgebra
equivalence, denoted by g ~ b, if they have same image in §/D.

Theorem 2.19 follows easily from the results above.

Theorem 2.19. If faithful representations of two complex semisimple Lie algebras
g and b have the same formal character, then g and b satisfy equal-rank subalgebra
equivalence.

Proof. By Lemma 2.5 we may assume that our Lie algebras consist of simple factors
of type A,,. By Theorem 2.14, we further assume that the simple factors are of types
An,n € {1,2,3,4,5,7,8}. From Table 1, the following Lie algebras are equivalent:

(].) A4XA4%A8%A2XA2XA2XA2;
(2) A7§A2XA5;

(3) A1XA5%A2><A2XA2;

(4) AQ%Al XAl.

Hence by Theorem 2.17 and the list above, we may assume that n € {1,3} and it
suffices to prove that A3 ~ A; x A; x A;. But we know that

Az x A; = 50(6) x 50(3) ~ s50(4) x s0(5) ~ s0(4) x s0(4) =~ A; x A1 x Ay x A;.
So we are done. O
Proposition 2.20. Two semisimple Lie algebras g and h satisfy equal-rank subalge-

bra equivalence iff the number of A,, factors when n € {6,9,10, 11, ...} and the parity
of the number of A, factors of them are the same.

Proof. We have seen that equal-rank subalgebra equivalence is implied by the condi-
tions on A, factors in the proof of the above theorem. Suppose two complex semisim-
ple Lie algebras g and h of the same rank satisfy equal-rank subalgebra equivalence,
then in the free group § we have

g—bh=br—g1+bh2—g2+ -+ br— g,
where h; C g; or g; C b; and are of the same rank for all 4. Thus, we obtain
gtgi+--+g=0+b1+-+ b

By Theorems 2.14 and 2.17, one sees easily by taking a faithful representation of g; or
h; that for each i, g; and h; have the the number of A, factors for n € {6,9,10,...}
and the parity of the numbers of A4 factors. So do g and h by the equation above. [
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TABLE 1. [6, Table 5]. The table lists some semisimple maximal sub-
algebras f of maximal rank in simple complex Lie algebra g (up to
conjugacy in g)

§Ozl+1((c) 502, (C) @522(1—;@)+1(C)
1>2 2<k<I

5P (C) 5P25(C) © 5po_py (C)
>3 1<k< %
509;(C) 502 (C) @ 505-1) (C)
1> 4 2§/lc§£%—1

EG 5[2 ((C) ©® 5[6((:)

5[3(((:) ® 5[3(@) SP] 5[3(@)
5[2(@) @5012(@
E7 5[3 (C) ©® 5[6((:)
5[8(((:)
5[2(((:) ©® E7
5[3(@) ) E6
Eg 5[5 (C) ©® 5[5(@)
5016((C)
5[9(@)
s(C) @ spg (C)
F4 5[3(@) @5[3(@)
509(C)
Ga sl3(C)
504(C)

3. Compatible system of £-adic representations and ¢-independence

(3.1) We follow the terminology and notations of Serre [19]. Let K be a number field,
Gk its absolute Galois group, ), the set of all finite places of K and ¢ a prime
number. An {-adic representation of K is a continuous homomorphism p : G —
GL,,(Qg) for some n. Here G is equipped with the profinite topology and GL,,(Qy)
is an f-adic Lie group. An abelian £-adic representation of K is an f-adic representation
of Gk that factors through G3P.

(3.2) Let v € >, and p, the characteristic of the residue field &, of the place v. If
w is a valuation of K extending v, we denote the decomposition group, inertia group
and Frobenius element of w by D,,, I,, and F,,, respectively. D,, and I, are closed
subgroups of G . We say that p is unramified at v if p(I,,) is trivial for any valuation
w of K extending v. If the representation p is unramified at v, then the restriction of
p to D,, factors through D, /I, and p(F,) is defined for any w|v. We denote it by
F,,, and the conjugacy class of F, , in GL,(Q¢) by F, ,.
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Definition 3.3. An /-adic representation p is said to be rational if there exists a
finite subset S of ), such that:

(a) Any element of ), \S is unramified with respect to p.
(b) If v ¢ S, the coefficients of P, ,(T") := det(1 — F, ,T) belongs to Q.

Definition 3.4. Let ¢ be a prime, p’ an ¢’-adic representation of K, and assume that
p, p/ are rational. Then p, p’ are said to be compatible if there exists a finite subset
S of >, such that p and p’ are unramified outside of S and P, ,(T") = P, (T) for

veEY K \S.

Definition 3.5. Let & be the set of prime numbers. For each prime ¢ let p; be a
rational (-adic representation of K. The system {py}re o is said to be compatible if py,
pe are compatible for any two primes ¢, ¢/. The system {py}sc o is said to be strictly
compatible if there exists a finite subset S of )" - such that:

(a) Let Sy = {v: p, = ¢}. Then, for every v ¢ S USy, p; is unramified at v and
P, ,,(T) has rational coefficients.
(b) Py, (T)=P,,,(T)ifvé¢ SUSUS,.

(3.6) Serre associates to every number field K a projective family {S,} of commuta-
tive algebraic groups over Q and shows that each Sy, gives rise to a compatible system
of rational f-adic representation of K ([19, Chap. 2, Section 1, 2]). We give a brief
introduction to the algebraic groups Sy, associated to the number field K. Let S be a
finite subset of ) .. Then by a modulus of support S we mean a family m = (m,)ves
where the m,, are integers > 1. If F is the group of units of K,

En:={ueE:v(l—u)>m, forall veS}
Then Sy, is an algebraic group over Q whose connected component is

Tm = RGSK/@(Gm/K)/?m,

where Resg;q(G, k) is obtained from the multiplicative group G,, by restriction
of scalars from K to Q and F,, is the Zariski closure of E, in the algebraic torus
Resi/q(Gm k). Sm are called the Serre groups associated to K.

Definition 3.7. Let H be a linear algebraic group over QQ, and let K be a number
field. A continuous homomorphism p : Gx — H(Qy) is called an ¢-adic representation
of K with values in H.

One defines in an analogous way what it means for p to be unramified at a place
or rational and for a system {py} to be compatible or strictly compatible. Using
class field theory, Serre defines for each prime ¢ and for each modulus m an ¢-adic
representations €, with values in Sy, (Definition 3.7)

€ : G‘}? — S (Qp).

Theorem 3.8. (1) The dimensions of the Serre groups associated to K only
depend on K. Denote the common dimension by dg .
(2) [19, Chap. 2.2.3] The image of €; is an open subgroup of Sm(Qy) and is Zariski
dense in Sp.
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(3) [19, Chap. 2.2.5] Let ¢ : S, — GL,, ¢ be a Q-morphism, then the representa-
tion
poer: G52 — GL,(Qp)
is semisimple and {€;}oc 2 is strictly compatible.
(4) The dimension of Su(Qy) as an £-adic Lie group is equal to dg for all £.

Proof. We have provided references for (2) and (3), so we just need to prove (1) and
(4). Since Ey, is of finite index in E [19, Chap. 2.2.1], Serre groups have the same
dimension. By taking an Q-embedding ¢ of Sy, to some GL,, g, one obtains (4) by
the algebraicity of the Lie algebra of ¢ o €/(Gk) [7, Thm. 4], (2) and (3) of this
theorem. g

(3.9) We are going to define local algebraicity for an abelian ¢-adic representation of
a number field K. We first need to define local algebraicity for K, a finite extension of
Q¢. Let T' = Resg /g, (G /i) be the algebraic torus over Qg and V' a finite dimensional
vector space over Q. If 1 : K* — G‘}}’ is the canonical homomorphism of local class
field theory and p : G52 — Aut(V) is an abelian f-adic representation of K, we then
get a continuous homomorphism p o i of K* = T(Qy) into Aut(V).

Definition 3.10. The representation p is said to be locally algebraic if there is an
algebraic morphism r : T — GLy such that poi(z) = r(z~1), for all z € K* close
enough to 1.

(3.11) Now if K is a number field and V} is a finite-dimensional vector space over Q.
Let
p: G — Aut(Vp)
be an abelian (-adic representation of K. Let v € ), be a place of K of residue
characteristic £ and let D, C G% be the corresponding decomposition group, which
is isomorphic to Gal(K,/K,)*. Hence, we get an f-adic representation of K, by
composition
po : Gal(K, /K,)™ — D, — Aut(V}).

Definition 3.12. The representation p is said to be locally algebraic if all the local
representations p,, with p, = ¢, are locally algebraic in the sense of Definition 3.10.

The following two theorems are crucial for this section. Let p : G3* — Aut(V;) be an
abelian f-adic representation of the number field K.

Theorem 3.13. [19, Chap. 3, Thm. 2] If p is locally algebraic, then there exists a
modulus m, an abelian (-adic representation € : G322 — S (Qy) (3.8) and a morphism
of algebraic groups ¢ : Sy Xq Q¢ — GLy, over Q, such that p = ¢oe,.

Theorem 3.14. [19, Chap. 3 Section 3|, [23], [7, Section 5] If p is rational and
semisimple, then p is locally algebraic.

Remark 3.15. An abelian f-adic representation p of K is always unramified at all
v e Y . \S, for some finite set S ([19, Chap. 3, Section 2.2]). The proof of Theorem
3.14 [7, Section 5] consists of two parts. Part one proves that p is almost locally
algebraic, i.e., there exists an integer N such that p? is locally algebraic. Part two
proves that if p is almost locally algebraic, then p is locally algebraic. The crucial
observation is that part one does not use the full rational condition, it only needs
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p(Fy,)’s eigenvalues are algebraic for all w|v when v ¢ S. We will use this in the proof
of Proposition 3.18.

(3.16) Suppose p : Gxg — GL,(Qy) is a semisimple, rational ¢-adic representation of
K. Let Gy be the Zariski closure of p(Gk) in GL,, g,. It is defined over Q. Semisim-
plicity of p implies G, is a reductive group. Indeed, Gy acts on an n-dimensional
vector space V over Q. Semisimplicity implies V' decomposes into a direct sum of
irreducibles V1 @ Vo ®- - - @ Vy,. If U is the unipotent radical of G, then the eigenspace
W (of eigenvalue 1, the only eigenvalue) of U decomposes as W1 @ Wo @ --- @ W,
such that W; C V; and W; is non-trivial for all 1 < ¢ < m. Since U is normal in Gy,
W is an invariant subspace of V. Therefore, W = V', and G/ is a reductive algebraic
group.

(3.17) We may now assume that G, is connected, reductive which corresponds to
restricting p to the open subgroup Ggconn of Gg. The quotient group Gy/[Gy, Gy is
a Qy-torus. Let

J:Ge/|Ge, Go] — Gl g,

be an embedding defined over Q; and introduce the map

0:Gy— Gy/[Ge,Gel % GLpq,.

If p is unramified outside a finite subset S of ),  and w is a valuation extending
v € Y, \S, then p(F,) is well defined. Since 6 is algebraic, the eigenvalues of 6(p(F,))
in GL,,(Qy) are also algebraic numbers. Indeed, if we write p(Fy,) = gssg. by Jordan
decomposition, then the eigenvalues of p(F,) are the same as the eigenvalues of g, and
O(p(Fy)) = 0(gss) because G¢/[Gy, Gy] is a torus. gss is contained in some maximal
torus in Gy and we see that the eigenvalues of 6(gss) are products of integral powers
of eigenvalues of gss; therefore the eigenvalues of 0(p(F,,)) are algebraic.

Proposition 3.18. Let p : Gx — GL,(Q;) be a semisimple, rational ¢-adic rep-
resentation of K, Gy the Zariski closure of p(Gk) in GL, g, and K" the field
corresponding to Gj. Then G is reductive, the dimension of the center of G7 is less
than or equal to dgeonn.

Proof. The algebraic group Gy is reductive with Lie algebra g,. We just need to
estimate the dimension of the center of Gj. We may assume that Gy is connected by
Theorem 1.3. Consider the composition of maps where 6 is defined above,

Bop:Gr — Gi(Qp) — Go/[Gr, Gel(Qr) — GL,y, (Qp).

The quotient map Gy — G% factors through the composition, hence induces an
abelian /-adic representation

U G3? — GL,, (Qy).

The discussion above implies the eigenvalues of ¥(F,,) are algebraic. Therefore, there
exists some integer N such that (V)Y is locally algebraic by Remark 3.15.
Apply Theorem 3.13 to (¥)V : G2 — GL,,(Qy), we have

(N = poe.

We see that ¢(Sm(Q¢)) contains the image of (¥)V. Since W(G3P) is abelian, the
dimensions of (V)N (G3P) and W(G3P) as f-adic Lie groups are the same. This implies
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that (0)N (G3P) is also Zariski dense in j(Gy/[Gy, Gy]). Since S (Qy) is Zariski dense
in Sy by Theorem 3.8(2), we obtain

3(Ge/1Ge, Ge]) C ¢(Sm)

and conclude that the dimension of the center of G, is less than or equal to the
dimension of Sy, which is dx by Theorem 3.8(4). O

Theorem 3.19. Let {pslecs be a semisimple, compatible system of (-adic represen-
tations of a number field K.

pe: Gg — GL,(Qy).

Let Ty be a mazimal torus of G and denote the embedding of Ty into GL, g, by
®y. Then the triple (([Gy,Go] N (Te))°, Te, ®¢) is independent of . Therefore, the
formal character of the tautological representation (G;’)der — GLy,, @, and hence the
semisimple rank of G are independent of €.

Proof. Assume that K = K", Choose some Serre group Sy, associated to K, then it
induces an abelian, semisimple, compatible system {e;}sc » of f-adic representations
with values in Sp,.

€ : G‘}‘? — S (Qp).

The image of €, is an open subgroup of S (Qy). Now, we choose some faithful rep-
resentation ¢ : Sy — GLy, g over Q, then by base change with Q, and composing €,
with ¢ we get an abelian, semisimple, compatible system of ¢-adic representations of
K. Still denote it by {€/}rec 2:

€ : G?? — GL,, (Qp).
Now consider the system of ¢-adic representations {3 := p¢ @ €/ }oe 2,

6@ :Gg — GLn+m(Q€)7

which is semisimple and compatible and denote the Zariski closure of the image
by By. Since [Be(G k), Be(Gk)| = [pe(GK), pe(Gr)] x {Idy,}, the Zariski closure of
[Be(Gk), Be(GK)] is isomorphic to the Zariski closure of [p¢(Gk), pe(Gk)] in Gy. On
the other hand, p;(G ) X pe(G k) is dense in Gy x Gy and the image of the commutator
morphism
[ ]:GexGe— Gy

is closed because G is connected [2, Chap. 1, Section 2.3]. We conclude that the Zariski
closure of [6¢(G k), Be(GK)] is [Ge, Ge] % {Id,, }. The group [Gy, Gy is embedded as a
closed normal subgroup of By C Gy X Si. So we have

Bg/[Gz, Gz] C Gg/[Gg, Gg] X S
Choose an embedding G¢/[G¢, G¢] — GL, g,. Denote the following map by ay,
ar: Grg — Bi(Qr) — (Be/[Gr, Go])(Qr) — GLn (Qe) X GLip (Qr) C GLyyr 0 Q).

This map is semisimple and factors through G4. Denote the Zariski closure of oy (G )
by C, which is diagonalizable. The eigenvalues of the Frobenius elements whenever
defined are algebraic. Therefore, ay is almost locally algebraic by Remark 3.15, i.e.,
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aév is locally algebraic for some positive integer N. Since the dimensions of the abelian
image of ay and o are equal, we have

dim(Cg) S dK

by the same argument in the last paragraph of the proof of Proposition 3.18. Observe
that the projection of Cy to the second factor is i(Sy ), we obtain

dim(Cg) > dlm(Sm) =dg.

We conclude that dim(Cy) = dk is independent of ¢ by Theorem 3.8(4). Since Cy is
isomorphic to By/[Gy, Gy], we have an exact sequence of reductive algebraic groups
for each ¢

0 — [G¢,Gy] = By — Cy — 0.

Finally, since {;}scp is a semisimple, compatible system of ¢-adic representations of
K, the rank of B, is independent of ¢ by Theorem 1.4. Together with the
¢-independence of dim(Cy) and the exact sequence above, we obtain ¢-independence of
the rank of [Gy, G¢|. Therefore, the dimension of the center of Gy is also independent
of ¢ by Theorem 1.4 again.

Let 71 and 75 be the projection to the first n coordinates and the last m coordinates
respectively. By base change with C, we assume that T; and €,(G ) are diagonalized.
Also denote the Zariski closure of 5;(Gk) in GLy,4pnc by Be. We know that the
semisimple ranks of G, and Bj are equal by the previous paragraph. Let D™ be
the group of diagonal matrices in GLy 1, c. Let Dy be the connected component
of B, N D™*™. Tt is a maximal torus of B,. Indeed, m2(D;) has dimension equal to
dim(Sw) and Dy contains the connected component of [By, By] N D"*t™, which is
equal to the connected component of (|G, G¢] x {Id;,}) N D™*™ having dimension
equal to the dimension of [Gy, G¢]NTy. Since w3 (([Ge, Go] x {Id,,, }) N D™ ™) is trivial,
this implies the dimension of Dy is equal to the rank of By. In other words, we could
pick for each ¢ a diagonalized maximal torus Dy of By such that m;(D;) = Tp. Since
the systems {ps}oc and {e/}rc» are both compatible, every Dy is conjugate by
a permutation which permutes the first n coordinates and the last m coordinates.
Therefore, we may assume that ©y : Dy — GL,,4, ¢ is independent of ¢ and write
Oy := 0.

O :=(¢1,- -, bny Prg1s -+ Pngm)-

Since [By, Byl N Dy = (|G, Gy x {Id,}) N Dy C Ker(mz) and 75 is an isogeny of the
center of B} to its image, we have

(B, By] N Dy)° = Ker(mz|p,)°,
which is independent of £. By projecting on the first n-coordinates, we have
(IGe, G NTy)° = m(([By, B71 N De)®) = m1(Ker(m|p, )°)
is also independent of ¢. Hence, if we denote (¢1, ..., ¢,) by g, then the triple
(([Ge, G NT2)°, Ty, @e)

is independent of ¢. It follows that the formal character of (G§)" < GL,q, is
independent of ¢, where (G?)4°" := [G?, GF]. O
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(3.20) Let us focus on the level of Lie algebra. By Theorem 3.19, we have a pair
((g¢)ss @ C, ®y) for each ¢, where (gs)ss ® C is a complex semisimple Lie algebra and
®, is a faithful representation of (gs)ss ® C to an n-dimensional complex vector space
such that

(1) The rank of (g¢)ss ® C is independent of /.
(2) The formal character of ®; is independent of ¢ (see (2.1)).

By Theorem 2.14, 2.17, 2.19, and Proposition 2.20, we obtain the following theorem.

Theorem 3.21. Let {ps}eco be a semisimple, compatible system of (-adic represen-
tations of a number field K.

pe - GK — GLn(Qg)

Then the semisimple parts of g¢ @ C satisfy equal-rank subalgebra equivalence (Defini-
tion 2.18) for all ¢ which is equivalent to the number of A,, factors forn € {6,9,10,...}
and the parity of Ay factors of g¢ ® C are independent of £.

Remark 3.22. Let {p)} be a compatible system of semisimple, Ey-adic representa-
tions of Gk [19, Chap. 1, Section 2.3]. Locally algebraicity is also defined for abelian
A-adic representation [7, Section 2]. Since Theorem 1.3, 1.4, 3.13, 3.14 (see [7, Thm.
2]), and Remark 3.15 still hold analogously for Ej-adic representations (the mor-
phisms are then defined over E)), one can prove that Proposition 3.18, Theorem
3.19, and Theorem 3.21 are also true in Fy-adic case using identical arguments.

4. Abelian varieties and Galois representations

Let A be an abelian variety of dimension g over a field K, finitely generated over Q.
Let py denote the action of G on

Vi(4) := (im A[0"]) © Qp = Q7.

The image of py is an f-adic Lie group; denote its Lie algebra by g,.

There exists an abelian scheme E over a smooth variety X defined over a number
field £ such that the function field of X is K and F, = A where 7 is the generic point
of X (see, e.g., Milne [14, Section 20]). Every closed point = of X induces an f-adic
representation of k(z) given by the Galois action of G,y on the f-adic Tate module
of E,, here k(x) is the residue field of # which is a finite extension of k.

(Po)z + Gr(z) — GL(Vi(Ey)).

Denote the Lie algebra of the image of (p¢). by (g¢)., we have (g¢). C g¢ by special-
ization (see Hui [8, Section 1]). By [16, Section 1], there always exists a closed point
x € X such that (g¢), = g¢. Therefore, we have (g¢), = g¢ for any prime ¢ by [8,
Thm. 2.5]. Since the system {(p¢), }eep of f-adic representation of k(z) is compat-
ible (k(z) is a number field) and semisimple (Faltings [4]), the semisimple parts of
(g¢)z ® C = gy ® C satisfy equal-rank subalgebra equivalence in Definition 2.18 by
Theorem 3.21. Thus, we obtain the following result.

Theorem 4.1. Let A be an abelian variety of dimension g over a field K, finitely
generated over Q. Then we have the following system {pe}tec 2 of £-adic representation
of K

pe : Gx — GL(Vz(A)).
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Then the semisimple parts of g¢ @ C satisfy equal-rank subalgebra equivalence (Defini-
tion 2.18) for all £ which is equivalent to the number of A,, factors forn € {6,9,10, ...}
and the parity of Ay factors of g, ® C are independent of (.
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