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BOUNDEDNESS OF CLASSICAL CALDERON-ZYGMUND
CONVOLUTION OPERATORS ON PRODUCT HARDY SPACE

CHAOQIANG TAN

ABSTRACT. It is well known that the classical Calderé6n—Zygmund convolution operators
are bounded on the classical Hardy spaces. In this paper, we prove that these operators
are also bounded on the product Hardy spaces.

1. Introduction

The extensive study of the classical Hardy spaces HP (R™) began with the fundamental
works of Stein—Weiss [17] and Fefferman—Stein [6]. These spaces played an important
role in harmonic analysis. Especially, as an extension of the LP(p > 1) boundedness,
the classical Calderén—Zygmund operators are bounded on the classical Hardy spaces
HP(R™) and from HP(R™) to LP(R™) for 0 < p < 1.

The product Hardy space was introduced by Gundy and Stein [9]. However, the
product Hardy space is essentially different from the classical Hardy space. For in-
stance; see [1-3]. Nevertheless, the product singular integrals began with convolution
operators studied by R. Fefferman and Stein [8] and continued with non convolu-
tion operators introduced by Journé [13], are bounded on the product Hardy space
HP(R™ x R™) and from HP(R"™ x R™) to LP(R"*t™); see [4,10]. It is not difficult to
see that the product Calderén—Zygmund convolution operators in general need not to
be bounded on the classical Hardy spaces. Indeed, let T' be the double Hilbert trans-
form on R?, ie., T(f) = p.v.xllzz * f. Set a(x1,22) = X(o<ar<1)(T1)[X(0<za<1) (T2) —
X(—1<z2<0)(#2)]. Then a is in the classical Hardy space H'(R?). However, T'(a) is not
in H*(R?) since T(a) ¢ L'(R?). This is not surprising because the dilations play a
crucial role in both singular integral operator theory and the Hardy space. Note that
by the maximal characterizations of the classical and product Hardy spaces it is not
difficult to see that HP(R™ x R™) C HP(R"™™), where HP(R"™™) is the classical
Hardy space.

A natural question arises: is it possible that the classical singular integral operators
are bounded on the product Hardy spaces? Note that the classical singular integral
operators and the product Hardy spaces satisfy the different dilation properties. We
would like to point out that an extension of the product singular integrals had came to
light when Miiller et al. [14] proved the LP,1 < p < 0o, boundedness of Marcinkiewicz
multipliers on the Heisenberg group. Nagel et al. further introduced a class of singu-
lar integrals with flag kernels on R™ [15] and recently on homogeneous groups [16].
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It was pointed in [15] that singular integrals with flag kernels on R™ x R™ belong
to the product singular integrals, see Remark 2.1.7 and Theorem 2.1.11 [15], where
the characterizations in terms of the corresponding multipliers between the flag and
product singular integrals are given. In this paper, we prove the analog of the one
-parameter case, more precisely, that the classical Calderén—Zygmund convolution
operators are bounded on the product Hardy spaces. To achieve this goal, the crucial
idea is the estimate in Lemma 2.2 below, namely the classical Calderén—Zygmund
convolution operators satisfy the product cancellation conditions. This fact together
with the second-order difference smoothness condition on kernels carries the product
almost orthogonal argument to the one-parameter case. And then applying the dis-
crete Littlewood—Paley square function and Calderén’s reproducing formula together
with the Fefferman—Stein vector valued maximal function estimate gives the desired
result.

In order to describe more precisely our results, we begin with recalling the product
Hardy space on R™ x R™ and the classical Calderén—Zygmund convolution operators
on R™™_ TIn this paper, the classical Calderén—Zygmund convolution operator (we
refer reader to [18]) is defined as follows.

Definition 1.1. K € C2(R"*™\ {0}) is said to be a Calderén-Zygmund convolution
kernel if there are constants C' and A such that

C

‘CL‘ ‘ n+m—+a

|07 K ()] <

for 0 < |a| <2 and z € R*™™ \ {0}, and

/ K(x)dx < A,
e<|z|<N
whenever 0 < e < N < 00.

We say that an operator T is a classical Calderén-Zygmund convolution operator
if Tf(xz) =p.v.K* f(z) for a Calderén-Zygmund convolution kernel K.

It is well known that the classical Calderén-Zygmund convolution operators are
bounded on LP(R™*™) for 1 < p < oo, the classical Hardy space HP(R"*™) and from
HP(R™™) to LP(R™™) for p < 1 but p is close to 1. See [18] for more details.

To study the boundedness of these operators on the product Hardy space, we first
recall the definition of the product Hardy space HP (R™ x R™)(see [9] and [4] for more
details).

Given p < 1 but p is close to 1 and a function ¢ € S(R™*™) with the support con-
tained in the unit ball and satisfying [p, ¥(z1,z2)z¢dz =[5, w(xl,xg)xgdm =0
for all 0 < |af, [8] < M, where M, is an integer depending on p, and >, ; .5 (2774,
27kE)|2 =1 for all € = (£5,&) € R® x R™ with & # 0 and & # 0. The product
Littlewood—Paley square function of f is defined by

gu(N)@) =9 D [iwx f@)P

J,kEL

where ;i (x) = 29FTFmy (2721, 2K 25).
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And the discrete product Littlewood—Paley square function is defined by

1

2

g3 (@) = > ik flenen)Pxa(@)xi(x2) ¢
Jk€EZ 1,J

where I and J are dyadic cubes in R" and R™ with the side lengths [(I) = 277,
I(J) = 27%=N for some fixed large integer N and the centers c; and cj, respectively.

It is well known that ||gy(f)llLe@n+m) = |94 ()]l Lr@n+my and for different 1, ¢
satisfying the same conditions, ||gy(f)[lLe@ntm) = ||9¢(f)||Lr@n+m). Moreover, the
HP(R"™ x R™) norm of f denoted by || f| r(&n xrm) is equivalent to [|gf (f)[| e @n+m)-
See [11] for more details.

The main results in this paper are the following

Theorem 1.2. If T is a classical Caderon—Zygmund convolution operator, then T is
bounded on HP (R™ xR™) and from HP(R™ xR™) to LP(R™™™), for max(
p<1

n m
n+1’ m-l—l) <

As a consequence of Theorem 1.2, we obtain

Corollary 1.3. If T is a classical Caderon—Zygmund convolution operator, then T
is bounded on the product BMO(R™ x R™).

We remark that the range of p in Theorem 1.2 can be smaller if the smoothness
conditions of K are required to be higher. See [18] and we leave the details to the
reader.

Throughout this paper, we do the following conventions:

(a) The notation A ~ B means C1A < B < (A for some positive constants
C1,Cs.

(b) If @ is a cube, then cq is its center and I(Q) is its side length.

(¢) Q(R™) and Q(R™) are sets of all dyadic cubes in R™ and R™, respectively.

(d) j Aj" means the minimum of j and j'.

2. Proof of Theorem 1.2

The main tool in the proof of Theorem 1.2, as mentioned, is to apply the following
discrete Calderén reproducing formula (See [11] for more details).

Lemma 2.1. Given 0 < p < 1. Suppose that ¢(x) € C5(R™™™) with supp(¢) € {x :
2] <1}, [on d(x1,22)xddey = [p,. b1, x2)xhdey = 0 for 0 < |al,|B] < My, M, is
a fized large integer depending on p and Zj7k€Z |<Z>(2_jfl, 272 =1, for all & #0
and & # 0. For a given f € L?(R™™™) N HP(R™ x R™), there exists a function
h € L2(R"t™) N HP(R™ x R™) and a large integer N > 0 such that f(x1,x) =
Zj,k‘EZ 2. z(z)ii%ﬁf?’j(i)g:(iigfw 2_(j+N)n_(k+N)m¢j’k(x1 —cn w2 —cg)(@juxh)(er ep),
where the series coﬁverges in both L2(R™"*™) and HP(R™ x R™). Moreover,
[ fllL2@n+my ~ | Al L2@n+m)
and
[ fl| zzo ®r xRy 2 ||| e R xR -
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For the proof, we refer to [11].
To prove Theorem 1.2, the crucial estimate is the following

Lemma 2.2. Suppose that ¢(x) € CGR"™™) with [o, ¢(x1,z2)dzr =[5
d(x1,x2)dre = 0. If K is a Calderén—Zygmund convolution kernel given in Defi-
nition 1.1, then

2jn 2km
<C .
= Coq ¥ 202 [P 1+ 2R ag|

I x dje()

for all x = (x1,22) € R™ x R™, where Cy is a constant depending only on ¢.

Proof. Without loss of generality, we may assume that supp(¢) C {z : |z| < 1}. We
prove the required estimate in four cases: (I): |z1| > 279%1 |og| > 27F+L; (TD): |2q] >

2+l |LL‘2| < 27 k+1 (HI) |JJ1| < 2’j+1,|x2| > 27k+1; (IV) |I‘1| < 27j+1,|l‘2| <
9- k+1

For case (I), by the cancellation condition on ¢, we have

K g ()] = 27mHEm

/m . {(IC(xl —Y1,T2 — Z/2) — K(x1, 22 — yg))
— (K21 = y1,m2) — K(21,22))} $(27y1, 2" yo)dyndys| -

1N?te that (K(z1 — y1,22 — y2) — ’C(ZUl,l'Q —y2)) — (K(x1 —y1,22) — K(21,22)) =
Jo Jo 010} [K(z1 — syr, w2 — tyz)|dsdt = fo fo Doy 2y Y1iY2505,, O, K (21 — sy1,

Ty — ty2)]d8dt7 where y1 = (y11,¥12,---,Y1n), Y2 = (Y21, Y22, - -, Y2m). Applying the
hypothesis on IC, that is, the second-order difference smoothness condition, yields

[y llye| :
o+ din(w)] < C2TEN / / (|z1] + |zo|)mtrt2 |6(2y1, 2"y dyr dys

<c 2km
°1+ |23x1|”+1 1+ [2Fgy[mt1

For case (II), by the hypothesis that [, ¢(z1,22)dz; = 0, we write

/m /n(/C(Jh — Y1, T2 — Y2)

— K(z1,22 — y2))9(27y1, 27 yo) dyr dys | -

[ * ¢ ()| = 27 Hhm

Applying the mean value theorem and the hypothesis on K implies

|?Jl|

K ¢ ()| < C2ImHA™ |)n+m+1dyzdy1

lya|<2—F /|y1|<2 i (o] + [22 —
2]n 2jn 2km

< Cp2km . <C , :
SO T 20wy P T T |20 [P T+ 2Ry

Since the cases (IT) and (IIT) are symmetric, so the proof for case (III) follows from
the proof for case (II).
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For the last case (IV), let n; € C§°(R™) with 0 < ny(x1) <1 and n;(x1) = 1 when
|z1] <4, and n1(x1) = 0 when |z1| > 8. Set 12(x2) similarly. Then

K€ * gj ()]

— 2jn+k:m

/ K(y1,y2)0(27 (1 — y1), 2" (w2 — y2))m1 (2791 )n2 (2% y2) dy1 dys
m Rn

< 2jn+k:m

LK) 62 @ = ). 2 = )

— (271, 2%22)) 11 (27 y1 )02 (27 yo) dyr dyo

+ 2jn+km

/ K1, y2)m (27y1)n2(28y2)p(27 1, 2% 29) ) dy1 dyo
m Rn

Using the size condition on K and smoothness condition on ¢ for the first term
and the fact that K is bounded for the second term above gives

K * @i (@)

< C¢2jn+km/ / ;nﬂn
yal<2—++8 Jiy | <a—+s ([y1] + [y2])

[ [ R emeiame e
m R’ﬂ.
2jn zkm
<C . .
= O 20y [P 1 4 2R [T
The proof of Lemma 2.2 is concluded. (]

(12731] + |2%y2]) dyrdys

+Cy

We remark that it is a well-known estimate in Lemma 2.2 if K is a product singular
integral kernel, see [8]. As mentioned in section 1, however, the above proof indeed
implies that if K is a classical Calderén—Zygmund convolution kernel then

/ K(y1, y2)m (27 y1)n2 (2 y2)dyrdys | < C
m R’n

uniformly for all bump functions 71,72 and j, k. This crucial estimate means that
classical Calderén—Zygmund convolution kernels C satisfy the product cancellation
conditions.

As a consequence of Lemma 2.2, we get the following product almost orthogonal
estimates for the classical Calderén—Zygmund convolution kernels.

Lemma 2.3. Under the hypothesis of Lemma 2.2,
2@ In 9(kAK")™

14 |2j/\j’x1|n+1 1+ |2kAk’x2|m+1

|pj 1 * KCx ¢ g ()] < C¢2*\j*j/\2f|k7k’|

for all x = (x1,22) € R™ x R™.

The proof of the Lemma 2.3 is based on the following two observations:
(1) convolution operation is commutative, i.e., ¢jr * K * ¢j p(x) = K * (51 *
bj 1) (@); (2) @)k * ¢jr 1 satisfies the same estimates as ¢jn ;7 xars With the bound
C271i=7'12=1k=K| The detail is left to readers.
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To prove Theorem 1.2, we also need the following strong maximal function esti-
mates:

Lemma 2.4. Suppose that maz(i, . 47) <6 <1, F € L2(R™*™) and N is an
integer. If I' € Q(R™), J' € Q(R™) with I(I') = 273" 1(J") = 27*', respectively. Then
for any u = (uy,uz),v = (v1,v2) € I' x J',

9" )n 9 (kAK')ym

¥ 7 |F(er,eq)l
D S e ey e ¥ o e
(N=2—3-N,i(5)y=2—k—N
< CnAT ) A=1/8)+nj/5gm(kAK') 1=1/8)+mk/
527y /0
x § Ms > |F(er,en)l*xixs (v)

I€Q(R™),JEQ(R™)
i(1)=2—3—N i(J)y=2—k—N

where My is the strong maximal function.

For the proof, we refer readers to [5].

Proof of Theorem 1.2. Since L?(R™™™)N HP(R"™ x R™) is dense in HP(R™ x R™), we
just need to show that
ITfll e e xrmy < CIf || e ®e xrm)
for all f € L2(R™™) 0 HP(R" x R™).
Let I' € Q(R™), J' € Q(R™) with I(I') = 279" 1(J’) = 27F| respectively. By the

discrete product Littlewood—Paley square function we write

gl (TH@)P = > > g % Kok fers en)Pxr (21)x (w2).
3 K€L I'eQrRM),J €Q(R™)
1(ry=2-3"1(J")y=2—+

For any u = (uy,us),z = (z1,22) € I’ x J', applying Lemma 2.1 gives

Wi g # KC % f(u)] = Z Z 2*(j+N)n*(k+N)mwj,’k/ « IC

7,kEZ I€Q(R™),JeQ(R™)
(I)=2—3—N 1(J)=2—k—N

*j k(ur — cr,ug — cg) (Y x h)(cr, cr)|.

By Lemma 2.3, we have
[ g % K f (u)

<C Z Z g—in—kmo—|j—j'lg—|k—k'|

J,k€EZ I€Q(R™),J€Q(R™)
(1)y=2—3—N (J)y=2—k—N

20N In o(kAK )m

1+ |20 (uy — ep)|" 1+ 28K (ug — ¢

)‘erl |w],k * h’|(cI> CJ)'
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Applying Lemma 2.4 with F' = v;  * h and maz(;5, ;57) < 0 < p implies
|tk # K x f(u)]

<C Z 27j7L7km27|j7j’|27\k7k’\2n(j/\j')(171/5)+nj/52m(k/\k’)(171/6)+mk/6

J,kEZL
2
x ¢ Ms > Wi % h(er, en)["xaxs (2).
IT€EQ(R™),JEQ(R™)
(I)y=2=3—N 1(J)y=2—k—N
Therefore,

g5 (TF) (@)

ey %

§'K'EL 1'eQ®M),J €Q®R™)
1(1y=2—3" 1(J")y=2—F

Z g—in—mko—|j—j'|g—|k—Klon(ini')(1=1/8)+nj/sgm(knk’)(1-1/8)+mk/s

7,kEZ
527 ) 1/ 2

Ms N |5k h(cr, eq)Pxaxs (z)
I€EQ(R™),JEQ(R™)
1(H=2—3—N i(J)=2—k—N

xr(x1)xs (x2).

Summing up I’, J' and applying the Cauchy—Schwartz inequality, we get

|95 (T ) ()

<C Z Z 2fnjfmk:27|jfj'|27\16715\Qn(j/\j’)(171/6)+nj/52m(k/\k:')(171/6)+mk/5

Jj'k'€Z \j,kEZ

Z 9—nj—mhko—|j—j'lg—Ik=k19n(jAj")(1=1/8)+nj/6gm(kAk')(1~1/8)+mk/s
J k€T

Ms > .k hlcr, eq)Pxaxs (z)

TEQR™),JEQR™)
(I)=2—3—N 1(J)y=2—Fk—N
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S C Z Z 2fnjfmk:27|jfj’|27|k:7k/|2n(j/\j/)(171/5)+nj/52m(k:/\k:’)(171/5)+mk/6

3,k €7 5,kET
5/27 Y 2/
Mg Z |9k % her, ea)|*xixs ().
TEQRM™),JEQRM)
1(I)=2—3—N 1(J)=2—k—N
Changing the order of the series implies
527\ 2/0

gl (THIP<C D Mg > |tk % h(cr, e)Pxixa

J,k€EZ TEQ(R™),JEQ(R™)
I(I)=2—3—N 1(J)y=2—Fk—N

Applying the Fefferman—Stein vector-valued strong maximal inequality (see [7]
and [18] for more details) on LP/%(¢£%/%) yields

1T ()| e e xrmy = 195 (TF) | Lo @ty
5211 2/%) *

<C Z Ms Z [k * hicr, en)*xrxg

J,kEZ TEQ(R™),JEQ(R™)
I(I)=2—3—N 1(J)y=2—k—N

Lr

<C

{ > > Vs % hler, CJ)I2XJ(561)XJ(:62)}

J,k€EZ I€EQ(R™),JEQR™)
I(I)=2—3—N 1(J)=2—Fk—N

Lr

= C| |l e ®n xrm) < C| fll e @0 xRM)-

By a general result, that is, if an operator is bounded on both L? and HP, then
T extends to a bounded operator from HP to LP. Here HP are both the classical
and product Hardy spaces. See [12] for more details. The proof of Theorem 1.2 is
concluded.

By the duality, Corollary 1.3 follows directly from Theorem 1.2. O
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