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COXETER GROUPS ARE NOT HIGHER RANK
ARITHMETIC GROUPS

SANDIP SINGH

ABSTRACT. Let W be an irreducible finitely generated Coxeter group. The geometric
representation of W in GL(V) provides a discrete embedding in the orthogonal group of
the Tits form (the associated bilinear form of the Coxeter group). If the Tits form of the
Coxeter group is non-positive and non-degenerate, the Coxeter group does not contain
any finite index subgroup isomorphic to an irreducible lattice in a semisimple group of
R-rank > 2.

1. Introduction

Let S = {s1,$2,...,5,} be a finite set and W be a group generated by S with the
relations
(sis;)™ =1,

where m; ; =1, V1 <i<mnandm;; € {2,3,...,00}, Vi # j. The group W is called
the Coxeter group. The Coxeter system (W,S) is called irreducible if the Coxeter
graph ([4, Section 2.1]) is connected. Now we define a symmetric bilinear form (Tits
form) B on a vector space V of dim n over R, with a basis {e1, es, ..., e, } in one-to-one
correspondence with S as

B(e;i, ej) = —cos < i

mi,j

>, V1<i,j<n.

(This expression is interpreted to be —1 in case m; j = 00.)
For each s; € S, we can now define a reflection ¢; : V. — V by the rule:
U'i>\ = /\—QB(GZ‘, )\)(3z
Clearly o;e; = —e;, while o; fixes H; = {v € V|B(v, e;) = 0} pointwise. In particular,
we see that o; has order 2 in GL(V). The bilinear form B is preserved by all of the
elements o;, and hence it will be preserved by each element of the subgroup of GL(V)
generated by the o;(1 <1i < n).

By defining s; — o, we get a unique homomorphism o : W — GL(V) sending s;
to oy, and the group o(W) preserves the form B on V; and for each pair s;,s; € S,
the order of s;s; in W is precisely m; ; ([4, Proposition 5.3]). Also, the representation
o: W — GL(V) is faithful ([4, Corollary 5.4]).

Relative to the basis {e1,ea,...,e,} of V, we can identify V with R” and GL(V)
with GL(n,R), the latter in turn being viewed as an open set in R"™. Tt follows from
[4, Proposition 6.2] that (W) is a discrete subgroup of GL(V).
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In this paper, we will assume that the Coxeter system (W,.S) is irreducible and
the Tits form B is non-degenerate and the Coxeter group W is infinite. By the earlier
observations, it follows that W is a discrete subgroup of the corresponding orthogonal
group G := O(B)(R). Moreover, G is a real Lie group, with a Haar measure, which
provides a notion of volume v for W\G, the homogeneous space of right cosets of G
with respect to W. If the measure v on W\G is finite and G-invariant, then W is a
lattice in G.

The goal of this paper is to prove Theorem 1.1 (stated below), which has been
proved in [3] also, by using a different technique. They have proved that an infinite
Coxeter group has a subgroup of finite index which admits a homomorphism onto
Z ([3, Theorem 1.1]) and used it to prove the theorem. I have tried here to give
an elementary proof of the theorem by using a Bourbaki exercise (Para 12, Exercise
Section 4 of Chapter V in [2]) and Margulis superrigidity (Theorem 1.4, below).

Theorem 1.1. If W is an irreducible finitely generated Coxeter group with the non-
positive and non-degenerate Tits form, then it does not contain any finite index sub-
group isomorphic to an irreducible lattice in a connected semisimple Lie group without
non-trivial compact factor groups, of real rank > 2.

In fact more is true:

Theorem 1.2. (a) If W is an irreducible finitely generated Cozeter group with the
non-positive and non-degenerate Tits form, then it does not contain any finite index
subgroup isomorphic to a higher rank S-arithmetic group (i.e., lattice in a product of
Lie groups and p-adic groups).

For example, the Coxeter group W does not contain any finite index subgroup
isomorphic to SLQ(Z[%]) in SLa(R) x SLa(Qp).

(b) More generally, if k1, ka, ..., k. are local fields and G1,Ga, ..., G, are semisim-
ple algebraic groups defined over ki, ko,..., k. respectively such that each G; has
ki-rank > 1 and Y.._, ki-rank (G;) > 2, then W does not contain any finite index
subgroup isomorphic to an irreducible lattice T in []i_, G;(k;).

For example, the Coxeter group W does not contain any finite index subgroup
isomorphic to SLs(F,[t]) in SL3(Fp((1))).

Theorem 1.2 can be proved by the same method used for the proof of Theorem 1.1
using Theorem 1.3 (stated below) and the superrigidity of lattices in semisimple
groups over local fields of arbitrary characteristic (see [6]; cf. [9]). Therefore, in this
paper we will prove Theorem 1.1; and for the sake of completeness of the proof we
will also prove the following theorem (stated in [2] as an exercise):

Theorem 1.3 (Para 12, Exercise Section 4 of Chapter V in [2]). If W is a lattice
in O(B)(R), then B has signature (n — 1,1) and B(v,v) < 0, for all v € C, where
C:={veV|B(v,e)>0,¥V1<i<n}.

Note that a Coxeter group W can not be a lattice in O(B)(R) = O(n — 1,1), for
n > 10 (17, Exercise Section 4 of Chapter V in [2]).
To prove Theorem 1.1 we will use the following theorem of G. A. Margulis:

Theorem 1.4 (Theorem 6.16 of Chapter IX in [6]). Let H be a connected semisim-
ple Lie group without non-trivial compact factor groups. Let I' C H be a lattice, k a
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local field, F a connected semisimple k-group, and § : I' — F(k) a homomorphism
such that the subgroup 6(I') is Zariski dense in F. Assume that rank H > 2 and the
lattice T is irreducible. Then,

(a) for k isomorphic neither to R nor to C, i.e., for non-archimedean k, the
subgroup §(T') is relatively compact in F(k).

(b) for k = R, if the group F is adjoint and has no non-trivial R— anisotropic
factors, then § extends, uniquely, to a continuous homomorphism §:H —
F(R).

In this paper (Section 4), we will also show that a right-angled Coxeter group W
generated by three elements is isomorphic to a lattice in the group O(B)(R) = O(2,1)
of real rank 1.

2. Proof of Theorem 1.3

The proof has been sketched in the Bourbaki exercise (Para 12, Exercise Section 4 of
Chapter V in [2]), and for the sake of completeness we fill in the details.

If s; € S, denote by Aj;, the set of 2 € V such that B(x,e;) > 0. Clearly C = NI, A;
is an open set in V, if S is finite. The following theorem is from [2]:

Theorem 2.1 (Tits). If w € W and CNwC # 0, then w = 1.

Let G be a closed subgroup of GL(V) containing W. Let G be unimodular and D
be a half line of V contained in C, i.e., D = Rsgv C C, for some v € C, and let Gp
be the stabilizer of D in G. With these notation, we get the following lemma:

Lemma 2.2. Let A be the set of elements g € G such that g(D) C C. Then A is
open, stable under right multiplication by Gp, and that the composite map A —
G — W\G is injective, where W\G denotes the homogeneous space of right cosets
of G with respect to W.

Proof. First, we show that A is open in G. For, A = {g € G|g(v) € C}, where v € V
such that D = R.gv C C. We define a map f: G — V by g — g(v). It is clear that
f is continuous and C is open in V, hence f~*(C) = A is open in G.

Now we show that A is stable under right multiplication by Gp. For, let h € Gp
and g € A. Then

gh(v) = g(av) = ag(v) € C, for some a € R-,

and this shows that gh € A.

Finally, we show that the composite map A — G — W\G is injective. For, let
g1,92 € A such that Wg; = Wgy, ie., g1g, " € W. Since g2(D) € C, D C g, (C).
That is, g1(D) C g1g, *(C). Also, g1(D) C C, therefore g1g, *(C) N C # . Hence by
Theorem 2.1, we get g1g; - = 1. This shows that the composite map A — G —
WA\G is injective. O

Lemma 2.3. Let pu be a Haar measure on G. If u(A) is finite, the subgroup Gp is
compact.
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Proof. Since A is an open set containing the identity element of G and the group G
is locally compact, there exists a compact neighbourhood K of the identity element
contained in A.

We now claim that there exist finitely many elements h; € Gp such that every set
of the form Kh, with h € Gp, meets one of the Kh;. For, suppose on the contrary that
Vk € Nand Hy, = {h1, ha, ..., hi} collection of elements in Gp, there exists hx11 € Gp
such that Khy1 N (Ui-“:lKhi) = (). It is also clear that Kh; NKh; =0, Vi # j.

Since A is stable under right multiplication by any element of Gp, we get Kh C
A, Vh € Gp. Hence

p(A) = (U Khi) = 37 u(Khs) = 3 u(K) = o0
i=1 i=1

(since G is unimodular and K contains an open subset of G, u(K) > 0), which is a
contradiction to the given hypothesis. Therefore, 3 H,. = {hq, ha, ..., h,} a finite col-
lection of elements in Gp such that Vh € Gp, KhnNKh; # 0, for some i € {1,2,...,7},
which shows that Gp C U{ZIK’lKh,» and hence Gp is compact (since Gp is a closed
subset of G and U?_; K~'Kh; is compact). O

Lemma 2.4. Let v be a non-zero positive measure on W\G, invariant under G.
If v(W\G) < o0, then Gp is compact.

Proof. Recall that G is unimodular with a Haar measure p and v is a non-zero positive
measure on W\G, invariant under G. Let v/ be a Haar measure on W. Since W is
a discrete subgroup of GL(V), v/ is actually the counting measure (up to a scalar
multiple) on W. We prove here that u(A) < oo, which proves that Gp is compact,
using the last lemma.

We have a relation in g, v and v/ as

(2.1) [ rau= [ . ([ fugarw) avwa), vr e c.ic)

where C.(G) is the space of all compactly supported continuous functions on G.
Let the symbol f < A means that f € C.(G) with 0 < f <1 and the support of f
is contained in A. Since A is open in G, we get

(2.2) u<A>:sup{/Gfdu:f<A}.

Let f < A. By (2.1), we get

[ =] . ([ fwo ) aewo)

(2.3 <[ . (/[ xatwpavtw) avw

where xa is the characteristic function of A.



COXETER GROUPS ARE NOT HIGHER RANK ARITHMETIC GROUPS 571

Since wg € A & w € Ag~!, we get

Lo ([ xstworarn) avtwa = [ g ow)awy

(2.4) = #(Ag~' NW) dv(Wy),
W\G

where #(Ag~! N'W) denotes the number of elements in the set Ag=! NW.
Since z € Ag7'NW < zg € A and 2 € W, we get

zg(D) C Cie. zg(v) €C, Vo € Ag7'NW (- D =Rygv).

Now we claim that #(Ag=* N'W) < 1. For, let z1,22 € Ag~' N'W. Then, we get the
following;:

z19(v) =c1 € C and mag(v) =co € C
= a7 (e1) = @227 (21(gv)) = 22(90) = 2
= 202, (C)NC # 0
= ozt =1 (by Theorem 2.1)
= T = I7.

Therefore, #(Ag~! N'W) < 1, and we get

#(Ag™ W) di(Wy) < / dv(Wg)

WA\G W\G
(2.5) =v(W\G).
By (2.3)-(2.5), we get
/ fdp <v(W\G).
G
As f < A was chosen arbitrarily, we get u(A) < v(W\G) (by using (2.2)), and hence
p(A) < oo. O

Now we prove Theorem 1.3 using the above lemmas. We have B, a non-degenerate
bilinear form on V. Let G be the group of real points of the orthogonal group of
B and p be a Haar measure on G. It is clear that the group G is unimodular and
contains W. Since W is infinite, the bilinear form B is not positive definite and it
has the signature (p, q), where p + ¢ = n and p,q > 1. We prove few more lemmas to
prove Theorem 1.3.

Lemma 2.5. B(v,v) # 0, for some v € C.

Proof. Since for any v € C,C — v is an open subset of V containing the origin 0
(since C is an open subset of V), V is generated by C — v (as an abelian group).
In particular, C — v generates V as a vector space over R, therefore there exists
{v1 —v,v3—v,...,v, —v} a basis of V over R contained in C — v, where v; € C,V 1 <
i < n. Now if possible, let B(v,v) =0, Vv € C.

— Blu,v) = %(B(u +v,u+v) — B(u,u) — Bv, v))
(2.6) =0 Vu,v € C (. Yu,v € C, u+wv e C).
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Now we show that if B(v,v) = 0, Vv € C, then B = 0, which gives a contradiction
(since B is non-zero). Since v;, v € C, using the bilinearity of B and (2.6), we get

B(v;, —v,v; —v) =0, V1<14,j<n,
i.e., B =0. Therefore, Jv € C such that B(v,v) # 0. O

Let v € C be an element for which B(v,v) # 0. Let L, = {u € V|B(u,v) = 0}.
Since B(v,v) #0, V = Rv® L,.. Now take D = R.qv C C, a half line contained in C.
We have a basis {v,u1,ug,...,u,—1} of V over R, where {uj,us,...,u,—_1} is a basis
of L, over R. With respect to this basis of V, B = By & By, where By = B|g, and
By = B|L,. The symmetric matrix associated to the bilinear form B, with respect to
this basis, is of the form

Bi(v,v) 0 0 0
0
B = 0 By
0

The group G = O(B)(R) < GL(n,R), is unimodular with a Haar measure p and it
contains the Coxeter group W as a discrete subgroup. Let v be a G-invariant measure
on the quotient W\G such that v (W\G) < oo, i.e., W is a lattice in G.

Let H= O(B2)(R) < GL(L,) be the orthogonal group of the bilinear form By on
L,. It is clear that

1 0 ... 0

G = . :heH
: h
0
is a closed subgroup of G and Vg € G'; g(v) = v, i.e., G’ is a closed subgroup of Gp,
therefore it is compact (by Lemma 2.4).

Also, G’ is isomorphic (as a Lie group) to H = O(B3)(R), therefore H is a compact
subgroup of GL(L,). It shows that the bilinear form By is either positive definite or
negative definite. Since the group W is infinite, the bilinear form B cannot be positive
or negative definite. Therefore, B has the signature (n —1,1) or (1,n —1).

Now we show that B can not have the signature (1,n — 1).

Lemma 2.6. If there is a relation (s;s;)"™ =1, for some i # j and 2 < m; ; < 00
in the generators of the Coxeter group W and the bilinear form B as above, then B
has the signature (n —1,1).

Proof. For 2 <m, ; < oo, B(e;,e;) = —cos <L> > —1, and hence

B()\el + 66]‘, Ae; + 5€j) = )\23(61‘, 81‘) + 52B(€j, €j) + 2)\(53(61‘, €j)
= A2 + 6%+ 2)\6B(e;, ¢))
>N 462200 =\N-0)2>0

(since B(e;,ej) > —1). Therefore, VA,0 € R and ()\,6) # (0,0), B(Xe; + dej, Ne;
+ (56]') > 0.
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Let V; ; = Re; @ Re; be a subspace of V. The restriction of the bilinear form B
on V; ; is non-degenerate and positive definite. Therefore, V.=V, ; ® Vifj, and with
respect to a basis of V which is the union of a basis of V; ; and a basis of Vi-., the

’L?]’
matrix of the bilinear form B is

1 0 0 0
01 0 0
0 0

B

L
Viyj

and Bly . is non-degenerate.
2,7

The above matrix form of the bilinear form B shows that its signature is (p, q),
where p,q € N, p+ ¢ = n,and p > 2. Therefore, the possibility for the signature of B
to be (1,n — 1) is excluded, i.e., B has the signature (n — 1, 1). d

Lemma 2.7. If (s;5;)® =1, fori# j and s;s; =1, Vi,j € {1,2,...,n} are the only
relations in the generators of the Cozeter group W and the bilinear form B as above,
then B has the signature (n — 1,1).

Proof. These relations mean that all the vertices in the Coxeter graph of the Coxeter
group W are joined by an edge of weight oo, and B(e;,e;) = 1, and B(e;,e5) = —1,
for i # j. These relations are not possible in a Coxeter group W with two generators
(" B is non-degenerate), therefore to have the possibility stated in the statement of
the lemma, n must be > 3.

Since all the vertices are joined by an edge in the Coxeter graph, the Coxeter graph
contains a triangle. Let s1, s and s3 be any three vertices, which are joined to each
other to form a triangle. Let V1 = Re; ®Rey ®Reg be a subspace of V, and B; = Bly,
be a bilinear form on V;. Now we show that B; has the signature (2, 1), which shows
that V = V; @ Vi and hence the signature of B is (p, q) with p > 2.

The matrix form of By with respect to the basis {e1, e2,e3} of Vi over R is

1 -1 -1
Bi=|-1 1 -1
1 -1 1

One can check easily that 2,2, —1 are the eigenvalues of the matrix B;.

Since a symmetric matrix is orthogonally diagonalizable, the signature of the bi-
linear form Bj is (2,1). It shows that the possibility for the signature of the bilinear
form B to be (1,n — 1) is excluded. Therefore, the signature of the bilinear form B is
(n—1,1). O

Since we had V = Rv @ L,,, where v € C is an element for which B(v,v) # 0, and
L, = {u € V|B(u,v) = 0}, the condition on the signature of B forces B(v,v) < 0
(since B, is positive definite and B is non-degenerate and non-positive). The above
proof also shows that if B(u,u) # 0, then B(u,u) < 0, for any u € C.

Now we show that B(u,u) # 0, for any v € C. Otherwise, Ju € C such that
B(u,u) = 0. Since the bilinear form B is non-degenerate, Ju’ € V such that B(v/,u’) =
0 and B(u,u’) = 1 (see [5, Theorem 6.10]). Also, for any «,3 > 0 in R, B(au +
Bu';au + pu') = 2a > 0. Since v € C, and C is open in V, Ja, 5 > 0 in R such
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that au + fu’ € C and B(au + fu’,au + Bu’) = 2af > 0, which is a contradiction.
Therefore, B(u,u) # 0, Yu € C. Hence, B(u,u) < 0, Vu € C; and it completes the
proof of Theorem 1.3. (]

3. Proof of Theorem 1.1

Let O(B) be the orthogonal group of the bilinear form B and O(p, ¢) be the group of
real points of the group O(B), i.e., O(p,q) = O(B)(R), where (p, ¢) is the signature of
B with p,q > 1, and p+¢q = n. Let SO(B) be the connected component of the identity
element of O(B), and SO(p, q¢) = SO(B)(R). The subgroup SO(p, ¢) has finite index
(four) in the group O(p, q), therefore any finite index subgroup L’ of the Coxeter group
W contains a finite index subgroup L < SO(p, ¢), namely L = L' N SO(p, q). If L' is
isomorphic to an irreducible lattice I in a semisimple group H of R-rank > 2, then
L will be isomorphic to a finite index subgroup I" of I, Also, it can be shown easily
that a finite index subgroup I' of an irreducible lattice IV is an irreducible lattice in
H. We prove some lemmas that will be used in the proof of Theorem 1.1.

Lemma 3.1. There exists a connected semisimple adjoint group G and an (central)
isogeny 7 : SO(B) — G.

For a proof, see [7, Theorem 2.6].
In fact, G is an R-simple group (since the group SO(B) has maximal normal sub-
group {£I} which is the center of SO(B) and 7 is central therefore the kernel of 7 is

{£1}).
Lemma 3.2. If L is a discrete subgroup of SO(B)(R) = SO(p,q), then m(L) is a
discrete subgroup of G(R).

Proof. The homomorphism 7 is an open map and its kernel is finite. Now using the
discreteness of L, it can be shown easily that 7(L) is a discrete subgroup of G(R). O

Lemma 3.3. IfL is a Zariski dense subgroup of SO(B), then w(L) is a Zariski dense
subgroup of G.

Proof. Since the map 7 : SO(B) — G is continuous with respect to the Zariski

topology, we get 7(L) C 7(L). Therefore 7(L) = G (since L = SO(B)). O

Lemma 3.4. R-rank (SO(B)) = R-rank (G).

Proof. We will show that if T is an R-split torus in SO(B), then 7(T) is an R-split
torus in G. For, let T be an R-split torus in SO(B), i.e., all the characters x : T — Gy,
are defined over R. It is clear that «(T) is a connected, abelian subgroup of G. Also,
7(T) is diagonalizable over C (since under a homomorphism of algebraic groups, torus
maps to a torus).

To show that 7(T) is R-split, it is enough to show that all the characters x :
7(T) — G,,, are defined over R. For, let us define x' : T — G,,, as x'(t) = x(7(t)).
It is clear that ’ is a character of the torus T which is R-split, therefore x’ is defined
over R. Now we show that x is fixed under the action of Gal(C/R) on Hom(T,G,,).
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For, let o € Gal(C/R). We have
X(m(t)) = X'(¢)
(ex)(®)
=a(x'(07'1))
=o(xom(c™'t))
= a(xo ™ (o7)(t))
= (o.x)(7(t)) (- X" and 7 are defined over R).

Since the above equality is true for all ¢ € T and 7 is surjective, therefore we get
o.x = X, for all ¢ € Gal(C/R). Hence all the characters x : 7(T) — G,, are defined
over R, i.e., 7(T) is an R-split torus in G. Since 7 has finite kernel, we get R-rank(G)
= R-rank(SO(B)). O

Theorem 3.5. Let L be a discrete subgroup of the group SO(p,q). Let H be a con-
nected semisimple Lie group without non-trivial compact factor groups, of real rank
> 2 with trivial center. Let ' < H be an irreducible lattice and 6§ : I' — L <
SO(B)(R) = SO(p, q) be an isomorphism and 6(T') = L is Zariski dense in SO(B). Let
G be a connected semisimple adjoint group with an (central) isogeny 7 : SO(B) — G.
Let &' : T — (L) < G(R) be a continuous homomorphism defined as 6 = 7o 8. Let
G has no non-trivial R-anisotropic factors and G(R)O be the connected component of
the identity element in G(R) Then &' extends uniquely to an isomorphism §:H—
G(R)®, and the group G(R) has R-rank > 2, and w(L) is a lattice in G(R).

Proof. The group G is adjoint, and has no non-trivial R-anisotropic factors and (L)
is a discrete subgroup of G(R) (by Lemma 3.2), and it is also Zariski dense in G
(by Lemma 3.3). Therefore by Theorem 1.4, we get a continuous homomorphism
& : H — G(R) with §'|p = ¢’. Since the group 0’(H) is a connected semisimple
group which is Zariski dense in G (since &' (T') = 7(L) is Zariski dense in G), it follows
from [6] (Remark 6.17 (ii) of Chapter IX) that §’(H) = G(R)°. Since H has trivial
center and no non-trivial compact factor groups, I' is an irreducible lattice in H, and
8'(T') = n(L) is a non-trivial discrete subgroup of G(R), therefore it follows from [6]
(Remark 6.17 (iii) of Chapter IX) that ¢’ is an isomorphism of H onto G(R)°, and
hence 7(L) is a lattice in G(R)®, and the R-rank of G(R) is > 2. Since G(R)® is a
finite index subgroup of G(R), (L) is a lattice in G(R). O

Remark. In the proof of Theorem 3.5, the fact that H has trivial center, has been
used only to show that " is an isomorphism. If the group H does not have trivial
center, then the homomorphism ¢ has finite kernel, and §'(I") = 7(L) is still a lattice
in G(R) (since under such homomorphism &', a lattice maps onto a lattice). Therefore
Theorem 3.5 is also true for a connected semisimple Lie group with non-trivial center,
and without non-trivial compact factor groups, of real rank > 2.

Lemma 3.6. Let L be a discrete subgroup of SO(p, q), and G, 7 as in Lemma 3.1. If
(L) is a lattice in G(R), then L is a lattice in SO(p, q).
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Proof. Since L is a discrete subgroup of SO(p,q) and SO(p,q) is unimodular, the
quotient L\SO(p, q) has an SO(p, ¢)-invariant measure p. The homomorphism 7 :
SO(p, q) — G(R) induces a continuous map 7 : L\SO(p, ¢) — 7(L)\G(R), which is
defined as 7(Lg) = w(L)m(g). It can be checked easily that the pushforward measure
7, (1) on the quotient 7(L)\G(R) defined as 7, (1) (E) = u(7~1(E)), for all measurable
subsets E of m(L)\G(R), is G(R)-invariant (since 7 is surjective and yu is SO(p, q)-
invariant). Therefore by the uniqueness of a G(R)-invariant measure on the quotient
T(L)\G(R), we get 7, (1) (7(L)\G(R)) < oo (since m(L) is a lattice in G(R)), and
hence u(L\SO(p,q)) < oo, i.e., L is a lattice in SO(p, q). d

Theorem 3.7. The Coxeter group W is Zariski dense in the group O(B).
For a proof, see [1].

Lemma 3.8. Let G be a topological group and L', L. are subgroups of G such that L
has finite index in L'. Then (1')° = (L)°, where (L)° is the connected component of
the identity element of the closure of L in G.

Proof. Since L has finite index d (say) in L/,
L= Uglzl’}/iL; vi € T/
=L =ul yL el
=[/:L]<d
= L is a finite index subgroup of the group L.

Hence L is closed and open in L/ and (L’)° D (L)°, therefore (L)° is open and closed
in (L/)° which is connected. This shows that (L") = (L)°. O

Corollary 3.9. In the above lemma if we take G = O(p,q) = O(B)(R), and L' =W,
the Coxeter group and L < SO(p,q) N W such that [W : L] < oo, then L = SO(p, q),
i.e., Lis Zariski dense in SO(p, q). Hence L is Zariski dense in SO(B) (. SO(B)(R) =
SO(p, q) is Zariski dense in SO(B)).

Proof. The proof follows from Theorem 3.7 and Lemma 3.8. O

Lemma 3.10. If L is a lattice in SO(p,q), then L is also a lattice in O(p, q).

Proof. Since O(p,q) is unimodular and L is a discrete subgroup of O(p,q), we get
L\O(p, q) has a non-zero O(p, ¢)-invariant measure p. Since SO(p, ¢) is open in O(p, q),
its Borel o-algebra is a subalgebra of the Borel og-algebra of O(p, q) and the restric-
tion of u on L\SO(p, ¢) is a non-zero SO(p, ¢)-invariant measure. Now we claim that
1(L\O(p, q)) < oc. For,

L\O(p, q) = {Lglg € O(p, )},
and
O(p,q) = {SO(p,q)gilgi € O(p,q),1 < i < 4},
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i.e., Vg € O(p,q), 3h € SO(p,q) such that g = hg;, for some 1 < i < 4. Therefore,
Lg = thz S (L\So(p7 q))gﬂ and

L\O(p, q) = Ui, (L\SO(p, q))gi-

= u(L\O(p,q)) < Y _ u((L\SO(p, q))g:)

=1

4
= Z 1(L\SO(p, q))

< 0.

It shows that L is a lattice in O(p, q). 0

From the remark at the beginning of this section and Corollary 3.9, it follows
that if the Coxeter group W contains a finite index subgroup L < SO(p, q), which is
isomorphic to an irreducible lattice in a connected semisimple Lie group H without
non-trivial compact factor groups, of real rank > 2, then SO(p, ¢) has real rank > 2
(by Lemma 3.4 and Theorem 3.5), i.e., p,q¢ > 2, and L is a lattice in SO(p, q) (by
Theorem 3.5 and Lemma 3.6). Moreover, Lemma 3.10 shows that L is a lattice in
O(p, q) also, and hence W becomes a lattice in O(p, q) (since a discrete subgroup W
of a Lie group G which contains a lattice L, is a lattice in G). This is a contradiction
to Theorem 1.3, which has been proved in Section 2; and it completes the proof of
Theorem 1.1. O

4. Right-angled Coxeter group with three generators

In this section, we will do some computations and show that a right-angled Cox-
eter group W generated by three elements is isomorphic to a lattice in the group
O(B)(R) = O0(2,1) of real rank 1.

Let W be the right-angled Coxeter group generated by three elements s, s and s3
with the relations: (s;s;)™"/ = 1, where m; ; = 1,Vi € {1,2,3}, and m; o = ma 3 = 00,
my 3 = 2. Let R3 be a three-dimensional vector space over R with a basis {e1, €2, e3}.
We define a symmetric bilinear form B on R® as

B(e;,ej) = —cos < T ), for m; ; # oo,
mm-
and for m; ; = oo, we define B(e;,e;) = —1. With respect to the basis {e1,es,e3},
the matrix of B is
1 -1 0
B=|-1 1 -1
0o -1 1

One can check that the bilinear form B is non-degenerate.

Now we define a representation p : W — GL(R?) by defining p(s;)(e;) = e; —
2B(e;, e;)e;, which is faithful (by [4, Corollary 5.4]). It can be checked easily that
p maps the group W inside the orthogonal group O(B)(R) of the bilinear form B.
We will show that the group W is mapped (by p) onto a finite index subgroup of
O(B)(Z), the group of integral points of the orthogonal group O(B), and it shows
that the group W is a lattice in O(B)(R).
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With respect to the basis {e1, ea, e3}, the matrices of p(s1), p(s2) and p(s3) are

-1 2 0 1 0 0 10 0
plst)=10 1 0, pls2)=12 -1 2], p(s3)=({0 1 0
0 0 1 0 0 1 02 —1

If we do some integral change in the basis of R? over R, and take {e1+ea,e2,62+e€3}
as a basis of R3, then the corresponding matrices of p(s1), p(s2), p(s3) and B, become

1 2 2 1 0 O 1 0 0
p(s)=10 -1 =2/, p(s2)=|0 -1 0, p(s3g)=|-2 -1 0
0 0 1 0 0 1 2 2 1
and
0 0 -1
B=|0 1 0
-1 0 0

It is now clear that the signature of the bilinear form B is (2, 1).

The adjoint representation of SL(2,R) on its Lie algebra sl(2,R), maps the group
PSL(2,R) = SL(2,R)/{£I} isomorphically onto its image and it preserves the killing
form K defined on sl(2,R). The Lie algebra sl(2,R) can be identified with R? as a
vector space over R, with the basis

o1\ (1 0 (00
“a=0 0)2 o —-1)°27 1 o)
The killing form K on sl(2,R)) is defined by
1
K(X,Y) = §tr(XY), vV XY €5sl(2,R).
If we do some integral change in the basis of sl(2,R) over R and take

g (0 =2y (10 (00
€1 = €1 = 0 0 y €2 = €2 = 0 —1 , €3 = €3 = 1 0

as a basis of sl(2,R) over R, then the matrix of K becomes

0 0 -1
K=10 1 0
-1 0 0

Therefore, the bilinear form B associated to the Coxeter group W, is equivalent to the
killing form K on sl(2,R) over Z, and the signature of K is also (2, 1). Hence the group
SL(2,R)/{£I} maps into O(2,1) < GL(3,R), by the adjoint representation Ad of
SL(2,R) on its Lie algebra, where O(2,1) = O(B)(R). Since the group SL(2,R)/{+I}
is connected, it is mapped inside SO(2, 1), the connected component of the identity
element in O(2,1). In fact, Ad(SL(2,R)/{£I})=S0O(2,1) (".- dim SL(2,R)/{£I}=dim
SO(2,1)), i.e., SL(2,R)/{£I} =2 SO(2,1). Hence SL(2,Z)/{£]1} is a lattice in SO(2,1).
In fact, SL(2,Z)/{£l} is a lattice in O(2,1) (.- SO(2,1) has finite index in O(2,1)).
The right-angled Coxeter group W is mapped inside O(B)(Z) = O(2,1)(Z), by the
representation p. We construct a finite index subgroup H of SL(2,Z)/{£I} which
preserves a lattice L in sl(2,R) = R3(as a vector space), i.e., H is also mapped
inside O(2,1)(Z), by the representation Ad, and being a finite index subgroup of
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SL(2,Z)/{+£1}, H becomes a lattice in O(2,1). Also, we construct a finite index sub-
group H of W which is mapped onto Ad(H), by the representation p, and hence p(H’)
becomes a lattice in O(2,1), and W becomes a finite index subgroup of O(2,1)(Z),
i.e., a lattice in O(2,1).

Lemma 4.1. The group SL(2,Z)/{=£1} is generated by w = (9 ') and z = (}§ 1),

and it has a presentation as < w,z;w?, (wz)® >, i.e., it is the free product of the cyclic
group of order 2 generated by w and the cyclic group of order 8 generated by wz.

For a proof, see Theorem 2 and the preceding remark of Chapter VII in [8].

We get 2? = (§2) and wa?w™! = (14 9) = (107,

Let H be the subgroup of SL(2,Z)/{£I} generated by {z? wz?w~1}. It can be
shown using the presentation of SL(2,Z)/{£I} as in the above lemma, that the sub-
group H has finite index in SL(2,Z)/{£I}. Also, one can show easily that H preserves

the lattice
0 -2 1 0 0 0
L_Z(O O>@z<0 _1>@z<1 O)

in sl(2,R). Hence H is mapped inside O(2,1)(Z), by the adjoint representation Ad,
and being a lattice (*." it has finite index in SL(2,Z)/{+£I}) in O(2,1)(R), it has finite
index in O(2,1)(Z). By an easy computation, we find that the matrices of Ad(z?),
Ad(wz?w™)71 in O(2,1)(R) with respect to the basis

e (0 2 1o (00
€1 = €1 = 0 0 ) €2 = €2 = 0 —1)/° €3 = €3 = 1 0 ’

1
(4.1) Ad(z*) = |0
0

are

2 1 00
2|, Adwz*w ) t=1[4 1 0
1 8§ 4 1

S =N

Let H' be the subgroup of the Coxeter group W generated by the set {s2s1, s283}. It
can be shown easily that the subgroup H’ has finite index in the group W.
We find that the matrices of p(s2s1) and p(s2s3) in O(2,1)(R) with respect to the
basis {e1 + e, €2, €3 + €3}, are

NN
o = O
= o O

1 2 2
(4.2) p(sas1) =10 1 2 and  p(s2s3) =
0 0 1

AN )

1 0
Also, p(s2s3)? = | 4 0| = Ad(wz?w=1)~!, and hence by (4.1) and (4.2), we see
8 1
that H is a subgroup of H'. Therefore H' is a finite index subgroup of O(2,1)(Z), and
hence the Coxeter group W is also a finite index subgroup of O(2,1)(Z), i.e., W is a
lattice in O(2,1).
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