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QUATERNIONS AND KUDLA’S MATCHING PRINCIPLE

TUOPING DU AND TONGHAI YANG

ABSTRACT. In this paper, we prove some interesting identities, among average repre-
sentation numbers (associated to definite quaternion algebras) and degrees of Hecke
correspondences on Shimura curves (associated to indefinite quaternion algebras).

1. Introduction

Kudla observed in [Ku2| a simple but striking identity between two genus theta series
from two different quadratic spaces as both are special values of the same Eisenstein
series, which he called the matching principle. It is striking as different quadratic
spaces give different arithmetics and geometry. The simple identity connects them.
In this paper, we use this principle to prove some new identities on quaternion alge-
bras, relating the representation numbers for lattices in definite quaternions and
degrees of Hecke operators in indefinite quaternions.

Let D be a square-free positive integer, and let B = B(D) be the unique quaternion
algebra of discriminant D over Q, i.e., B is ramified at a finite prime p if and only
if p|D. The reduced norm, denoted by det in this paper, gives a canonical quadratic
form @ on B and makes it a quadratic space V = (B, det). For a positive integer
N prime to D, let Op(N) be an Eichler order in B of conductor N. We can view
L = (Op(N),det) as an even integral lattice in V. The quaternion B is definite if and
only if D has odd number of prime factors. When B is definite, it is a very interesting
and hard question to compute the representation number (for a positive integer m)

rr(m) = [{z € Op(N) : detz = m}|.

On the other hand, the average over the genus gen(L), which we denote by

—1

B B 1 rr, (m)
TD,N(m) = Tgen(L) (m) - Z : m Z m’

Li€gen(L Li€gen(L)

is a product of so-called local densities, thanks to Siegel’s seminal work in 1930s [Si].
These densities are computable (see, for example, [Yal]). We remark that gen(L)
consists of (equivalence classes) right ideals of all maximal orders when N = 1. Note
that rp n depends only on D and N, and is independent of the choice of Eichler order
Op(N). Using Kudla’s matching principle ([Ku2, Section 4], see also Section 2), we
will prove the following theorem in Section 4.
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Theorem 1.1. Let D be a square-free positive integer with even number of prime
factors, let p # q be two different primes not dividing D, and let N be a positive
integer prime to Dpq. Then

2 g+1 2 p+1
TDp,N (M) + TDp,Nqg(M) = — TDg,N(M) + ——=TDg,Np(TM
q_]. D ( ) q_l p q( ) p_]. q ( ) p— q p( )

1
for every positive integer m.

We remark that r, x(m) has a geometric interpretation (see Proposition 4.2).

When B(D) is indefinite, the representation number does not make sense anymore
as a number can be represented infinitely many times. In this case, the geometry
of Shimura curves come in. We fix an embedding of i : B(D) — M>(R) such that
B(D)* is invariant under the automorphism x — x* = ‘2=! of GLy(R). Let TY(N) =
Op(N)! be the group of (reduced) norm 1 elements in Op(N) and let XP(N) =
I'D(N)\H be the associated Shimura curve. For a positive integer m, let Tp y(m) be
the Hecke correspondence on X& (N) defined by

(1.1) Tp.n(m) = {([z1], [z2]) € XP(N) x XP(N): 21 = i(2)2, for some
z € Op(N), detxz = m}.

Define deg Tp n(m) = deg(Tp n(m) — XF(N)) under the projection ([z1], [22]) —
[21]-

Let Qp = %y”dw A dy be the normalized differential on X (N), and let

Vol(XP(N), Q) = / Q
X (N)

be the volume of X{P(N) with respect to Qp, which is a positive rational number
(see (5.3)).

Finally, we define the normalized degree (when D has even number of prime factors)

2

VOI(XOD(N)a QO)

Using Kudla’s matching principle and reinterpretation of the Fourier coefficients

of some theta series associated to indefinite quaternion algebras, we will prove the
following analogues of Theorem 1.1 in Section 5.

deg TD’N(m).

(1.2) rpn(m) =

Theorem 1.2. Let D be a square-free positive integer with odd number of prime
factors, let p # q be two different primes not dividing D, and let N be a positive
integer prime to Dpq. Then

2 q+1 2 ptl
S 1 e ) o) = = o () 4 g (1)

for every positive integer m.

Theorem 1.3. Let D be a square-free positive integer with odd number of prime
factors, let pt D be a prime, and let N be a positive integer prime to Dp. Then

2 p+1
Tppn (M) = o 17“D,N(m) + Py 17“D,Np(m)-
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Theorem 1.4. Let D > 1 be a square-free positive integer with even number of prime
factors, let pt D be a prime, and let N be a positive integer prime to Dp. Then

2 p+1,
rpp,n(m) = _ETD7N(m) + ETD,Np(m)‘

The last theorem should also hold for D = 1 although our proof does not go
through (see [Du]). We would need regularized Siegel-Weil formula for M5(Q), which
is not known unfortunately despite a lot of general results on regularized Siegel—
Weil formulas pioneered by Kudla and Rallis in 1990s ([KR3]). Clearly, Theorems 1.1
and 1.2 are consequences of Theorems 1.3 and 1.4. We stated Theorems 1.1 and 1.2
because they look really nice and symmetric and their proofs are a little simpler in
the sense they do not need matching at the infinity place.

Relations between different quaternions have been extensively studied. For exam-
ple, the well-known Jacquet—Langlands correspondence gives correspondence between
irreducible automorphic representations of different quaternions. In some sense, above
relations can be viewed as examples of explicit Jacquet—Langlands correspondence on
modular forms (instead of representations). In his famous work on level-lowering work
[Ri2], Ribet discovered some deep relations between the pg-new part of Hecke ring of
Xo(pgN) modulo ¢ and the Hecke ring of X} 4(N) modulo ¢. We will briefly mention
its relation to our representation numbers in Section 4 and refer to [Ri2] for detail.
As far as we know, relations in this paper are new, which is a little surprising.

Katsurada and Schulze-Pillot studied in [KSP] the action of Hecke operator T'(p) on
genus theta functions and discovered some very interesting identities between different
genus theta functions. These identities are also examples of Kudla’s matching principle
as they noted in [KSP, Section 6]. Our rp, n(m)’s are Fourier coefficients of some genus
theta functions of weight 2. However, our formulae are different from theirs.

This paper is organized as below. In Section 2, we review the Weil representation
and Kudla’s matching principle in general case. In Section 3, we prove some explicit
local matchings between Schwartz functions on the division algebra and the matrix
algebra over local fields. As a consequence, we prove a global identity between theta
integrals on two different quaternions (global matching). In Section 4, we look at the
definite quaternion case and unwind the theta integral. We show that rp n(m) is
the m-Fourier coefficient of some theta integrals considered in Section 3 and prove
Theorem 1.1. We also give a geometric interpretation of r, x(m) at the end of this
section and its connection with the ‘singular set’ studied by Ribet in [Ri2] and [Ril].
In Section 5, we associate the product of two (identical) Shimura curves to the qua-
dratic space coming from an indefinite quaternion and interpret the Fourier coefficients
of the theta integral via ‘the degree of Hecke correspondences’. As a result, we prove
Theorems 1.2, 1.3 and 1.4.

2. Preliminaries and Kudla’s matching principle

Let ¢ : A/Q — C* be the canonical unramified additive character such that 1 (z) =
e?™_ Let (V,Q) be a non-degenerate quadratic space over Q of even dimension m
with the quadratic form @, and let

xv(z) = (x, (fl)le) det V)A



370 TUOPING DU AND TONGHAI YANG

be the associated quadratic character. Let w = wy v be the associated Weil repre-
sentation of O(V)(A) x SLy(A) on S(V(A)), where S(V(A)) is the Schwartz—Bruhat
function space. One has a Weil representation w, = wy, v, of O(V)(Q,) x SL2(Q,) on
S(V,) for each prime p, and w = ®w,. Concretely, the orthogonal group O(V')(A) on
S(V(A)) linearly,

w(h)p(z) = o(h~'x).

The SLa(A)-action is determined by (see, for example, [Kul])
w(n(b))p(z) = (0Q(x))p(x),

(2.1) w(m(@))e(z) = xv (@)]al % plaz),
w(w)p = 1(V)@ = (V) / o()((zy))dy,
V(a)

where for a € A*, b€ A

= (1) mo=(* ) = ( )

dy is the Haar measure on V(A) self-dual with respect to ¥ ((x,y)), and y(V) =
[1,7(Vp) = 1, where v(V}) is a eighth root of unity associated to the local Weil
representation at p (local Weil index). Let P = NM be the standard Borel subgroup
of SLa, where N and M are subgroups of n(b) and m(a), respectively. It is well known
that the theta kernel ([We])

(22) 0(g,h,0) = Y wlg)p(h™'z), @eS(V(A)
zeV(Q)

is left O(V)(Q) x SLo(Q)-invariant, and thus an automorphic form on [O(V)] x [SLs].
For an algebraic group G over Q, we write [G] = G(Q)\G(A). The theta integral

1
(2.3) I(g,¢) = wl([O0)]) /[O(V)] 0(g, h, @) dh

is an automophic form on [SLs] if the integral is absolutely convergent, which is
the case precisely when V is anisotropic or m — r > 2, where r is the Witt index
of V. There is another way to construct automorphic forms from ¢ € S(V(A)) via
FEisenstein series.

For s € C, let I(s,xv) be the principal series representation of SLo(A) consisting
of smooth functions ®(s) on SLy(A) such that

(2.4) ®(nm(a)g, s) = xv(a)lal* '@ (g, s).
There is a SLy(A)-intertwining map (so = 3 — 1)
(2.5) A=Ay : S(V(A)) = I(s0,xv),  Alp)(g) =w(g)(0).

Let Koo K be the subgroup SO3(R) x SLa(Z) of SLy(A). A section ®(s) € I(s,x)
is called standard if its restriction to K., K is independent of s. By the Iwasawa
decomposition G(A) = N(A)M(A)K K, the function A(¢) € I(so, x) has a unique
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extension to a standard section ®(s) € I(s,x) with ®(so) = A(¢). The Eisenstein
series is given by

(2.6) E(g,s,¢) = Y ®(vg,9).
YEP(Q)\SL2(Q)

When V' is anisotropic or m — r > 2, Kudla and Rallis ([KR1] [KR2]) proved that
the Eisenstein series is holomorphic at s = sg and produces an automorphic form on
[SLa]. The well-known Siegel-Weil formula, as extended by Kudla and Rallis ([KR1],
[KR2]), asserts that the two automorphic forms I(g, ) and E(g, s, ¢) are the same:

Theorem 2.1. (Siegel-Weil formula) Assume that V is anisotropic or dimV —r > 2.
Then for every ¢ € S(V(A), the Eisenstein series E(g,s;p) is holomorphic at
so=m/2—1, and

E(ga 30790) = ”I(Qﬂp)a
where k = 2 when m < 2 and kK = 1 otherwise.

Let VU, V() be two quadratic spaces with the same dimension and the same
quadratic character y. There is a following diagram:

SV ()

(1)

/\V<2> 1(507 X)
(2.7) SV (a) /

Following Kudla [Ku2], we make the following definition.
Definition 2.2. For a prime p < oo, gol(oi) € S(Vp(i)), i = 1,2, are said to be matching
if
Ay (@S)) = Ay (8022))-
e = I, <p1(f) € S(V@(A)) are said to be matching if they match at each prime p.
By the Siegel-Weil formula, we have the following Kudla’s matching principle

([Ku2, Section 4]): Under the assumption of Theorem 2.1 for both V1) and V(%)
one has, for a matching pair (™), p(?)), the following identity:

(2.8) I(g, M) = I(g, ).

This implies that their Fourier coefficients are equal, which we use in this paper.

3. Matchings on quaternions

There are two quaternion algebras over a local field @Q,, the matrix algebra
B*? = M5(Q,) (split quaternion) and the division quaternion B"* (ramified quater-
nion). Let V = V*P or V" be the associated quadratic space with reduced norm as
the quadratic form det(x) = xzx*, where ¢ is the main involution on the quaternion
algebra B. Both spaces have trivial quadratic character Xtrivial. S0 we have SLa(Q))-
intertwining operators

A:S(V) = I(1), ¢ M) =wy(g)p(0).
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Here I1(s) = I(s, Xtrivial)- We will use superscript ra and sp to indicate the association
with division or matrix quaternion algebra. It is known ([Ku2]) that A®P is surjective
while the image of A" is of codimension 1. So every function ¢"® has some matching
in S(V*P). The purpose of this section is to give some explicit matchings and obtain
some interesting global identities.

3.1. The finite prime case p < co. We assume that p < oo in this subsection. Let
L™ = Opra be the maximal order in B"*, which consists of all elements of B whose
reduced norm is in Z,. We do not use the subscript p for simplicity in this subsection.
Let LyY = My(Z,) and

L = {A = <Z Z) € My(Zp): ¢c=0 (mod p)}
Then dual lattices are given by
1
Lrat — ﬂ_—lLra, Lip’ﬁ = {(CCL Z) S MQ(QP) s a,cdé€E Zp, be pr} .

Here m € B™ is a “uniformizer” satisfying m* = —7 and 72 = p, and

LF={zecV: (2,L) CZ,}.

We denote
©"® = char(L"®), ¢"%* = char(L"*¥),
and
31 ©? = char(L?), i=0,1, and ¢5? = char(L"¥).
) ? 2 1

Proposition 3.1. Let the notation be as above. Then
(1) ¢"* € S(V") matches with 1900 + p+1 o’ € S(VP).
(2) ¢ vf € S(V") matches wzth 1(,08" - ;%1 57 e S(Vep).

Proof. (1) Since
SL2(Zp) = Ko(p) U N(Zp)wKo(p), Ko(p) = Li" N SLa(Zy),

I(1)%0(®) has dimension 2, and ® € I(1)%0(P) is determined by ®(1) and ®(w). Note
that Ko(p) is generated by n(b) and n_(c) = w™n(—c)w, b € Z, and ¢ € pZ,.
Using this, one can check that ¢"*, ¢* are all K(p)-invariant for the respective Weil
representations. We check w(n_(—c))p"* = ¢"* and leave others to the reader. One
has

W W) () = 3(V7) " (@) vol (L)

So
W (n(—c)w)"*(z) = y(V"*)vol(L™ )by (—c det(z)) " (x)
= (V") @)vol (L),
.e., Ta(n( )w)wra — wra(w)gora
So

as claimed.
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Now we have A\"%(¢"®), \*P(5P) € I(1)50®). Direct calculation gives

N (1) =1, A (") (w) = (V)T
AP(gg") (1) =1, AP(eg") (w) = (V*P),
XP(eiP)(1) =1, AP(pg) (w) = y(VP)p~.
Since y(V*P) = —y(V"*) = 1, one has

-2 p+1 4

)\ra<pra: SO _|_ SD-
() = e + i

This proves (1). Claim (2) is similar and is left to the reader. One just needs to replace
Ko(p) by

ki ={ (4 1) esta@) =0 modp .
U

To find matching pairs of coset functions ¢} = char(u+ L"), we first label them.
Let k be the unique unramified quadratic field extension of Q,, and let Oy, = Z, +Z,u
be the ring of integers of k with u € O;‘. Fix one optimal embedding k < B"*, then
there is a uniformizer 7 of B"® such that 7r = 7r for » € k and 72 = p. One has then

= OBT'G = Ok =+ Okﬂ' = Zp + ZPU + Zp’ﬂ' + Zpup
So one has an isomorphism
1+ Ju

(Z/pZ)? = L™ /L™, (i,5) — pj% = -

Using the identification, we write 7% for char(u;9 + L™). Similarly, we denote goff;
for char(u;" + Li¥), where p;" = ( ¥ ) Let

K(p) = {(CCZ Z) €SLy(Zp):a—1=d—-1=b=c=0 (modp)}.
Since
(3:2) N(Zyp)M (Zyp)\SL2(Zp)/ K (p) = {1,wn(j),0 < j < p— 1},
one has dimI(l)K(p) =p+1.

Lemma 3.2. Let the notation be as above. Then
(1) When ab = cd (mod p) and (a,b),(c,d) # (0,0), one has \P(p}}) =
)‘Sp(ﬁoipd)
(2) The set {N°P(pg"), AP (91%),0 < j <p— 1} gives a basis of I(1)K @),

Proof. (1) By (3.2), it suffices to check the values at {1, wn(i),0 <i <p—1}.
W (@) = [ wlidet(o))do
ta,b+0O

- ;ewbz’/p)
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and
A% (e (1) =0,
where e(z) = 2™ ~1%_ The result follows.
(2) By (3.2), we see that ® € I(1)X(®) is determined by the values at
{1,wn(i),0 <i<p-—1}
Suppose
aXP(eh) + Y aAP(e) =0,
0<j<p—1
where a,a; € C.
Taking the value at g = 1:

AP ) )+ Y aAP(eh)(1) =0,
0<j<p-1

we get a = 0. Next take values at wn(i), 1 <i<p-—1:

> @ XN (wn(i) = 0.

0<j<p—1
So @ = (ag,.-.,ap—1)" is a solution of the linear equation system
Ad =0,

where 3

s s . 1]

A= p(WP(e)(n(i) ocs jep 1 = <€ (p)> '
0<i,j<p—1

Since det(A) # 0, one has a; = 0,0 < j < p — 1. The result follows. d

Proposition 3.3. Assume that (k,1) #0. Let A = (6(%))09',3'9;—1 be the matriz in
the proof of Lemma 3.2, and let A be the matriz obtained by replacing jth column of

A by column {—e (%) ,0 <i<p-—1}, where
iy = k> + Kkl Tryy g, (u) + PNy g, (w).
_ detA]‘

Then Z?;é cri(5)er; € S(VP) matches with %, where c1(j) = Gora-

Proof. Since X\"*(¢1%) € I(1)X®) it is a linear combination of the basis of I(1)X()
given in last lemma. Write

N or) = b AP (o) + D> (DA (),
0<j<p—-1

where by 1, ¢ 1(j) € C. Taking the value at 1, one gets by; = 0.
Taking the value at {wn(i), 0 <i <p— 1}, one has

N n(D) = Y (AP (wn(i)).
0<j<p—1
It is easy to check that
1

V(i) (wnli) = —e <—;(k2 b RITr(u) + l2N(u))> _ —;e (-“Z”) .
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From the proof of Lemma 3.2, it is known that A*P(47";)(wn(i)) = %e(ij/p). So we

N detA;
get ¢ (j) = de;t‘(. O

3.2. The case p = oo. In this subsection we consider the case Q, = R and recall
a matching pair given in [Ku2|. Note that B"* in this case is the Hamilton division
algebra, and V" has signature (4,0). Let ¢7%(z) = e~ 279¢%®) ¢ §(V"%), then ¢7¢ is
of weight 2 in the sense

ra ra __ 210, _ra _ cosf sinf
w (kQ)@oo_e Poo> ke—(fsiné’cos@)'

On the other hand, Kudla constructed a family of weight 2 Schwartz function @2 €
S(V*P) as follows [Ku2, Section 4.8]. Recall V* = Mj(R). Given an orthogonal
decomposition

(3.3) VP =VtaV , z=a2"+a,

with V' of signature (2,0) and V= of signature (0,2). One defines (Kudla used the
notation ¢(x, z))

4/7;2)(37, Vﬁ) = (47T(.1'+7 J,'+) — l)efﬂ('Tijl'JrH‘ﬂ(wf,x*).
Kudla proved the following proposition [Ku2, Section 4.8].

Proposition 3.4. For any orthogonal decomposition (3.3), (@i, P(x, V7)) is a
matching pair, and their (same) image in I(1) is the unique weight 2 section ®2
given by

®2_(n(b)m(a)ke) = |a|?e*®.
Because of this proposition, we will simply write ¢ for 32(,V 7).

3.3. Global matching. The following matching proposition is clear from Kudla’s
matching principle (2.8) and Propositions 3.1, 3.3, and 3.4.

Proposition 3.5. Let D1, Dy > 1 be two square-free positive integers, and let V (D;)
be the quadratic spaces associated to the quaternion algebras B(D;) over Q (with

reduced norm as the quadratic form), i = 1,2. Assume that ¢ = I, go;(oi) €
S(V(D;)(A)) satisfy the following conditions:

(1) When p = o, gog,i) is P or oL depending on whether B(D;)oo is split or
non-split.
(2) When p{ D1Dyoo or plged(Dq, Ds), we identify V(D1), = V(D2), and take

any o) = o) € S(V(D1),).

(3) When pllem(D1, Da) but p { ged(Dy, D2), one of B(D;) is B;P and the other

one is B, we take (@I()I),apéz)) to be a matching pair in Propositions 3.1 and
3.8.

Then (M), o)) is a matching pair, and

I(g,(p(l)) = I(g7¢(2))7 g€ SLQ(A)

In next two sections, we will give arithmetic and geometric interpretations of the
theta integrals in some special cases and prove the theorems in the introduction.
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4. Definite quaternions, representations numbers, and supersingular
elliptic curves

We first review a general fact about positive-definite quadratic forms for the conve-
nience of the reader. Let (V, Q) be a positive-definite quadratic space of even dimen-
sion m. Define

Do) = e 279 € S(V,).
Then we have
oo () = poo(@),  w(k)poo = €% o
for h € O(V)(R) and kg € SO3(R) C SLy(R). For any ¢ € S(V), where V =V @5 Z,
the theta kernel
0, h, 05 000) =0 1097, b, 05 poc)

m

5 for some congruence subgroup. Here

is a holomorphic modular form of weight
gr = n(u)m(y/v) for 7 =u+iv € H. So

I(T,05000) =07 T 1(gr, 05 Po0)

is also a modular form of weight .
For an even integral lattice L in V', we let

(4.1) 0(r,L) = 0(r, char(L)poo), I(7,L) = I(r,char(L)@so).

Recall that two lattices Ly and Ly in V are equivalent if there is h € O(V)(Q) such
that hL; = Lo. Two lattices Ly and Lo are in the same genus if they are equivalent
locally everywhere, i.e., there is h € O(V)(Q) such that hL; = L. We recall that
O(V)(A) acts on the set of lattices as follows: hL = (hyL) NV where h; is the finite
part of h = hyhs. Let gen(L) be the genus of L — the set of equivalence classes of
lattices in the same genus of L. Then the above discussion implies that

O(V)QN\O(V)(A)/K(L)O(V)(R) = gen(L), [h] — hL,
where K (L) is the stabilizer of L in O(V)(Q).
Proposition 4.1. Let
r(n) ={z € L: Q(z) =n}|, rgen(z)(n)

-1
_ 1 rL/(n)
- 2 [O(L)] 2 OWL)”

L’'egen(L) L’'egen(L)

where O(L) is the stabilizer of L in O(V'). Then, for q = e(7),

O(r,h, L) = rn(n)g",
n=0

I(T> L) = Z T'gen(L) (n)qn
m=0

In particular, the modular form I(7, L) is a genus theta function.
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Proof. (sketch) This is well known and we sketch main steps for the convenience of
the reader. The formula for 6 follows directly from the definition. For theta integral,
note that char(L) is K (L)-invariant. Write

O(V)(A) = Uj_,0(V)(@h; K(L)O(V)(R).
Then gen(L) = {h;L: j=1,...,r}, and
vol([O(V)D)I(1,L) = O(t,h;, L 1dh
ot L Zj: ( )/(hllo(V)(@)h' JNE(L)\K(L)O(V)(R)

T,hj,L

= vol(K (L)O(V)(R Z O D)

o

= vol(K(L)O(V)(R)) nz::() L/eg(L) |rOLé(LT/L))| v

On the other hand, the same calculation gives

vol([O(V)]) = vol(K(L)O(V)(R)) |O(1L,)|-
L’egen(L)

One proves the formula for I(7, L). O

Proof of Theorem 1.1: Let V(D) be the quadratic space associated to the quater-
nion algebra B(D) of discriminant D. Recall that a Eichler order of conductor N,
denoted by Op(NV), is an order O of B(D) such that

(1) When p|D, O, := O ®z Z, is the maximal order of B(D), = B}
(2) When p 1 Doo, there is an identification B(D), = M>(Q,) under which

0, = O, (N)* := {(‘C‘ Z) € My(Z,): c=0 mod p} .

Now let V(' = V(Dp) and V? = V(Dq) with D satisfying the condition of the

theorem. Then V() are positive definite. Define o) = TJ, npgl) € S(VW(A)) as
follows.

Yo ifl =00
" char(O;(N)*P) if 1 { Dpq,
1 p—
T e if 1| Dp,
2 o 4tl
A

where golsf; and @] are the functions defined in (3.1) with added subscript {. Then
one has

-9 . 1 A
90;1) _ - 1char((’)Dp(N)) + 4 + 1Char(0pp(Nq)).

So
-2 +1
1(7,¢M) = —1(7,0p,(N)) + T I(r, Op,(Na)).
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One defines ¢(?) the same way with the roles of p and ¢ switched. Then ¢! and ()
form a matching pair by Proposition 3.3. So Proposition 3.5 implies

I(r, W) = I(1,?),

that is

(00, (V) + L1, 0y ()
qg—1 qg—1
—2 1
= I Oy(N)) + D 1, Oy (Np),
Taking mth Fourier coefficients, one proves the theorem.

The case D = 1 has special geometric meaning as indicated in the introduction.
Let X (V) be the moduli stack of pairs (E, C'), where E is an elliptic curve and C'is a
cyclic sub-scheme of order N [KM]. It is regular and flat over Z and smooth over Z[+].
For a prime p { N, let SS,(N) be the supersingular locus of Xo(N)(F,), consisting
of the F,-points (E, C) such that E is supersingular, i.e., End(E) and End(E/C) are
maximal orders in B(p). In this case, the endomorphism ring End(E, C) is an Eichler
order O,(N) of conductor N — the intersection of End(£) and End(E/C). Every
Eichler order in B(p) arises in this way ([Ri2, Proposition 3.6]). Note that S.S,(IN)
is the singular locus of Xo(pN) modulo p, and is closely related to the torus part
of the connected component of the Jacobian Jo(pN) of Xo(N) modulo p. In [Ri2],
Ribet studied the Hecke operations on ‘pg-new part of torus part of Jy(pgN) modulo
p and on the torus part of the Jacobian J{?(NN) of the Shimura curve X§?(N) and
discovered a beautiful relation between them, which enables him to switch the level of
a modular form from pN to ¢V, and then lowers the level to N. He related both with
an Eichler order O,(¢gN) of the definite quaternion algebra B(p). We refer to [Ri2,
Sections 3 and 4] for details. Ribet also gave a geometric proof of relation between
the two Hecke actions in [Ril] later. It is well known that Xo(N)(C) is the (open)
modular curve defined in the next section.

For two points z1 = (Eq,C4), 2 = (E3,Cy) € SS,(N), Hom(z1, x2), which consists
of isogenies (f : B3 — Es) with f(Cy) C Cb, is a quadratic lattice with respect to
deg f. Moreover, they form one genus as z; and x run over SS,(IN) — the genus of
the quadratic lattice End((E, C)) for a (any) (E,C) € SS,(N) ([Ya2]). So, we have

Proposition 4.2. One has
-1

1 THom(ml 12)(m)
rp.N(m) = : '
P ml,mQEZSSp(N) |[Aut(z1)||Aut(zs)] ml,wzeZSS‘,,(N) [Aut(zq)||Aut(z2)]

5. Indefinite quaternions and Shimura curves

In this section (until the proof of Theorems 1.2, 1.3, and 1.4), we assume that D >
0 has even number prime factors, and let B = B(D) be the associated indefinite
quaternion. In this case, V = (B, det) is of signature (2,2) and is anisotropic when
D > 1. According to [Ku2, Theorem 4.23], the theta integral I(g, ¢) in Proposition 3.5
is a generating function of degrees of some divisors with respect to the tautological
line bundle over the Shimura curve associated to V. In our case, the line bundle can
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be identified with the line bundle of two variable modular forms of weight 1, and the
divisors can be identified with Hecke correspondences on a Shimura curve.
Recall that B* x B* acts on V via

(91,92)X = 1 X g5 "

gives an identification of GSpin(V') with

H={(g1,92) € B* x B* : detg; =detgs}.
The associated spin norm is u(gy, g2) = det g1 and there is an exact sequence

1—- G, — H—SOV)—1.
Let D be the Hermitian domain of oriented negative 2-planes in Vg, and
L={weVe=DM(QC): (w,w)=0,(w,w) <0}

on both of which H(R) acts naturally. The map

f:L/C* =D, w=u+iv+— R(—u)+Ro

gives an H(R)-equivariant isomorphism between £/C* and D. Thus £ is a (tautolog-
ical) line bundle over D. The Hermitian domain has also a tube representation, which
we need. Indeed, let

D= {(21,22) € C*: (21)S(22) > 0} = (H x H)|_|(H~ x H").

Then the map
w:D— L, w(z,29)= (ZZQ 1),
gives an isomorphism

D~ [/C* =D,

We will identify D with D via this isomorphism. The natural action of B* x B* on
V' induces the following action on D:

(5.1) (91, 92) (21, 22) = (i(g1)71,i(g2)" 22)

where g* = tg~! for g € GLa(R). One also has

(5.2) (91, 92)w(21, 22) = W((g1, 92) (21, 22)) (€121 + di ) (c222 + d2)
if we write

g = (4 3) €CLa(R), g5 =(%23) € CLa(R).
Associated to a compact open subgroup K of H (Q) is a Shimura variety Xg over Q
such that
Xk(C) = HQ\D x H(Q)/K.
Moreover, £ descends to a line bundle on Xk, which we continue to denote by £

by L.
It can be identified with the line bundle of two variable modular forms of weight (1, 1).
In this section, we always assume that

K = {(k1,k2) € Op(N)* x Op(N)* : detk; = det ko} € H(Q)

which preserves the lattice L = Op (V). By the Strong Approximation theorem, one
has
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Lemma 5.1. Let the notation be as above. Then one has an isomorphism

X7 (N) x X§(N) = Xg, ([21], [22]) = [21, wza).
Here XP(N) = TP(N)\H is the Shimura curve defined in the introduction (recall
w= (—01 (1)))

Let Qo = 5=y~ 2dx A dy be the differential on X (N), and let m; and w5 be two

natural projections of Xx = X (N) x XP(N) onto X (N). Then
0 = — 3 (77 () + 7 ().
Moreover, one has by [KRY, (2.7)] and [Mi, Lemma 5.3.2]
(5.3) VlXPN).00) = [ Q0= ~210h : TP (V)Co(-1)
X§(N)

o3 | (RS | (R

p|N p|D

where (p(s) = [[,1p(1 — p~*)~! is the partial zeta function, and Op is a maximal
order of B containing Op(N).

Next, we describe the Kudla cycle on Xg and relate it to Hecke correspondence
on XP(N). For a z € V(Q) with det(z) > 0 and h € H(Q), = is of signature (1,2)
and defines a sub-Shimura variety Z(x) of X}, g -1, its right translation by h gives a
divisor Z(x,h) in Xg. Let ¢ € S(V)E and m € Q. If there is 29 € V(Q) such
that det(xzo) = m, we define the associated Kudla cycle Z(m, ¢¢) as

Z(m, (pf) = Z gof(hj_l.%o)Z(:Eo, hj)
j=1

where

Supp(¢yr) N{z € V(Q): dete =m} = H Khj_lmo.

j=1
Otherwise, we define Z(m, ¢s) = 0.

Lemma 5.2. Let Tp y(m) be the Hecke operator on XP (N) as in the introduction.
Then (under the identification X = XP (N) x XP(N) in Lemma 5.1)

Z(m, char(L)) = Tp n(m)
where L = Op(N).

Proof. Let L,, = {x € L : detx = m}. By the Strong Approximation theorem, one
has H(Q) = H(Q)K. So in the decomposition (z¢ € V(Q) with Q(zo) = m)

L =[] Khj a0
we may assume that h; € H(Q). This implies

L, = HFKhj_IIO = HFKCL‘]‘, T; = h]-_ll‘o eL,
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where I'y = K N H(Q), and
Z(m, o5) ZZ vo,h;) = Z(hi'w) =Y Z(x;) =Tk \Dp.
J J
where D,,, is the set of (zl, z9) € D which satisfying z; = x(z3) for some = € L,
Note that there is some (y1,72) € I'x with dety; = detys = —1. So for any

(21,22) € D, there is some (21,25) € H2, such that either (2}, wz}) or (y12}, Yowz)
equals (z1, z2). So, one has

Z(m,py) = (L7 (N) x Ig (N)\D}f, = Tp,n (m).
Here
D} ={(21,22) EH x H: 2 = x(wzs), for some z € Ly, }.
Then we get the lemma. O

Theorem 5.3. For ¢ = char(Op(N)), one has

o0
I(r,050%0) = v I(gr,050) = > 7p n(
m=0

where 1, (0) =1, and for m >0

2
/ = — degT
o) = RPN, ag) e )
as in the introduction.
Proof. Write
I(r,p508) = Y c(m)q™
m=0

By [Ku2, Section 4.8], one has ¢(0) = 1 and for m > 0

c(m) = (vol(Xg, Q%)) ! /Z( )Q.

Clearly,
11 1
vol(X e, 02) = - — dzy @dyl p 42 gdw = —vol(XP(N), Q)2
2472 [xpnyxxpny U3 Y5 2

On the other hand, Q@ = —3(7}(Q0) + 73(Q)). So Lemma 5.2 gives

1 * *
m == [ e+

_ / 71(9)
Tp,n(m)

= —deg TD,N(m)/ Qo.
X5 (N)

So ¢(m) =1 ny(m) as claimed. O
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Proof of Theorems 1.2, 1.3 and 1.4: Now Theorems 1.2, 1.3 and 1.4 follow
the same way as Theorem 1.1. We verify Theorem 1.3 and leave others to the reader.
Let V(Y = V(D) and V® = V(Dp) as in the notation of proof of Theorem 1.1, and
let o =T, <pl(l) € S(VW(A) be as follows. For I { poo, we identify Op(N); with
Opp(N); and denote <pl(l) = char(Op(N);). Let

W =2, o =g
Finally, let

Mm___ 2 o P+l

S (2) _

sp
1Pt T ¥ =@,

Then ¢ and ¢ match by the results in Section 3. So one has by Proposition 3.5
I(r, W) = I(r, ).

Comparing mth coefficients of the both sides, one proves Theorem 1.3.
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