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LOJASIEWICZ INEQUALITY OVER THE RING OF POWER
SERIES IN TWO VARIABLES

GUILLAUME ROND

ABSTRACT. We prove a Lojasiewicz type inequality for a system of polynomial equa-
tions with coefficients in the ring of formal power series in two variables. This result is
an effective version of the Strong Artin Approximation Theorem. From this result, we
deduce a bound of Artin functions of isolated singularities.

1. Introduction

Let (A, m) be a Noetherian complete local ring. The powers of the maximal ideal of
A define a metric topology
on A, called the Krull topology, the norm being defined as

||z := e yre A

where ord(z) :=sup{n € N / z € m"} for all z € A, z # 0. This norm extends to A™
using the max norm.

In this paper, we are interested in inequalities relating the distance to the zero set
of a polynomial map defined over A to the values of this map. In the case A is a
discrete valuation ring (thus a ring of dimension 1) we have the following result:

Theorem 1.1 ([Gr66]). Let A be a complete discrete valuation ring. Let
f2)=(fi(2),..., fn(2) € A[2]", z:=(21,---,2m).
Then there exist a, b > 0 such that
Ve e NVzZ € A™ such that f(Z) € mat?
3z € A™ such that f(Z) =0 and z; —Z; em®, 1<j<m.
The case a = 0 in Theorem 1.1 corresponds to the case f~1(0) = 0, i.e., there
exists a constant b € N such that there does not exists 2 € A” with f(2Z) € m®. In the

case f~1(0) # 0, using the norm defined before it is well known that Theorem 1.1 is
equivalent to the following result:

Theorem 1.1°. Let A be a complete discrete valuation ring. Let f(z) € A[z]™ such
that f=1(0) # 0.
Ja>0, C>0 st |[f@)| > Cd(f1(0),2)* VzeA™
where
2)|| = max || f;(Z)|| and d(f~1(0),%) = inf u —Z||.
@ = max |G ond (012 =t flu—3]
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Proof. Let 7 € A™ and let ¢ € N be defined bye™¢ = d(f~1(0),%)). Then we claim
that f(z) ¢ me(cTD+b Indeed if it were not the case there would exist 7 € A™ such
that f(2) =0 and z; —z; € m“™! 1 < j <m, and we would get

d(f710),2) < |7 —z|| < eV < d(f71(0).2)
which is not possible. Thus || f(Z)|| > e~ (@(ctD+8) je.,

1f @) = e @™ d(f71(0),2)* vzeA™

Thus the inequality is satisfied with C' = e~*~**! and a = a.

On the other hand, let us assume that Theorem 1.1’ is satisfied. Let Z € A™ be such
that f(z) € m®“*® where e=® = C. Then ||f(2)|| < Ce~¢. Thus, d(f~1(0),z) < e~ ¢
and there exists z € A™ such that f(z) = 0 and z; —Z; € m¢, 1 < j < m. This proves
that Theorem 1.1 is satisfied. O

This kind of inequality is true if we replace f by a real analytic function on an open
subset 2 of R™ and A by a compact K C Q ([L59], see [Tel2] for an introduction).
This kind of inequality is called a Lojasiewicz inequality. We are interested to extend
this Lojasiewicz inequality to the case A is a two-dimensional local complete ring or
excellent Henselian local ring. We have the following analogue of Theorem 1.1:

Theorem 1.2 ([Ar69, Po86]). Let A be a complete local ring whose mazimal ideal is
denoted by m and let f(z) := (f1(2),..., fu(2)) € Alz]™. Then there exists a function
B : N — N such that:

VeeN, VzZi,...,%Zm € A s.t. f(z) e mP
321, ., Zm €A st f(2)=0and Z; —Z; em® 1 <i < m.

This theorem has been been proved by M. Artin in the case A is the henseliza-
tion of the ring of polynomials over a discrete valuation ring and by Popescu in the
general case.

Definition 1.3. The least function § satisfying Theorem 1.2 is called the Artin
function of f. This is an increasing function that depends only on the ideal I :=
(f1(2),-.., fn(2)). See [Ro06] for properties of this function.

M. Artin raised the problem of finding estimates on the growth of Artin functions
[Ar70]. In general they are not bounded by affine functions as in Theorem 1.1 (in
[Ro05] it is shown that the Artin function of 22 — 2223 is not bounded by an affine
function if A = k[z,y]), thus there is no Lojasiewicz inequality as in Theorem 1.17 in
this context. However, Artin’s question remains widely open in general. As Theorem
1.1 is equivalent to Theorem 1.1°, Theorem 1.2 is equivalent to the following result:

Theorem 1.2°. Let A be a complete local ring and let f(z) € A[z]™ such that f~1(0) #
(0. Then there exists a increasing continuous function v : R>g — Rxq such that
~v(0) =0 and

If @) =~ (d(f71(0),2)) VzeA™
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Proof. The proof is exactly the same as the proof that Theorem 1.1 is equivalent to
Theorem 1.1°. We have to replace ac+ b by ((c) and (t) := exp (=5 (—Int + 1)) for
any ¢t € In"!(N). Since 8 may be chosen to be an increasing function, v is increasing
and may be continuously extended to a continuous function on R>q . Moreover, saying
that v(0) = 0 is equivalent to say that ((c) goes to infinity as ¢ goes to infinity. O

The aim of this paper is to give an analogue to Lojasiewicz inequality when A =
k[z,y] and k is a perfect field (see Theorem 4.4). It asserts that the Artin function
of I is bounded by a linear function if the approximated solutions are not too close
to the singular locus of I. This is a generalization of the main result of [Ro10], where
a similar result is proven for binomials ideals. The proof is inspired by the proof of
M. Artin of Theorem 1.2 (see [Ar69]): we use the Weierstrass division theorem in
order to divide f by a well-chosen minor of the Jacobian matrix of f helping us to
reduce the problem to the case of a system of equations with coefficients in k[z].
Then we use an effective version of Theorem 1.1 proven in [Ro10]. Finally, we deduce
from Theorem 4.4 that the Artin function of an isolated singularity is bounded by a
doubly exponential function (see Corollary 4.13).

2. Notations

Let (A, m) be a local ring. Let us denote by ord the m-adic order on A, i.e., ord(z) :=
sup{n € N / z € m"}, where m is the maximal ideal of A. This order function defines
a norm on A as follows:

||z]| := e vz e A.

This is an ultrametric norm, i.e., ||z + 2’|| < max{||z||,||2’||} since ord(z + 2') >
min{ord(z),ord(z")} for any z, 2z’ € A. Since ord(zz’) > ord(z) + ord(z’), we have
l122'|] < 1|2]]-]|2'|| for any z, 2’ € A. We can extend this norm on A™ by taking the
maximum of the norms of the coordinates:

lelli= mex Ilell, V2 i= Goayeoo2m) € AT
This norm defines a metric on A™ as follows: d(z, 2’) := ||z — 2/|| for any z, 2’ € A™.
If a = (a1,...,a,) € A™ and ¢ € N, writing a € m® will mean a; € m® for all

1< <n.

3. Jacobian ideal

Definition 3.1 ([El73]). Let A be a Noetherian ring and let fi1,..., fn, €
Alz1,...,2m]. Let E be a subset of [1,n] of cardinal h. We denote by Ag(f) the

ideal of A[z] generated by the h x h minors of the Jacobian matrix (ggj

(This ideal is zero if h > m). We define the following ideal of A[z]:

Hy go= Y Ap(f)(fii€ E): )
E

)ieE,lgjgm

where the sum runs over all subsets E of [1,n].
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Remark 3.2. Apparently, this definition depends on the choice of the generators
f1s--+, fn of T and no details are given in [EI73]. In most references using Elkik’s
definition nothing is said about the dependence of Hy, . ¢ on the choice of the
generators either it is just said that it is easy to check that it does not depend on
this choice.

Al
T

In fact, a prime ideal of is in the smooth locus of the scheme Spec (A[z]> if and

only if it does not contain Hy, . ¢, ﬁ (see for example Prop 2.13 [Sp99] or Prop. 5.3

[Po00]), i.e., the smooth locus of Spec (A[Z ) is Spec ( ) \V (m E }> In

particular /Hy, . ¢, [ L does not depend on the presentation of the A-algebra L
Another definition of an ideal containing Hy, . ¢, whose support is the non—smooth
Alz]

locus of Spec ( F ) and which is independent of the presentation of # over A is
given in ([G-RO03] Definition 5.4.1).
Nevertheless in general the image of Hy, . . in [ ] depends on the generators

f1,---, fn as we can see in the following example:
Example 3.3. Set A = Qlz,y, z,t],

fii=uaz, far=uat, fsi=yz, fi=yt

and let I be the ideal of A generated by f1,...,fs: I = (z,y) N (z,t). The Jacobian
matrix of f1,...,f4 is

ofh 0f2 Ofs Ofa
Jdr Ox Oxr Ox
oh 0f2 Ofs Ofa
dy Oy dy Oy
ofh 0f2 Ofs Ofa
0z 0z 0z 0z
ofh 0fs Ofs Ofa
o ot ot Ot
Then det(M) = xyzt — xyzt = 0. Let us compute Hy,, ¢, modulo I:

All the 3 x 3 minors of M are in I. Let us compute the 2 x 2 minors of M which
are not in I. The only one involving f; and f5 is 22, the only one involving f3 and f4
is y2. The only one involving f; and f3 is 22, the only one involving f, and f4 is t2.
Those involving f; and f; and fo and f3 are xy and zt.

Now let us compute the ideals ((f;, f;) : 1) modulo I for 1 <i < j <4:

)

((f1, f2) : I) = () mod. I
((f1,f3) : I) = () mod. T

((f1: fa) - 1) = ((f2, f3) : I) = (wy, 2t) mod. I

((f2, fa) : I) = (t) mod. I
((f3s fa) : I) = (y) mod. I

Moreover, the ideals ((f;) : I) = 0 modulo I for any 1 < i < 4. Thus, we obtain

Hy . .p = (23,93, 23,3, (zy)?, (2t)?) modulo I.

S K8 O
8 O O
o v O
< O+ O
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Now let us consider
hi:=x(z+1t), ho :=x(z —1t), hg :=yz, hy = yt.
These four elements generate I. The Jacobian matrix of hq,... hy is

ox Ox ox ox

Ohy Ohg 0Ohs Ohy z+t z—t 0 0

vl e | [0 o s
" | Ohy Ohs Ohy Ohy x z y 0
92 92 02 02 T - 0 y

Ohy  Ohy Ohs Ohy
ot ot ot ot
Let us now compute Hy, . p, modulo I:

As before det(N) = 0 and all the 3 x 3 minors of N are in I. Let us compute the
2 x 2 minors of N, which are not in I. The only one involving h; and hs is 22. The
only one involving hs and hy4 is y?. The only ones involving h; and hs are zy and
z(z 4+ t). Those involving hy and h4 are zy and t(z — ¢). Those involving hy and hy
are zy and t(z + t) and those involving he and hg are zy and z(z — t).

Now let us compute the ideals ((h;, h;) : 1) modulo I for 1 <1i < j <4:

((h1,h2) : I) = (z) mod. I

((hi,h3) : I) = (zy,2(z + t)) mod. [
((hi,ha) : I) = (zy,t(z +t)) mod. I
((h2, hg) : I) = (zy, 2(z — t)) mod. I
((ha,hy) : I) = (zy,t(z — t)) mod. T

((hs,hs) : I) = (y) mod. I
Moreover, ((h;) : I) = 0 modulo I for any 1 < i < 4. Thus, we obtain
53, (xy)?, 22 (2 + )% 82 (2 4+ 1)2, 2% (2 — )2, t2(2 — t)?) modulo T.

Hpy,ohg = (2°,y
7, modulo I. On the other hand, 2* € Hy, g + 1. 1f
h, + I modulo (z,y,t). But

---------------

7777777777

Hp,oopy + 1= (2*) mod. (z,y,1)

and 2 ¢ (2*). Thus 2 ¢ Hy,, _p, +1 and Hy, ¢, # Hp,,... p, modulo 1.
In fact, we can show more: let us denote by .J the integral closure of an ideal .J.

Since Hy,,..pn, +1 C Hy, .y + 1, we have Hy, . p, +1 C Hy .t + 1. However,
since (%) = (2*) for any integer k, we see that
Hypy +1C Hpyoong +1

We finish this section by giving some effective bounds on Hy,
the proof of Theorem 4.4.

.. that we need in

.....

Lemma 3.4. Let k be a field. Let I be an ideal of K[z, y][z1, ..., 2m], where z and y
are single variables, generated by polynomials f1,..., fn of degree <d. Then Hy, ..y,

is generated by polynomials of degree < (m+2)((d+77"L+2)m+2d)2m+ +(m+2)(d—1).
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Proof. The ideal Hy, .y, is generated by the products of one generator of the ideal
((fi,i € E) : I) and of one generator of Ag(f). If the cardinal of E equals h, then
Ag(f) is generated by polynomials of degree < h(d — 1). Moreover ((f;,i € E) : I) is
generated by polynomials of degree < (m + 2)((d +m + 2)m+2d)2m+1 (cf. 56 [Se74]).
Since h < m + 2 this proves the lemma. O

Corollary 3.5. Let I be an ideal of k[z,y]|[z1,-..,2m] generated by polynomials
fiseooy fn of degree < d. Let H be any ideal of k[z,y][z] such that vVH +1 =

VHy, .. 1, +1. Then we have
(H+1)°CHyp,.5, +1,

where

e:= ((m+2)((d+m+2" 22" 4 m+2)@-1)" "

Proof. By Théoreme 1 [Te90] we have

dn]in{n77n+1}

cJ

for any ideal J of k[z,y][z1, ..., 2m] generated by n-polynomials of degree < d. We
apply this to the ideal J := Hy, . ¢, + I using Lemma 4.3. O

Remark 3.6. By Proposition 2.13 [Sp99] or Proposition 5.3 [Po00], we can choose

H = ‘/Hfly»--yfn or
H:=Y"Y Ap(9)(gi€ E): )

where the first sum runs over all the sets of generators g1, ...,gs of I and the second
sum runs over all subsets F of [1, s].

Remark 3.7. We claim that there exists a constant C' > 1 such that for all d > 2
and all m > 1, e < dc".
Indeed, for all d > 2 and m > 1, we have

e < (2(m +2)(d +m +2)"2d)2" M < (d 4 m g 2)2" T mmEs)

23(m+1)

< (d+m+2) < (d+m+2)%".

But
log (d+m+2) < C" log(d)

for all d > 2 and m > 1 and a well chosen constant C’ > 0. Thus we set C := 64C"
and the claim is proven.

4. Lojasiewicz inequality with respect to the Krull topology

Definition 4.1. Let I be an ideal of A[z] and let Z € A™. We say I(Z) € m? if and
only if g(z) € mP for all g € I.
The set 171(0) is defined as

I7N0):={z€ A™ | g(2) =0 Vg I}.

Let us recall the following result that we will used in the proof of Theorem 4.4:
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Theorem 4.2 ([Rol0]). Let k be a perfect field. For all m,d € N, there exists
a(m,d) € Z such that for any f = (f1,..., fn) € K[z, 2]™, with z = (21,...,2m) and
x a single variable, such that the total degree of f; is less or equal to d for 1 <1i < n,
for all ¢ € N and for all z(z) € k[[z]]™, such that f(z,z(z)) € (z)* DD there
exists Z(x) € Kk[[z]]™ such that f(z,Z(z)) = 0 and z(x) — Z(x) € (x)°. Moreover, the
function (m,d) — a(m,d) is a polynomial function with respect to d whose degree is
exponential in m.

Remark 4.3. In [Ro10] this theorem is stated for a characteristic zero field k. In fact
the hypothesis on the characteristic of the field is made only for using the Jacobian
criterion. However, this is one is still valid if k is perfect. Thus this theorem is valid
for any perfect field k.

Then we can state our main theorem:

Theorem 4.4. Let A := Kk[z,y], z and y being single variables, and k be a perfect
field. Then there exist constants K1, Ko, Ks > 0 such that for any d > 2 and any
m > 1, for any ideal I = (f1,..., fn) of K[z,y, 2] generated by polynomials of degrees
less than d such that f=1(0) # 0, where z := (z1,...,2m), we have the following

inequalities:
Kom
1
( [#s1,tm <Z>||)

@) @I 2 Edz o)A vz e ammio)
where H is any ideal of Alz] such that vH +1 = \/Hy, . 5, +1.

(4.1) 1f @) > (Kid(z, f~(0))) vZe A™H | ; (0)

Remark 4.5. Both inequalities show that we have a Lojasiewicz inequality as in
Theorem 1.1’ if we consider elements Z, whose contact order with the singular locus

of X := Spec (@) i.e. ord(H(%z)), where H is an ideal defining the singular locus of

X, is bounded.

Remark 4.6. In Theorem 4.4, both inequalities are valid only when z ¢ H~1(0). In
general we can do the following:

Let e be an integer such that VI® C I. Let fi,---, fn be generators of I and
g1, i be generators of v/I. For any Z € A" and for any i we have g§(z) €
(f1(2),..., fu(2)). Thus for any i, there exist a; 1,..., a;, € A such that

G5 (Z) = ainfi(Z) + -+ ainfn(Z).

Hence ord(gf(2)) > min; ord(f;(z)) and ||g(2)||° < || f(Z)]]. Since f~1(0) = g~1(0) we
see that if g1,..., g; satisfy Inequality (4.1) or (4.2) then fi,..., f, satisfy the same
kind of inequality where d(f~'(0),Z%) is replaced by d(f~1(0),z)c.

In particular if I is a radical ideal and if we set X := Spec (%), then H defines the
singular locus of X denoted by Sing(X) which is a proper closed subset of X. Then
we have a natural stratification of X where the first stratum is Reg(X), the regular
locus of X, the second one is Reg(Sing(X)), the third one is Reg(Sing(Sing(X))), etc.
On each of these strata, we can apply Theorem 4.4. Thus, we see that we can stratify
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X into a finite set of locally closed subsets of X, such that on each stratum S we have

an inequality of the form

_ e — K( metem)

Lf @I = (Kid(f77(0),2))"2 vzels

where S = f71(0) (S denotes the Zariski closure of S) and S = S\H~1(0).
By replacing H by some power of H, we may even assume that K3 = 1.

Remark 4.7. If fi1,..., f, are polynomials of degree 1 with respect to z, then the
Artin function of f is bounded by an affine function (cf. Théoréeme 3.1 [Ro06]). Thus
such a system satisfies Theorem 1.1°.

Remark 4.8. This theorem is not true if A is of dimension more than 2. In [Ro06]
the following example is given:

Let A := k[z1, 22, 23] and let f := 2129 — 2324. Here Hy = \/IT = (21, 29, 23, 24)-
For any ¢ > 3, let us denote

ch) = xf, féc) = x5, Zéc) = z179 — 7§,
Then there exists Z(f) € A such that ch)ééc) - Zéc)éff) € m¢". Moreover it is proved in
[Ro06], that any solution Z € A* of f = 0 satisfies min 4{0rd(§l(-c) —2;))} < c. Thus

there do not exist constants a > 0 and b > 0 such that ||f(Z(9)|| > ad(z(?, f~1(0))"
for all ¢ € N, but ||H;(z(¢))|| = e~? is constant for any c.

Remark 4.9. This theorem is still valid if A is any excellent Henselian local ring
whose completion is k[z, y] by Artin Approximation Theorem [Po86]. Indeed in this
case the zero set of f in A is dense in the zero set of f in k[z,y] for the topology
induced by the norm ||.||.

Proof of Theorem 4.4. We begin to prove the first inequality. Let us denote by m :=
(x,y) the maximal ideal of k[z,y]. Let ¢ € N. Let s € N and let Z € k[, y]™ such
that f(z) € m? for all f € I with

v =~(m,d,s,c):=a(2(m+1)s,4mds)(c + 2s + 1)

where af(.,.) is the function of Theorem 4.2 and let us assume that Hy, . ¢, (Z) ¢ m°.
Since Hy, ..., is generated by the elements dpkr where dg is a minor of the Jacobian

n

matrix (gf and kg € (fi,i € E) : I), there exists E C [1,n] such that
i/)ieE1<i<m

0p(2)kr(Z) ¢ m*. In particular 0z (Z) ¢ m®. Let ¢ denote this minor, i.e., § := 0g.
Then we remark that deg (9) < m(d — 1).

For convenience we will assume that F = {1,...,q} where ¢ < n.

Let r := ord(6%(2)) < 2(s — 1). In this case ord(kg(2)) < s — 5. If r = 0 then 6%(2)
is invertible and f(z) € (62(2))m” C (6%(z))m°. In this case we set z := z. Then let
us assume that 62(%) is not invertible. Since k is infinite, by making a linear change
of variables in x and y, we may assume that §2(%) is regular with respect to y and by
the Weierstrass Preparation Theorem 62(Z) = uwa where 7 is a unit and

a=y +a(x)y "+ a(e),
where a;(z) € ()" "'k[z], 1 <i <r.
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Then we perform the Weierstrass division of Z; by a:

r—1
Zi=awi+ ) Zij(2)y’
j=0
for 1 <i < m. Set
r—1
z =) Za)y’, 1<i<m
7=0

Then §2(z) = 62(z*) mod. @ and f(Z) = fx(z*) mod. @ for 1 < k < n.
r—1
Let z; j, 1 <i<m, 0 <j<r—1, be new variables. Let us define z; := Zzi7jyj,
j=0

1 <i<m,and
A(aivy) = y’f‘ +alyT_1 +--+ar € ]k[yvalv"';a'T]?

where ay,. .., a, are new variables. Then the Euclidean division of 62(z*) and f;(z*)
by A (seen as a polynomial in y) may be written as follows:

r—1
§3(2*) = A.Q + Z Gy
1=0

r—1

fe(z") = A.Qr + ZFk,lyl7 1<k<r
1=0

where Q, Qr € k[z,y, 2 5, ap] and Gy, Fi; € k[, z; 5, ap]. Moreover, deg (fi(2*)) < dr
and deg (62(2*)) < 2m(d—1)r; hence, we get deg (F),;) < dr—1 < 2ds and deg (G;) <
2m(d — 1)r — I < 4mds by the following lemma:

Lemma 4.10. Let P(A,U, V) € k[AUV] where U = (Ui,...,Up),
A= (Ay,..., A) and V is a single variable, and set A(V) :=V" + A V"1 + ... +
A, € k[A, V. Let us consider the division of P by A with respect to V: P = AQ + R
with degyv (R) < degy (P). Then deg(R) < deg(P).

Proof of Lemma 4.10. We can write P(V) := P.V¢+ .-+ Py with P; € k[U], P. # 0
and deg (P;) < d — i where d := deg (P). Then we have:

P=PVAV)+ R,
with
Rl = (Pe—l - F)eféll)‘/ei1 +-+ (Pe—r - PeAr)Veir + Pe—r—lvreiri1 +oeee PO

where degy (R1) < degy (P). Moreover, we see that deg(R;) < d. Thus, we obtain
the result by induction on e := degy (P). O

Then, we have
r—1

§2(z%) = ZGl(t,im(x),dp(x))yl mod. (@)
1=0

r—1
fe(@) =D Fout. % (x),ap(x))y' mod. (@), 1<k<r.
=0
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However, 62(z*) = 0 mod. (a) thus G,(z, z; ;(z),@,(x)) = 0 for all I. Moreover, f}(z) =
0 mod. (@) +m?, thus fx(z*) = 0 mod. (a) +m” and Fj (x,%; j(z),ay(z)) € (x)7 for
all k and | by Remark 6.6 [BMS87].

By Theorem 4.2, there exist z; j(z) € k[z] and @,(z) € k[z] for all i, j and p,
such that Gi(z,Zz; j(x),ap(z)) = 0 and Fy(x,%; j(x),ap(x)) = 0 for all k and [ and
Zij(x) — Zi (), Gp(x) — @p(x) € (2)°F2% for all 4, j and p.

Let us denote

Tl 4 a(2)
d—
Z?
=0
for all i. It is straightforward to check that f;(Z) = 0 mod. §2(%) for 1 < i < r and
Zj(z) —Z;(z) € mTs for 1 < j < m.
Since ord(6%(Z)) = r, then we have f(Z) € 6%(Z)m°*2*~". In any case, we have

f(Z) € 6%(Z)m¢. Then we use the following generalization of the Implicit Function
Theorem:

|
@H

Theorem 4.11 ([To72]). Let (A,my) be a complete local ring and let fi(2),...,

fq(2) € Alz] with ¢ < m. Let § be a g x ¢ minor of the Jacobian matric M

Let us assume that there exists Z := (Z1,...,2m) € A™, such that
fi(Z) € (6(2))*m§ for all1 <i<gq
and for some ¢ € N. Then there exists 2 = (z1,...,2m) € A™ such that
fiR)=0foralll1 <i<gq, and zZ; —%z; € (6(z))m% for all1 <j <m.

Thus, ord(kg(2)) = ord(kg(z)) since z; —z; € me™2577 1 < j < m, and since
ord(kp(%)) < s —§ < 2s—r, hence kp(2) # 0. Since kp(2) fi(2) € (f1,..., fy) for any
i, we have f;(z) =0for 1 <i<n.

Thus, we have proved that if f(Z) € m” and Hy, . 7, (Z) ¢ m®, then there exists
Z € A™ such that f(Z) = 0 and Z — Z € m®. By Theorem 4.2, there exists K such
that a(m,d) < d¥™ for all d > 2, m > 1. Since ¢ +2s + 1 < (¢ + 1)(2s + 1) we have
v < b(c+ 1) where

(4.3) b < (254 1)(4mds)

for some constant K’ large enough (the existence of K’ is proven exactly as the
existence of C' in Remark 3.7). Thus, for any d > 2, m > 1, f(z) € A[z]"™ such that
deg(f) < d:

(44)  ord(f(2)) >

K2(m+1)s

<d5™, vd>2, VYm,s>1,

; (c+1) = max min{ord(z; —%;)} > ¢

z€f71(0) @
Hence, there exists K > 0, such that
m - = 1 =
Vze A \Hfjm’f" (0) zer]r“lal}%o) mlln{ord( —Z)} > P ord(f(z)) — 1

Thus

K™ orcl(Hf1

5@ = (+ a7 o)

,,,,,
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Since K™ dUHrrn ) = ||Hy, 4 (Z)||71°8)™ | we have proved Inequality (4.1)
with K7 := 1 and K5 := log(K).

Let us prove the second inequality. Let Z € A™ such that H(Z) ¢ m® and I(Z) C m?’
where

7 =a(2(m+ l)sdcm,llmdsdcm)(c +25d°" + 1),
where C' is the constant of Remark 3.7, ie., v/ = ~(m,d,sd®",c). In particular,
cm m
vVH +1(Z) ¢ m*. Then we have ESA (z) ¢ m*d”" | thus (Hf, .50 +1)(Z) £
m cm

m*d”" since VHE+ 10 C Hy, . ¢ +1 Dby Corollary 3.5 and Remark 3.7. However,
Iz) cm” C m*”" | then Hy . 5.(2) ¢ m*”" . Thus, by the previous case (by
replacing s by sd®"), we see that there exists Z € A™ such that f(Z) = 0 and

Z — Z € m°. Moreover, there exists a constant K” > 0 such that d¢"m < dE"™ for
all d > 2 and all m > 1; thus, we have

C’VTL K//m
’ K/msd K/sd
v <d <d :

Hence, exactly as the end of the proof of Inequality (4.1), we have

(o)

If @I = (Kad(z, f71(0)))

for some positive constants K; > 0 and K3 > 0 independent of Z. O

Example 4.12. Let f(z) € k[z2]" and let us assume that z,, € \/Hy. Let h €
(7,9)?k[z, y] be a non-zero power series without multiple factor and let

9(217' . '7Zm—1) = f(zla o 7Zm—17h)'

Then, we claim that the Artin function of g is bounded by an affine function.

Indeed, let us denote by e the order of h. By Theorem 4.4 there exist two constants
a >0 and b > 0 (depending on e and a power of z,, which belongs to Hy) such that
for any Z1,..., Zm—1 € k[z,y] with

f(El, ey Zm—1, h) S (l,’y)a&kb

there exists Z1,...., Zm_1, h € k[z,y] such that

FGrre o B ) =0

and %, —Z;,h—h € (x,y)¢, Vi.
We claim that J := (g—’;, g—Z), the Jacobian ideal of h, contains a power of (z,y).
Indeed, it is well known that h € v/J (see Theorem 7.1.5 [HS], for example) and
after a linear change of coordinates we can write h = g.u where g is a Weierstrass
polynomial in the variable y and u is a unit. Since w is a unit and J does not depend
on the choice of coordinates, we have VJ =/ J' where J' is the Jacobian ideal of g.

Moreover g and g—g are coprime since g is a polynomial with no multiple factor and

char(k) = 0. However, g € v/J' thus height(v/J') = 2 and V.J = VJ' = (2,y) since
(x,y) is the only height two radical ideal of k[z,y]. This proves that J contains a
power of (z,y).
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Thus there exists k& € N such that (z,y)* C J2. Let us assume that ¢ > k + 1 and
let us consider the equation:

P(xayamlayl) = h(l‘,y) - h(xbyl) =0

where x; and y; are new variables. Then
2
Ple.yann) € ) © )™ (G Goten)

. [ OP P 2
= (.T,y)c k <al.1($ayaxzy)vayl($ay’m7y)>

since g—i(az,y,m,y) = —%(az,y) and g—;(a:,y,x,y) = —%Z(x,y). Thus by Theorem
4.11, there exists 71, y; € k[z,y] such that P(z,y,71,7;) = 0 and T1(x,y) — =,
7y (x,y)—y € (z,y)*"*. Thus, the k-morphism ¢ defined by p(p(z,v)) := p(Z1(z,y), 7,
(z,y)), for all p € k[z,y], is a k-automorphism of k[z, y]. By assumption ¢(h) = h
and p(p) — p € (z,y)** for any p € k[x,y]. Let z/ := ¢~ 1(;) for 1 <i < m. Then
2~z € (v,y) 7k, for 1 < i < m, and f(Z},...,7,,h) = 0. This proves that the

Artin function of g is bounded by ¢ — a(c+ k) + b.

From Theorem 4.4 we can find the following bound of the Artin function of an
isolated singularity (a similar bound has been given in [Ro10] for binomial ideals):

Corollary 4.13. Let k be a perfect field. Let I = (f1,..., fn) be an ideal of K[z, y, 21,
<.y Zm] such that I C (z1,...,2m). Let us assume that Hy, . ¢, contains a power of
the ideal (z1,...,2m). Then the Artin function of I is bounded by a function of the
form ¢ — KX° for some constant K > 0.

Proof. Let A denote the ring k[z, y[. For Z € A™ let us set D(Z) := min; ord(%;). Let
k € N such that (2)* C Hy, ; and let d € N be a bound of the degrees of the f;’s.
mk(D(z)+1

By Theorem 4.4, for any z € A™ such that D(Z) < oo, if I(Z) € md" e )(CH),
then there exists z € A™ such that I(2) = 0 and Z—Zz € m“A™ (see Inequality (4.3) in
the proof of Theorem 4.4). Let us remark that there exists a constant K > 1 such that
K kc(c +1) < KX° for any ¢ > 1 (this inequality is proven exactly as the existence
of C in Remark 3.7).

Now let z be any element of A™ such that I(z) € m& “. Then two cases may
occur: either D(Z) > ¢, either D(Z) < c. In the first case, let us set z; := 0 for

mk(D(Z)+1)
1<j<mIf D) < c, then I(z) € md"! (e+1) by assumption on K, thus
there exists 2 € A™ such that I(2) = 0 and z; — Z; € m® for 1 < j < m. This proves
the corollary. O

m
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