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WEAK TRACE MEASURES ON HARDY-SOBOLEV SPACES

CARME CASCANTE AND JOAQUIN M. ORTEGA

ABSTRACT. In this paper, we obtain a characterization of the weak trace measures for
the Hardy-Sobolev spaces HY, that is, the positive Borel measures on S™ such that

sup AP p({C € 8™ Mraal 1(C) > A) < ClIfIIG 0,

when 1 < p < 4o00. Also, some partial results on weak g-trace measures for the non
diagonal case are obtained.

1. Introduction

Let H? be the Hardy—Sobolev space on B”, the unit ball of C™. If f is a function on B”
and S™ is the unit sphere, let ¢ € 8™ and let {M,aq[f](¢) = supg<,<1 [f(pC)| be the
radial maximal function. If ¢ is a non-negative Borel measure on S, 0 < p,q < 4+
and 0 < s < n, we say that p is ¢g- trace measure for H? if there exists C' > 0 such
that for any f € H?

(1.1) ||Mrad[f]”L‘1(du) < CHf”Hg’

Analogously, p is a weak ¢-trace measure for H?, if there exists C' > 0, such that
for any f € HP

(1.2) [MeaalfIll Lo (@) = sup Au({¢ € 8™ Mraa[f1(¢) > A}) < CIIf I

Clearly any g-trace measure for H? is also a weak g-trace measure for H?. When
p = q, we will simply say trace and weak trace measures, respectively.

Observe that for n — sp < 0, the space H? consists of continuous functions up to
the boundary, and all finite positive measures on S™ are trace measures. From now
on we will assume that n — sp > 0. With the appropriate changes, some of the results
are also valid for the extreme case n = sp.

The problem of the characterization of the trace measures for the Hardy—Sobolev
spaces H? on the unit ball, when 0 < p < +00, is not completely solved and only
include some particular range of s and p. When p < 1, the trace measures for H? have
been characterized in [Ah]. If p > 1 and n—sp < 1, the trace measures for H? coincide
with the trace measures for the non isotropic potential space K [LP] defined below
(see [CohVe]), which can be characterized in terms of non-isotropic Riesz capacities.
Interesting results for a related problem on Carleson measures for H2 and n —2s > 1,
have been obtained in [VoWi] (see also [Tch] for the case n — 2s = 1). However, the
problem is still open for the remaining cases.
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The object of this paper is to give a characterization of the weak trace measures
for H? for any p < 400 and 0 < sp < n. Also, we will give some results on weak
g-trace measures for the non diagonal case q # p.

Before we state our main results, we introduce some notations. We denote by do
the normalized Lebesgue measure on S™. The notation (7 will be used to indicate
the complex inner product in C™ given by (7 = > i, (i, if ¢ = (¢1,...,Cn), 0 =
(N1, -..,Mn). If ¢ € S™, we denote by B((, R) the non-isotropic ball in S™, given by
B((,R) = {neS", [ - (7| < R}.

The Hardy-Sobolev space H?, 0 < 5, 0 < p < +oo, consists of those functions
f holomorphic in B™ such that if f(z Z frx(2) is its homogeneous polynomial

expansion and the fractional radial derlvatlve is defined by

Rf(2) =T+ R)°f(2) =D (1+k) fu(2),

k

we have that || f|[%; » = Jgn Mraa[R? f](C)Pdo(C) < +oc.

We can reformulate the problem stated in (1.2) observing that if 0 < s < n, and
p > 1, for any function f in H? there exists g € LP(S™) such that

(1) s =elale) = [ 9

Wda(f)

and || f||gr = inf, ||g||z» (see for instance [CaOr]).

Consequently, the estimate (1.2) can be rewritten as follows: there exists C' > 0
such that for any f € LP(S™),

(1.4) sup Ap({¢ € 8" MraalCs[f11(¢) > A} < CII 11T

A>0

The relationship between exceptional sets for H?, i.e., sets £ C S™ such that there
exists f € HP with M;aqf(¢) = oo for ¢ € E and weak trace measures is one of the
motivations to study the weak trace measures. We observe, for instance, that if p is
a weak trace measure for H?, then its support cannot be an exceptional set for HP.

The main result in this paper is the following:

Theorem 1.1. Let 1 < p < +00, 0 < s <n and p a finite positive Borel measure on
S™. We then have that the following assertions are equivalent:

(i) There exists C > 0 such that for any f € HP

||f||

p({€ € 8™ Myaalf1(€) > A}) <
(ii) There exists C' > 0 such that for any f € LP(S™),

H(C € 8™ Mualc 1110 > 2 < 121
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(iii) The measure p satisfies the following two conditions:
(a) There exists C > 0 such that for any ¢ € S™ and r > 0,

p(B(,r)) < CrmeP.

(b) There exists C > 0 such that for any f € LP and any non-isotropic ball
B cS",

[ s /Q(L_{izgnSdUOﬂ‘dﬂ(C)§§C7(/L|fwd0>;)M(B);~

In order to give an interpretation of condition (iiib), we recall that g € L”*°(p) if
and only if,

9]l Lp.oe (u) = sup N u({¢ € 8™ [g(Q)] > A}) < +oo.
>

The so-called Kolmogorov’s condition (see Lemma 2.8, Chapter V in [GaRu]) gives
an equivalent definition. Namely, g € LP*°(u) if and only if, there exists r < p and
C > 0, such that for any subset £ C S™, such that u(F) > 0,

(15) uwﬁf{égwwwxﬁrga

Consequently, condition (iiib) of the weak trace measure given in Theorem 1.1 can
be interpreted as a Kolmogorov-type estimate where the family of sets F considered
are restricted to non-isotropic balls, g = Maq[Cs[fxB]] and 7 =1 < p.

Finally, observe that condition (iiib) is a localized condition, analogous to the one
obtained by [LaSaU] for some maximal integral singular operators on R".

Before we state our next result, we introduce some more definitions and notations.

We denote by K the non-isotropic potential operator defined on L?(S™), by

Ko = | S

sn [1—(mn—s
A measure p on S™ is a weak trace measure for the non-isotropic potential space
K[LP], if there exists C' > 0 such that for any f > 0,

sup AP pu(({¢ € 8"5 Muaa[KG[f]1(C) > A}) < CIIfILs-

A>0

do(n), ¢e€B".

A measure p on S™ is a trace measure for the non-isotropic potential space K¢[LP], if
there exists C' > 0 such that for any f > 0,

. Miaa [Ks[f117(C) dp(C) < ClIF Lo

Since for ¢ € 8™, Myaq[Cs[f]](C) < Myaa K[| fI]](C) = K[| f]]({), any trace mea-
sure (resp. weak trace measure) for K [LP] is also a trace measure (resp. weak trace
measure) for the space HP. The study of the traces on K [LP], which correspond to
an operator with positive kernel is simpler than the same problem on H?.

The trace measures and, more generally, the g-traces for the Riesz potential spaces
in R™, I,[L?], have been studied by several authors. When 1 < p < ¢, it was shown
by Adams (see [AdHe], Theorem 7.2.2) that p is a g-trace for I;[LP], if

p(B(z,r))

SUP n—sp)a/p

zeRn,r>0 T

< +o00,
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where B(z,r) is the Euclidean ball of radius r > 0 centered at x € R™. In the case
p = q, a capacitary characterization was obtained by Adams et al. (see [Ad1] and

[AdHe|, Theorem 7.2.1): p is a trace for I;[LP] if and only if supq % < 400,

where the supremum is taken over all open sets and Cffp is the Riesz capacity. Other
non capacitary characterizations have been given in [KeSa]. In the upper triangle
case 1 < ¢ < p, a capacitary characterization has been obtained by [MaNe]. All these
results have a non-isotropic version for the non-isotropic potential space K [LP]. In
[CaOrVe] it has been obtained a characterization of the ¢ trace measures, 1 < g < p,
in terms of the non-isotropic Wolff potential.

The following theorem establishes, in particular, that when n — sp < 1 the trace
and weak trace for H? and K [LP] coincide:

Theorem 1.2. Let 1 <p < +00, 0 < s <n and i a finite positive Borel measure on
S™. We then have:

(i) If n — sp < 1, the following assertions are equivalent:
(a) The measure p is a weak trace measure for HP.
(b) The measure p is a trace measure for HP.
The measure p is a weak trace measure for Ks[LP].
The measure w is a trace measure for K [LP].
There exists C' > 0 such that for any open set E C S™

(L6) u(E) < CC, 4 (E),

where Cs ,(E) is the (s, p)-non-isotropic Riesz capacity of E.
(ii) If n — sp > 1, there exists a positive Borel measure (1 on S™, such that p is
a weak trace measure for HP, but u is not a weak trace measure for K[LP].

c
d
e

—~ N~
~

As we will see in the forthcoming sections, any weak trace measure u for H? satisfies
that u(B((,r)) < Cr™=*P. The following theorem shows that if p > 2 this necessary
condition can be strengthened.

Theorem 1.3. Ifp > 2, n—sp > 1 and p is a weak trace measure for HP?, then there
exists C' > 0 such that for any open set G C S™

(1.7) W(G) < O, 5(C).
For the non-diagonal case p # ¢, we obtain the following results:

Theorem 1.4. Let 0 < s < n and p a finite positive Borel measure on S™ and suppose
either p <1 andp < qorl <p<q. We then have that the following assertions are
equivalent:

(i) The measure p is a weak q-trace measure for HP.
(ii) The measure 1 is a q-trace measure for HP.
(iii) There exists C' > 0 such that for any ¢ € S™, r > 0,

u(B(¢,r) < Crivomi,

For the more difficult case when ¢ < p, we give some partial results. If ¢ <

p < 1, it was proved in [CaOrl] that p is a g-trace measure for H? if and only

if sup,., s %XB(C) € Lva (dp). Here, for the weak g-traces we have the following
"B
theorem:
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Theorem 1.5. Let 0 < s < n and p a finite positive Borel measure on S™ and
suppose that ¢ < p < 1. Assume that in addition 0 < n — sp < p. We then have that
the following assertions are equivalent:
(i) w is a weak q-trace measure for HP.
(ii) For any fized § > 0, if rp denotes the radius of the non-isotropic ball B,
then,

(19) sup (‘ﬁfﬁl) " X5(0) € L (dp).

rg<d TB
When p > 1 we have

Theorem 1.6. Let 0 < ¢ < p, 1 < p, 0 < n—sp <1, ua finite positive Borel
measure on S". If ¢ < 1, in addition we assume that p > 2 — 2. Then the following
conditions are equivalent:

(i) There exists C > 0 such that
[Mraalf]ll Lo @) < Cll S|l e
a(p=1)

(i) Weplu] € L™= (u).

The paper is organized as follows: In Section 2 we recall the non-isotropic dyadic
decompositions and the properties that we will use in the proof of Theorem 1.1. In
Section 3, we define and give the main properties of the non-isotropic capacities and
give the lemmas that will be used to prove that (i) implies (iiia) of Theorem 1.1,
and that (i) implies (ie) of Theorem 1.2. In Section 4, we obtain weak LP-estimates
for a non-isotropic fractional maximal operator that will also be used in the proof
of Theorem 1.1. We finish the proof of Theorem 1.1 in Section 5, and the proofs of
Theorems 1.2 and 1.3 in Section 6. In Section 7, we give the proof of results on g-trace
measures for the non-diagonal case p # q.

Finally, the usual remark on notation: we will adopt the convention of using the
same letter for various absolute constants whose values may change in each occurrence,
and we will write A < B if there exists an absolute constant C' > 0, such that A < CB.
We will say that two quantities A and B are equivalent if both A < B and B < A,
and, in that case, we will write A ~ B.

2. Preliminares on non-isotropic dyadic decompositions

We recall a modification of the non-isotropic dyadic decomposition of a metric space
of [Chr], due to [HyKa]|, which plays a similar role to the dyadic decomposition in
R". We will state this decomposition for S™. Given a fixed parameter 0 < § < 1, small
enough and a fixed point xy € S™, there exists a finite collection of families of sets,
Dj;, 5 =1,...,M, called the adjacent dyadic systems. Each D, is a family of Borel
sets Q¥ k€ Z,ac I;, called the dyadic cubes, which are associated with points ¢k,
which we will call the center points of the cubes Q¥ , having the following properties:
(i) S"™ = Uaer, Q% (disjoint union), for each k € Z.
(ii) if k <, then either Q4 N QK =0 or Q4 C QL.
(iii) There exist c1, C; > 0 such that B(¢*, c16%) c QF c B(¢k, C16%) .= B(QF).
(iv) If K <l and Qlﬁ C QF, then B(Qg) C B(QF).
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(v) For any k € Z, there exists a such that zg = (¥, the center point of Q% € D;.

(vi) There exists C' > 0 such that for any non-isotropic ball B({,r) C S™, with
§FF3 < p < §%+2 there exists j and QF € D; such that B(¢(,r) C QF and
diam Q¥ < Cr.

The family D = Uj\il D; is called a dyadic decomposition of S™ and we say that
the set Q¥ is a dyadic cube of generation k centered at ¢* with radius TQk = 5",
If 0 < s < n, we define the fractional maximal function

1
M) =sup i [ |fldor
(/] SUp B E Bl
If 1 <j < M, we consider the dyadic fractional maximal function

MR = sup e /Q fldo.

CEQED; |Q|

Here |E| = o(E). The following lemma is a version of a Whitney decomposition of
an open set in S™ (see, for instance, p. 857 in [SaWh]). For a sake of completeness,
we give a sketch of the proof.

Lemma 2.1. Let R > 1 and let 2 be an open set in S™. Consider a dyadic adjacent
system D; in S™, j € {1,...,M}. If j is fived, Let A; be the family of cubes QX € D,
which are mazimal with respect to the property RB(Q’“) C ). We then have:

(i) Q= UQk en, QY and for the cubes in A, either Q% N le =0 orQF = Q(’ill
(ii) There exists K > 0 only depending on the constants Cy and § of the dyadic
adjacent system, such that for every Q% € A;, we have that KRB(QX) N
Qc £ ().
(iii) There exists C > 0 only depending on the constants C1 and ¢ of the dyadic
adjacent system, such that ZQk eA, XRB(QK) < Cxa-

Proof. Let j € {1,..., M} be fixed. Let A; be the family of cubes Q* € D;, maximal
with respect to the property RB(Q¥) C Q, where B(Q%) = B(¢¥, C16%) is as it was
defined in (iii) of the properties of the adjacent dyadic systems.

Observe that if ¢ € Q, for any k, there exists a cube QX € D; such that ¢ € Qk and,
if k is big enough, we also have that RB(Q*) C Q. We then have that Q = UQgeAj Qk
and the first assertion in (i) holds. The maximality of the choice of the cubes gives

the second assertion of (i).
Next, we check that (ii) holds. The maximality of the cube Q¥ gives that if QAakil i

the predecessor of the cube Q¥ then RB(QAakil) NQc#£P. Let ¢ € RB(QAakil) naQe.
We then have that

1= cChl <2 (11— A"+ [1 = ¢AICh]) < 2RC1* ! 42016 < KR,
for K > 20U hys £ RB(G, ) NQ° € KRB(QE) N Q.

In order to prove (iii), let ¢ € Q be fixed. Since there exists C' > 0 such that for
any cube QF such that ¢ € RB(QF), we have that RB(Q¥) c B(¢,Cd*), we deduce
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that

o(QF) o(Ugr: cerp(or)Qh)
Z XRB(Q’;)(C) N Z = o k <1
Qhen, oken, ‘cerpor) T BECY) o(B(¢,CoF))

3. Non-isotropic capacities and Wolff potentials

Let us recall (see [CohVe]), that if 1 < p < +00, 0 < s < n, the non-isotropic Riesz
capacity of a set £ C S”, is defined by

Cop(E) =mf{[|flZ: f >0 K[f] > 1 on E}.

The non-isotropic Wolff potential of a positive measure v on S™ is given by

(3.1) Wbl = | 1 (W“))) dr.

tn—sp t

We recall that if v is a nonnegative Borel measure on 8™, V; ,,[v] is the non-isotropic
Riesz potential defined by

(3.2) Vep[V)(Q) = K [K,[v]P' 7).

We have that W, ,[v] < V5[], and the non-isotropic version of the fundamental
Wolff’s theorem gives that in average the converse is also true, namely, if we denotes
the energy of the measure v by

Eunlt)i= [ Vaalt(©an(0)

them the following theorem holds:

(33) el > [ W l(Qav(c)

The following proposition gives a necessary condition for a measure to satisfy a g-weak
trace estimate.

Proposition 3.1. Let 0 < p,q < +00, 0 < s < n. Let u be a positive finite Borel
measure on S™. Assume that there exists C > 0 such that for every A > 0 and f € HP,

pC €S MualfI(O) > A}) < C||f)|\|qu.

We then have that there exists C' > 0 , such that for any ( € S™, 0 <,
(34) w(B((,r)) < Crin=or)s,

Proof. Let ( € S™, 0 < r < 1 be fixed. Let F' be the holomorphic function on B™
defined by

1

(1—(1—=r)zO)N’
with N > 0 to be chosen later. We then have

B(¢,r) C {77 € 8™ MyaaF(n) > LN},

F(z) =
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and, by hypothesis,
1
u(B(¢,r)) < u({n € 8™ MraaF(n) > TN}) SrNYF) .
On the other hand, since

RS

1 ‘< 1
(1= (1 =r)zON ™ 1= (1= )N+’

we have that

1
Flly < | .
19l S [ e e

1
= — do(n
/B@,r) TREswL )

1
" / = do(n).
1; B2k 1m\B(¢,2hr) |1 — (1 = 7)n¢|(N e

If k> 1, and 5 € B(¢,2"1r) \ B(¢,2%r), |1 — (1 —r)n¢| ~ 2¥r. These estimates give,
if IV is chosen big enough, that the above is bounded by

Z (2k+1r)n <,rnf(N+s)pZ C k
(2kr)(N+s)p ~ 2(N+s)p )

k>0 k>0

which gives the desired estimate. (Il

In particular, the above proposition gives that when p = ¢, and u is a weak trace
measure for HP, then pu(B(¢,r)) S " %P. When p > 1 and 0 < n — sp < 1, the
necessary condition can be strengthened. This will be a consequence of the following
Proposition, proved in [CohVe].

Proposition 3.2. Letl <p<+400,0<s<n,0<n—sp<1andv a finite positive
Borel measure on S™. Then there exists a holomorphic function F,, € HY, such that
(i) For any ¢ € 8™, lim, 1 ReF, (r{) > CW; ,(v)(().
i) IF 2y < CE., ().

It is also well known the existence of a extremal measure for the Riesz capacity of
an open set; see Proposition 7 in [HeWo]. Its non-isotropic version is the following
lemma:

Lemma 3.3. Let 0 < s <n, 1 <p<+oco and G C S™ be an open set. Then there
exists a positive “extremal capacitary measure” vg on S™ such that
(i) supp v C G.
(i) va(G) = Csp(G) = & plral.
(i) There ezists a constant C' > 0, independent of G, such that Ws ,[vg](¢) >
C >0, for any ¢ € G.

In fact, Proposition 7 in [HeWo| shows that the estimate (iii) holds for Cj ,-a.e.
¢ € G, but in the same paper it is observed that in fact, it is also true for any ¢ € G.
The argument is as follows: If W, ,[v¢](¢) > C, for Cs p-a.e. ¢ € G, then it is also true
that W; ,[va](¢) > C, for a.e. ( € G with respect to the Lebesgue measure on S™.
Let F' C G such that |F| = 0 and satisfying that W; ,[v¢](¢) > C, for any ( € G\ F.
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Assume that there exists (o € F such that W ,[v¢]((p) < C. If we denote E = G\ F,
we then have that

Jiminf W, plvel(Q) > W p[vel(Co)-

The non-isotropic version of Proposition 4 in [HeWo| gives that

L 1
/ (CS,p(EﬂB(CO,t))>p % < 400.
0

{n—sp

But |[ENB(o, t)|”
that

s.p(ENB((o,t)) and since |B((p,t)\ E| = 0, we then deduce

1 n—s p,—l 1 p,—l
[(Emn) g [ (CeaENBG )T
o \tn—sp t~Jo tn—sp t

and we arrive to a contradiction.
In Section 6 we will use the above lemma to obtain a stronger necessary condition
for i to be a weak trace measure for H? when n — sp < 1.

4. Weak LP-estimates for the non-isotropic fractional maximal operator
In this section, we will prove the following theorem:

Theorem 4.1. Let 0 < s < n, 1 < p < 400, pu a finite positive Borel measure on S™
andDj, j =1,...,M an adjacent dyadic system on S™. Then the following assertions
are equivalent:

(i) There exists C > 0 such that for any f € LP(S™) and A > 0,

1 ({¢ e 8™ MF(C) > A}) < CIIfIILp.

(ii) There exists C > 0 such that for any f € LP(S™), A>0andj=1,..., M,

n (e 5 M) > 3) < ol

(iii) There exists C' > 0 such that for any ¢ € S™, 0 < r,
u(B(C,r)) < Cr .
(iv) There exists C > 0 such that for any j =1,...,M and Q € Dj,
p(Q) < Crg ™.

Proof. The proof follows closely the ideas in [Sa] and we will sketch briefly the main
ingredients. The fact that (i) and (ii) are equivalents is a consequence of Lemma 2.9
in [Kal, where it is shown that

(i) MILf] S M[f] and
(i) M[f] S 355 ML),
Next, the fact that (iii) implies (iv) is an immediate consequence of property (iii) in

the dyadic decomposition. Property (vi) in the dyadic decomposition gives that (iv)
implies (iii).
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So we are left to show that (ii) and (iv) are equivalents. Assume first that (ii) holds.
Let @ € D;, j=1,...,M be fixed and let f = xq. If ( € @), we have that

= [ xado < Mi[xaf1(0)
T’Q Q

and consequently, if A < 7§, Q C {¢; MI[xq](¢) > A}, and

1(Q) < u({¢: Mixol(©) > A} < 2.

If X — g, we deduce that u(Q) < r"~°F. Finally, assume that (iv) holds, and let
f € L? non-negative and j € {1,..., M}. Let

U = {¢Ce s M) >25 = | @
QeD;

where Dg- is the family of cubs in D;, which are maximal with respect to the property
that 'r’"%s fQ fdo > 2F. In particular, these cubes are pairwise disjoint.
Q

IfQ e D;- the fact that () is maximal gives that if Q is its first ascendant, then

and since by property (iii) of the dyadic decomposition, ro R TQ, We obtain that

Next, observe that the hypothesis on u gives that

(TE;_S/QfdJ>p,u <r3p/fpdau )g/prda.

Altogether, we obtain that

w) = Y @)

QeD;,
< D ~ kp D
~Z<r /fda> /fda > 2 /fda

Qep, \' @ QED;,

p

<L rdo < Wl

2kr )\ 2kp

QED],
and that gives (ii). O

5. Proof of Theorem 1.1

The proof of Theorem 1.1 is based in a version of a maximum principle that was first
stated in [Sal] for the study of two-weight norm inequalities for fractional integral
operators.
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Proposition 5.1. Let 0 < s <n and ¢ > 2. Let f be an integrable function on S™.
Letl € Z, QO = {¢ € S™; Myaa[Cs[f]](¢) > 2!} and {Qfx}QgeA]— be the non-isotropic
Whitney decomposition of the open set € given by Lemma 2.1, for R > 0 big enough.
Then there exists C' > 0 only depending on s, n and ¢ such that

| fld
(5'1) sup M;aq [CS [X(cB(Qk))ﬂf]] (C) <C 2! + sup % .
ceqk " Qcar BT

Proof. Let ¢ € Q%. By (ii) in Lemma 2.1, there exists £ € Q¢ N KRB(QF). Hence,

Miaa[f)(€) < 2"
Next, fixed this point ¢ € Q¥, there exists p > 0 such that

X(eB (@) f (1) ‘
LG et

Let p; < 1 such that 0¥ <1 — p; and |p — p1| = §*. We fix A > ¢ to be chosen
later. We then have,

ICs[X(eB(qr))e F1(PC) = Cs[f1(p16)]

X(eB(Qk))ef (1)
XeB(@e)-JA)
/AB(QZ) (1 —p¢m)n—s O(n)'+

Miaa [Cs [X(eni@nef]] (€) <2

f(n) >
/A S A/ R

B@r) (L —p1&m)"—s

+ =TI+ 11+ III

1 1
/<AB(Q§))C ((1 — s (1— plgn)n_s) f(m)do(n)

We begin with the estimate of the integral in 1. Since ¢ € Q¥ for any n € (cB(Q%))¢,
we have that

| ~ 1 c
= - _ k| _ _ rk - k lc: = k
L=l = 51— nCk| = 11 = 5Tl = SeCrd* — Cad* = (5 —1) Cuo®,

Since we are assuming that ¢ > 2, we then have,

1S A [ ot < sw Jo flde.
ABQ) = Jasan) AT

For the estimate in II, we observe that since §* <1 — py,

II< sup 7‘[3' |fldo
~Qre | B[t

Finally, we estimate the integral in III.

We will use an estimate that can be found, for instance, in the proo@f Proposition
2.13 in [Tch], (see also [HyMal). Let us consider a metric d on B" defined for
z,w € B as d(z,w) = ||z| — |w|| + |1 — ZZ|. Observe that for any z,w € B,

[z[|w]
d(z,w) < |1 — zw|, and that d(z,w) ~ |1 — zw]| if either z or w are on S™. We then

have that there exists M > 0 such that if z, 2/, w € B", d(z,w) > Md(z, z’), then
1 1 d(z,2') \ ? 1

(5.2) S S P (U CLD) .

(1-zw)»s (1-zZw)n=s |1 — 2w |1 — zw|n—s
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Consequently, applying (5.2) to z = pC, 2’ = p1&, w =n and (,&,n € S™, there exists
M > 0, such that if |1 — (77| > M1d(pC, p1£), we have that,

1

A =pem)n= A=p&mm—= [~ \ [L=cnl ) 1 -¢me
Observe that there exists N such that d(p(,p1€) = |p — p1| + |1 — ¢€| < N&*.

We also observe that for any n € (AB(Q¥))¢ we have that |1 — (7| > (g —1)C46*.

Choosing A > 0, so that (g —1)C; > NM;, we have that |1 — (7| > Mid(pC, p1§),
and consequently, applying (5.3),

e mf))é 1
<
5 e (Tt Tl

Since d(p¢, p1€) < 0, and if m > 0 and n € 2" HLAB(QF) \ 2mAB(QY), |1 — (7| ~
2m 5% we deduce that

(5.3)

[SIES

1
I < ( > / |f(n)|do(n)
mz>0 2m ) (2m6R) 0 Jamer aB(QE)\2m AB(QY)
< sup fB/ |f|da'
NchB/ |B/ 1=

O

5.1. Proof of Theorem 1.1. As we have already mentioned in the introduction,
conditions (i) and (ii) of Theorem 1.1 are equivalent, since any f € HP can be written
as f = Cs[g], where g € L? and || f||g» = inf ||g||z» for g € L? such that f = Cs[g].

Next, we show that condition (ii) implies (iii) in Theorem 1.1. Assume that con-
dition (ii) in Theorem 1.1 holds. By Proposition 3.1 we have that condition (iiia) is
satisfied.

We next check condition (iiib). Let B C S™ be a non-isotropic ball such that
u(B) # 0. We then have that for any f € LP,

/ Maaa [Colxs] ) dpt = /°° ({€ € By Myaa [Colxi 1) () > A}) dA
/ min (u(B), p1 ({C € 8™ Muaa [Calxs S]] (1) > A})) dA

</ d)\+/ fo|pdadA<au(B)+Ca1‘p/ |fIPdo
B

/ | fIPdop(B)7",

Iy f|7’da) »

1(B) ’

So, we are left to show that condition (iii) implies condition (ii) in Theorem 1.1.
Assume, then, that condition (iii) holds. We first claim that if C' is the constant in

the maximum principle (Proposition 5.1) it is enough to check that if 8 < 1 is small

if we choose o = (
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enough and fixed,

1(C € " MuualCIFI(Q) > 200, MLIFIC) < BAD)
n, 1 p
S 81 € 8" MaalCa 1O > M) + o [ 11

The fact that this claim implies the desired weak estimate is standard (see for
instance, [Sa]) using the fact that since by hypothesis u(B((,r)) < 7™ P, Theorem
4.1 gives that the fractional maximal function satisfies a weak type inequality.

So, we are left to show (5.4). The proof follows closely the ideas in [Sa], and we
will just sketch it. Let A = 2!, and denote € = {¢ € S"; M,.qa[Cs[f]](¢) > 2'}. If
j € {l,...,M}, we consider the Whitney-type cubes {QZ}Q’;GAJ- associated to the
open set €2, given in Lemma 2.1. Consider the sets

Eo i = {C € Qb Mrad[C[f1)(C) > 20N, M[f](C) < BA}.
For each ¢ € E, k, Proposition 5.1 gives that for ¢ > 2, and then we have that
Muad[Cs[X(eB(@r ) F1I(C) < C(1 + B)A.

We fix an R as the constant given in Lemma 2.1 with 2 < ¢ < R and fix # < %
We then have that for ¢ € E, k,

20X < Miaa[Cs[f]1(C)
< Mead[Cs[Xen(@k) FI1(C) + Mraa[Cs[X(cB(0k ) f11(C)

< Miad[Cs[Xen(0r) F(C) + g(’“'

(5.4)

Thus 5CA < Myaa[CslXen(gr) f1](¢), and, consequently
M) S [ MoalC.boman FO du(0).
o,k

Since

1 ({¢ € @ MraalCS[F11(C) > 20X, MG[FI(Q) < BN = Y u(Bap),

o k,QkeA;
we have that

ZM(Ea,k) S ﬂ Z M(CB(QZ)) + Z :U’(Ea,k)

w(Ea,k)<Bu(cB(QL)) w(Ea,k)>Bu(cB(QL))
fEa R Mad [Cs [XCB(QI&)f]](C) dM(C) ?
« . =1+11.
AMi(Eok)

Next, since we are assuming the finite overlapping of the family of balls RB(Q¥) given
in (iii) of Lemma 2.1, and ¢ < R, we have that

1< 3 W(eB(@QY)) = 4 3 / Xenondi < Bu().

#(Ea k) <Bu(cB(QE)) w(Ba,k)<Bu(cB(QL))
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The hypothesis (iiib) on the measure p and, once more, the finite overlapping property,
gives that

: > 4(Eak) (ch@z) Miaa[Calxenar) F11(S) du(())”
a,k

II<—
a N’(Eoz,k:)

P
w(Ea,k)>Bu(cB(QE))

ch(Qg) |fIPdou(cB(QF))

(1(Eak))P~1

1
<% >

p(Ea 1)>Bp(cB(QL))

1 1 1
< — Z / |f|Pdo < = [ |f|Pdo < — [ |f[Pdo.
= —1 ~ —
APBe 1(Eai)>Bu(cB(QY)) * ¢B(Q8) A Jo A Jse

6. Proof of Theorems 1.2 and 1.3

6.1. Proof of Theorem 1.2. We begin with the proof of assertion (i) in Theorem
1.2. Observe that trivially, (ib) implies (ia), (id) implies (ic), (ic) implies (ia) and
(id) implies (ib). In [CohVe], it is shown that (ib) and (ie) are equivalent, and the
methods in [AdHe] can be used to show that (id) and (ie) are also equivalent. So in
order to finish the proof of (i) it is enough to show that (ia) implies (ie). This will be
a consequence of the following proposition.

Proposition 6.1. Let 0 < p < 400, 0 < s < n and assume that n —sp < 1 . Let u
be a positive finite Borel measure on S™. Assume that there exists C > 0 such that

P
WG € 87 Maalf)(0) > A < 122

for any f € H? and A > 0. We then have that there exists C' > 0, such that for any
open set G C S™,

(6.1) w(G) < CCs,(G).

Proof. Let G be an open set on S™ and let vg be the extremal capacitary measure
of G.

Let F}, is the holomorphic function given in Proposition 3.2. The fact that vg
is extremal gives (see Lemma 3.3) that for any ¢ € G,

lim Re F;(¢) = CW,., (v6)(¢) = € > 0.

In particular, we deduce that for any ¢ € G, MyaqF, (¢) > %

Hence, since we are assuming that p is a weak trace measure for H?,

u6) <1 ({0 € 8" MuaaFlo©) > G }) SIIFIE 5 E0plve) = Cun(G),

0

Next, we prove (ii) in Theorem 1.2.

Now if 1 < p < 2 and n — sp > 1, it is proved in [AhCo], p. 33 and Theorem
3.2 that there exists a measure p on S™, which is a trace measure for H? and it is
not a trace measure for K [LP]. In particular, it is a weak trace measure for HP.
Next, observe that if a measure v is a weak trace measure for K[LP], then v satisfies
the capacitary condition on open sets and, consequently, v is also a trace measure for
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K[LP]. Indeed, if G C S™, let A be the set of functions f on S™, non-negative satisfying
that Ks[f] > xg. Then if f € A, G C {( € S™; K[f] > 1}, and consequently, since v
is a weak trace measure for K [LP], v(G) < infren || fI7, = Cs p(G).

This observation gives that since the measure p is not a trace measure for K¢[LP],
then u is not a weak measure for K [LP]. An that gives the example. If 2 < p < 400
and n — sp > 1, it is proved in Theorems 4 and 5 in [CohVe] that there exists a
measure p on S™, which is a trace measure for H?, and it is not a trace measure for
K[LP]. The conclusion is obtained as in the previous case.

6.2. Proof of Theorem 1.3. We recall that f € LP°°(u) if and only if,
[ fll ooy = sup A u({¢ e 8% [f(Q)] > A}) < +oo.
>

The Kolmogorov’s condition (1.5) gives an equivalent reformulation of the weak trace
measures for H?, which will be used to prove Theorem 1.3. Namely, a measure p is a
weak trace for H?, if and only if there exists r < p, such that

/ foy o )

n (L= pgm)n=*

We now prove Theorem 1.3. The proof follows the arguments in Theorem 2 in
[CohVe], where it is obtained the same necessary condition for the trace measures.
We will give an sketch of the proof. For j > 0, let By = B((x,d%), k=0,1,... be a
sequence of non-isotropic balls in S™ satisfying that

1< ) xwmQ<M,

2= <§ <2+

62 s w7 { [ @)} Sl

n(E)>0 p<1

for any ¢ € S™, where the constant M depends only on the dimension n. If v is a
positive Borel measure on S™, it is proved in [CohVe] that there exists C' > 0 such
that if B} := B(Cx, Cdy), then there exist C7, Cy such that

(6:3) Cv Y ((BR)Si" ™" X (Q) £ Wi V1(Q) < Co D (w(B)Si" ™)~ x; (€)
k k

Let G be an open subset of S” and let v := vg be the extremal capacitary measure
on G (with respect to the Cy, » capacity). Let z = (1 — 0)Ck, & > 0 and (rg(t))k,

2

0 < t < 1, the Rademacher functions. For any A > n, we define the holomorphic
functions Fy on B™ by

Fi(z) = Z ( i (1)

= 1— Z@))\a
€ (0,1). We choose ¢, so that
A7 = (W(By) 57,

In [CohVe|, p. 1087, it is proved that F; € H? for almost any ¢ € (0, 1). Let us show,
that in our situation that if we fix 2 < r < p, fol | F2|| e dt S C’QS,%(G)g. We follow
closely their arguments, based on Khintchine estimate. Let us give a sketch of the
proof.
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Let pg(2) = R*((1 — 2z;)~*). We then have that R°F;(z) = Y, cur(t)pr(2),
where | (2) Hence, since r/p < 1,
dt>

/ I1Ellt = / | > eunnttrens) dt<<

k
(L2 u_ww) o)
(g
S (/n <Z(V(Bk)5§s_n) XBk(C)> dU(Q)p

k

< 1
S e

E Ckrk

k

Applying that the discrete Wolff potential is bounded, up to a constant, by the non-
isotropic Wolff potential, we deduce that the above integral is bounded by

B -\ ar \ :
(. ([ (=)™ ) )

S [ WasgWOQdQ) 5 (Can (@)

where the previous to the last estimate is an inequality which generalize the Wolff’s
inequality (see (10) in [CohVe]) and the last estimate is property (iii) of Lemma 3.3.
Next, Khintchine’s inequality gives that

(; |1 — sz|2)\> / [Ei()f

Then,
(6.4)

/ Mol FJQOYdt > Mo [ /

”
1 2

|Ft<z>|“dt] (¢) = Csup <Z |1,oé>

If ¢ € By,

2
Ck
su =~ su = 5y -
PZH pCzk|2’\ PZ 1*P+5k ;5?

Hence, we obtain from (6.3) and (6.4) that

P (Z = C2k|2)‘> >C (Z Ci51;2)\XB;(C)> >C (Wzs,g[l/](o)% :
K

[N}
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Integrating with respect to y on G the above estimate and using that by property
(iii) of Lemma 3.3, we have that Wag, 2 [V](¢) > C, for any ¢ € G, we deduce that

1
(@) < /G / (Myaal F) ()" dtda(C).

Since by hypothesis, p is a weak trace measure for H?, the above estimate and (6.2),
gives that

r

1 I -
M(G)S/O /GMrad[Ft](C)Tdu(C)dtsﬂ(G)p/0 [ Fl[Frdt S p(G) 7 Cog 2(G) 7.

Hence, u(G)7 < Czs%(G)%, and consequently, (G) < Cy 2 (G).

7. Weak g-trace measures for H?, q # p

In this section, we will give some results for a measure u to be a weak g-trace measure
for H?, 0 < p,q < 400, when q # p.

7.1. The case p < q. We begin recalling some results when p < q. In Theorem A
in [CaOr1], it is shown that the condition (3.4), u(B(¢,r)) < r("=*P)% is necessary
and sufficient for a measure p to be a ¢-trace measure for H?, when p <1 and p < g.
On the other hand, when 1 < p < ¢, the non-isotropic version of a theorem in [Ad2]
shows that condition (3.4) is also necessary and sufficient for a measure p to be a
g-trace measure for K [LP]. In particular, it can be deduced that in both cases the
g-trace and the weak ¢ trace for K [L?] coincide. Since in Proposition 3.1 it has been
proved that (3.4) is necessary for a measure p to be a weak g-trace measure for H?,
we have that in both when p < 1 and p < g or 1 < p < ¢, the g-trace measures and
the weak g-trace measures for H? coincide.

Summarizing we have the following theorem that include the statements of Theo-
rem 1.4 of the introduction.

Theorem 7.1. Let 0 < s < n and p a finite positive Borel measure on S™ and suppose
either p <1 andp < q or 1 < p < q. We then have that the following assertions are
equivalent

(i) The measure u is a weak q-trace measure for HP.
) The measure u is a q-trace measure for HP.
(iii) The measure u is a weak q-trace measure for K [LP].
(iv) The measure p is a q-trace measure for Ks[LP].
) There exists C > 0 such that for any ( € S™, r > 0,

pB(G.r)) < Crlv =Dt

7.2. The case g < p. The case ¢ < p is more difficult and the problem of the
g-trace measures and even the weak ¢-trace measures is still far from being solved.
We will give some results for some particular cases.

We begin dealing with the case ¢ < p and p < 1. In Theorem C in [CaOrl] was
obtained a characterization of the g-trace measures for H? when ¢ < p and p < 1.
Here for the weak ¢-trace measures we have the Theorem 1.5.
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7.3. Proof of Theorem 1.5. Assume that sup,., s (%) v xB(() € L%"’o(du).
"B

If we fix r < ¢, Kolmogorov’s condition and Hélder’s inequality with exponent % > 1,
gives that

[ Miad [f]l| Lo (dp)

T

~ sSup N(E)T%qq (/ Mrad [f] (C)Tdu(<)>
E E

dpp(Q) )11’

B
SuPy <5 %EW)XB(O

ME(B) o i
([ (%) w)

pr_ __ P9

Since r < p, we have that % < % and Tr;qq = 2=2-=2  Consequently, Kol-
(p—r)(p—q)

mogorov’s condition and the hypothesis give that the above supremmum can be

bounded, up to a constant, by

o dus©) )
s%p< [ Meal0) s <<>)'

Sup’[‘B<5 n—sp XB

< sup ,u(E)T;qq ( Meaa[f1(O)[P
E sn

"B
If we denote by du1(¢) = W%%, then the measure p; satisfies that for any
'rgi'gp

7’B<5,

R R

n—sp
r P

Hence, since p < 1, Theorem 7.1 gives that there exists C' > 0 such that for any
fe€HE,

(/ IMmd[f](C)If’dm(C))7i < C|lfge-

and that finishes the proof of the sufficiency.
For the proof of the necessity, from the properties of the adjacent system we easily

deduce that it is enough to prove that if ;v is a weak ¢- trace measure for H?, then
for j € {1,..., M},

Q\" BV
sup (‘if_sl x5(¢) € LF5(dp).
CQG'D]'7 ’I‘Q<1 TQ

We fix 0 < # < 1 such that n — sp < Op. We then have that if j € {1,..., M},
QeD,j, (o€ @,and (A eD,, Ao = 0, the holomorphic function on B", F', given by
7 5Q QJQED; NQ

Foy = Y e L

QEDj,TQ<1 (]' - Z(]' - TQ)@),B7
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satisfies the following assertions:
(i) For any ¢ € S™,

1
ReMyaa [F](C) > Mia AR ‘o
eMiaa[F](C) d ermz,:md =21 - ro)ig)? ©

1
= > Aepxel©)
QeDnz7 TQ<1 TQ
1
. s
(i) [Fllar < (ZQEDm, ro<1 Dy (8 S)p) v

Using again the Kolmogorov expression of the L%°°(du)-norm, we deduce from the
above estimates that

Z Ao XQ < Z )\% Tg—(ms)p

B
QED;, ro<1 L) Lo (dys) QED;, ro<1

o =

g/p—(ﬂ+s)7 as

This condition can be rewritten, denoting vg = Agr

Sl

S vers Pxe < DS

QED;, ro<1 L4 (dp) QED;, ro<l1
which by Theorem 1.1 in [Ve] is equivalent to the condition

s (*ﬁfﬁl) " o(0) € L% (dn).

QEDj, ’I"Q<1 TQ

7.4. Proof of Theorem 1.6. If n — sp < 1 and ¢ and p are both strictly bigger
than one, it can be deduced from [CaOrVe| a characterization of the weak g-trace
measures for H? in terms of the non-isotropic Wolff potential, similar to the one
obtained for the strong g-trace measures. If n—sp < 1 but now ¢ < 1 < p, an argument
using the Kolmogorov expression of LP>*°(du) together with Theorem D in [CaOrl],
where it is proved the strong g-trace characterization can be adapted to obtain the
characterization of Theorem 1.6 in a similar way to the proof of Theorem 1.5.
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