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THE CLASSICAL LIMIT OF THE HEISENBERG AND
TIME-DEPENDENT HARTREE-FOCK EQUATIONS: THE WICK
SYMBOL OF THE SOLUTION

LAURENT AMOUR, MOHAMED KHODJA AND JEAN NOURRIGAT

ABSTRACT. This paper is concerned with the Wick symbol of time evolving quantum
observables. The time dynamics is following either the Heisenberg equation relative to
the Schrodinger Hamiltonian, or the time-dependent Hartree—-Fock equation. Under very
weak assumptions, we prove that the Wick symbol approximatively follows the classical
mechanics laws when the semiclassical parameter h tends to zero. For the Heisenberg
equation, this is a form of what is commonly called the Ehrenfest theorem. These state-
ments have to be understood in a weaker sense than usual and in return, we do not
assume that the Weyl symbol of the initial observable belongs to a class allowing the
use of the Egorov theorem.

0. Introduction

The aim of this paper is twofold: to prove, under minimal hypotheses, a version
of Ehrenfest theorem, and to give a similar result for the time-dependent Hartree—
Fock equation (TDHF). We first consider a quantum observable (bounded operator)
Ap(t), (t € R, h > 0), evolving according to the Heisenberg equation associated to
the Schrédinger Hamiltonian (see (1.2)). Generally speaking, the Ehrenfest theorem
suggests that the average of this observable Ay, (t), taken on an h-dependent coherent
state, approximatively follows, for small A > 0, the classical mechanics laws [7]. The
average of an observable on coherent states is related to its Wick symbol. The first
goal of this work is to obtain minimal hypotheses on the initial data A,(0), in order
that the idea conveyed by Ehrenfest is asymptotically verified when h tends to 0.

A precise statement of Ehrenfest theorem, using Egorov theorem for the proof,
is given in [4, 13] (see also the bibliography therein). It is also noted ([4] and ref-
erences therein) that the approximation by the classical mechanics laws is not valid
uniformly for all time, but up to a maximal time called the Ehrenfest time. These
results are obtained assuming that the family of observables (A;(0)) is a semiclas-
sical pseudodifferential (PDO) operator (see [13] or [17]). Our first goal is therefore
to give another precise statement of Ehrenfest theorem, weaker than the one in [13],
but in assuming weaker hypotheses on A (0) (Theorem 1.1). In particular, we do not
assume that A, (0) is a PDO operator. It is known that an operator in L?(IR") is a
PDO one in the standard class of Calderén and Vaillancourt, when all its iterated
commutators with position and momentum operators are bounded in L*(IR™) (Beals
characterization theorem [2]). In our work, the main assumption is that the single
commutators of A, (0) with position and momentum operators are bounded, without
any hypotheses on the iterated commutators. Then we prove that, in some sense, the
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Wick symbol of Ay, (t) “approximately follows the classical mechanics laws”, although,
with our hypotheses, it does not necessarily have a limit when A tends to zero. This
is our first result.

Next, we consider the quantum dynamics associated to TDHF. In that case, the
classical mechanics laws should be the Vlasov equations. Similarly to Theorem 1.1,
the second purpose of this paper is to show that the Wick symbol of a solution py,(t)
to the TDHF equation approximatively follows the Vlasov equation (Theorem 2.1).
We assume that the operator pp(0) is trace class, self-adjoint, nonnegative, with a
trace equal to 1. It is also assumed that the single commutators of p,(0) with the
position and momentum operators are trace class. Then p (), solution to TDHF
equation, is trace class for all ¢, and therefore its Wick symbol is in L!(IR?"), as
well as all its derivatives. Then, we can prove that, in some sense, this Wick symbol
approximately follows the Vlasov equation. This Theorem 2.1 is similar to Theorem
1.1, with trace class operators instead of bounded ones.

Moreover, the second result (Theorem 2.1) is a continuation of our work in [1],
where the Weyl symbol was considered instead of the Wick symbol. The work in [1] is
devoted to the the Weyl symbol of a solution pj(t) to the TDHF equation, under the
hypothesis that pp,(0) is a PDO trace class operator belonging to the class studied by
Rondeaux [14]. The motivation of the study of the Wick symbol rather than the Weyl
symbol is the following. The space L!'(IR?") is the natural function space for kinetic
equations such as the Vlasov equation. However, the Weyl symbol of a trace class
operator is not necessarily in L' (IR?"), without the strong hypotheses made in [1]. To
the contrary, the Wick symbol of a trace class operator always belongs to L!(IR?"),
and the use of the Wick symbol allows us to take very weak hypotheses.

One of the tools used to prove both of these two results is the approximation of a
bounded operator, verifying rather weak hypotheses, by PDO operators belonging to
the class of Calderén and Vaillancourt [6]. It is a kind of convolution where translations
are replaced by an action of the Heisenberg group. We have similar results with
bounded operators replaced by trace class ones, and the class of [6] replaced by that
of [14]. The details are found in Section 5.

The paper is organized as follows. The two main results are stated in Sections 1
and 2. In Section 3, we give an example of trace class operator whose Weyl symbol is
not in L!(IR?"). The regularity properties of the Wick symbol of bounded or trace class
operators are derived in Section 4. Section 5 is concerned with PDO approximation.
Finally, Theorems 1.1 and 2.1 are proved in Sections 6 and 7, respectively.

1. Statement of the first result: the case of bounded operators and
Ehrenfest theorem

In this section, the time evolution of the system is associated to the following h
dependent Hamiltonian (h > 0),

(1.1) Hy = —h*A+V,

where V is a C*° real-valued function on IR", which is bounded together with all of its
derivatives. We also denote by Hj, the unique self-adjoint extension of this operator.
Let (An)n>o be a family of bounded self-adjoint operators in L?(IR™). The operator
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Ap(t) corresponding to the evolution of the operator Aj, at the time ¢ is,
(1.2) Ap(t) = eiFHn Ay e=ifHn

Let us recall the standard statements of Ehrenfest theorem (see [7]). The coherent
state centered at the point X = (,€) in IR?", is the following function, depending on
h >0,

2
lu—c|

(1.3)  WUxp(u) = (zh) e "7 ehwé-mst X = (2,¢) e R, ueR"

The average taken on Wy 5, of a bounded operator A in H = L*(IR") is,
(1.4) opR(A)(X) = (AUxp, Tx p).

The function ¢}""¢(A) is called the Wick symbol of A (see [12]). The Wick calculus
has been also used, for instance, in [3, 9, 8, 10, 15, 16].

According to the statement of Ehrenfest theorems, as one can see in [7], the average
of Ay (t) taken on coherent states is supposed to “approximatively follow the classical
mechanics laws, as h tends to 0”.

Let us precise in which sense does this function follow the classical mechanics
equations, under the limit h tends to 0. Let ¢y (z,&) = (¢:(x, &), pr(x,€)) denotes the
Hamiltonian flow of the function H(x,¢) = [£]2 + V(z) starting at (z,&), i.e., the
solution to,

(1.5) q(x, &) =2p(t,z,8), pi(z,§) = —(VV)(q(t,2,9)),

such that qo(z,€) = z, po(x,&) = €. Under our hypotheses on V, the flow is globally
defined. One can say that a function f(x,&,t) “follows the classical mechanics laws”,
when f(X,t) = f(¢i(X),0), for all X € IR?>" and all t € IR.

Consequently, to say that the Wick symbol of the observable A, () asymptotically
follows the classical mechanics laws can be expressed by the fact that for every ¢ € IR:

(L6) lim (}(4n(5)(X) — o} (4n(0))(¢:(X)) ) = 0.

Our goal is to prove (1.6) under the weakest possible hypotheses on the initial data
Ap(0).

This limit (1.6) is standard when the initial data Ax(0) is a semiclassical PDO
operator (see, for instance, [13] or [17]). We briefly recall this notion. Let us denote by
WP the Sobolev space of functions that are in LP(IR™) together with all derivatives
of order less or equal to m (in the sense of distributions). A semiclassical PDO operator
is a family of operators formally defined by

L7 (Anf)(@) = (k) /

R

P (x R y,£> VL (y)dyde, ¢ € R,

where Fj, is a family of functions belonging to the space W>>°(IR?") and bounded
in this same space independently of h € (0,1]. According to Calderén and Vaillan-
court [6], Ay, is well defined as a bounded operator in H. In this paper, the relationship
between the function Fj, (called symbol) and the operator A;, defined by (1.7) will be
written in the two equivalent following ways:

(1.8) Ap = Opp™N (), Fiy = o)™ (Ap)
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(The Weyl symbol of an arbitrary bounded operator in H is, a priori, a tempered
distribution on IR?".)

The standard Egorov theorem claims that:
(1.9) lim (o (e Fn e ) (X) = Fi(u(X)) ) = 0,

weyl

where A, = Op, " (Fp) is a semiclassical PDO operator, with Fj, bounded in
We:2°(IR?") independently of h € (0, 1], where Hy, is defined in (1.1), and the flow
@ in (1.5).

The earliest version of the Egorov theorem says that, if A is a PDO operator
and U an invertible Fourier Integral Operator, then U~'AU is a PDO operator
(see Hormander [11], volume IV, chapter 25). For a product like in (1.2), it can be
proved, without the use of Fourier integral operators, that, if A, is a semiclassical PDO
operator with a symbol F}, bounded in W°>°(IR?"), then the right-hand side of (1.2)
enjoys the same property. The proof was given by Robert [13] and by Zworski [17].

In that case, the limit (1.6) follows from (1.9) since the Wick symbol is obtained
from the Weyl symbol through a mollification:

O’XiCk(A) _ e%Aaxeyl(A)’
where A is the Laplacian on IR?". See Proposition 4.4 below, or [4, 13] for more
details.

Let us explain now how to prove (1.6) with weaker hypotheses than above. The
assumption A = Opy™'(F) with F in W (IR*") is rather strong, and may be
expressed in terms of commutators, in a standard way. Let P;(h) and @Q;(h) be the
momentum and the position operators,

_h 0

N 7 afL'j,
According to Beals characterization result [2], the fact that A; may be written as,
A = OpY(F) with F in W°>>(IR?") is equivalent to the fact that the commutators

(ad P(h))*(ad Q(h))” A are bounded (for all multi-indexes «, 3). Saying that F' (which
may depend on h) stays bounded in W°*>°(IR?") is equivalent to the fact,

h=e18D] (ad P(R))*(ad Q(R))? Apllzry < Mag,

with M, independent on h.

We shall prove the limit (1.6) under much weaker hypotheses than in the case
where A, (0) is a semiclassical operator. Namely, only single commutators (instead
of iterated commutators) of the operator A; with the operators P;(h) and Q;(h)
defined in (1.10) are assumed to be bounded operators. Our estimates shall involve
the following expression,

(1.11) Iy (A) = %Z 112 (R), Alll vy + [11Q5(R), Alll 2ty

The theorem below provides the key inequality needed to show (1.6) under weakened
hypotheses. When A is a bounded operator, we shall notice (see Proposition 4.1)
that the function o}'¢(A4) is C* on IR?" and we shall give precise estimates on its

derivatives in terms of the parameter h and of the norm of A.
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Theorem 1.1. For all operators A in L(H), such that the commutators [Pj(h), Al
and [Q;(h), A] are bounded operators in H (1 < j < n), the operator Ay(t) defined
in (1.2) and the Hamiltonian flow ¢, defined in (1.5) satisfy,

(112) [ an®) - (o) o C(O)VRIE(A),

where t — C(t) is a function defined on IR, bounded over any compact set, depending
only onn and on 'V, and where I;°(A) is defined in (1.11).

Loe (IRZ)

In order that (1.12) implies (1.6), it suffices to replace A by a family of operators
Ap, such that the right-hand side of (1.12) tends to 0 as h goes to 0. This assumption
is satisfied when 4;, = Opy®'(F;) with Fj, in W (IR?"), and uniformly bounded
in h € (0,1].

2. Statement of the second result: the case of trace class operators and
the TDHF equation

Before introducing the TDHF, let us first specify our solutions space. We shall denote
by L£1(H) the space of all trace class operators on H = L?(IR™) and by D the subspace
of operators A in £!(H), such that the commutator [A, A] is also in £1(H), where A
is the Laplacian operator.

We consider two real-valued functions V' and W in W°(IR"). For all h > 0, we
shall say that a function ¢ — pp,(t) being C! from IR into £!(H) is a classical solution
to the TDHF (according to the terminology of Bove-da Prato-Fano [5]) when this
mapping is also continuous on IR into D and if

ihzepn(t) = =R (A, pr(t)] + [Vo(pa (1)), o (2)],
where V,(pp(t)) denotes the multiplication operator by the function
(2.2) Vo(@, pu(t)) = V(x) + Tr(Wepn(t)),

where W, is the multiplication operator by the function y — W(x — y).
We consider a family (pp(t))n>0 of classical solutions to (TDHF). We suppose that
the operator pp(0) is trace class, self-adjoint > 0 with a trace equal to 1. We set:

(2.1)

(2.3) up (X, t) = (27h) oK (pp (1)) (X).
As we shall see in Section 4, this function lies in W°*1(IR?"), it is nonnegative and
(2.4) / up(X,t)dX = 1.
RQTL
We denote by v, (X, t) the solution to the Cauchy problem for the Vlasov equation:
(3"Uh 8vh 8VCl(ZL‘, Uh(., t)) ovy,
2. 2 T\ T P)) 7P
Jj=1
(2.6) U}L(X, 0) = uh(X, O)
We have set:
(2.7) Va(z,on(.,t)) =V(z) + . W (z — y)vn(y,n, t)dydn.
IR n

The function vy, (., 1) is itself in L' (IR?"?), it is nonnegative and its integral equals to 1.
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The counterpart of Ehrenfest theorem for a family of solutions to (TDHF') con-
sists into saying that the function wuy(., ) defined in (2.3), satisfies approximately the
Vlasov equation when h tends to 0. This point of view may be specified in different
ways. Our aim is to compare, as in Theorem 1.1, the functions uy(.,t) and vp(.,t)
and to show that, under suitable assumptions on pj(0), their difference in norm tends
to 0. Since we are concerned with trace class operators it makes sense that the norm
involve to estimate the difference uy,(.,t) —vs(., t) is the L' (IR*") norm. A first answer
to this issue is given in [1] where we assume that the operator pp,(0) is a PDO oper-
ator belonging to the Rondeaux class [14] (with a modification to take into account
the parameter h). The article [1] also gives an asymptotic expansion at any order of
up (., t) —vp(.,t). We consider here this problem with a weaker hypothesis than the one
in [1]. We are only assuming that the commutators [P;(h), pn(0)] and [Q;(h), pr(0)]
are trace class operators. All these estimates shall use the expression,

(2.8) I (pn(0)) = %Z 1125 (), pr(0)]ll 220y + 1[Q5 (), o (O)][| 22 ey -

We are now ready to state the main theorem of this section.

Theorem 2.1. Let (p(t))n>0 be a family of classical solutions to (TDHF) with real-
valued potentials V. and W in W (IR*"). We suppose that the operator pp(0) is
trace class, self-adjoint > 0, with a trace equal to 1. We assume that all the commu-
tators [P;(h), pr(0)] and [Q;(h), pr(0)] are trace class operators. Then, there exists a
function t — C(t), bounded on any compact set of R such that, for all h € (0,1] and
forallt € R,

(2.9) (1) = on (Ol rany < CEVRIE (i (0))eC DI er )
An immediate consequence is the next corollary.

Corollary 2.2. Under the assumptions of Theorem 2.1, if I}" (p(0)) remains bounded
when h tends to 0, then we have,

(2.10) %li% ||uh(., t) - vh(.,t)HLl(]RQn) =0,
for allt € R.

If py(0) is a PDO operator of the form p,(0) = (27h)"Opy™ (Fy), with Fj, in
WL (IR?") and uniformly bounded in A, then the assumption in corollary 2.2 is
always satisfied. This is a consequence of the analogous result of the Beals character-
ization given in [14]. The dependence on the parameter h is considered in [1].

Theorem 2.1 shall be proved in Section 7.

3. A counterexample

Expanding on an idea of Rondeaux [14], we shall give an example of a trace class
operator having a Weyl symbol not being in L!(IR?"). We first point out some prop-
erties of the Weyl symbol of a trace class operator. These properties are essential in
the choice of the counterexample.

Proposition 3.1. If A is trace class, then its Weyl symbol is a continuous function
on IR?™ going to 0 at infinity and also belonging to L*>(IR?™). If this function is also
nonnegative then it is necessarily in L'(IR*").
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Proof. If A is trace class then it is also Hilbert—Schmidt and it is well-known that
its Weyl symbol belongs to L?(IR?"?) (cf. Robert [13]). This symbol is bounded since,
when A is trace class then we have

(3.1) oy (A)(X) = 2"Tr(AZxs), X € R,

where Y x is the operator in H defined in (4.15). The fact that it is continuous and
that it is going to 0 at infinity is easily verified using (3.1), for an operator written as
u— A(u) = (u, p)1p, where ¢ and ¢ are in S(IR™). One then concludes this point by
density, first for any finite rank A, then for any trace class operator since the set of
finite rank operators is dense in £!(H). For all functions F in W°!(IR?") and G in
Wee:ee (IR?7), it is well-known (cf. Robert [13]) that

(3.2) THOpY ™ (F) 0 OpY™(G)) = (27h) ™" / F(X) G(X)dX.

R2n
Let A be a trace class operator and G be a C* function on IR?>" with compact support.
From Theorem 5.2, there exists a sequence of functions (F}) in W°!(IR?"), such that
the sequence of operators Op;’bveyl(Fj) converges to A in L£1(H), implying from (3.1)
that F; converges uniformly to o) '(A). It is then deduced that

(3.3) Tr(A o Opy (@) = (27h)™ /]R oy (A)(X) G(X) dX.

We replace G by an increasing sequence G n of C™ functions on IR??, with compact
support and converging pointwise to 1 when N goes to +00, the functions |8§‘8? Gn|

being all uniformly bounded on N. When o}'(A4) > 0, we deduce from (3.3) that

0< e [ A)X) Gr(X) dX < [ Alexo 108Gl cco.

According to Calderén and Vaillancourt [6], the right-hand side remains bounded as
N tends +oo. If the function 3" (A) is nonnegative then it is in L'(IR>"). O

Proposition 3.1 and the results of Rondeaux [14] suggest the construction of an
example of a trace class operator having a Weyl symbol not being in L' (IR?"*). We may
assume that h = 1. Let a be a real number such that § < a < n. We define the
operator P by

o2iTé
(1 + [] + [€[2)>
The function p is not in L'(IR?"). For all A > 0, we define an operator A, by,

WE; it — T 2 2
Ay = O (ay),  ax(z,€) = et Mol e,

(3.4) P=0p'"(p), p(z,€) = (z,€) € R*™.

We have
1 oo
3.5 P=_—— AN AL
&2) e ),
provided that we verify the convergence. From definition (1.7) the integral kernel of
A is the function K defined by
el@=v)Lqy (w ;r y,£> de.

Kalay) = (2n) " [

n
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An explicit computation shows that

1
Ka(a,y) = (2m0) /% e (OMPHOIE20m0) g(3) = T4 5 b(Y) = e() = 5.
We can express the operator Ay as a product,
(3.6) Ay = (2mAb(N)) T2 Ty 0 By o Ty o S,
where for all a > 0, (T, f)(z) = f(zv/a), Sf(z) = f(—z) and

A)

3.7 B z) = / o~z +y*)+2u(Nz.y dy, ) = o .
61 (BHE) = Floldy, ) = s

The operator B, is self-adjoint > 0 (since 0 < p(\) < 1 and B(A) may be identified,
up to a multiplicative constant, to the exponential of an harmonic oscillator). We then
see that

n/2
T
Billz1 (3 = Tr(By —/ =20l g — () |
1 Bxll 21 (#) (Bx) =200
From (3.6) we have
| A 21 () < (27r)\b()\))_n/2 ITany ey 1Bl zrom) HTb_(Al)HL(H)-

The right-hand side is polynomially increasing as A — +oo and it is O(A~"/?) when
A tends to 0. With the choice of o > %, the integral (3.5) converges in norm in LY(H)
and it properly defines a trace class operator P. The Weyl symbol of this operator is
the function p defined in (3.4) and does not belong to L!(IR?").

4. Differentiability of the Wick symbol

For trace class operators, it is natural to give a variant of Ehrenfest theorem where
the limit is understood in the L!(IR?") sense. The above counterexample shows that
the Weyl symbol is not suitable for this purpose without any additional hypothesis.

In this section, we shall show that the Wick symbol of a bounded operator (re-
spectively of a trace class operator) in L?(IR") is a function in W°>°(IR?*") (resp. in
W 1(IR?")) and we shall give an upper bound for its derivatives.

Proposition 4.1. Let A be a bounded operator in H. Then the Wick symbol of A,
namely, the function o)'%(A) defined on R®" by (1.4), is a C* function on IR?",
bounded together with all of its derivatives. For each multi-index o there exists C.,
such that:

(4.1) V03 ¥ (A) || L (romy < Cal™ 12 || Al ).
Proof. We shall use the following function:
(AU p, Uy )
4.2 Sp(A)(X,)Y) = ——————L,
( ) h( )( ) <\IIX’h, \IJY7h>

defined on IR?" x IR?", where the functions Wy ), are given in (1.3). If we identify
X = (z,§) € R" x R with  + i§ € C", we shall see that this function is holo-
morphic with respect to X, and antiholomorphic with respect to Y. The function
(X,Y) — S,(A)(X,Y), holomorphic with respect to both variables, is called Wick



THE CLASSICAL LIMIT OF THE TDHF EQUATION. THE WICK SYMBOL. 127

symbol in Folland [10]. The restriction of Sj,(A) to the diagonal is our o}V (A4). Direct
computations shows that:

(4.3) (Ux g, Uy ) = e~ an XY HapIm(XY),
In particular,

1y vi2
(4.4) (Uxp, Oy )| = e mEYE 0wy, =1

Consequently,
45)  [Sn(A)(X,Y)| = e XY AW, Uy )| < et XY 1A 20

An important property verified by coherent states is that:

(1.6 (Fogh = e [ (£ W) (Wxneg) dX,

for all f and g in H. Applying this equality several times, we see that, for all X and
Y:

(A7) SWANX,Y) = 2rh) 2 / B(X,U,V.Y)S(A)(U, V)dUdV,
IR47L
where, for all (X,U,V,Y) we have set:

(Uxn, Yun) (Yun, Yvu) (Yva, Yya)
(Ux h, Uy n)
Direct computations from (4.3) show that this function is holomorphic with respect to

X and antiholomorphic with respect to Y, and the same properties follow for Sy, (A).
The function By, plays the role of a modified Bergman kernel. From (4.3) we have:

(4.8) Bu(X,U,V,Y) =

(4.9) Bu(X,U,V,X) = e~ 3 X-V)X-0)= g U=V
We verify that:
W2V B (X, ULV, X)| € G (X, U, V, ) 310V

where m = |a| and

Kon(X,U,V,h) = (1 L XU X - V') oA (X—UPHV-X]?)
Vh

Applying (4.7) restricted to the diagonal X =Y, it follows that:
(4.10)

B2 V_?(o,"LViCk(A)(X)‘ < C(2wh)™™ / ATy 4, Oy p) | Ko (X, U, V, h) dUdV.
IR4n

Bounding from above [(A% p,, Wy )| by the norm of A, we then obtain (4.1). O

Proposition 4.2. If A is in L1 (H), then its Wick symbol 0} *(A) belongs to W1
(IR?™). For each multi-index «, there exists Cy, > 0 such that:

(4.11) (2mh) " [V ()]s ony < Cah™ Al 210

Inequality (4.11) is proved when a = 0 by Rondeaux [14].
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Proof. Similarly to Proposition 4.1, we have inequality (4.10). Integrating with respect
to X we obtain:

hm/2<277h)_n ||vaO'}VfiCk (A) ||L1(IRQ")

<C’a(27rh)_2”/ (AW 4, Uy )G, <V> duav
Rin Vh

where
|U)?

Gm(U) =1 +|U|)"e =,
where m = |a.
Since the function G, is in L!'(IR?"), Proposition 4.2 is a consequence of the
following lemma.

Lemma 4.3. Let A be a trace class operator and G be a function in L'(IR*™). Then
we have:
X-Y
(4.12) (2mh)~2" /
R4n Vh

< 2m) "Gl (mr2n)
Proof. We can write A = By By where By and By are two Hilbert—Schmidt operators.
Using the fundamental identity (4.6) verified by the coherent states we see that, for
all X and Y in IR?",

< AUy, Uyp > G ( > ‘dXdY

|All 21 (1)

<A\I/X7h,‘l’y7h> = <BQ\IJX7}L,B{\I/Y,}L> = (27Th)_n/ UZh(X) UZh(Y) dZ,
RQn

where we have set uZh(X) = <B2\I'X,h7\PZ,h> and UZh(X) = <\IJZ7h,Bf‘I/X’h>. Let Iy,
be the left-hand side of (4.12). From Schur lemma,

Iy < (2mh) 7" ™| G| 1 (2 /2 luznllLzareny ([vznllL2@ren)dZ.
R2n

From (46), we have HuZhHLQ(IR%) = (27Th)n/2||Bé(\I’Z,h|| and HUZh||L2(R2”) = (27Th)n/2
|B1¥ 2 1||. Consequently,

I, < (27Th)_2”hn||G||L1(]R2") /2 ||B1\I/Z7h|| ||B§\I’Z’h|| dz.
R2n
From the basic identity (4.6) for coherent states,

ey [ B aslRaz = e [ (BB ) dZ
= Te(B; B;) = || Bj|Z2n):
where || B;| z2 (%) is the Hilbert-Schmidt norm of B;. Therefore,
In < (2m) "G Ly reny [1Bill 2y 1B2llc2(m)-
Taking the infimum over all A written as A = By By we then obtain (4.12). O

Let us now recall and give a short proof of the following proposition, even if it is
standard.



THE CLASSICAL LIMIT OF THE TDHF EQUATION. THE WICK SYMBOL. 129

Proposition 4.4. The Wick symbol UgiCk(A) of an operator A is related to its Weyl
symbol Ugeyl(A) by:
h

(4.13) oK (A) = e TR0V (A),
where A is the Laplacian on IR?*™.

Indeed, setting Fj, = U,eryl(A), the expression in definition (1.7) for the Weyl
calculus may be written as:

R2n
where, for all Y = (y,7) in IR?", ¥y, is the symmetry operator defined by:

(4.15) (Synf)(u) = 7@ VEf2y —u), Y = (y,1) € R

A direct computation shows that:

_1x-Yy?

(4.16) UﬁiCk(ZYh)(X) =< EYh\IIX,ha \I/X,h >=e€
Equality (4.13) then follows.

5. PDO approximation

In this section, we shall show that the class of operators having a Weyl symbol in
We:L(IR?") (introduced by Rondeaux) is dense in the set of trace class operators,
similarly to the fact that W°1(IR") is dense in L!'(IR™). The PDO approximation
used for the proof is strongly connected with convolutions and may probably be also
applied to Schatten classes. This technique is often employed in representation theory.
However, as a function in L>(IR™) needs to be continuous in order to be in the closure
of Wo*°(IR"™), a bounded operator needs additional hypotheses in order to be in the
closure of the class of Calderéon—Vaillancourt operators.

For all X = (z,€) in IR*" and for all h > 0 let W, ¢, be the operator defined by:

(5.1) Wxnf)(u) = Weenf)(u) = fu— z)en it

for all f € L2(IR™). It is a standard representation of the Heisenberg group. Thus,
the coherent state U x j verifies:

(5.2) Uxn=Wxn¥Von.
We have, for all X and Y in IR?",
(5.3) Wx wn Wy = e3n 7SN Wy 1y

where o is the symplectic form o((x,¢), (y,n)) = y.£ — x.n. For all operators A in
L(H) and for all A > 0 let us define:

(5.4) ThA = (nh)™ / e Wy, AW, dX.
R2n
We note that without further hypotheses (7, A¢, 1) makes sense for ¢ and ¢ in
S(R™).

We begin with the case of bounded and trace class operators. Some mild hypotheses
on their commutators with position and momentum operators are needed.
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Theorem 5.1. (a) We have:
(5.5) 1ThAllc0) < 1Al

for all operators A in L(H) and for all h > 0.
(b) When the commutators [P;(h),A] and [Q;(h),A] are bounded operators we
have:

(5.6) 1A = ThAll e ZH Al + Q5 (h), Alll (-

(c) When the operator A is trace class together with the commutators [Pj(h), Al
and [Q;(h), A], we have:

(5.7) A = Th Al z1(x) < \fZH Alll gy + Q5 (h), Alll (3

(d) The Wick symbol of the operators A and Tp, A are related with:
(58) w1ck<T A) _ 64LA Wle(A).
The Weyl symbol of Tp A is equal to the Wick symbol of A.

Proof. Point (a) is clear since Wxy, is unitary. For any 6 in [0, 1] define:

T(0,h)A = (wh)_”/ e
R2"
Thus, T'(1,h)A =T, A and T(0,h)A = A. We verify that:

0 *
59 VexnAWix = E [% Wox n[Pj(h), AlWgx n — §Wox n[Qj(h), AIWgx h}
Consequently,
A~ Tilego < 236 [ g 110, 4)
hAlle() = g —— J L(H)

j=1

+ |§j| Qs (), Alll e | dadgdo

Z |(adP;j(h)Al cry + [[(adQ;(R) Al £(30),

Jj=1

proving point (b) and also point (¢) with straightforward modifications. For the point
(d) we see that:

o NI A)(X) = (TwA) P, Uxon) = (TnA)Wxn Yo, Wx,nWo,n)

. 2
= (mh) / . Wy n AW, Wx 1 Wo n, Wx nWon) dY
R n

= (wh)™" /]R% e

We have used here (5.3). Consequently,

v |2
e (AWx vy Vo n, Wx—yn¥o,n)dY.

AHTAE) = )7 [ ) )y,
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which is (5.8). According to Proposition 4.4 we also have:

oV K(T,A) = e 120}V (T, A).

Since the operator e%2 is one to one, we deduce as it is mentioned that o}~ 1(’ThA) =

TR (A). 0

Next, we consider the case of trace class operators without additional assumptions.
The result below does not have any counterpart in the case of bounded operators.

Theorem 5.2. The space of operators written as OP, ' (F) with F in W' (IR*")
is dense in the space L'(H) of trace class operators.

Proof. For this purpose, we modify the PDO approximation and we set:

2
TIA = (z\)™" / e Wy 1 AW, dX,
IRZn

for all A > 0 and for all trace class operators A. Let us show that:

(5.9) lim | 73(4) ~ Allesog = 0,
for all trace class operators A. Since we clearly have
_ _x?
A= (mA) ”/ e AdX
RQTL
then we see that,

IT2(A) = All oy < (TA)™ / e

| X <8
+ (7‘1’)\)_”/ e
| X|>6

for all 6 > 0 and for all A > 0. For all trace class operators A and for all € > 0, there
exists > 0 such that:

| X

12 .
M Wx hn AWE = Allgr ey -

1x|2
A

(WA AWE 4200 + 1Al 100 4,

|X| <d= |Wx 1AW 1 — Allsr(n) <e.

Indeed, this property is first verified when A is of the form f — <f, o> ¢ with ¢
and ¢ in S(IR™), it is next derived by density for finite-rank operators and then, by
density again for trace class operators. Besides, § > 0 being fixed, we have:

. —n _1x? .
lim (7‘(’)\) / € A [HWX,IAWXJHﬂl(H) + ||A||£1(H)]dX =0.
A—0 |X|>6

The limit in (5.9) is then easily obtained. From (5.3), for all X in IR*" we have:

—n _lx?
Wxn T (AWE, = () / e Wy AWy dY
IR2TL

2
= (M)—"/ eI T W, AW, dZ.
IR2n
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Consequently, for all A > 0, the mapping X — WX,l’T/\’(A)W;(’l is C* from IR?" into
LY (H). We see, setting X = (z,£) as the variable of IR?":
8 * *
- Wxa LA Wy = =W [P (1), T(A) | Wk,
j
6 * *
g WA T AW = Waea [ @510, TR (A)| Wi,
j
where P;(1) is the operator of differentiation with respect to u; and @;(1) is the
multiplication operator by u;. Consequently, all order iterated commutators 7, (A)
with the position and momentum operators P;(1) and @;(1) are trace class. From the
result of characterization of Rondeaux [14] (the analogue of Beals characterization
for trace class operators) it follows that 7/(A) is written as OpY™ (Fy), with Fy in
WeeL(IR?™), for all A > 0. O

6. Proof of Theorem 1.1

Let A be an operator in L(H) satisfying the assumptions in Theorem 1.1. Set F,(X) =
0}k (A)(X). This function is C* from Proposition 4.1. Denoting by ¢, the Hamil-
tonian flow associated to the function H(z,&) = |£|2+V (), we shall use the following
function and operators:

(6.1) wi(X,t) = Fu(e(X)),  Ca(t) = Opy™ (wa(.,1)).
We shall also use the operator 75 A appearing in Section 5 and the following operator:
(6.2) Bi(t) = et Hn gy (A)e~in Hn,

We shall compare Wick symbols of the operators Ay (t), Bp(t) and Cj(t) and then
compare the Wick symbol of C'(¢, h) with the function wy/(.,t). This is the purpose of
the three steps below.
First step. We have, from Theorem 5.1,
(6.3)
o8 (AR () = Br(t)|| = mzny < 1An(t) = Ba(®)ll o) = 1A = Ta(A)ll 2oy - - -
< OVhI(A),

where I;°(A) is defined in (1.11).

Second step. The comparison of Bj(t) and Cj(t) comes from Egorov theorem.
Nevertheless, this requires some precisions due to unusual estimates satisfied by the
derivatives of wy, (., t) that we first need to specify. Since wy,(.,0) = 0}"1(A) we deduce
that:

awh(. 0) 7 ick 6wh(. 0) )
IWRHT) Y wick(1p(R). A Y)Y

oz, won ([P(h), A)), o€, ;

Applying Proposition 4.1 to the above commutators, we see when k > 1 that:

”vkwh(-a 0)||L°°(]R2n) < Caghl_(k"‘l)/QI}?O(A)'

i ([Q;(h), A]).

The derivatives of order greater than one of the Hamiltonian flow ¢; associated to the
symbol H(x,§) = [£]|? + V(x) are bounded in R?" with a bound equal to O(1 + t2).
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For every multi-indexes «, there exists M, (t) such that:

(6.4) [V wh (., 1) oo (m2ny < M, ()R}~ (D212 4),
The operators By, (t) and Cj,(t) satisty:
(6.5) —ma%’“;(t) _ [y, Bt b)),
. OCH(t . we, . we
_p%90) _ —ihOpy ™ (Bywn (., 1)) = —ihOpy™ ({H,wr (., 1)}).

ot
For all functions F and G in W (IR?"), let fzﬁf) (F,G) be the operator defined by:

(6.6) 0P (P), 0 (@)] = Lopy (R, 0y + R (.0,

From standard results on the Weyl calculus, this operator satisfies the following
estimate:

6.7) IR (FGeay <C Y. ARV o gany VPG| o (men).

j>3,k>3
6<j+k<6n+10

It suffices to carefully follow the steps of the proof in [13], or, for a detailed proof, the
appendix B of [1]. With these notations, one may write:

OCh(t)
ot
Note that ﬁf)(A, wp(.,t)) = 0 and consequently:

B2 (H (1)) = B2 (V,wn ().
We then may apply inequality (6.7) with the functions F' =V and G = w(.,t). The
inequality (6.7), those in (6.4) which are verified by wp(.,t), and the fact that all
derivatives of V' are bounded allows us to write:
(6.9) IR (H Gl )y < M(2) B2 I72(A).

From Theorem 5.1, the operator 7, A appearing in Section 5 has a Weyl symbol equal
to the Wick symbol of A. Consequently, the Weyl symbol of By (0) = 7;,(A) and the
one of C,(0), which is Fj, = o}V1c(A) are equal. Thus:

(6.10) By, (0) = Cp(0).
From (6.5), (6.8) and (6.10), Duhamel principle implies:

(6.8) —ih — [Hy, Cu(t)] = RY (H,wn (., 1)).

¢ ] o ct—s 77

h(BL(E) = C(t)] = [ T R, Gu(t) ¢ 5 ds.
0

Consequently, when ¢ > 0,

180~ Coltlenn < [ 1R (Gl s
We then deduce that:
(6.11) o3 (Bu(t) — C(H) ey < 1Bult) — Culd)lecry < MW I (A).
Third step. From Proposition 4.4,

h

inCk((Ch(t)) _ 64Aaxeyl(ch(t)) — e%Awh(.,t).
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Then
%

wic h !
I (O ) = (e mny < [ e

< (| Awn (., )| poe (2w -

Awh(., t) ||Loo(]R2n)

In view of the estimates (6.4) satisfied by wy,(.,t), we obtain:
(6.12) |o¥ick(C (1)) — wh (., 1) || Loo (r2n) < M (t)VRhIZ(A).

Since wy(.,t) = (ahWiCk(A)) o ¢, then inequality (1.12) in Theorem 1.1 arises from
(6.3), (6.11) and (6.12).

7. Proof of Theorem 2.1.

Let pp(t) be a family of solutions to the equation (TDHF) (2.1), satisfying the hy-
potheses of Theorem 2.1. Let up(.,t) be the function defined in (2.3). Let v, (.,t) be
the solution to Vlasov equation (2.5) such that vj(.,0) = up(.,0). We shall use the
functions V,(., pn(t)) and Vii(.,vp(.,t)) defined in (2.2) and (2.7), respectively. We
shall also use the following functions:

(7.1 HT (2,6 0) = €2 + V(o (1),  HY"(2,6,0) = € + Valz, on (1)),
and the associated operators through the Weyl calculus, namely:
(7.2) Y = —2A+ V(L (1), HYM = —h2A + Va(.,vn(., 1),

by using the same notation for the function and the corresponding multiplication
operator. We shall denote by wy, (X, t) the solution to

(7. O (1) = LHF (), un 1),
such that:
(7.4) wi(,0) = on (-, 0) = un(., 0).

In order to compare vp(.,t) with wy(.,t), we note that the Vlasov equation (2.5) is
written as:

th
(75) W(J» :{HIYL(vt)vvh(7t)}
We shall use the operator By, (t) solution to
. dBn(t)

(7.6) ih

S = (), Bu(t)], Ba(0) = Tu(pn(0)),

where 7j is the mapping used in Section 5. Finally, we shall also use the following
operators:

(7.7)  Cu(t) = 2nh)"Opy ™ (wi(.,1)), Du(t) = (21h)"Op) ™ (vn(.,1)).
According to the point (d) in Theorem 5.1, we have

(78) oy (Bu(0) = o} (Talpn(0))) = oK (on(0)) = (27h)"un(.,0).
Consequently,

(7.9) By, (0) = Cr(0) = Dp(0).
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Theorem 2.1 will be a consequence of the comparison between the Wick symbol of the
operators pp,(t) and By, (t), between those of By (t) and C,(t), between those of Cy,(¢)
and Dy (t), and finally between the Wick symbol of Dy (t) and the function v, (.,t).
Each of these comparisons shall be written using the expression If"(p(0)) defined
in (2.8), and shall correspond to one step of the proof, but before that, we need three
more lemmas.

Lemma 7.1. Let pp(t) be a family of solutions to the (TDHF) equation satisfying
the assumptions in Theorem 2.1. Let vy(.,t) be the function defined above. Then, for
all integer numbers k > 0 we have:

(7.10) IV o (s )| 2 meny < Cr(O)R™2 o1 (0)]| 2170
and for all integer numbers k > 1,
(7.11) Hvkvh(.,t)HLl(]Rzn) < Ck(t)h_(k_l)/QI;lr(ph(O)).

These estimates remain valid when replacing the function vy (.,t) by the function
wh(.,t).

Proof of the lemma. Since we have (7.4) for t = 0, then the estimates (7.10) and (7.11)
when ¢ = 0 come from Proposition 4.2 applied with the operator pp,(0) (for (7.10)) and
with the commutators [P;(h), pr(0)] and [Q;(h), pr(0)] (for (7.11)). Since the poten-
tials V and W are in W°>°(IR"), then the functions V, (., pn(t)) and Vo (., vn(., 1)) are
uniformly bounded together with all of their derivatives. Consequently, the estimates
satisfied at ¢t = 0 by v,(.,0) = wp(.,0) remain valid along the Hamiltonian flows
associated to the two symbols HZ¥(.,t) and HYL(.,t). Thus, the estimates (7.10)
and (7.11) remain valid for all ¢ for the function vy,(.,t) and the function wy(.,t). O

Lemma 7.2. If W is a function in W (IR"), if we denote by W, the multiplication
by y — W(x —y) and if A is trace class, then

(7.12) eFATH(W, 0 A) = (2h) ™" | W = y)o} ™ (A)(y, n)dydn.

IRZn
Proof. Let us begin by the case, A = Opy* (F) with F in W°'(IR?"). Then, if W
is as in the lemma, by (3.2) we have:

Te(Ws 0 A) = @nh)™ | | W (e = y)oy ™" (4)(y, n)dydn,

and then

AT (W, 0 A) = (2ch) ™" [ W(w — y)ed 2= on ™ (A)(y,n) dy dn.
R2"

Besides,

Wz —y) (c*
R2n

and taking into account Proposition 4.4 we deduce (7.12). Suppose now that A is
an arbitrarily given trace class operator. Then Theorem 5.2 shows that there exists
a sequence of operators A;, written as, A; = Op;feyl(Fj) with Fj in Weol(R?"),
converging to A in L*(H), (h > 0 being fixed). Equality (7.12) valid for all the A; is
also true for A when taking the limit while using Proposition 4.2. 0

A1) oy (A)(y,m) dy dn = 0,
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Lemma 7.3. With the above notations, we have:
(7.13)

lon (-, 8) —wa (., )l L2 rany < C(OL (pn(0))

h—|—/ ||Uh(.,8)—uh(.,S)HLl(]Rzn)dS .
[0,¢]

Proof. We deduce from (7.3) and (7.5) that:
O(vp, — wp,)
ot

From Duhamel principle, since v, (.,0) — wp(.,0) = 0 and since the Hamiltonian flow
associated to the function H'¥'(.,t) preserves the norm of L!(IR*"), we obtain

(.,t) = {H}?F(‘atL ('Uh(‘?t) - wh('vt))} + {(H}I;IF(7t) - H}YL(‘7t))>vh(-7t>}'

0 (s #) = wn (e D)l s oy < /[ T Cs) = Y ) o)l e .
ot

‘We have:
HPF (. s)— HY (., s) = (I — e#2)Tr(W, 0 pu(t)) + e 32+ Te(W, 0 pp(£))

—/ W(x —y)on(y,n,t) dy dn.
IR2n

From Lemma 7.2, we have:
X T(Wy opn(t) = | W(a—y) un(y,n, 1) dydn.
R n
We then deduce:

HIF (2,€,8) — HY (2,6, 8) = (I — 52 )Te (W, 0 pi(t)) - - -
- W(z —y) (uh(y,n, t) — vn(y, n,t)) dy dn).
In view of the preceding points,

||Uh(.,t) — wh(.,t)HL1(]R2n)
< C/[ | IVon (., 8) Hlpr (man) [h + llun(.; s) = oal,, S)HLl(]R%)}dS-
0,t
From Lemma 7.1 (with £ = 1) we then deduce (7.13). O

End of the proof of Theorem 2.1. First step. With the above notations (TDHF)
equation is written as:
dpn(t)

in ) — [ (1), (1)

We consequently have:

d(ph(t)d; Bu(t) _ [HIF (1), (pu(t) — Br(1))]-

Since the propagator associated to this equation preserves the trace norm, and since
By (0) = 71,(pr(0)), we then deduce that:

lpn(t) = Bu(®)llc1 (1) < lpn(0) = Tn(pn(0) || 21 (2

ih
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Consequently, from the Proposition 4.2 (with o = 0) and Theorem 5.1 (point c)),
(7.14)

(27) |3 (pn(t) = Bu () 1wy < o (0) = Tulon(0)) 1y < CVRIE (1 (0):

Second step. We shall bound in norm By, (t) — Cp,(t), and towards this aim, we shall
show that By, (t) and Cj,(t) verify similar equations. The operator By (t) verifies (7.6)
whereas:

ih%ht(t) = ih(2rh)"OPYY ({HIF (), wh(.,1)}).

With the notation (6.6) we have:
OB (H}F (1)), OBy (wp(.,t))]

= BORYHEF (0, wn 01 + B (1) un (1),

Consequently,
dChn(t)
dt
We know that RELQ)(F7 G) = 0 for all functions G when F(x,£) = |£[2. We can then
replace H}¥(.,t) by V,(., pn(t)) in the right-hand side of (7.15). By combining (7.15)
with equation (7.6) verified by By, (t) and using Duhamel principle and (7.4), we obtain

1 ~
IB0) = OuOer < )" [ IR ) ns Do
t

From Theorem 3.1 of [1] applied with N =2, F =V, (., pn(s)), G = wi(., ), p = 00,
qg =1, we have

IR (Vy (. pn(8)) wn (- 8))| 22 20
<Ch™" Y WP VOV pn(s)) e arey VWA, 8)]| L men)-

a+B<6n+10
«>3,6>3

Since the potentials V and W are in W°>*(IR") and since the L!(IR*") norm of
wp (., s) is bounded (Lemma 7.1) then the derivatives of all order of V(., pn(s)) are
bounded. For 8 > 1, the function VAwy(., s) verifies the estimates (7.11) of Lemma
7.1. Consequently, when h € (0, 1],

1R (Vo pn(5)) wn (s 8Dl ey < C)R* 2 (02(0)).

Consequently,

(7.15) ik = [H}T (1), ()] = (2mh)" B (HI (), i (-, 1)

1Bn(t) = Ca(t) | 2y < CEWVRI (p1(0)).
We then deduce (from the Proposition 4.2 with a = 0) that:

o (Ba(t) - Cu(t))| < COVRIL (pn(0)).

7.16 2wh)™"
(1.16)  (2nh) o <

Third step. From the Proposition 4.4, we have
(27h) ™| (Cr () — Da(0))]l £1 mzn)

h
< et 2 (on (1) — wa s D)l Lrreny < NwR(t) = wale )l L1 men)-
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Then, from Lemma 7.2,
(7.17) (2mh) " [|o} (O (t) — Dr(t))l| 1 (ram)

< CLu(pnl0)) |+ /[ ) = ) oy s
0,t

Fourth step. From Proposition 4.4, we have
(27h) "o} K (D (1)) = (27h) e T2 oYY (D (1)) = et 2up (., b).
Consequently, from the Lemma 7.1 with £ = 2, we obtain
(7.18) o t) — (27h) 03 (D (8) | gy < (€55 — Don(s )l oy < - .
< O V0n (1) 2 (em) < COVATE (o1 (0)).

Since up (., t) is defined by (2.3), we get from estimates (7.14), (7.16), (7.17) and (7.18)
obtained in the four steps that:

lun(,t) = vn ()l L1 wen)

< C(t)[ﬁr(ph(())) \/E-i-/ ||Uh(., S) - ’Uh(., 8)||L1(1R2n)d8

[0,t]
From Gronwall lemma, we have
lun (s 1) = vn (s )| 2 meny < COVRIE (pn(0))e O En O,
when h € (0, 1], with a different constant C(t). Theorem 2.1 is complete. O
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