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WEIGHTED PLANCHEREL ESTIMATES AND SHARP SPECTRAL
MULTIPLIERS FOR THE GRUSHIN OPERATORS

ALESSIO MARTINI AND ADAM SIKORA

ABSTRACT. We study the Grushin operators acting on Ri} X Ri?, and defined by the
formula,

dy dy do
o S () o,
j=1 7 j=1 k=1

‘We obtain weighted Plancherel estimates for the considered operators. As a consequence
we prove LP spectral multiplier results and Bochner—Riesz summability for the Grushin
operators. These results are sharp if d; > d2. We discuss also an interesting phenomenon
for weighted Plancherel estimates for di < d2. The described spectral multiplier theorem
is the analogue of the result for the sublaplacian on the Heisenberg group obtained by
Miiller and Stein and by Hebisch.

1. Introduction

Let (X, pt) be a measure space and L be a (possibly unbounded) self-adjoint operator
on L?(X). If E denotes the spectral resolution of L on R, then a functional calculus
for L can be defined via spectral integration and, for every Borel function F': R — C,
the operator

P(L) = /R FO)dEQ)

is bounded on L?(X) if and only if the “spectral multiplier” F is an (FE-essentially)
bounded function. Characterizing, or at least giving (non-trivial) sufficient conditions
for the LP-boundedness of the operator F'(L), for some p # 2, in terms of properties of
the multiplier F', is a much more complicated issue, and a huge amount of literature
is devoted to instances of this problem (we refer the reader to [4,6,10,11,13,14,18,
21,24,26] for a detailed discussion of the relevant literature).

Here we are interested in the case where X = R% x R?%, with Lebesgue measure,
and L is the Grushin operator, that is,

L= —Axl — |$,|2A$//,

where 2/, 2" denote the two components of a point & € R% x R% while A,/, A, are
the corresponding partial Laplacians, and |z’| is the Euclidean norm of z’.
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Let W7 (R) denote the L? Sobolev space on R of (fractional) order s, and define a
“local Sobolev norm” by the formula

[ F[[pews = sup [[n Fgy[lwe s
>0

where F(;)(\) = F(t)), and n € C£°(]0, oo[) is a not identically zero auxiliary function;
note that different choices of n give rise to equivalent local norms. Next set D =
max{d; + d2,2d>}. Then our main result is the following Mihlin—-H6rmander-type
multiplier theorem.

Theorem 1. Suppose that a function F : R — C satisfies
(1.1) 1Fllasws < o

for some s > D/2. Then the operator F(L) is of weak type (1,1) and bounded on
LP(X) for all p € ]1,00[. In addition,

(1.2) IE@L)[pr—prw < ClFaawgs  [F(D)|zr—re < CpllFllarwy-

Our approach allows us to consider also the Bochner—Riesz means associated to
the Grushin operator, for which we obtain the following result.

Theorem 2. Suppose that K > (D — 1)/2 and p € [1,00]. Then the Bochner—Riesz
means (1 —tL)% are bounded on LP(X) uniformly in t € [0, 00].

The main point of interest of Theorems 1 and 2 is that they are sharp, at least if
d1 > dg; namely, the lower bounds on the order of differentiability s in Theorem 1
and on the order k of the Bochner—Riesz means in Theorem 2 cannot be decreased.
Determining the “critical” orders s and k is commonly regarded as a crucial aspect
of the theory of spectral multipliers. For instance, the analogue of Theorem 1 for a
sublaplacian on the Heisenberg group has a long history [4,8,12,21] of results requiring
a lower and lower order of differentiablity, culminating with the work of Miiller and
Stein [24] which shows that the critical order is half the topological dimension of
the group; see also the independent result by Hebisch [13] for the wider class of
Heisenberg-type groups.

The sharpness of Theorems 1 and 2 when d; > ds is due to the fact that D in this
case coincides with the topological dimension dj 4+ ds of X; since the Grushin operator
L is elliptic in the region where z’ # 0, one can use the transplantation argument
described in [17] to deduce the sharpness of the above theorems from the sharpness
of the analogous results for the Laplace operator on RP (see also [26] for a different
argument). In the case do > dj, instead, a gap of dy — d; remains between D and the
topological dimension.

If one disregarded the constraints on s and x, then the above results would follow
from a general theorem [11,14] proved in the context of a doubling metric-measure
space (X, o, 1), with an operator L satisfying Gaussian-type heat kernel bounds:
namely, the weak type (1, 1) and LP-boundedness for p € |1, oo[ of F'(L) hold whenever
| F[|arws, < oo for some s > /2, where @ denotes the “homogeneous dimension” of
the metric-measure space; correspondingly, the uniform LP-boundedness for p € [1, o0]
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of the Bochner-Riesz means (1 — tL)% holds whenever x > @/2. As shown in [25],
in the case X is R x R% with Lebesgue measure and L is the Grushin operator,
a “control distance” p associated to L can be introduced, and the general theorem
applies with @ = dy + 2ds.

An alternative approach for the case do = 1 is presented in the recent work [16],
where the smoothness condition in the Mihlin-Hoérmander-type theorem is essentially
the same as in [25], while some improvement is obtained for the Bochner—Riesz means
(in our notation, their condition is K > D/2+ 1/6). However the method used in [16]
apparently does not yield the weak type (1,1) in the multiplier theorem, nor the
L'-boundedness of the Bochner-Riesz means.

Our theorems improve all the mentioned results. In particular, Theorem 1 gives
an improvement with respect to both the order of differentiability required on the
multiplier (since D < @, even in the case dy > d;) and the type of Sobolev norm used
(L? instead of L°°). The use of an L? Sobolev norm is also crucial to obtain (D —1)/2
as the lower bound in Theorem 2.

When d; = dy = 1, Theorem 1 proves the conjecture stated on page 5 of [22].

2. The Grushin operator

As above, let X be R% x R? with Lebesgue measure. In order to study the Grushin
operator L on X, it is convenient to introduce at the same time a family of operators
which commute with L.

Given a point z = (2',2"”) € X, we denote by 2/ and zj the jth component of z’
and the kth component of z”’. For all j € {1,...,d;} and k € {1,...,d>}, let then L;,
Ty, P; be the differential operators on X given by

da
. 2 2 . 2 .
L= (*7’61;) + (x;) Z(flaz'{') , Tk = 7281’%? Pj= x;
=1

If (0,)r>0 is the family of dilations on X defined by

S (2! ") = (ra, r2a’),

then ||f o 8,||2 = r~%/2||f||2, where Q = d; + 2dy. We also note that

(2.1) Pi(fod,)=r""(Pf)odr, Lj(fod,)=1*(Lif)od,,
Ti(f ©6,) = r*(Tif) © by
The Grushin operator L on X is the sum Ly + --- 4+ Lg,. L is a second-order
subelliptic differential operator with smooth coefficients. For such operators, several
ways of introducing a control distance ¢ are available in the literature, and we refer

the reader to [15] for a survey. In particular, L belongs to the class of operators studied
in [25], where the following estimates are obtained.

Proposition 3. The control distance ¢ of the Grushin operator L on X is homoge-
neous with respect to the dilations 9,, that is,

0(6-(x),6-(y)) = ro(r,y)
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for allr >0 and z,y € X, and moreover

|$// _ y//|

/ !
22) oy~ -yl W
|$//_y//‘1/2 if|x”—y”|1/2 > |x’| + |y/|

if " =y < | + 1y,

Consequently, if |B(xz,r)| denotes the Lebesque measure of the o-ball of center x € X
and radius v > 0, then

(2.3) |B(z, )| ~ 8792 max{r, |z'|}9,
and in particular, for all X > 0,
(2.4) |B(z,\r)| < C(1+ \)9|B(z,7)|.

Moreover, there exist constants b, C > 0 such that, for allt > 0, the integral kernel p;
of the operator exp(—tL) is a function satisfying

2
(2.5) Ipe(a,y)] < C|B(y, /)| e~ velew/t

for all x,y € X.

Proof. The homogeneity of o follows immediately from its definition [25, Section 4]
and the homogeneity of L. For the remaining estimates, see [25, Proposition 5.1 and
Corollary 6.6]. O

The inequality (2.4) says that X with the distance ¢ and the Lebesgue measure
is a doubling metric-measure space of homogeneous dimension @ (cf. [10, Section 2]
or [11, formula (2.2)]), whereas (2.5) expresses Gaussian-type heat kernel bounds
for L.

3. The Heisenberg—Reiter group

Several properties of L and the other operators introduced above can be easily
recovered by considering X as the quotient of a suitable stratified Lie group (cf. [1,2]).
Denote by R%*% the set of (d; x da)-matrices with real coefficients. Both R%*% and
R4 x R% are abelian Lie groups with respect to addition. Let Hy, 4, be the semidirect
product group R4 >4 x (R4 x R%), with multiplication

(z,y,t) - (20, Y0, to) = (¥ + 0,y + Yo, t +to — (27 yo — 3L y)/2).

This is a particular instance of Heisenberg-Reiter group (see [30] and references
therein). If {X1,1, ... ,Xdl’dw}}l, ... Yy T1,...,Ty,} is the standard basis of the Lie
algebra of Hy, 4, (i.e., the set of the left-invariant vector fields extending the standard
basis of R41%92 x R4 x R at the identity), then the only non-trivial Lie brackets
among the elements of the basis are

(Xjn, Y] ==Y}, Xj] = T forallj=1,...,d1,k=1,...,da.
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Hg, 4, is a 2-step stratified Lie group, with dilations (gr)r>0 defined by

6T(Xj,k) = TXj,k; 57’()/]) = T%v ST(Tk) = T2Tk7

and the homogeneous sublaplacian L on Hg, 4, is given by
7 o2 -2
A S 3t
gk J

Note that, when dy = 1, Hg, 4, is the (2d; 41)-dimensional Heisenberg group. When
dy > 1, Hg, 4, is not an H-type group (in the sense of Kaplan), nor a Métivier group.
Nevertheless, in the terminology of [18,19], Hg, 4, is h-capacious where h = min{d;, d2 }.
In particular, the following multiplier theorem holds: the operator F (f/) is of weak
type (1,1) and bounded on LP(Hyg, 4,) for all p € |1, 00[ whenever || F||yw; < oo for
some s > (dimHg, 4, + (d2 — d1)+)/2, where dimHy, 4, is the topological dimension
dyds + dy + dsy [19, Corollary 6.1].

X can be identified with the left quotient R9*92\H,, 4, via the projection map
(z,y,t) — (y,t + 2Ty/2). Hence, Hy, 4, acts by right translations on X, that is,

Tyt X2 (2,2") = (2 —y, 2" =272 —t+2"y/2) eX

is a measure-preserving affine transformation of X for all (z,y,t) € Hq, 4,, and 74, =
74Th. This in turn induces a unitary representation o of Hg, 4, on L*(X), given by

o(9)f = for, ", and

T, = dU(*Z‘Tk), Pka = dU(*in,k)v

L; =do (—fff - ZXJka>’ L =do(L).
k

This shows in particular that the operators L1, ..., Ly, ,T1,..., Ty, (and all the poly-
nomials in Lq,...,Lg,,Th,...,Ty,) are essentially self-adjoint on C°(X) and com-
mute strongly (that is, their spectral resolutions commute), so they admit a joint
functional calculus on L?(X) in the sense of the spectral theorem [20, Section 3.1].
Arguing analogously, by the use of the unitary representation w of R% x R% on L?(X)
given by

(3.1)

(@, u") )@, 2") = & flal o ),

one obtains that the operators P,..., Py, ,11,...,T,, are essentially self-adjoint on
C°(X) and commute strongly.

Because of the mentioned commutation properties, it is convenient to introduce in
our notation the following “vectors of operators”:

L=(Li,...,Lyg), T=(T1,....,Ty,), P=(P1,...,Py).

Thus, for instance, |T| stands for the operator (|T1|> + --- + |Ty,|?)'/?, that is, the
square root (—Ag»)'/? of minus the second partial Laplacian on R% x R%, while
|P| is the operator of multiplication by |z’|. The subellipticity of L then yields the
following estimate.
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Proposition 4. For all v € [0,00[ and f € L*(X),
(3.2) 1P fll2 < CLIILY2 T f]l2,

where the L? norm on each side of (3.2) is understood to be +oo when f does not
belong to the domain of the corresponding operator.

Proof. We may assume vy > 0. Let PT denote the double-indexed vector of operators
(P;Tk); .k, and note that |PT|” = |P|7|T|” (modulo closures). Moreover the spectrum
[0, +o0[ of |T|” is purely continuous, so |T|” is injective and its image is dense in
L?(X). Therefore (3.2) is reduced to the proof of the inequality

(3.3) IPTgll2 < C[|1L7"?g]2

for all g € L*(X).
By (3.1), the differential operator W = — Dk X]%k on Hg, 4, corresponds to the

operator |PT|? on X. Since W is 0,-homogeneous, with the same homogeneity degree
as the sublaplacian L, from (3.1) and [28, Theorem 2.5] we deduce (3.3) for all y €
2N and g € L?*(X). The extension of (3.3) to all the real v > 0 is an immediate
consequence of the Lowner—Heinz inequality (see, e.g., [5, Section 1.5] and references
therein). O

4. Weighted Plancherel estimates

As in many other works on the subject, the proof of our results is based on the analysis
of the integral kernel Kp(r) : X x X — C of the operator F'(L), defined by the identity

(4.1) F(L)f(z) = /X K (@) £ () dy.

To be precise, if F' is bounded and compactly supported, then there exists a Borel
function Kp(r) such that (4.1) holds for all f € L*(X) and for almost all z € X
(cf. [11, Lemma 2.2]). However, a multiplier F' satisfying (1.1) need not be compactly
supported, and the integral kernel Kp(z) in general exists only as a distribution;
nevertheless the Calderén—Zygmund theory of singular integral operators allows one
to derive the weak type (1,1) of F(L) from suitable estimates on the integral kernels
corresponding to the compactly supported pieces in a dyadic decomposition of F'.

As highlighted in [11], a crucial step in this approach is a “Plancherel estimate,”
which in its basic form is the inequality

(4.2) eSSeS;P 1B(y, R | Ky (9 p2x) < ClIE g2 |2 r),
Y

for all R > 0 and all F': R — C supported in the interval [RQ, 4R2]. Such an estimate
holds, mutatis mutandis, for any operator L satisfying Gaussian heat kernel bounds,
but usually it does not lead to optimal spectral multiplier results. In the present paper
we obtain for the Grushin operator L an improvement of (4.2), that is, a “weighted
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Plancherel estimate” of the form

(4.3)  esssup|B(y, RN+ wr(9)" Kewy ()llzeo < Oyl Fme) 2,
ye

where v € [0,d2/2[ and
(4.4) wr(z,y) = min{R, |y'| 7' }a'].

The improvement of the Plancherel estimate yields, via the interpolation technique of
[21], a sharp multiplier theorem, at least for d; < d. In the case d; > dg, an interesting
phenomenon occurs: although (4.3) holds for all v € [0,d2/2[, we can exploit it only
when v < d; /2; whence the gap between the threshold D/2 in Theorem 1 and half the
topological dimension. The rest of this section is devoted to the derivation of (4.3).

From the previous section we know that the operators Lq,..., Lq,,T1,...,Ty, have
a joint functional calculus. In fact one can obtain a quite explicit formula for the
integral kernel K¢ (r, 1) of an operator G(L, T) in the functional calculus, in terms of
the Hermite functions (cf. [22, Proposition 3.1] for the case dy = d2 = 1, and [27] for
the analogue on the Heisenberg groups). Namely, for all £ € N, let hy denote the ¢th
Hermite function, that is,

V4
he(t) = (—1)4(0 28 /m) /26t /2 <§t> —

and set, for all n € N%1, ¢ € R% | € € R%,

B (4, €) = [E1 AR, (€] 2un) -+ - g, (€] ua,).

Proposition 5. For all bounded Borel functions G : R% x R% — C compactly
supported in R4 x (R%2\{0}),

Kow,m(r,y) = (2r) ™" / Y GUEIn+1),) huly' &) hula, &) €&+~ de
Ré2 neNd
for almost all z,y € X, where 1 = (1,...,1) € N*. In particular
@5 IKoumCwlE =0 [ Y (Glelen+ D.OP R, de
Re2 neN91
for almost all y € X.
Proof. Let F : L?(R% x R%) — L2(R% x R%) be the isometry defined by
-7:¢<-T/,€) _ (27r)—d2/2 gi)(a:',x”) €—i<§,z”) d:v”,
R42

i.e., the Fourier transform with respect to z’’. Then

‘7:Lj¢(xl’§> = L],f f¢(xla§)7 ka¢(xl’§) = é-k f¢(xla§)7
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at least for ¢ in the Schwartz class, where
Ly = (i0)? + ¢ 2(a))2

For all € # 0, {h,(-,€)}ena is a complete orthonormal system for L?(R%) made of
real-valued functions and

Ljvf }Nln(xlv 5) = (2nj + 1)|€| iln(xla €>

In particular, if G : L2(R% x R%) — L2(N% x R9) is the isometry defined by

gw(“)&) = d)(x/ag) }Nln(mlaé) dxla

R1
then

The isometry GF intertwines the operators L; and T} with some multiplication
operators on N4 x R% hence it intertwines the corresponding functional calculi:

GF G(L,T) ¢(n,€) = G([¢](2n + 1), €) GF¢(n, €).

The inversion formulae for F and G and some easy manipulations then give the above
expression for K¢ (1, ). Moreover, if we set

Gy(n,&) = (2m)~22G(|¢](2n + 1), ) hy(y, €) e HEY)

then the formula for Kg 1) can be rewritten as

Kowm(y) = (GF) Gy,
and since GF : L?(X) — L?(N% x R%) is an isometry we obtain (4.5). O

If we restrict to the joint functional calculus of L, T1, ..., Ty, , the formula (4.5) can
be rewritten as follows. For all positive integers d, set Ny = 2N+ d, and define, for all
N € Ny and u € R?,

Han(u) = > hy,(u1)---hy (uq).
N1 yenny ng€eN
2n1+---+2nq+d=N

Corollary 6. For all bounded Borel functions G : R x R% — C compactly supported
in R x (R92\{0}),

@0) Ko (llf = @0 [ 30 GNIELOF 62 Hay v (€120 d€

NGNdl

for almost all y € X.

We can now combine (3.2) and (4.6) to get the following weighted inequalities.
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Proposition 7. For ally > 0 and for all compactly supported bounded Borel functions
F:R—C,

00 )\Q/Qfﬂy )\1/2y/ d\
v . 2 2 -
4 PP Kea (B <C; [T IFOP S o Ha (i ) 5

NENdl
for almost all y € X.

Proof. Let G : R x R% — C be as in Corollary 6. In particular K¢, 1) (-, y) € L*(X)
for almost all y € X, and from [9, Theorem II1.6.20] and the definition of integral
kernel one may deduce

L’Y/Q‘T‘—’Y (K:G(L,T)('a y)) = ICL"//Q\T|*’YG(L,T)('7 y)

for all v > 0 and almost all ¥ € X. This equality, together with (4.6) and (3.2),
implies that

IPP Ko (B <€ 3 [ IGIELOR N I/ Ha (i)
NeNg,

Choose now an increasing sequence ((,)nen of non-negative Borel functions on R,
compactly supported in R\{0} and converging pointwise on R\{0} to the constant
1, and define G, (X, &) = F(X) ¢a([€]). Note that Kpry(-,y) € L*(X) for almost all
y € X [11, Lemma 2.2], hence

ICGn(L,T)(': y) = Cn(|T|)(’CF(L)(7 y))

for almost all y € X, as before, and Kq, (,1)(,¥) = Kr)(+,¥) in L?(X) for almost
all y, because |T| has trivial kernel. The conclusion then follows by applying the
previous inequality when G = G,, and letting n tend to infinity. O

Now we recall some well-known estimates for the Hermite functions, which we need
in the sequel.

Lemma 8. For all N =2n+1¢€ Ny,

) C(NY3 4+ u?2 = N|)"Y2 for allu € R,
(4.8) Hy n(u) = hy(u) < C exp(—cu?) when u? > 2N.

Moreover, if d > 2, then, for all N € Ng,

CNd4/2-1 for all u € R4,
(4.9) Ha,v(u) Cexp(—clul?2)) when |ul%:, > 2N,
where |u]o = max{|u1,..., |ual}.

Proof. For the bounds (4.8), see [23, (2.3), p. 435] or [29, Lemma 1.5.1]. For the first
inequality in (4.9), see [29, Lemma 3.2.2]; the second inequality is an easy consequence
of (4.8). O

These bounds allow us to obtain the following crucial estimate.
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Lemma 9. For all fized d € N\{0} and ¢ € ]0, 0|, the sum

max{1, |u|}¢ u
(410 > e Han (577)
NeNg

has a finite upper bound, independent of u € R%.

Proof. We split the sum into several parts, and use the bounds (4.8), (4.9).
The part where N < |u|/2 is empty unless |u| > 1; in this case, moreover,
IN=1/2u|?2 > 4N, hence Hyn(N~'/?u) < Cexp(—c|u|?/N), and

sup Z luls N =427 exp(—c|ul?/N) < Z sup /2 exp(—ct),
%N<|ul/2 NeN, 24N

which is finite.
If N > |u|/2 and d > 2, then Hy x(N~'/?u) < ON¥?~1 and

sup Z max{1, [u|}*N™1¢ < 0.
Y ONZJul/2

When d = 1, the same argument works for the part where N > 2|ul, because in this
case |[N~1/2yu|?> < N/4 and the bound Hy(N~1/?u) < CN~'/2 holds. However the
part where |u|/2 < N < 2|u| requires a different estimate.

Namely, the part of (4.10) where |u|/2 < N <|u| — 1 is majorized by

1
Ce‘u‘il Z |1—N/|U,||71/2 SCEA/le_tll/Zdt,

Jul/2<N<|u|-1

which is finite and independent of u. Analogously one bounds the part of (4.10) where
|u|+1 < N < 2|u|. The remaining part, where |u| —1 < N < |u|+ 1, contains at most
one summand, which moreover is bounded by a constant. O

The previous inequality allows us to simplify (4.7) considerably and to obtain the
announced weighted Plancherel estimates. Recall that wg denotes the weight function
defined by (4.4) for all R > 0.

Proposition 10. For all v € [0,d2/2[ and all bounded compactly supported Borel
functions F : R — C,

d\
1P Kooy ()2 < Cs / NP A2 i e/ 277, 21}

for almost all y € X. In particular, for all R > 0, if supp F' C [R2, 4R2], then

esssup | B(y, RV (1 + wr(-,y))" Kry (9l < CL 1 Firey |l 22
yeX

where the constant C does not depend on R.

Proof. In view of (4.7), the first inequality follows immediately from Lemma 9 with
d = d; and € = dy — 27. In the case supp F' C [R2,4R2}, a simple manipulation,
together with (4.4) and (2.3), gives the second inequality. O
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5. The multiplier theorems

We now show how the weighted Plancherel estimates obtained in the previous section
can be used to improve the known multiplier theorems for the Grushin operator. First
we recall the basic known estimates for operators satisfying Gaussian-type heat kernel
bounds in a doubling metric-measure space.

Proposition 11. For all R >0, a > 0, 8 > «, and for all functions F : R — C such
that supp F C [-4R?,4R?),

(5:1)  esssup|B(y, R+ Re(9))* Kry (o 9)ll2 < Casll Fmmllyys
ye

where the constant Cy g does not depend on R. If in addition > o+ Q/2, then

(5.2) ess Sup (L + Ro(-y)* ey (59l < CallFr2)llys
ye

where again Cq, g does not depend on R.

Proof. For the first inequality, see [14] or [11, Lemma 4.3]; note that the statement
in [11] seems to require that the multiplier F' is supported away from the origin, but
its proof clarifies that this is not necessary, because here we do not perform the change
of variable A — /X in the multiplier function. The second inequality is an immediate
consequence of the first, via Holder’s inequality and [11, Lemma 4.4]. O

These inequalities can be improved by means of the weighted Plancherel estimates.
For this, some properties of the weight functions wg are needed.

Lemma 12. Suppose that 0 < v < min{dy,d2}/2 and § > Q/2 —~. For all y € X
and R > 0,

63) [+ waleg) (1 Reloy) > de < Ol Bly B
X

Moreover, for all x,y € X and R > 0,

(5.4) wr(z,y) < C(1+ Ro(z,y)).

Proof. By exploiting the homogeneity properties of the distance g and the weights
wg, we may suppose that R = 1. Then (5.4) immediately follows from the fact that

min{L, [y'| 7 }Ha'| S 1+ |2’ —y'| < C(1+ o(z,y)),

by (2.2).
To show (5.3) we note that by translation-invariance we may also suppose that
y” = 0. By (2.3), we must then prove that

@~y [\ : d
/X<1+1+|y’|> (14 ola,y)) " do < O p(1+ [y ).
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We split the integral into two parts, according to the asymptotics (2.2). In the region
Xy ={zeX : |z"|'/2>|2'| + ||}, we decompose 3 = (1 + (2 so that 31 > dy /2 —
and (32 > do, whence the integral on X; is at most
C'g(l + |y/|)27/ (1 + |32/ _ y’|)*2(v+ﬁ1) dx// (1 + |x//|1/2)7252 dz".
Rdl Rd2
In the region Xo = {z € X : |2”|'/2 < || 4 |¢/|}, instead, we decompose 3 = (1 + (2
so that 81 > (dy + dz2)/2 — v and (33 > d2/2, whence the integral on X5 is at most

N\ T2 _ 7 —28,
o [ () Ty (1 LY
X

1+ |yl '] +[y']

—2~
ul z
<C / <1+ | ) 14 [u)) ™ (ju + o/ + |y % du
- um (L4 Jul) =2 (] |+ 1Y)

écu,ﬁ((my’w [ s aus i | <1+u>—251du),

Rd1 R41
where v = Bl + v —d2/2 > di /2. The conclusion follows. O

A strengthened weighted version of (5.1) can now be obtained using the Mauceri—
Meda interpolation trick [21] (see also [19, Section 3] and [11, Lemma 4.3]).

Proposition 13. For all R >0, « >0, 8 > «a, v € [0,d2/2[, and for all functions
F :R — C such that supp F' C [R2,4R2] ,

(5.5) ess sup 1By, RV (14 Ro(-,9))* (1 + wr(-9)) Keewy (- 9)ll

< CaprllFr) g,
where the constant Cy g~ does not depend on R.

Proof. The estimate (5.1), together with (5.4) and a Sobolev embedding, immediately
implies (5.5) in the case 3 > a+dz/2+1/2. On the other hand, in the case a = 0, (5.5)
is given by Proposition 10 for all § > 0. The conclusion then follows by interpolation
(see, e.g., [3,7]). O

An alternative proof of Proposition 13 can be obtained using minor adjustments
of the technique developed in [6].

Let D = Q —min{d;, ds} = max{d; + ds, 2d>}. Proposition 13, together with (5.3)
and Holder’s inequality, then yields an improvement of (5.2).

Corollary 14. For all R >0, a >0, 8 > a+ D/2, and for all functions F': R — C
such that supp F' C [R2,4R2],

(5.6) esssup||(1+ Ro(+,9))* Krw) (-9l < Capll Fire) g
ye

where the constant Cy g does not depend on R. In particular, under the same hypothe-
ses,

(5.7) esssup/ |ICF(L)(x,y)\ de < Cop(l+ rR)_O‘HF(RQ)HWa.
yeX  JX\B(y,r) :
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We are finally able to prove our main results.

Proof of Theorem 1. We can follow the lines of the proof of [11, Theorem 3.1], where
the inequality (4.18) there is replaced by our (5.7). O

Proof of Theorem 2. Choose 8 € |D/2,k+1/2[. Let n € C*(R) be supported in
[—1/2,1/2] and equal to 1 in a neighborhood of the origin, and set F((A) = (1 —|A[)%.
The function nF' is smooth and compactly supported, while (1 — n)F is compactly
supported away from the origin and belongs to W4 . The inequalities (5.2) and (5.6)
then imply that the operators n(tL)F(tL) and (1—n(tL))F(tL) are bounded on L!(X),
uniformly in ¢ > 0, and the same holds for their sum (1—¢L)" . The conclusion follows
by self-adjointness and interpolation. |
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