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SEPARATION OF A LOWER DIMENSIONAL FREE BOUNDARY
IN A TWO-PHASE PROBLEM

MARK ALLEN

ABSTRACT. We study minimizers of the energy functional
/ |z || Vul? + A X (w0} + A X{u<oy dH™ !
D DN(R*—1x{0})

without any sign restriction on the function w. The main result states that the two free
boundaries

'™ =d{u(-,0)>0}and I'" = d{u( - ,0) <0}
cannot touch, i.e., It NT~ = (.

1. Introduction

This paper aims to study the local properties of a two-phase free boundary problem
for the fractional Laplacian. Recently, in [1,6,9], the following free boundary problem
for the half-Laplacian has been studied. For a function v € C(RY) and domain D
consider the problem

(=A)Y2u(z) =0, in DN{u>0},

(1) ()
v=e ((y — x) - v(z))!/?
The study of (1.1) presents certain difficulties since the fractional Laplacian is a
global operator. Many of the common techniques for studying free boundaries are
unavailable. However, one may work in R” = RY¥*! and a common reformulation of
the half-Laplacian is the following:
(=AY 2z = limO Uy, (', x,) for 2/ € RV,

Tn—

=A, ifzeDnofu=0}.

By adding the extra dimension, one may then study a localized version of the free
boundary problem (1.1) by studying minimizers of the functional

[ iwep | Yoy dH.
D DN(R?—1x{0})

Since the above functional gives study to a one-phase problem, it is natural to study
the corresponding two-phase problem

/ [Vul? +/ A X(us0p + A Xqu<oy dH" 7,
D DN(R"—1x{0})
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which has been done in [1]. One may generalize the study of the free boundary problem
(1.1) by considering other powers 0 < s < 1 of the fractional Laplacian. In [4], the
appropriate extension theorem was proven enabling one to give a reformulation of the
fractional Laplacian by adding an extra dimension. By adding an extra dimension,
the study of (1.1) with s replacing 1/2 is reduced to the study of the minimizers of

the functional
[ v+ [ Yoy AHY,
D DN(R™~1x{0})

where a =1 —2s and n = N + 1. This problem has been recently studied in [6]. This
paper will study the corresponding two-phase problem and extend one of the main
results in [1] to the general fractional case, when 0 < s < 1. This paper will then focus
on the localized two-phase problem that is to consider minimizers of the functional

(1.2) / 20l |Vuf? + / A X gus0y + A Xgucoy dH'!
D DN(R"»—1tx{0})

over the class
H'(a, D) % {v € L*(D) | |y|*/*Vv € L*(D)}

and such that u — ¢ € H}(a, D) for a prescribed ¢. From the relation 0 < s < 1
and s = (1 — a)/2 it follows that a will vary in the range —1 < a < 1. Throughout
the paper, we assume that A™ and A\~ are positive constants. By use of the extension
theorem given in [4], it is natural to make the assumptions that D and ¢ are symmetric
about the hyperplane R"~! x {0}; however, we will not make these assumptions in
this paper since the proofs presented will not rely on even symmetry.

The main study of this paper concerns the local properties of the two free bound-
aries

' =0{u(-,0)>0}and I'" = d{u( -,0) <0}

with the boundary being defined by the topology of R"~! x {0}.

Motivation and applications. The motivation for studying the problem (1.2)
comes from recognizing the similarity to the problem of studying minimizers of the
functional

(1.3) J(u) = /D I

which has been done in [2]. The minimizers of (1.3) are generalized solutions of a
classical two-phase free boundary problem

Au=0 in {u>0}U{u <0},
IVut? = |[Vu 2=M on d0{u>0}Ud{u<0},

with M = (AT)2 — (A7)%. The study of problem (1.4) has applications in two-
dimensional flow problems as well as in heat flow. In one specific application, the
problem (1.4) arises in a simplified model for premixed equidiffusional flames, in the
stationary case, in the limit as € — 0+ of a singular perturbation problem; see, e.g., [5].
By measuring the positivity and negativity on the boundary R"~! x {0}, minimizers
of (1.2) can be seen as the limit of solutions to a boundary reaction problem; see,
e.g., [1].

(1.4)
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In modeling physical applications where long-range interactions are present, it is
useful to replace the Laplacian by nonlocal operators, such as the fractional Laplacian.
See papers [3,6,16].

Main results. As previously mentioned the two-phase case of (1.2) has been recently
studied in [1] under the additional assumption that a = 0 (or s = 1/2). By restricting
the two-phase problem to the case in which a = 0, the authors in [1] were able to
use more technical tools such as the Alt-Caffarelli-Friedman (ACF) monotonicity
formula. One of the main results in [1] is that if @ = 0, then T N T~ = 0, ie.,
the free boundaries I't and I'~ cannot touch. This result is in complete contrast to
many two-phase free boundary problems. Often the interphase I't N T'~ is difficult
to study. In the classical two-phase free boundary problem in (1.4), the two-phase
points create a major complication even in the proof of the optimal (Lipschitz in
that case) regularity of solutions; see [2]. The separation of 't and '~ is useful in
that it reduces the two-phase free boundary problem to the one-phase free boundary
problem. That is, locally minimizers have a sign in R”~! x {0}, and so we may assume
either AT = 0 or A= = 0. In the case a = 0, after one establishes optimal regularity
and nondegeneracy, the separation of I'" and '™ is an immediate consequence of the
ACF monotonicity formula which was introduced and proven in [2]. The main result
of this paper is the separation of the free boundaries for the more general case in
which a # 0, namely

Theorem I. Let —1 < a < 1 and let u be a minimizer to the functional in (1.2).
Then 't NT'~ = . Furthermore, if 29 € Tt (29 € I'") then there exists r > 0, such
that u > 0 (u < 0) in B,(zo).

The ACF monotonicity formula provides a simple proof to Theorem I when a = 0.
Therefore, it would be natural in seeking to prove Theorem I to try to prove a general-
ization of the ACF monotonicity formula that applies to solutions of div(|z,|*Vu) > 0.
Unfortunately, the proof of such a formula would require much more than mere adap-
tations to the proof of the classical ACF monotonicity formula. In this paper, we pro-
vide an alternate method that gives a relatively simple proof of Theorem I and does
not utilize a generalization of the ACF formula. In its place, we utilize a Weiss-type
monotonicity formula (defined in Section 4) that is an adaptation of the Weiss-type
monotonicity formula given in [1]. The proof that the functional in (4.2) is monotone
requires only slight modifications of the proof provided in [1].

Outline of paper. The outline of this paper is as follows.

- In Section 2, we state known results for the weight |z, |*dz and solutions of
div(|z,|*Vu) = 0 that we will need.

- In Section 3, we prove the optimal regularity of minimizers and its corollaries.

- In Section 4, we use nondegeneracy and the Weiss monotonicity formula to
prove that “blow-ups” (see (3.1)) of minimizers are homogeneous of degree
s=(1—-a)/2.

- In Section 5, we use the Courant—Fischer maximum-minimum principle to
establish a lower bound for the degree of homogeneity for homogeneous solu-
tions of div(|z,|*Vu) = 0.
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- In Section 6, we use the results from the previous sections to provide a simple
proof of Theorem I.

Notation and terminology. For the remainder of the paper, it will be useful to
use the following notation. B,(zp) := {z € R" | |x — x¢| < r} and B, = B,.(0) the
ball centered at the origin with radius r. We denote a point z € R™ by (2, x,,), where
= (z1,...,Tp-1).

For any set 2 C R", we define

oo ®-tx{0)).

Throughout the paper, we will refer to the plane R"~! x {0} as the thin space. Likewise,
we will call B]. the thin ball, whereas B, will be the solid ball. For minimizers of (1.2),
we will call the set

A(u) = R"™ x {0}) N {u = 0}

the coincidence set.
We define the following two spaces:

H'(a,D) ¥ {v € L3(D) | |za|*/*Vv € L2(D)},
L2(a, D) € {|z,|*/?v € L*(D)}.

We will also use L£,u to denote the operator div(|z,|*Vu). Throughout the paper,
s=(1—a)/2.

2. p-admissible weights and a-harmonic functions

We begin this section by noting that the measure |z, |*dz is a Muckenhoupt As weight.
In [11] it is shown that Muckenhoupt A, weights are p-admissible weights; therefore,
we have the following Sobolev inequality from [11]:

1 / 23 a )21% ( 1 / 2 a >2
2.1 o |z, | dx <ecr Vo|“|lr,|* dx |
(21) <|B|a B o1 el |Bla JB IVl kel

whenever B = B(zo,r) is a ball and ¢ € Hi(a,B). 5 > 1 and ¢ are two constants
depending on n and a. Here, |B|, = [ |x,|"dx.

The following proposition is a consequence of the compactness theorem for admis-
sible p-weights proven in [13].

Proposition 2.1 (Rellich—-Kondrachov compactness). Let uy be a bounded se-
quence in H}(a, D) for D @ R™. Then there exists a convergent subsequence such that
up — u pointwise a.e. and in norm in Li(a, D) for all ¢ < 25 for s as in (2.1).

We call a function u a-harmonic if £,u = 0. These functions share many properties
with classical harmonic functions. In [10], it is shown that a-harmonic functions are
Holder continuous. It was also shown that a-harmonic functions have the maximum
principle, Harnack inequality and Boundary Harnack inequality. We also have the
following Almgren’s type monotonicity formula, which was proven in [4].



FREE BOUNDARY PROBLEM 1059

Lemma 2.2. Let L,u =0 in By. Then
_ I el VUl D(r)
Jop, 17n|u? H(r)

is monotone increasing in r. N(r,u) is constant if and only if u is homogeneous of
degree k.

N(r,u)

Our assumptions are slightly different from those given in [4]; namely we do not
assume even symmetry in the z, variable. The modified proof is therefore placed in
the appendix.

Lemma 2.3. Let Lou = 0 in By with u not identically zero. Assume also that
w(0) = 0. Then
lirr(l) N(r,u) = N(0+,u) > min{1,1 — a}

Proof. Tt is easy to verify that N(p,u,) = N(rp,u) for the rescalings
u(rax)
T"—%‘F@ faB,« |z |02
and |[ur||2(a,08,) = 1. Now Lyu, = 0 in By, and from the uniform Holder continuity
provided in [10] and the Sobolev inequality (2.1), we may extract a subsequence such

that u, — ug in C?(B,) and weakly in H'(a, B,) for p < 1. The strong convergence
in H'(a, B,) follows by using the Caccioppoli inequality for a-harmonic functions:

C
V(u, — ug anag/ wy — uo|?|an |
v —w)Plel < e [Pl

P r

up(x) ==

Now
N(p,up) = lir% N(p,u,) = lin% N(rp,u) = N(0+, u).

So L,up = 0 in By and is homogenous of degree k = N(0+,u). ug is not identically
zero since ||uo| 12 (q,08,) = 1. We now only need to conclude that & > min{1,1 — a}.
Since uo(0) = 0, this is a direct consequence of Theorem 5.6. Theorem 5.6 has been
placed in Section 5 for purposes of readability of the paper. O

From Almgren’s monotonicity formula, we may prove the following Lemma.

Lemma 2.4. If L,u =0 in Br(y',0) then
1
o [l
rn_lal Br(y/,(])
18 monotone increasing in 7.

A few remarks need to be said. First, if we add the additional assumption for even
symmetry, namely that that u(2’, x,,) = u(z’, —x,,), then

1
(2.2) ta / |£,,|*|Vul*  is monotone increasing in r.
By (y’,0)
The solution v = J—”‘a for @ > 0 shows that if there is not even symmetry, then (2.2)

is not true. Second, the hypothesis that that the ball be centered on the R™~! x {0}
plane is essential. v as given above with center (y’,y,) with suitably chosen y,, # 0
will be a counterexample. Third, (2.2) is also not true if the ball is not centered on
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the thin space, and a counterexample is much easier to provide: off the thin space
solutions are C!, so if @ > 0 and y,, # 0 then

1
lim —y / |;z;n|a|Vu|2 — 00,
r=0r B (y,yn)

and so it is clear that (2.2) can only be true if y,, = 0.

Proof. Following the notation in Lemma 2.2, we have

H/<T) _ (n_i—i_a)

H(r) +2D(r).
This equality comes from (A.2) and (C.3). This implies that rH'(r)/H(r) =n — 1+
a + 2N(r) is also monotone increasing. Hence rH'(r)/H(r) > n — 1 4+ a + 2k, where
k = N(0+). Then r~(=1+e+2k) [ (1) is monotone increasing and therefore also

1 1

mararaE D) = e H(N ()

is monotone increasing in r. By subtracting the constant u(0), which is a solution of
L, we may use Lemma 2.3 to conclude that £ > min{l,1 — a} and the Lemma is
proven. [

3. Optimal regularity

In studying free boundary problems, it becomes useful to utilize the so called “blow-
up” process. If u is a minimizer of the functional (1.2) in By (z(),0), then the rescaled
function

def u((x/m O) + 7’1’)
(3.1) up(x) = -
is a minimizer in B, /,.. Here, s = (1—a)/2. By taking a sequence r; — 0, we may hope
to find a subsequence u,, — ug, where ug is a minimizer in all compact subsets of R™.
By considering properties of the free boundary of ug, one may gather information on
the free boundary of u close to the point xy. Theorem 3.1 will guarantee that uy does
exist.

Theorem 3.1. Let u be a minimizer in By. Then u € C%*(U) for allU € By.

For minimizers of (1.2), we follow the method provided in [6] for the one-phase
case.

Proof. Throughout the beginning of the proof C' will be any constant depending on
dimension n and a. Let u be a minimizer in Bs. For every 0 < r < 1, we consider the
harmonic replacement v of u in B, = B,(z',0). That is L,v = 0 and v = v on 9B,.
Since w is a minimizer, J(u) < J(v) in B, so

[ttt Val? < [ el vl + o,
B, B,
We now use that L,v =0, so

/'udﬂvmvw—u»:o
B,
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and this allows us to conclude

/ |2,V (u — v)|* < Or™ L,

If we now choose p <r <1

/ (20l |Vuf? = / 2|V (u — v+ 0)?

By By

sz(/ xn|“|v<u—v>|2+/ xmw)
B, B,

<Cr*t 42 (B)n—la\ / |2,|*|Vv]? by Lemma 2.4
= r 5 n Yy .

n—|al
< n—1 B a 2.
<Cr +C(r> / |z % Vu|

r

We now choose § < 1/2 with
T:(Sk, p:(&)‘k-l—l) NE(Sn_l
to obtain
(3.2) / 20| Vul? < Op + Cpst=lel / |2, || Vul?.
B+t B

We now may choose § such that C§'~1%l < 1. Using a simple induction argument, we

conclude
2 c? k—1
Va2 < —— Rl
ol < g
Then for all 7 < 1/2 and a different constant that will also depend on the L?(a, Bs)
norm of Vu

(3.3) / |z, || Vul? < Crm—t
B,.(z’,0)
and so we may conclude as in [6] that
(3.4) / V| < Crnits,
B, (z’,0)

Since the estimate (3.4) is only true for balls centered on the thin space we cannot
use Morrey’s theorem to immediately conclude C* regularity for u inside the solid
ball By /. However, one may use the proof of Morrey’s theorem (as outlined in [14])
with the estimate (3.4) to conclude

(3.5) lu(x’,0) —upg| < Cr®,

so that u is C%* on the thin space R"~! x {0}. Equation (3.4) and hence also (3.5)
will hold for |u|. We now aim to conclude that we have the same Holder growth off
the thin space. By optimal Hélder regularity along the thin space, we only need to
show Hélder growth in the pure |z,,| direction. For a fixed point (y’,0), we consider
the rescaled functions

w(y’,0) +ar) — u(y',0)

up(z) = - ,
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which have a universal (unweighted) L? gradient bound in B* = By2(0,...,0,1) by
(3.3). Using estimate (3.5) for |u,|, we may deduce that the average value of |u,.| over
B3 /5(0) is universally bounded; consequently, the average value of |u,| over B* will
also be universally bounded. By using the (unweighted) Poincare inequality in B* we
obtain

||ur||W1>2(Bl/2(0,.4.70,1)) <C.

By first variation L,u, = 0 if |z, > 0|. By staying away from the thin space, we
may use regularity theory for uniformly elliptic equations and conclude that each w,.
is continuous in B* and we have the weak Harnack inequality

[url| Lo (B, 4(0,....01)) < C-
This proves the Holder growth off the thin space. That is,
|u(y’,0) — u(z)|

3.6 <C.
>0 [
Let now z,y € By. If |y,| < |z — y|, we may use (3.6) to bound
|u(z) — u(y)]
[z —yl*

If |yn| > |z — y| then we may rescale with
_u((2',0) + rz) —u(a’,0)

r =

TS
and use interior gradient bounds (in B* as defined before) on uniformly elliptic equa-
tions to conclude
u(e) ~u@)| _
|z —yl°
0

The Hélder regularity of minimizers allows us to conclude the following about the
convergence of sequences of minimizers.

Corollary 3.2. Let {ux} be a sequence of minimizers of the functional (1.2) in the
domain D with ||ug||;«ppy < M. Then there exists a subsequence and a function ug
such that for every open U € D

(1) wo € H'(a,U)NnC*(U),
(2) ux — ug in CP(U) for g < s,
(3)  up — up in H'(a,U).

Proof. Properties (1) and (2) follow immediately from the Holder-regularity proven
in Theorem 3.1. Property (3) follows from the inequalities (3.3) and (2.1). O

Since minimizers are continuous, we may use the first variation to conclude

Proposition 3.3. Let u be a minimizer of (1.2) in 2. Then

Lou=0 1inQ\ Au).
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From Proposition 3.3, one expects the following:

Proposition 3.4. Let u be a minimizer in Q. For any ball B € 2

/|xn|a|Vu|2—/ |2n | “u, .
B OB

Remark 3.5. Proposition 3.4 holds for more general domains than a ball; however,
the assumption that the domain is a ball will suffice for our purposes.

Proof. We define the following sequence of cutoff functions:

0, if d, <1/k,
me(z) = kd, — 1, if1/k<d, <2/k,
1, otherwise,

where d, = dist(z, A(u)). Then |Vny| =k, when 1/k < d, < 2/k and zero otherwise.
We now use optimal regularity of u to establish that the sequence niu is bounded in
H'(a, B).

/B a2V ()| < /B 2| (210l + w2V ?)

g/ 2|zn|a|w|2+/ 8|z, |“Ck 1 k2
B Bn{d.<2/k}

g/ 2|:vn|“|Vu|2+/ 8|z, |*CETe
B Bn{l|zn|<2/k}

< / 2|z, |*|Vul? +C  for some new constant C.
B

Then there exists v such that mpu — v in H'(a, B) and mpu — v pointwise by
Proposition 2.1. Since nyu — u pointwise, then v = u. Now using the divergence
theorem and that £,u = 0 away from the coincidence set A(u), we obtain

/|xnla<V(UkU)7Vu>—/ |2 | " s,
B OB

Then let k& — oo to obtain the result. O

4. Nondegeneracy and Weiss monotonicity

When we have a blow-up sequence u, — wug, it is not immediately obvious if ug could
be degenerate, that is, ug = 0. If ug = 0, then we would be unable to gather any
information on the free boundary of u near xy. Theorem 4.1 will guarantee that ug
will not be degenerate.

Theorem 4.1 (nondegeneracy). Fixt > 0, and let u be a minimizer of J. There
exists € > 0 with € depending only on {\*,\7,t}, such that if ulsp, < er® (ulsp, >
—er®) then

w(z) <0 (u(z)>0), for xz € By,.

The proof of Theorem 4.1 is included in the appendix and only requires slight
modifications from the proof presented in [1].
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Corollary 4.2. If u is a minimizer and 0 € Tt (0 € ™), then
(4.1) supu > Cr® <inf u < C’rs> ,
9B, OB,

where C' depends only on AT, A\~ and n.

In [15] Weiss introduced a monotonicity formula for a free boundary problem that
allowed one to conclude that blow-ups were homogeneous. Theorem 4.3 gives a modi-
fied Weiss-type monotonicity formula that allows us to conclude Corollary 4.5 namely,
that all blow-ups are homogeneous of degree s = (1 —a)/2. Corollary 4.5 is crucial in
proving Theorem I.

Theorem 4.3. Let B, = B,(z0,0). Define W (r,u,xg)

1 o _ s a
(42) =-— </ |0 | |VU|2+/ A X {usop + A X{u<0}> - n/ |2 | 0?,
r B, B!, ™ JoB

r

W (r,u,xo) is finite and monotone increasing in r. Furthermore, if r1 < 1o, then
W(ri,u) = W(rq,u) if and only if u is homogeneous of degree s = (1 — a)/2 on the
ring r1 < |x| < rs.

Remark 4.4. If u,.(x) = @, then W(r,u) = W(1,u,).

The proof of Theorem 4.3 requires only slight modifications from the proof pre-
sented in [1] for the case in which a = 0, and therefore the proof is contained in the
appendix.

Corollary 4.5. Let u, — ug a blow-up at (xg,0). Then ug is homogeneous of degree s

Proof. By (3.3) and optimal regularity it is easy to verify that W (0+, u, z¢) is bounded
from below, so that

W(2r/3,u,z9) — W(r/3,u,z9) — 0 as r — 0.

From the explicit representation of W’ provided in the proof of Theorem 4.3, we may
write

W(2r/3) — W(r/3) = /T:/gpj_l/wp 2 |” ((1\}2‘;)“ —\/iuy)Q dp
= [y e L o (v v
:/113 — /BBt (mn)a((l _})rt( D) \/aVu(ra) - >2r dt
:/jf tn; aBt\ n|@< VoV, - y>2dt
/12/3/@& ENE <_) fw,,.u>2 dt

2
—/ |2, | ( i V2Vu, - V> dz
B3/3\B1/s 2
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Now we use that u, — ug in H'(a, B1) and u, — ug in L%(a, B;) by Corollary 3.2;
so ug is homogeneous of degree s. O

5. Courant—Fischer maximum—minimum principle

We may decompose the operator £, into its radial and spherical parts similar to the
case for the Laplacian. If u € H'(a, S"™!), then LZU = f is to be interpreted as

—/ |20 |*(Vou, Vov) = / |z,|®fv for all v e H'(a,S™1).
Snfl S'n,fl

Corollary 4.5 shows that all blow-ups are homogeneous. Homogeneous solutions of
Lou = 0 correspond to eigenfunctions on the sphere. Specifically, if L,u = 0 and
u=r*f(0), then

_Ezf = >‘f7

where A = a(a+n — 2 + a). We also have the converse.

Lemma 5.1. Suppose —LOf = \f. Ifu=1r"f with \ = a(a+n—2+a) >0, a >0,
then u is a weak solution to L,u = 0 in R™.

Proof. Let v € H}(a, Br). Then

R
/ xn|a<vu,vv>:/ / 2] MJFUVUV
Br 0 JoB, 2

R
= / / || (TO‘_Q/\fU—I—arO‘_lfvy)
o JoB.

R
= /E)B1 cos®(Op—1)af (/o % (ro‘+"_2+“v(r9)) dr) do.

" d
/ . (rot 2ty (rg)) dr = 0
0

for a.e. § since v € H}(a, Bg), and thus the lemma is proven. O

Now

To utilize the Courant—Fischer maximum—minimum principle, we will need the
following lemma.

Lemma 5.2. Let Q C S"~! be open. The spectrum of
—L%: H(a,Q) C L*(a, Q) — L*(a,Q)
s a monnegative sequence that is either finite or increases to infinity.

Proof. From the Reisz representation theorem, for every f € L?(a,(2), there exists a
unique u € H'(a, ), such that for all v € H'(a,Q) the following identity holds:

/ |2n]* ((Vu, Vo) 4+ uv) —/ |z | fo.
Q Q

We now aim to conclude that the operator K : L?(a, Q) — L?(a, Q) given by K(f) = u
is compact. To obtain a compactness theorem on S™~1, for any u € H'(a,Q) we
extend u radially by defining @ = n(r)u for n a bump function on R. Then for a
sequence uy, € H'(a,Q) we obtain a bounded sequence @y € Hi(a, By \ B /2) and
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by Proposition 2.1, we obtain that for a subsequence iy — @ € L?(a, By \ By 3) and
pointwise almost everywhere. Since @ = 7(r)u for some v € H'(a, ), we conclude
that ux, — u in L?(a, ). We may therefore conclude that K is compact.

Now —L% = Au in  if and only if K (u) = )\%Hu From the theory of self-adjoint
nonnegative compact operators we know that the spectrum of K is either finite or a
nonnegative sequence decreasing to zero. Then we obtain that the spectrum of —£?

is either finite or a nonnegative sequence increasing to infinity. O

If Q = S™~! then the first eigenvalue A\; = 0. If Q is a proper subset of S"~! such
that ¢ has positive capacity, then the first eigenvalue A; > 0 and corresponds to the
principle eigenfunction that is nonnegative. Let 2 C S"~! be open and define W =
Hl(a,Q). To compare the eigenvalues of V = H!(a,S"!) to those of the subspace
W = H}(a,Q) we employ the Courant-Fischer maximum-minimum principle.

Proposition 5.3 (Courant—Fischer). Let Q C S"~! be open. The kth eigenvalue
of —L%u associated to the domain § is determined by

where X, _; is the collection of all (k — 1)-dimensional subspaces of H}(a, ().
Remark 5.4. This principle is proven in [8].
From this principle, we conclude

Proposition 5.5. If 0 = A1 < Ao < --- are the eigenvalues of V and v1 < yo < ---
are the eigenvalues of W, then

e < for all k.
Proof. The proof is along the same lines of the proof of the maximum—minimum

principle provided in [8]. The only difference is we take a linear combination of the
first k eigenvectors in W rather than in V. Specifically, let S be any (k—1)-dimensional

subspace of V. Let wy, ..., wy be the normalized eigenfunctions corresponding to the
first k£ eigenvalues of the subspace W. We may then construct
k k
w:Zciwi with Zc? =1
i=1 i=1

and such that w € S+. Since the w; are orthogonal to each other, we obtain that

k
/s . ||| V] = Z%‘C? < Yk
" i=1

Thus, we have shown that for S any (k — 1)-dimensional subspace of V'
min / |20 | Vol* < i
est Sn—1
vl z2 =1

Then by the Courant—Fischer maximum—minimum principle, A\ < v, and the propo-
sition is proven. O
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Theorem 5.6. Let L,u = 0 in all of R™ and let u be homogeneous of degree o with
w(0) = 0. If « <min{l,1 — a}, then u = 0.

Proof. Solutions of L,u = 0 are C! in any (z/,0) direction [7]. Since u is homogeneous
of degree o < 1, we may conclude that u(z’,0) = 0. (We must be differentiable in any
(2/,0) direction at the origin.) We note that x1~% is the principle eigenfunction on
H(a, ST1) since it is positive. Here, ST~ = S""'n{x, > 0}. Now u € Hi(a, S} ")
and a < 1 — a; so the eigenvalue associated to u is strictly less than that of the
eigenvalue associated to that of z17%. Then u = 0. O

Corollary 5.7. Let u be homogeneous of degree «, having nontrivial positive and
negative parts, continuous, and such that

Lou(z) =0,
whenever x ¢ A(u). Then a > min{1,1 —a}

Proof. Since u is homogeneous, then u is an eigenfunction of £% on Q = §7~1\
A(u). If Q is not connected, then A(u) = Bf. Then by comparison with the principle
eigenfunction x1~? (as in the proof of Theorem 5.6) a > 1 — a. If Q is connected,
then since u has nontrivial positive and negative parts, u cannot be the principle

eigenfunction. By Proposition 5.5 the eigenvalue 7, of u is such that
A2 <72

where ), is the eigenvalue corresponding to the first free eigenfunction g on S™~1.
That is £0g = A\2g on S"~1. We may then define v = r®g where \y = B(8+n—2+a).
Then L£,v = 0in R™ by Lemma 5.1, and so by Theorem 5.6, we know 8 > min{1,1—a}.
Since v2 = a(a+n —2+a) and Ay = B(B+n — 2+ a), we see then that o > >
min{l,1 —a}. O

6. Separation of the free boundaries

We may now prove the main theorem of the paper. We first show the separation of
the phases.

Theorem 6.1. Let u be a minimizer. Then TT NI~ = 0.

Proof. Suppose by way of contradiction that zg € I'" N T'~. Let u, — wup be a
blow-up. By nondegeneracy (Corollary 4.2) and C? convergence (Corollary 3.2) ug
has nontrivial positive and negative parts. Also it follows from Corollary 3.2 that
Loup(z) = 0 if x ¢ A(up). By Corollary 4.5, we know that wuy is homogeneous of
degree s = (1 — a)/2. Since (1 — a)/2 < min{1,1 — a}, we obtain a contradiction to
Corollary 5.7. O

We may now prove the second half of Theorem I. Namely, in a small neighborhood
of each free boundary point a minimizer has a sign in the solid ball.

Theorem 6.2. Let wg € I'" (xg € ') then there exists v > 0 depending on xo such
that u >0 (u < 0) in the solid ball B, ().
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Proof. Without loss of generality we may assume xg = 0. Let u,, — ug be a blow-up
of w at the origin. Since ug is homogeneous of degree s, Corollary 5.7 allows us to
conclude ug > 0 in all of R™. Since each u,, (2, z,) is a-harmonic in the open set
{z € By, | ©n # 0}, then ug will be a-harmonic in the open set {z € R™ | z,, # 0}.
We define

0 = inf ug over the set By N {|z,| > 1/2}.

We claim that 6 > 0. Indeed, otherwise by the strong minimum principle (or Harnack
inequality) uop = 0in R” or R”, and therefore ug = 0 on R"~!x{0}. By nondegeneracy
we know that on either R} or R” we have ug > 0. Then by odd reflection we obtain
a homogeneous (of degree s = (1 — a)/2) function g that is a-harmonic in all of R™.
This is a contradiction to Theorem 5.6. So é > 0.

Then, by C* convergence, for large enough k, u,, (z',x,) > ¢/2 for |x,| > 1/2
in By. Also by C“ convergence, infp, u,, — 0. Now by thin separation, for large
enough k,

U, (z,0) > 0 in B.

Without loss of generality it suffices to show that w,, > 0 in Bf/2. Let v be the

a-harmonic function such that
'Uk|B1 = 0, and U;@be— = Upy, -

Then v, < u,, in all of Bf“. We show for k large enough that v > 0 in B;F/Q. To this
end, consider two subsets F; and E, of 9(B;"):

Ey =0(Bf)n{z, >1/2}, Ey=0(B)n{0<z, <1/2},

and there a-harmonic measures wi and wy with respect to the domain Bfr . The latter
means that w; are a-harmonic functions in B; satisfying

wilgpyy = XEo 1=1,2
By using the boundary Harnack inequality, one then has that

clzn ' <wi(z) < Clzn[' ™ in Bfr/Q.
for some positive constants ¢ and C' depending on n and a. Now, by using the maxi-
mum principle we then can write that in BT/Q

ve(z) > (6/2)wi(x) + wo(x) in+f Vg

B/

> |zn ' [ (§/2)c — C sup u,.
@B+ "

+
1/2
for large k. This completes the proof. O

Since u,, — 0 uniformly on compact subsets of R, we obtain that vj(z) > 0in B
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Appendix A. Proof of Almgren’s formula

Lemma 2.2. The proof of Lemma 2.2 relies on the following equality:
-2

(A1) D' =""2p) +/ 4202,

dB,

r

(A.1) is (C.2) in the case that AT = A~ = 0 (a-harmonic functions are minimizers of
(1.2) when AT = A~ = 0). We also have

(A.2) / |xn|“|Vu|2:/ |2 |Cu, .

r o

We obtain (A.2) by recalling that L,u = 0 in B; and using n,u as a test function
where 7y, is defined as in (C.1), then

/B |l’n!a<Vu,V(unk)> = 0.

By letting k — 0 we obtain (A.2). The monotonicity of N(r) as well as case of equality
then follow from (A.1) and (A.2) exactly as shown in [4]. O

Appendix B. Proof of nondegeneracy

We begin this section with the so called Lattice principle. Since minimizers are not
necessarily unique, we may not necessarily conclude that if © and v are two minimizers
with v <wv on 0D, then u < v in D. Instead, we have the following theorem.

Theorem B.1 (Lattice principle). Let u,v be two minimizers of the functional J
with ulpp < wv. If we define wy = max{u,v} and we = min{u, v}, then wy and wy are
minimizers of the functional J.

Proof. 1t is fairly straightforward to check that
J(wl) + J(’LUQ) = J(U) + J(U)

Since wi|op = v and wslop = u, we conclude that wy and wy are minimizers of the
functional J. [l

Corollary B.2. If the boundary data are symmetric about the line (0,...,0,z,), then
there is a mazimal (minimal) minimizer, i.e., there exists a minimizer u* such that
v <u* (v>u*)in B for all other minimizers such that v|sp = u*. Furthermore, u*
will be symmetric about the line (0,...,0,x,)

Proof. By Theorem B.1 the maximum (minimum) of rotations will be a minimizer.
u* may be obtained by a limiting procedure. U

To prove Theorem 4.1 we will need the following two lemmas.

Lemma B.3. There exists a modulus of continuity o with o(0) = 0 such that if u. is
any minimizer such that u|lgp, = €, then

| Ao <o)
B

’
1
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Proof. Define

0 for |[x] <1 — /¢,
Ve =
Ve(lx] — 1) + € otherwise.

It is easy to see that J(v.) — 0 as € — 0. Now since

| A Xm0y < () < (0
B

the lemma is proven. O

The next lemma will strengthen Corollary B.2 in the case when our boundary
values are identically constant.

Lemma B.4. Let u be a minimizer such that the values of ulpp = M. Then u is

symmetric about the line (0,...,0,x,), and the coincidence set A(u) = Elp for some
p=0.

Proof. Extend u to be a function on the cube @ with side length 2, by defining
u(xz) = M for x ¢ B. We now apply Steiner symmetrization (as defined in [12, page
82]) to the function w = M — u on lines parallel to R"~! x {0}. If we only consider
Asi = BnN{s < |z,| <t} with 0 < s <, then w is Lipschitz. Then by [12, p. 82], if
we Steiner symmetrize w to obtain v we obtain:

[ tmtal = [l Vel = [ fmlevop
As e As e As e

E] s s

Since w is real analytic away from the thin space, equality is only achieved if w (and
hence u) is already Steiner symmetric along the lines we symmetrize. Furthermore, v
will have the same boundary values as w on 9B. It follows that

/ 0] |Vuf? = / Va2 > / 202V 0.
B B B

Finally, we note that H"~!({u = 0}) is invariant under Steiner symmetrization. Then
u must be Steiner symmetric in each direction parallel to the thin space, so u is
symmetric about the line (0,...,0,z,) and {u = 0} is a connected thin ball and
centered at the origin. O

We are now able to prove the nondegeneracy result.

Theorem 4.1. First we note that by rescaling we only need to prove Theorem 4.1 on
the unit ball B. Also, Theorem B.1 and Corollary B.2 reduce Theorem 4.1 to proving
the theorem for the maximal minimizer u}, where u}|sp = €. Lemma B.4 proves that

for some p < 1. Lemma B.3 shows

/ )‘+X{u:>0} —0ase—0.
B

’
1
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Then there exists ¢ depending only on {t, A} such that if u|sp = € then
u|p; = 0.

The case for which u > —e is proven similarly. O

Appendix C. Proof of Weiss monotonicity formula

Theorem 4.3. The proof is a slight modification of the proof for the case a = 0 given
in [1]. Since w is not necessarily differentiable we follow the ideas of using domain
variation given by Weiss in [15]. Since our formula is defined for a ball centered on
the R"~! x {0} plane, we may assume without loss of generality that zo = 0. Let
Te(x) = & + enx, where

(C.1) 7k (z) = max (0,min <1, i _km)) .

Then ni(x) = 0 outside of B,.(0), and

ne(x) — X{B,(0)} as k — 0.

Note that 7.(z) = z(1 + eng(x)) leaves R"~! x {0} invariant. Now

—X
V() = Tl XABAB i}

and
Dr.(z) =1+ e(ni(z)] +zVng(z)) + o(e).

Now let u (7e(x)) = u(z) and y = 7.(x). Then

1
L Jue) = Iw)) =0
€
and
J(ue) — T(u) = / el Ve (9) 2 + / A X201 + A Xfu. <01
D D’
— [ 1zl 1Vu@)P = [ X xguso) + X xtucor
D D’
Now

det D1(x) =1+ € trace D(ni(x)z) + o(e),
trace D(ni(z)x) = div (ng(z)x),
D77t =T — eD(np(x)z) + o(e).
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Then substituting these into the equality above, we obtain that J(u¢) — J(u)
= /D |2 + enp ()2, || Vu(z) (D7e(z)71? det D1 + o(e)
+/ (A Xqus0y + A" X{u<oy) det D7/(z) + o(e)
~ [ 19uR = [ X xus0) + A pucor
= /D |2, + €eni ()20 |* (|Vul* — 2eVuD (ni(z)z)Vu) (1 + € div ny(z)z)
+/ (A Xqus0r + A" Xqu<oy) (1 + € div 3,(2’,0)a") + o(e)
= [t = [ 3o + X xco
= [ lou+ en@)anl? 1 Vul? = fan 1V
+ E/D |Tn + ek () xn|® (|Vu|2 div g (z)@ — 2VuD (ni(x)z) Vu) + o(e)
+ 6// (A Xqus0r + A" Xqu<oy) (div 77.(2’,0)2") + o(e).
Now we may let € be both positive and negative and the limit is the same, so

lim = [ () — J(u)] = 0.

e—0 €

Then we obtain the following equality:
0_/ alx,|* |Vu| Nk (x / ]:Un|“ |Vu| div g (z)x — 2VuD (ng(x)x )Vu)

+ / (A X{us0r + A" X{u<oy) (div 73, (2’,0)2").

We have
: _ _ |zl
div i (2)a = n(a) = XBAB, .
. T
(e’ 0)2') = 00— o~ B
Then

1 2
0= (n—2—|—a)/ |xn|aVu|217k—/ ||| 2, | |Vu|2—2‘<Vu,$>
B k B \B,_s ||

T

+(n—1) /B/ (A X qus0y + A Xfu<o}) M

1 _
- k/ |$,|(/\+X{u>0} +A X{u<0})7
BI/\B'

r—k
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soas k — 0

(C2) 0= (n2+a)/ |xn“|Vu|27"/ |2 (| Vu|? 72u12,)

T r

+(n— 1)/ M X fus0y + A7 Xfu<o} — T/a A X {us01 + A X{u<o).
B, B/

r r

/ |xn|a|Vu|2:/ |z | uny,.
B OB

r ™

By Proposition 3.4

SO

0=(n—1) / || Vuf? — 7 / 27| Vuf?
OB,

r

+(n—1) /B’ M X fus0r A X{u<o} — 7"/83/ M X fus0y + A X {u<o}

- (1—a)/ |xn|au.uy+2r/ |2 | " U2,
8B, oB

r

Now multiply both sides of the equation by —r~" to obtain that for almost every r

1 !
0= [ n—l/ |$n|a|vu|2} +
r B

/
1 _
n—l/ A Xusop + A X{u<0}]
. r B!,

1 1— a)uu,
"% JoB r

r

For e < r, we may integrate and use Fubini’s theorem to obtain

T 1 r
/ nl+a/ | |“2uuydo dp = / / |0 |*2u(pz)uy (pz)dpdo
€ p 8Bp 831 €
- / 2| (W (rz) — u®(ex)) do
9B

1 2
_C+7"n1+a/aB |$n\“u do.

T

So for almost every r

d [1-a a2 1 o (T =a)uu, (1 —a)?u?
©3) &l [ ere] = o [ e (B )

We then add and subtract the piece from (C.3) to obtain for almost every r

1 !
0= [ n—l/ |$n|a|vu|2] +
r B

1 _
n_l/ A Xqusop + A X{u<0}]
" r B!,

1—a 5] 1 / <(1 —a)u )2
- o || — ol [ — — V2u, | .
{ 2rm /BBT | ] =1 Jom, | V2r

Thus, W’ > 0, and W’ = 0 on the interval r{ < r < ro if and only if u is
homogeneous of degree s = (1 —a)/2 on the ring r1 < |z| < ro. O
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