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HEIGHT AND GIT WEIGHT

X1AOWEI WANG

ABSTRACT. In this paper, we first establish a connection between the weight in the
geometric invariant theory and the height introduced by Cornalba and Harris [CH] and
Zhang [Z]. Then we give two applications. First, it provides a converse of Cornalba and
Harris’s result, which can be treated as a function field analog of Zhang’s theorem over
number field. In particular, this connection gives a numerical interpretation of the moral
stability = positivity that was advocated by Viehweg [Vi]. Second, we relate these to the
study the positivity of CM-line bundle introduced by Tian [PT] and the determinant
line bundle introduced by Donaldson [Do0].

1. Introduction

In 1987, Harris and Cornalba [CH] proved the following result:

Theorem. Let X be separated scheme of dimension n+1 and B be a smooth projective
curve. Let

T: X — B

be a flat proper morphism. Let L — X be a line bundle such that £ := m, L is locally
free of rank N + 1. Suppose that the following conditions are satisfied: (1) If b € B be
generic point, then E|pep C HY (X, L|x,) is base point free, very ample and yields a
semi-stable embedding of Xy; (2) L is relatively ample. Then

(1.1) (N + Dmecr (L) — (n 4 1) deg Xper (€) > 0,
that is, it is semi-positive.

A natural question is that if the positivity of (1.1) is also sufficient to guarantee
the semi-stability. More precisely, whether or not the positivity of any flat family
(e.g., coming from a test configuration introduced by Donaldson [Do0]) containing X
as the general fiber would guarantee the semi-stability of the corresponding Hilbert
point. For arithmetic varieties over a number field, Zhang has proved a converse to
the Cornalba and Harris’s result in [Z] using Arakelov intersection theory. Our first
main result is a converse to the above theorem, which can also be viewed as a function
field analogue of Zhang’s result.

Theorem (Corollary 14). Let (X,Ox(1)) be a n-dimensional projective manifold
polarized by a very ample line bundle Ox (1). Suppose that for any flat proper family
m: (X, L) — B over a smooth curve B containing (X, Ox (1)) as a general fiber, that
is (X, Lla,) = (X,0x(1)) for allb € B\S, where S C B is a set of finite number of
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points and L — X is a relatively very ample line bundle with £ := m, L being locally
free of rank N + 1, we always have

deg . {((N + L)e1 (£) — e (€)™ 1 [x]} > 0.
Then X is Chow semi-stable with respect to the polarization L.

The rationale behind this Theorem is the localization formula for equivariant coho-
mology, which equates the intersection number to the weight. The simplest toy model
is the following:

Example 1. Let Opi(1) — P! be the hyperplane bundle and w € H?(P',Z) be
the first Chern class of Opi(1). Consider a C*-action on C? given by t - [29,21] =
[t*20,t"21], this induces an action on total space of Op1(1) covering a C*-action on
P!. Then the localization formula reads

Le-is-a
w=——-—
Pt w=XA pu—A

where the LHS is the intersection number and RHS are weights contribution from
0,00 € P! In particular, if A\ = 0 and p = 1 then the weight u is exactly the
intersection number [w] - [P].

Now let us turn to the second motivation of this paper, let X — B be a flat family
as introduced above, Paul and Tian [PT] introduced the C'M-line bundle A (X) —
B (cf. Section 3) for a proper flat family in their study of K-stability of polarized
manifold. The notion K-stability of a polarized manifold, first introduced by Tian [T
and generalized by Donaldson in [Do0] is conjecturally to be a necessary and sufficient
condition to the existence of the constant scalar curvature Kahler (cscK) metric [Do0].
This was originally motivated by Yau’s [SY] conjecture that the existence of cscK
metric should be related to certain geometric invariant theory (GIT) stability. In
[PT], Paul and Tian have shown that K-stability can be interpreted as GIT stability
provided the “polarization” over the Hilbert scheme was CM-line. However, this is
NOT a real polarization in the sense that the ampleness of CM-line bundle is not
guaranteed. So it has been a major concern to determine the positive locus of the
CM-line inside the Hilbert scheme. Fine and Ross made the first step toward this
problem [FR], they found that CM-line is semi-positive over the asymptotic Hilbert
semi-stable locus, and at the same time they were able to construct examples such that
the CM-line fails to be non-negative for some Hilbert unstable family. A consequence
of the our theorem above is the following (cf. Section 3).

Proposition 17. Suppose (X,Ox (1)) is K-unstable (cf. [Do0] and [PT]), then there
is a flat family (X, L) — P! containing X as a general fiber such that C M -line bundle
ACM(x) — P! is negative.

Now we outline the organization of the paper. In Section 2, we will associate to
any family GIT problem with a line bundle called height over the base and prove
its positivity under the assumption of semi-stability. Moreover, we will show that
there is a natural proper family such that the height is identified with the GIT weight
(Theorem 7). This is the heart of the paper. In the following two sections, applications
of the theory developed in Section 2 are presented. In Section 3, we apply Section 2
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to Chow scheme, and in particular, we are able to extend the result of [FR] by given a
more precise description of the positivity of C M-line for general families. In Section 4,
we apply the theory to the study of vector bundles and establish a connection between
height and Donaldson’s determinant line bundle introduced in [Dol].

2. GIT height

In this section, we will first introduce a notion called height for a family of GIT
problem. Then we establish a precise relationship between the height and the weight
in the sense of GIT.

First, let us review some basics of GIT. Let (Z,Oz(1)) be a projective manifold
with an action of a reductive algebraic group G, and the polarization Oz(1) is a
G-linearized ample line bundle on Z, that is, there is a G-action on the total space of
Oz(1) that covers its action on Z.

Definition 2. Let z € Z and A : C* — G be a one parameter subgroup. Let
20 1= }1_1)1(1) A(t) - 2.

Then the A-weight of z, which will be denoted by w,(\) € Z, is the weight of
C*-action on Oz(1)|,, = C. A point z is called (semi-)stable with respect to the
G-linearization of Oz(1) if w,(A\)(>) > 0 for all one parameter subgroups A : C* — G.

A family GIT problem over a smooth curve B consists of the following data:

o Let (Z,0z(1)) be a polarized projective manifold with an action of a con-
nected reductive algebraic group G, and Oz(1) is very ample and also
G-linearized. We assume the induced representation

(2.1) p: G — GL(H"(Z,04(1)))
satisfying
(2.2) Imp D C* -1,
where I is the identity in GL(H®(Z,0z(1))). Let
(2.3) G := ker(det op),
we study the GIT problem for the G-action on (Z, Oz(1)).
o Let i
G — Fr¢
™ |
B

be a principal G-bundle over B.

We introduce a locally trivial fibration associated to F' rG
WZ:ZZ:F’I“G XaZ — B.
By our assumption that Oz(1) is very ample and G-linearized, we have

(2.4) 0z(1) == Fré x5 0z(1)
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is m-relative very ample. And for a fixed b € B, there is an isomorphism ¢, : (£, =
72" (b),0z(1)|z,) = (Z,0z(1)). Moreover, there is a bundle morphism

z — P&
Tz L U
B 4, B

with & = (712).0z(1) = Fr€ x& H%(Z,04(1))Y — B. Over Z, there is a natural
vector bundle 75EY (1) = 75EY ® Oz(1) = Hom(n%E, Ope(1)|2).

Definition 3. We define the height h(z ¢ (1)) for the family (Z,0z(1)) to be the
determinant line bundle det 75EY (1) € Pic(Z), where Pic(Z) is the Picard variety
of Z. For any cross-section s of the fibration 7 : (Z,0z(1)) — B, we define height
of s to be

h(z,ozu))(s) = c1(s" det m’%é’v(l)) € NS(B),
where N S(B) is the Neron—Severi group of B. In particular,
hz,0:1))(s)[B] = (N +1)s"c1(0z(1))[B] — deg((n2).0z(1)),
with NV + 1 being the rank of £ = (7z).0z(1) — B.
Remark 4. The name height is borrowed from [Z], and as we will see later that

h(z,051))(s) can be thought as a cohomological invariant for the section s of the
family (Z,0z(1)).

Let s be a section of the fibration 7z : (£,0z(1)) — B, it can be viewed as a
G-equivariant Z-valued function of Fr<, i.e.,

s € Mappo, (Fr¢, 2)¢ = {s P Z|0s=0 and s(g)=g '-s(),Vge€ é}

For any k > 1, suppose that 0 € H°(Z,0z(k))¢ is a G-invariant section, then it
induces a map

O‘OSZFT(;L)ZLOZ(]{:).

By our assumption (2.2), for any g € G, there is a h € G such that p(h) = AI and
h=!.g € G. These imply

det p(g) = det p(h) = AN and  pi(g) - o = pi(h) - 0 = Ao,

where py : G — GL(HO(Z, Oz(k))) induced from the linearization of G on Oz(1).
Hence for any x € Fr&,

1

cgos(z-g)=0c(g7' s(x)) = pr(g) Hoos)(z) =A*oos(x) e Oz(k)|s@) = C.

In particular, if K = (N + 1)k’ then o o s(z - g) = (detp(g))™* - o o s(z). So
o o s defines a holomorphic section of the line bundle (det £)®*) @ s*Oz(k) =
det(s*(75€))®F) @ s*Oz (k) since 7z o s = id, that is,

(2.5) cos € H° (B, s* (det (15EY ® 03(1)))@“') — H° (B,s* (det (ﬂggV(l)))@“') :

from which we deduce
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Theorem 5. Let B be a smooth projective curve. Suppose that for a general b € B
(in the sense of analytic topology), s(b) € 2y is semi-stable. Then h(z o1y (s) > 0.

Proof. 1t follows from GITMFK] that if s(b) € (25, 0z(1)|z,) = (Z,0z(1)) is semi-

stable with respect the G-action then there is a 0 € H°(Z, Oz(k))¢ for some k > 1

such that o(s(b)) # 0. Without loss of generality, we may assume that k = (N + 1)k’
By the construction above (c.f. (2.5)), we have

gose H (B, s (det(w*swn))@’“') ;
such that o o s(b) # 0, this implies
0<e (s* (det (w*5V(1)))®’“')
=k (N +1er (s"0z(1)) — a1 (€))
— K [(N + Dey (s*02(1)) — e (det 10z (1))],

which is exactly what we want to prove. O

Remark 6. The proof above is essentially due to Cornalba and Harris [CH].

To get the necessity of positivity in the above theorem, let
C* — Fr(Op(1))

!
H])l

be the frame bundle associated to Op:(1). For any one parameter subgroup A : C* —
G, where G is defined in the first we introduce an associated locally trivial fibration
as follows

{(p,2) € Fr(Om(1) x Z2)}

2= Fr(On (1) X3 2 = oS A 1)) Vi e CF

so we have
zeZ=a1t1) c 2\
l Tl
{1} € P!
Since Oz(1) is G-linearized, this allows us to define the line bundle
OZ>\<1) = FT(OPI (1)) XA Oz(l) — Z)\.

To fit the family Z into the framework we developed in the beginning of this section,
we let Go = A C G and Gy = A x C*. We define the Gy-action on Oz(1) as follows,
for (t,s) € Gy and 2 € Oz(1)|.cz, we define (t,s) - 2 = s(A(t) - 2), that is, the action
of A\ followed by a rescaling. Then it is easy to see that the family Z, satisfies the
assumptions since p(G) C SL(H®(Oz(1))) by (2.3).

Next we introduce a C*-action on Fr(Op:(1)) as follows. Let Ag := {|t| < 10} C
C and A = {|1/t|<10} C C be the chart of P! at 0 and oo respectively, then
Fr(Op:(1)) = C* x AgU; C* x As with the transition function given by

f:C*xAy — C*xAyx
(t-2z,1) —  (2,1/t)



914 XIAOWEI WANG

SO
ZA:ZXAQUZXAOO.
dof

Now for any one parameter subgroup u : C* — G commuting with A, it induces an
action on Z, as follows

T (2,t) = (pu(r) - 2,7t) € Zx Ay and 7- <z, 1) = <,u(7')-z, 1t> €Zx Ay,
T

this action has a natural lifting to Oz, (1) — Z) since Oz(1) is G-linearized. Moreover,
we have C*-equivariant bundle morphism

zZz — P&
Tz | |l 7
pr 4, p1

with &€ =m,0z(1). Let s,(2) C Zx be the closure of the p-orbit through the point
z € 7 1(1) 2 Z; hence it is a section over P! with

%iH(l) p(t) -z =s,(2)(0) € Z and Jim p(t) -z =su(z)(c0) € Z.
Then our main result of this section is the following formula.

Theorem 7. Let z € Z and A\, : C* — G be two commuting one parameter sub-
groups. Then we have
1
2.6 2 A )= —"0——h .
(2.6) w (o) +w, (™) im0z (1) (22,02, (1)) (8u(2))
In particular, if p = A\~ then
1

w=() = rk(m.Oz,

(1)) h(Zx,OzA (1)) <S>\—1 (2’))

Proof. First, by our assumption det p o A = 1, this implies ¢;(det £) = 0. So to prove
(2.6) all we need is

Mh(zx,o%(l))(su(z» = /S#(Z) (02, (1) = ws (o N) +w.(ub).

The section s, (z) give rise to an C*-equivariant morphism i : P! — s, (2) C Z CP€,

which implies
/ a0z, = / i"e1(0z, (1)).
Sulz i

By equivariant localization formula, we have

- . e _ wo (1) Woo (1)
/P e (03, (1) = / 8(02,(1)) = gt P s

with é(Nyoy/p1) and é(Nys} p1) being the equivariant Euler classes of normal bundle
of the fixed point at 0 and oo, respectively, ¢1(Oz, (1)) being the equivariant extension
of ¢1(0z, (1)), and wp(p) and wee (1) being the weights of p acting on Oz, (1)|p and
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Oz, (1)|s. To find the weight, we notice that PE is obtained by gluing PV x Ag and
PN x A via transition function

fr PN x A — PN x Ao,
(A(t) - [zo,-- - xn],t) —  ([xo,...,xn],1/t).

Then the p-action on PE is given by
70 (At) - 2,t) == (u(T) - M(7t) - 2, 7t) € PV x Ay,

1 1 v
To <z, t> = (,u(T)-z, Tt> e PV x Ay,

and the section s,(z) is obtained via gluing

Fr PN x Ag — PN x AL,
(u(r) - M7)-2z,7) — (1) 2,1/7). "

and

So we have
wo(p) = wy(poN), wWe(p)= _wz(,u_l)a

since lim, oo p(7) - 2 = lim, o u(77 1) - 2 = lim, o =1 (7) - z. Our statement follows
from the fact the p-action on P! has é(Nyoy/p1) = 1, é(Njooy/pr) = —1. O

Example 8. Let Z = PV with C*-action defined by
N
t-[zo,...,xn] = [t"x0,...,t"YaN] with sz =0.
=0

Then Z,, = P€ with £ = @ijio O(w;) and H*(PE) = Z[&,n)/(ENTL Ny — 1,7n?),
ith
where € = ¢1(Oge (1)) and 5 = [7~(1)]. Let e := [0,..., 1,...,0], then

[s(ei)] = [ [ (€ —win) € H*N (PE)

ki
and
/ =€ —wem) == wi = wi.
s(ei) ki ki

On the other hand, if we apply the above proposition we obtain

L E= )+ () )

= We; (/.L) + We, ()‘) — We; (N)
= we, (A).

Corollary 9. Ifz € (Z,0z(1)) be a un-stable point and \ : C* — G be the destabliz-
ing one parameter subgroup, that is w,(\) < 0. Then

1

w;(A) = mh(zk,ozku))(skl@)) < 0.
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3. Geometric height and positivity of CM-line

Our first application of the result in the previous section is to the study a proper flat
family of varieties.

3.1. Geometric height. First, let us briefly summarize the construction of Chow
section due to Mumford (for details please see [MFK] Section 5.4, [Z] Section 1.3 or
[BGS] Section 4.3). Let B be an integral scheme & be a locally free sheaf of rank N +1
over B, and X be an effective cycle of PE := Proj(Sym*¢), the projective space over
B, whose components are flat and of dimension n over B. Thus, we have diagram

X — P&
T 1 7.
B — B

Let Opg(1) and Opev (1) denote the hyperplane line bundle of P€ and PEY respec-
tively. Then the canonical section of £ ® £, which is dual to the canonical pairing
EV ® & — Op, gives a section A of Opg (1)XOpev (1) over PEXPEY. Let m; denote the
ith projection

m; o (PEV)" T — PEY,
and A;’s be the corresponding sections of Opg(1)®@7} Opev (1) on PER(PEY)™ L. Let

If we regard the points of PEY as hyperplanes of PE then
I'={(z,Ho,...,H,) € PE® (PEV)""!| x € H;,Vi} .
And if we regard T as a correspondence from P& to (PEY)™+!

Ic PER(PEV)TL
./ N\ p2
PE (PEV)ntl
then
Y(X) =Du(X) = pau(pi(X) NT) C (PEV)"
will be a divisor of degree (d, ..., d) of (PE€Y)" ™! whose components are flat (cf. [BGS]

Lemma 4.3.1) over B, where d is the degree of X}, C P&, := 7 1(b) for general b € B.
Let Ogx, (1) be the hyperplane bundle of

P = P[(Sym?€)®" )] — B
with

K4+ 1 := dim(Sym?CN 1)@+,
Then the canonical pairing of (Sym?&)®("+1) @ (Sym®EV)@("+1) give rise to a section
A’ of the line bundle Ogx, (1) @ 75 Opev (d) @ - - - @ 5, Opev (d) on P[(Sym?&) @+ D] x
(PEV)"*1. By viewing points of P[(Sym?€)®("+1)] as hypersurface of (PEY)"+! of

degree (d,...,d), we can regard

F/:{A/:0}:{(HvyOw~-7yn)|(y0;-~-7yn) GH}'
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as a correspondence
F/ C ‘BKd®(]P’8V)”+1
b1 / N\ D2 )
q:;Kd (PgV)n+1
and section
(3.1) sx = pra(p3Y (X)NT)
of PXa over B corresponds to Y (X) via IV is the Chow section for X. Furthermore,
Zhang have show in [Z] the following:
Proposition 10.
LX) B) = (L,...,L)(X/B) ~ 5% (Ogr,(1)) € Pic(B),

where L") = (£, ... L) is the Deligne pairing (c.f. [De]) of £ over B. In particular,
1 (£<n+1)) = .1 (ﬁ)n+1.

Now suppose that X is a separated scheme of dimension n + 1 and B is a smooth
curve. Let

T X — B
be a flat proper morphism. Let £ — X be a line bundle such that £ := 7, L is locally
free of rank N + 1. Suppose that the following conditions are satisfied:

(1) L is relative very ample and H°(X,, £;) = &, for every b € B,
(2) There is a b € B such that H°(X}, L) yields a Chow semi-stable embedding

of Xb.
From the above assumption, we may view X as an effective cycle of PE
X — P&
! !
id
B — B

whose components are flat and of dimension n over B. Applying Mumford’s construc-
tion of Chow section outlined above, we obtain section sy

P
Sx / l H7
B 4 B

in particular, for general point b € B, sx(b) maps to the Chow point of (X3, L]|x,).
By Theorem 5, we deduce

c1(sy det((IL Ogr, (1)) (1))) = 0.
To unwind its meaning in terms of the geometry of £ and X', we need the following
Proposition 11. For the family (X, Ogxq(1)) — B with section sy we have
(1)
AP (£) = (det (% (IL.Ogyr, (1)) (1)) 2V

= {(£<n+1>)®(N+1) ® (det gv)®(n+1)d}®(m+1) .
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(2)
K;+1 N n
hprs,0g ) (3%) = 73y (Y Da(l) — e (r.L)} i

and we call

he(X) = {(N + Der(L) — e (L)} € NS(B),

(N + 1yt
the geometric height.

Proof. For the first identity, we notice that the natural embedding
Qn+1
p:GL(N +1) — GL ((sydeN“) ) =GL(K4+1),

implies
det(p(g)N ! = (det g) 1Dt
This together with the fact s%Ogx, (1) = £+ (by Proposition 10) and
s (IL.Ogre, (1)) 22 (Sym“€)®"H

imply

[s3 det (L Oy, (1)) ()] sy

p ®(n+1) . ®(Kq+1)
= det Hom <(Sym 5) y 8% Ogreq (1))

R(N+1)
= {Hom ((det )4t (£<”+1>> )}

_ { <£<n+1>)®(N“) ® (det £V) 240D }®(Kd+1) .

®(Ka+1)

For the second identity, we have

(3.2) (N + 1)h(ﬁ3Kd7(’)mKd(1))(SX)
= (N +1)er(sk det(IL Ogy,s (1)) ¥ (1))
= (Kq+ D{(N + Der (L) = (n+ 1)des (€)}
= (Kq+ 1) {(N + D (L) = (n+ 1)der (€) }
~ G (N e (@) = wa )
where we have used formula c; (£ 1) = 7.c;(£)"*! in the third identity. O

Remark 12. Note that the second part of the above Proposition together with The-
orem 5 imply Theorem 1. And the approach we adapt here is slightly different from
[CH] in the sense that we use the Chow scheme instead of Hilbert scheme, the advan-
tage here is the geometric height is ezactly the GIT weight (cf. Proposition 13)
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Now Theorem 1 is a direct consequence of Theorem 5. To get the converse, let
o

At) = C SL(N +1) with \; € Z
AN

be a 1-parameter subgroup and
N
&=on) —Pp.
i=0

Then there is a natural lifting of the C*-action on P! to P&, as explained in Section 2.
If we embed X C 7w~ 1(1) 2 PV as a subvariety of P&y lying over 1 € P!, and let
Xy C P&y be the effective C*-invariant cycle obtained via taking the closure of the
A~L-orbit through X C 7=%(1), i.e.,

Xy, — P&,
(3.3) ! Lp .
pl i, pi

Then the family Xy — B is flat over P! (cf. [Mum] Section 2) and by the construction
in the beginning of this subsection (cf. (3.1)) we obtain the Chow section sy, of

®(n+1)
pKa .= P {(symd&) } P

Note that it follows from Mumford’s construction that sy, : P! — PHa is C*-
equivariant, since I' and I both are C*-invariant cycle (see also [MFK] Section 5.4).
As a consequence of Proposition 7, we have the following:

Proposition 13. Let X C PV be a n-dimensional subvariety of degree d and
tho
At) = C SL(N +1)
Ay

be a one parameter subgroup. Then we have

he, (X)) = (N_|_11)n+17r* {(N + 1)e1(Ope (1)) — e (E)}" = Wehow(X)(A);

for &y = @?;0 O(\;).
In particular, it implies the following converse to Cornalba—Harris’s result.

Corollary 14. Let (X,0x(1)) be a projective variety polarized by a very ample line
bundle Ox(1). Suppose that for any flat proper family (X,L) — B over a smooth
curve B with generic (X, Llx,) = (X, Op~ (1)|x) for all but finite b€ B and L — X
be a relative very ample line bundle such that € := m. L is locally free of rank N + 1,
we always have

m (N + Der(£) = w*ea ()" 0 [X]} 2 0.
Then X is Chow semi-stable.
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Now to relate the geometric height with the C'M-line bundle introduced by Tian,
we need to replace £ by £F and then let k& — oo. First we shall note that the one
parameter subgroup

Ak Cc* — GL(HO(X()? OXo(k)))

induced from A\ might not lie in SL(Ny, + 1) with Ny + 1 := dim H°(Xy, Ox, (k)). So
we introduce the normalization
o

Ay, = ¢~ wR/(Net1) C SL(Ng +1)
ANk

with wy being the A-weight of A*PH?(Xy, Ox,(k)). Let us define vector bundle

Ny,
& =EPon) — P!
=0

and Q-bundle

N
&, =& ®O0(—wi/ (N +1)) = PO <Ai - N:Ui 1) — P
1=0

By following the construction in the previous subsection, we obtain a flat family
X5, — P' with corresponding Chow section sx;,  of Pk . =P((Sym*" £)®n+1)

over P!. Then Proposition 13 implies the following:

Corollary 15. Let i be as above and X), — P! be the induced family, then

Ww* (Ve + Der (Ope,, (1) 7))

Proof. We only need to notice the fact that
heg (A5,) = hey, (Xn,)
since Ope; (1) = Ope,, (1) @ m*O(—wi/(Ni, + 1)). O

(34) WChowy (X) (S‘k) =

3.2. Positivity of CM-line bundle. Now we are ready to address our applica-
tion to K-stability introduced by Tian and Donaldson. To set the scene, let X be a
separated scheme of pure dimension n + 1 and B be a smooth curve. Let

T: X — B

be a flat proper morphism and suppose that X over B has a relative canonical line
bundle Ky ,p whose first Chern class will be denoted by —c;(X/B). Let L — & be a
line bundle such that £ := 7, L is locally free and relatively very ample. The C'M-line
ACM(X) — B for the family X — B was introduced by Paul and Tian [PT] in order to
give a GIT interpretation of K-stability defined by Tian and extended by Donaldson
[T, Do0]. We are referring to [PT, RT] for the precise definition of the K-stability,
as the definition itself is not used in the following discussion. One important fact we
need is that

c1 (ACM(X)) = T, (ncl(ﬁ)”+1u —(n+ 1) (E)”cl(X/B)) € HQ(B)
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with

T s (Cl (C)n_lcl (X/B))
T« C1 (E)n '

The introduction of C'M-line is motivated by the fact that the distortion of the metric
on the C'M-line is directly related to the Mabuchi functional, which play an essential
role in the problem of finding cscK metric.

As was observed by Zhang [Z1], and Fine and Ross [FR] independently that the
leading term of height resulting from the re-embedding is proportional to A®™. More
precisely, we have following asymptotic formula:

Proposition 16. (Zhang, Fine and Ross, cf. [FR] Section 4) For k > 1, there is a
constant ag > 0 such that

AChow (LR = (ACM)®“°k2n ® - - - (terms with lower exponents on k)

M:

and
(Ni+ Dy () = g {(Ne+ Dea(£4) = 7 (£}
= O e (e (6" = (0 + Vs (€)' (X/ B} + O
with

_ m(e(£)"er(X/B))
mxc1 (L) ’
With those understood, we have the following:

Proposition 17. Let \x, F», be as in the previous subsection,
(1) Let w: X\ — B be the flat family we constructed in (8.3). Then
hz,, (Xx)
_F()\) = lim —2e
L A

where F(\) is the generalized Futaki invariant defined in [Do0, RT] and
deg X := fX c1(L)". In particular, if we assume Ky p is Q-Cartier then
n!

—F) = 2deg X

(2) Suppose X" C PN is K-unstable (for the definition see [Do0, PT]), then
there is a flat family X — P! such that the CM line bundle A (X) — P! is
negative.

7 {nea (L) — (n+ Dey (£)"er (X /PY) ) [PY).

Proof. 1. First, it follows from Corollary 15 that
im h]‘—xk (X) — lim h]:ik (X) — lim WChowy (X) (/\k) _ —F()\),
k—o0 Nk—|—1 k—o00 Nk+1 k—oo Nk—l—l

where the last identity follows from Theorem 38 in [W] or Proposition 4.2 in [R].
For the second identity, we have

. he (X)) (Ne+Dhg, (X)
lim —~—— = lim
k—oo Ni+1 k—o0 (Nk + 1)2

_ 2dZéX7u fnen (L) — (n+ 1)1 (L) 1 (X /B) .
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2. Suppose X C PV is K-unstable with respect to a 1-ps A : C* — SL(N + 1)
such that F(A) > 0, which is the A-weight of Hilbert point of X with respect to
the refined CM polarization A“M on the Hilbert scheme Hilb(y,P"), where x(k) :=
dim H°(X, Ox(k)) (cf. Theorem 1, [PT]). We let X\—P*! to be the flat family obtained
by completion of C*-orbit in Hilb(,P") of A~!. Then the height of corresponding
Chow section give rise to the Chow weight of A by Theorem 7. Apply re-embedding
as we did in the previous subsection we get kth height is the Chow weight for kth
embedding. Since F'(A\) > 0, it follows from the first part that kth Chow weight and
hence kth height is negative for k > 1. Our statement c;(A“M)[P!] < 0 then follows
from Proposition 16. (|

Remark 18. Notice that the above corollary implies that the C'M-line is strictly
positive along the closure of one parameter subgroup through a K-stable point.

4. Height for vector bundles

Our second application is to the study of a family of vector bundles over a fixed
polarized projective manifold (X, Ox(1)).

4.1. Height for vector bundles and Donaldson’s line bundle. Let (X, Ox(1))
be a projective manifold with polarization Ox (1) and

F—XxB-5B

be a rank r coherent sheaf over X x B that is flat over B. We fix a m > 1 such
that Rim,F(m) = 0 for i > 0 and the evaluation map p : 7*(m.F(m)) — F(m) is
surjective. By our assumption, V := m,F(m) is a rank p(m) vector bundle over B
with p(m) being the Hilbert polynomial of F|x ;) for general b € B and we have
diagram

™V L F(m) — 0

!
XxB X% Xx.

i} T

B

Let us briefly recall Gieseker’s construction (cf. [HL]) of Gieseker section sz(,,) of
PHom(A"V, . (7% Q(m))Y) P(Hom(A"V, m. (7% Q(m)))") over B. For simplicity, let
us assume

detf|x><{b} =Q € PiC(X),
which implies that
det F = "L ® 7% Q for some L € Pic(B).

From the universal quotient p : 7*V — F(m), we obtain homomorphisms A"p :
ATV — det(Feni Ox(m)). By applying 7., we have

T oN"p: NV ®Op — m.det(F(m)) = L @ m (rx Q(rm)),
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which is adjoint to
§: Hom (A"V, . (mxQ(rm))) — L.

Note that § is everywhere surjective (cf. [HL] Section 4.A) and therefore it defines the
Gieseker section

PO
sFm) /LI
B 4 B
with
P =P (Hom (A"V, m. (7% Q(m)))”)
=P ('Hom (det o F(m), 7, det ]:(m))v)
and

K,, +1 := dimHom (AHO (f(m)|XX{b}) ,HO(Q(rm))) )

that is, s7(m)(b) is the Gieseker point of F(m)s|x s} for b € B. By Theorem 5, if
we assume that for generic b € B, F|x () is semi-stable then we have

a (det (s;(m) (I Ogrern (1))V(1))) > 0.

Similar to the variety case we have the following Proposition, whose proof is parallel
to what we did for the variety case.

Proposition 19. For the family (PE™, Ogxm(1)) — B with section sx(my) we have
(1)
o x(rm)
(det (s*f(m)(ﬂ*(’)mxm(l))v(l))) = {det (e F(m))” 70 @ L}

where x(m) := dim H*(X,Q(m)) for m > 1.
(2)

g (h(wm,omxm<1>>(8f<m>))

1 n
= sy ™ {Pmer (Fm)) = rey(xF (m)) &} x(rm),

where w := 1% c1(Ox(1)). And we call
h(F(m)) := p(m)ms (c1(F(m))w™) — reer (meF(m))mw™ € NS(B)

the height of the sheaf F(m).
(3) Suppose that

det Flxxpy = Q € Pic(X) for all b€ B.
Then

h(F(m)) = 7. (,ucl (Fw™ — r]:(chg(f)w"_l))
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with
™ (@) + rea(X)/2) o)

W™

)

which is the exactly the first Chern class of the Donaldson’s determinant line
bundle [Dol].

4.2. Positivity of Donaldson’s line bundle. To understand the geometric mean-
ing of the class

o (per (F)w™ — rchg(]:)w"_l) € NS(B),

let (X, H) be a projective surface polarized by an ample divisor H and K(X) be the
K-group of coherent sheaves on X. By setting h := Oy, we introduce the class

ui(c) := —rh+ x(c- h)[0;] € K(X)

with ¢ := Flxx} € K(X)num, the numerical equivalence class of [F|x 3], and
X(c-h) being the Euler characteristic of the element c® Oy € K(X). Following [HL],
chapter 8, we define

Ar(ui(c)) :==detw! (F ® ui(c)) € Pic(B).

Then a direct calculation similar to Proposition 8.3.1 in [HL] give rise to the following
Proposition whose proof are omitted.

Proposition 20. Let F be a B-flat family of sheaves on (X, H) of rank r, determinant
Q@ and Chern class c1,co € H*(X). Then

a1 (Ar(ui(e))) = . (ucl(]’:)H2 —rcho(F)H) € H*(B)g
with p = (c1 — Kx/2)- H/H?.
As a quick consequence of the above Proposition and Theorem 7, we have

Corollary 21. Let F — (X,0x(1)) be vector bundle with Hilbert Polynomial p(m)
and [F] = ¢ € K(X)num. Then F is Mumford semi-stable if and only if for any F
be a B-flat family of sheaves with F|x vy = I for generic b € B, c1(Ar(ui(c))) is
non-negative.

Remark 22. Note that it was proved by Li (cf. [Li, HL]) that the line Az(u;(c)) is
nef on M (c) the moduli space of Gieseker semi-stable sheaves with fixed numerical
class ¢ € K(X )num Over a projective surface and the projective image of Az (uq(c))®™
for n > 1 give rise to the Uhlenbeck Moduli space. So if one combine Donaldson’s
work [Do2] with the result of this section, one gets a GIT interpretation why the line
bundle Az (uq(c)) should lead to the Uhlenbeck compactification.

5. Digression

From the two applications, we have explored in the previous sections, it is natural to
ask the following:

Question: If the line bundle C'M-line over the Hilbert scheme give rise to a
Uhlenbeck type of compactification of the moduli spaces. If it is so they will be a
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smaller compactification of the stable object. We hope to address this question in a
future work.
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