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EQUIVARIANT COHOMOLOGY OF INFINITE-DIMENSIONAL
GRASSMANNIAN AND SHIFTED SCHUR FUNCTIONS

JIA-MING (FRANK) LIOU AND ALBERT SCHWARZ

ABSTRACT. We study the multiplication and comultiplication in the equivariant coho-
mology of Sato Grassmannian.

1. Introduction

Let us consider the Hilbert space H = L?(S*) and its subspaces H, H_ defined as
closed subspaces of H spanned by {2z : i > 0} and {27 : j < 0} respectively . Using
the decomposition H = H @ H_ one can define the (Segal-Wilson version of) Sato
Grassmannian Gr(H) as a space of all closed linear subspaces W C H such that the
projection m_ : W — H_ is a Fredholm operator and the projection 7 : W — H,
is a compact operator (see [11] for more detail).

The group S* acts naturally on H: to every a obeying |a] = 1 we assign a map
f(2) — f(az). This action (we will call it standard action) generates an action of S on
Grassmannian . Representing a function on a circle as a Fourier series f(z) = > a,2",
we see that the standard action sends ar — aFai. The standard action is related to
the S'-action on various moduli spaces embedded into Grassmannian by means of
Krichever construction; see [6,12] for more detail. Motivated by the desire to construct
nonperturbative string theory we considered in [6] equivariant cohomology of Sato
Grassmannian and homomorphism of this cohomology induced by the Krichever map.
The results of the present paper will be used in [7] to study this homomorphism in
more detail.

One can consider more general actions of S' on H sending a;, — a™ a; where
ng € 7Z is an arbitrary doubly infinite sequence of integers. This action also generates
an action of S' on Grassmannian. The Grassmannian Gr(H) is a disjoint union of
connected components Gry(H) labeled by the index of the projection 7_ : W — H_.
All components are homeomorphic. It was proven in [11] that every component is
homotopy equivalent to a subspace having a cell decomposition K = Uo) consist-
ing of even-dimensional cells (finite-dimensional Schubert cells). The cells are labeled
by partitions. This decomposition is S'-invariant with respect to any action of S*
from the class of actions we are interested in. This allows us to say that the equi-
variant cohomology Hg:(Grg(H)) has a free system of generators QI = [3,] as a
module over Hgi(pt). These generators can be interpreted also as cohomology classes
dual to Schubert cycles 3, having finite codimension. In this paper, we calculate the
multiplication table in the basis QE\F

Let P> be the infinite-dimensional complex projective space and O(—1) be the
tautological line bundle on P*°. Let us denote u = ¢1(O(-1)), i.e., u is the Chern
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class of the tautological line bundle on P*°. Since the S*-equivariant cohomology of
a point equals the conventional cohomology of P>, we identify HY, (pt) with the
polynomial ring Clu]. Then, we have the following result:

Theorem 1.1. For the standard S*-action on Gry(H) the coefficients in the decom-
position

(1.1) QfQf => %, (wel

can be expressed in terms of coefficients in the decomposition

(1.2) sysn = CX,s5

by the formula C;\’M(u) = C;\’uu‘)‘m“'*'”‘, Here s} stands for the shifted Schur function
in the sense of [10] and |\ = Y, \; is the weight of the partition X = (\;).

Combining this theorem with the results of [8], we obtain the following expression
for the coefficients:

Corollary 1.1.

v () = =] _qyvl=lol h(p)
a9 AW 2 R R

Here the function h is defined to be h(v/u) = |v/u|l/ dim(v/u) for any skew diagram
v/p and dim(v/p) is the number of standard v/p-tableaus.

Notice that the numbers h(v/u) are not always integers but the numbers

_1\lvl=lel h(p)
>, 1) h(v/p)h(p/N)h(p/ 1)

A,uCpCr

in (1.3) are non-negative integers. This follows immediately from Theorem 1.1. A
combinatorial proof of integrality was given in [8] .

The Theorem 1.1 can be applied to the analysis of multiplication in tautological
cohomology ring of the moduli spaces of complex curves (more precisely, to the study
of intersection of cycles defined in terms of Weierstrass points); see [7]. To generalize
the theorem to the non-standard action of S! we introduce the notion of shifted double
Schur function (it is closely related to double Schur functions of infinite number of
arguments introduced in [9]).

Let x = (z1,...,®,) be an n-tuple of variables and y = (y;);cz be a doubly infinite
sequence. Recall that, the double Schur function "sy(z1,...,7,|y) is' a symmetric
polynomial in z = (z1,...,2,) with coefficients in C[y] defined by

"y (@1, zaly) = detl(aily) ) detf(aify)" ),

where (z;|y)? = [[}_, (zi — y;). Let us introduce the shift operator on C[y] given by
(Ty)i =Yi—1, 1€Z.

1We add the index n to the conventional notation s to emphasize that the function depends on
n variables xy,.
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The double Schur function satisfies the generalized Jacobi—Trudi formula:

(1.4) "sa(x1, ..., xn|y) = detlhy, 4j—i(x1, ... ;1cn|TJ 1y)] Fisls

where

hp(xla ~~7$n|y) = Z (171'1 - yn) e (ﬂ?ip - yierp*l)v p=> 1
1< << <k

For a proof of (1.4), the reader is referred to the page 56 of Macdonald’s classical
text [3].

The Littlewood-Richardson coefficients "¢ ,(y) of the double Schur functions are
defined by

(15) ns)\(xlv' . 7xn|y) nsll(mlv' . 7xn‘y) = Z nCK,u(y) nsﬂ(xlv- .. ,xn|y)

These coefficients "cf ,(y) were calculated in [8]. We define the shifted double Schur
function by

(1.6) " (@1, xn|y) =" a1+ Y—1, 2+ Y—o, .., Ty F Y- n|7'"Jrl ).

Under the change of variables 2, = x; + y_; for 1 <1 < n, the shifted double Schur
function "s% (21, ..., 2,|y) becomes the double Schur function "sy(x1,..., 2} |7 1y).
Notice that the shifted double Schur function "s}(z1,...,z,|y) is the shifted Schur
function defined in [10] if y = (yx)x is the sequence defined by the relation y, =
constant + k for all k. The shifted s "s}(z1,...,2,|y) have the following stability
property:

Proposition 1.1. If I()\) <n, then

n+1$§(x17'- a:n,O\y) (171,-~.,-Tn‘y)-

Here I(\) is the length of a partition .

Using this property, we can define the shifted double Schur function s3(x|y)
depending on infinite number of arguments z = (z;)ieny and y = (y;) ez (We assume
that only finite number of variables z; does not vanish). Namely, we define

(1.7) sx(zly) = "sx(x1,. .., Tn|Y)

where n is chosen in such a way that n > I(\) and z; = 0 for i > n. The coefficients
in the decomposition

(1.8) s(@ly)sr(zly) = CX,(v)ss (x]y).

can be obtained from (1.5) and from the results of [5,8,9]. In fact, the relation between

v n v 3 3
C3, and "c5, is given by

CRu(y) ="K, (T y),
for n > 1(N), l(p),l(v).
The shifted double Schur functions belong to the ring A*(x|y) that consists of

polynomial functions that depend on sequences x = (2, )neny and y = (y;)iez and are
symmetric with respect to shifted variables z; = z; + y_; (we assume that =, = 0
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for n > 0).2 Moreover, they form a free system of generators of A*(z||y) consid-
ered as C[y]-module. Note that the ring A*(x||y) is obviously isomorphic to the ring
A(z|ly) constructed in [9]. The following theorem describes the multiplication in the
equivariant cohomology Hg1(Grg(H)) for non-standard action of S*:

Theorem 1.2.
00l => K,k

where CY,(n) are the coefficients in (1.8) calculated for yi = nkrqu and ny denotes
the sequence specifying the action of S'.

The Theorem 1.1 is a particular case of Theorem 1.2 for ny = k.

Let us consider the infinite-dimensional torus T and its action on the Grassman-
nian. Algebraically the infinite torus T, is the infinite direct product [],., S*. The
action of T on Grassmannian corresponds to the action on H transforming ar — agag,
where (a;) € T and f =), a,z™ € H. This action specifies an embedding of T into
the group of unitary transformations of H; the topology of T is induced by this
embedding,.

One can prove that the equivariant cohomology Hr(pt) (cohomology of the clas-
sifying space Br) is isomorphic to the polynomial ring Cu] where u stands for the
doubly infinite sequence u. The proof is based on the consideration of homomor-
phisms of T onto finite-dimensional tori and homomorphisms of S! into T. The finite
codimensional Schubert cells are T-invariant and hence the equivariant cohomology
Hr(Gry(H)) is a free Hy(pt)-module generated by cohomology classes labeled by par-
titions; we denote these classes by Q1.

The submanifold Grl of Gry(H) consisting of points W so that the orthogonal
projection m; : W — z7V'H_ is surjective. The intersection of Schubert cycle ¥, and
Gril is denoted by i/\,l- The equivariant cohomology class in Hj’f(Grfi) corresponding
to X, is denoted by Q{l. The Schubert cycle ¥ and Grl; are in general position if
I(A\) < d+l; then we have

fl*QT = Qz\—‘,h
where f; : H:(Grg(H)) — H:(Grh) is map induced by the inclusion map f; : Grl, —
Grq(H).

The classes Q{l for I(A\) < d+I form an additive system of generators of equivariant

cohomology. It follows from (1.5) that

Theorem 1.3. The multiplication table in H:(Crl) is given by
Qf,zﬁf,l = Z dHCKH(?J)QZb

where y = (y;)icz is the sequence defined by y = 7' 1u.

Using the coefficients in (1.8), we can calculate the multiplication table in equivari-
ant cohomology of Grassmannian Grg(H) with respect to the infinite torus action.
Namely,

2Not very rigorously one can say that the ring A(z||y) is the ring of functions of z and y that are
symmetric with respect to z and become polynomial after the shift of variables.
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Theorem 1.4. The multiplication table in Hy(Grqa(H)) is given by:
Qf 2y = w0,

where (yi) is the sequence given by the relation y = 7~%u. The coefficient in this
equation comes from the formula (1.8); it is considered as an element of Hr(pt).

Using homomorphisms of S! into T one can derive this theorem from Theorem 1.2
(conversely, one can deduce Theorem 1.2 from Theorem 1.4). It follows from The-
orem 1.4 that the equivariant cohomology Hq(Grg(H)) is isomorphic to the ring
A ().

We can introduce a comultiplication in the ring H7(Grq(H)) using the map
(1.9) p: Gro(H') x Gro(H") — Gro(H' @ H")

defined by (V, W) — V @ W. Namely, we take H' = Heven (the subspace spanned by
22F) and ‘H" = Hoqq (the space spanned by 22#+1). Then H’' © H” = H and the map
p determines a homomorphism of T-equivariant cohomology

H’E(GFQ(H)) — HT(GrO(Heven) X GrO(Hodd))'

It is easy to prove that Hp(Gro(Heven) X Gro(Hodq)) is isomorphic to tensor product
of two copies of H7(Gro(H)); we obtain a comultiplication A in Hi(Gro(H)).
Let us introduce the notion of the kth shifted power sum function in A*(z||y):
(1.10) pr(zly) = Z [(; + y_i)* — Z/Ei] .
i=1
Here, we assume that z, = 0 for n > 0; hence (1.10) is a finite sum. We will prove
that

(1.11) App=pr®1+1®p, k=1
In other words, we have the following theorem:

Theorem 1.5. The comultiplication A in the ring Hi(Grq(H)) defined above coin-
cides with the comultiplication in the ring A*(z||y) = A(z|ly) constructed in [9].

2. Equivariant Schubert classes

The Grassmannian Gr(H) has a stratification in terms of Schubert cells having finite
codimension; it is a disjoint union of T-invariant submanifolds g labeled by S, where
S is a subset of Z such that the symmetric difference Z_ AS is a finite set. The Schubert
cells Xg are in one-to-one correspondence with the T-fixed points Hg, where Hg is
the closed subspace of H spanned by {z® : s € S} (the fixed point Hg is contained
in the Schubert cell Xg). Instead of a subset S of Z, we can consider a decreasing
sequence (8y)y of integers. It is easy to check that s, = —n + d for n > 0, where d
is the index of Hg. The complex codimension of the Schubert cell ¥g is given by the

formula
oo

codim Xg = (s; +1i —d).
i=1
The closure Xg of Yg is called the Schubert cycle of characteristic sequence S. It
defines a cohomology class in H*(Gr(H)) having dimension equal to 2 codim Xg. Since
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the Schubert cycle Xg is T-invariant, it specifies also an element QF in H:(Gr(H)).
Denote A, = s, +n —d for n > 1. Then (A,) form a partition. Instead of using the
sequence S to label the (equivariant) cohomology class Q 5, we use the notation Qr{
Then the dimension of QY is equal to 2|A|. Similarly, we denote X5 by %. For more
details see [6,11].

Let us consider the submanifold Gril consisting of points W in Gry(H) such that the
orthogonal projection m; : W — 27'H_ is surjective. There is an equivariant vector
bundle of rank n = d + | over Gr'; whose fiber over W is the kernel of the projection
m @ W — z7VH_. The action of T (or any action of S') on Gryg(H) induces an
action on Grl). The equivariant Schubert cycle Y in Grl) is the intersection of the
equivariant Schubert cycle ¥ in Grg(H) and Grfj. The dual equivariant cohomology
class of ¥ ; in H(Crh) is denoted by QF ;. If1(X) < d+1 where () means the length
of the partition A then the Schubert cycle ¥ and Grld are in general position; hence
we have

fl*QT = Qz,la
where f; : H(Grg(H)) — H#(Grl) is the homomorphism induced by the inclusion
map f; : Gry — Grg(H).

Proposition 2.1. The equivariant Schubert class Qfl in Grq(H) is given by

(2.1) Q;,l = dEt[C£i+j—i(ﬂfl,)\,;7i+d 1 =&)Y ij=1°

Here H, ; is the equivariant vector bundle H; j x Crly and the vector space H; ; is the
subspace of H spanned by {zF :i < k < j}.

Proof. This statement follows from the Kempf-Laksov’s formula; see [1,4]. O

3. Structure constants of schubert classes with respect to the standard
Sl-action

Let Hs be a fixed point of T-action on Gry(H). The inclusion map tg : {Hgs} —
Grq(H) induces a homomorphism:
vs  H5i(Gra(H)) — Hu ({Hs})

called the restriction map. Denote by 6 = (4;) the partition corresponding to S, i.e.,
d; = s; + 1 — d. Assume that A\ = (\;) is a partition such that [(\) < I(J). Then

Lemma 3.1.
595, = sy (61, ..., 6as)-
Here s is the shifted Schur function defined in [10].

Proof. Denote n = d + . Assume that z/,...,z] are equivariant Chern roots of &’
(the dual equivariant vector bundle of &). Then ¢” (&) =[]}, (1 — z}). We also have
c'(H_, m) = H;.nzfl(l — ju). This gives us: for each p > 0,

p+] _i(H_ LA —it+d—1 —&) = Z ha(@Y, .- "'/'E;L)(_l)beb(y—ﬂdy—n-‘rl) e Yn—ie1)
a+b=p+j—i
where y; = (j+d)u for j € Z. By the generalized Jacobi-Trudi formula (1.4), we find

n+1

%= "salal, .. @l ).
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Applying the restriction homomorphism ¢§, we find
LEQIJ = "sx(61—1+d,...,0, —n+dr" )N = "k (01, ..,6,]a)ul,

where a = (a;) with a;j = j + d for all j € Z. The shifted double Schur function
"s3(01,...,0p|a) coincides with the shifted Schur function defined in [10]. This com-
pletes the proof. O

Taking the limit | — oo we obtain
EQT = s5(61,. .., 0k, la)ul,
Now we are ready to prove the Theorem 1.1. Since CY,(u) is of the form C¥,
uAHE=IPL 0 (1.1) can be rewritten as

TOT _ § v Al =lviQT
QAQM == C)\H’U, Ql/'
14

Applying % to the above equation® and using Lemma 3.1, we find that the constants
(C3,,) satisfy (1.2).

In order to compute the structure constants of the equivariant cohomology of
Grq(H) relative to the basis consisting of the equivariant Schubert classes, we have
to introduce the notion of shifted symmetric functions.

4. Algebra of shifted symmetric functions

Let x = (z,)nen be a sequence of variables obeying x,, = 0 for n > 0 and y = (y;):ez
be a doubly infinite sequence of variables. Denote the set of pairs (x,y) by R. Let us
consider a function f(x|y) such that its restriction f, to the subset Ry specified by
the condition zgy1 = Tpro = --- = 0 is a polynomial for every k € N. We say that f
is shifted symmetric if f,, symmetric with respect to the variables z = x; + y_; for
1 <4 < n. In other words,

Fa@h, - anly) = fu(@h —yor, - — yoaly)
is symmetric with respect to ' = (z,...,2}).

This definition is motivated by the definition in [10]. (If we replace y; by constant+
Jj, we obtain the definition of the shifted symmetric functions given in [10].) An
essentially equivalent notion was introduced in [9]. Instead of R one can consider
a set R of pairs (z,y) where = (2,)nen and y = (yi)icz are sequences obeying
Ty = Y—pn for n > 0. Shifted symmetric functions on R correspond to symmetric
functions on R; this correspondence can be used to relate our approach to the ap-
proach of [9]. It is obvious that shifted symmetric functions on R constitute a ring;
we denote this ring by A*(z||y). It is clear that this ring is isomorphic to the ring
A(x||y) of symmetric functions on R considered in [9]. Tt follows immediately from
well known results that the shifted double Schur functions {s}(z|y)} form a linear
basis for A*(z||y) considered as C[y]-module.

Now we are ready to finish the proof of Theorem 1.4. Let {z},...,z]} be the
equivariant Chern roots of of the equivariant vector bundle &. Denote u = (u;)ez
the sequence of weights of the action of T on H and y = 7~ %u. Define z; = 2}, —y_;
for1 <i<n.

3Here we may assume that I(A), 1(u), 1(v) < 1(8). If I(\) > 1(6), QT =o0.
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Theorem 4.1. The equivariant Schubert class Q% is given by

Qg:l = dHSf\(a:l, e Tdr1]Y)-

)

Proof. The proof is the same as that in Lemma 3.1. O

This theorem allows us to define the algebra isomorphism between the equivariant
cohomology ring H;(Grg) and the algebra of shifted symmetric functions A*(z||y).
The isomorphism between them is given by

QX = sx(zly).

This implies that the multiplication table in H3(Grq(H)) with respect to the basis
{071} is the same as the multiplication table of {s}(z|y)} in A*(z||y). This completes
the proof of the Theorem 1.4.

5. Comultiplication

Our main goal in this section is to prove Theorem 1.5. Since the algebra of shifted
symmetric functions A*(z||y) is isomorphic to the algebra of symmetric functions
A(z|ly) with an isomorphism given by the change of variables, we will use A(z||y) for
convenience. Without loss of generality, we may assume that all indices d are zero,
i.e., we consider the product map

p: Gl‘o(Heven) X GI‘Q(HOdd) — GI‘[)(H)

The infinite torus acts on H and thus acts on Heyen and Hogq in a natural way; the
map p is equivariant. Since the Grassmannian is equivariantly formal (see [1,2]) we
obtain that

Hy(Gro(H)) = Hr(pt) © H"(Gro(H))
as a Hf(pt)-module. Using the Kiinneth theorem and relation Clu] = Clueyen] ®
Cluoqq], we find that

H3(Gr(Heven) X Gr(Hoda)) = Hi(Gr(Heven)) @ HF (Gr(Hodd))

as Hy(pt)-modules, where Ueven = (U2 )kez and Ueda = (U2k+1)kez-

For each [ > 1, let Gré(Heven) and Gré(Hodd) be respectively the submanifolds of
Gro(Heven) and Gro(Hoaq) consisting of points W so that the orthogonal projection
Teven,l : W — 2_2”/2]Heven,_ is surjective if W € Gro(Heven) and moqa; : W —
22272 44, is surjective if W € Gro(Hoga). We can restrict the equivariant map
(1.9) to the equivariant map

p 2 Grb(Heven) X Grh(Hogq) — Grl.

Then the pullback bundle p*&; over Gré(Heven) X Gré(Hodd) splits into the direct sum
of T-equivariant vector bundles & cven and & oad, where the vector bundle & ¢ven and

&l.0aq are respectively the T-equivariant bundle over Grh(Heyen) and over Grh(Hoad))
whose fiber over W is the kernel of the orthogonal projection

Tleven,l * W — Z_Q[Z/Q]Hcvcn —
if W € Grh(Heven) and is the kernel of

. —2[l/2]-2
Todd,l - W — z [L/2] Hodd,—
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if W € Grh(Hoaq). Analogously, the T-equivariant vector bundle p*H_; _y over
Grh(Heven) X Grh(Hoaq) splits into a direct sum of T-equivariant bundles F7 even
and Fjodd, where Fjeven and Fjoqa are the product bundles of the form Feyen X
(Gré(Heven) X Gré(Hodd)) and F,qq X (Gré (Heoven) X Gré (Hodd)); Fieven and Fj oqq are
the linear spaces spanned by {22 : — < 2s < —1} and by {2251 : -] < 2s+1 < —1},
respectively. In other words, we have

p*gl = gl,even @ gl,odd and p*ﬂ_l,_1 = ]:l,even @ ]:l,odd

as T-equivariant vector bundles over Grh(Heven) X Grh(Hoda)-
Assume that x1,...,z; are the equivariant Chern roots of £ and define the power
sum functions pg(x1,...,2z/u), k > 1 by

!
(5.1) pr(z1,. .., ;) = Z [ —uf,].

Then the power sum function p; equals to the k-dimensional component of the equi-
variant Chern character of the difference bundle & —H_; 4, i.e., pp(z1,...,71|u) =

chi (Ei=H_; ). Since ch” (E—H_; 1) = ch” (Epeven — Fieven) +ch’ (€040 = Fi,even),
we find that

(5.2)
P pr(T1, .- mia) = pr(re, 24 7x2[l/2]|ueven) +pr(z1, 73, 7x2[(l71)/2]+1|uodd)~
Note that the function (5.1) can be extended to an element of the ring A(z|lu) (to a

symmetric function on R) More precisely, the formula
(5.3) pr(ei) = 3 [k - ut]
i=1

is a finite sum on R and therefore specifies an element of A(z||u). This formula is also
equivalent to (1.10) under a change of variables. By (5.2) and (5.3), we obtain the
following formula:

(54) ,O*pk(x|u) = pk(xeven|ueven) +pk(x0dd|uodd)7
where (Zeven )k = Tog and (Todd)x = Tok+1 for k € Z.

Let thoven and toqq be the algebra isomorphisms A(Zeyen||Ueven) — A(z]u) and
A(xoqd | uodad) — A(z|lu) defined by Yeven(T2r) = Tk, Yeven(U2r) = ux and by oqq
(Tak+1) = Tk, Yeven (U2p+1) = uy, for k € Z, respectively. Then Yeyen ®@oad determines
an isomorphism from H; (Gro(Heven))QH7(Gro(Hodad)) to Hi (Gro(H))@H:(Gro(H)).
Combining the maps p*and Yeven ® Yoaq We obtain a homomorphism

A Hy(Gro(H)) — Hyp(Gro(H)) ® Hr(Gro(H)),

so that (1.11) holds by (5.4). This completes the proof of the Theorem 1.5.
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