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MODULE STRUCTURE ON INVARIANT JACOBIANS

NANHUA XI

ABSTRACT. In this paper we show that Yau’s conjecture om highest weights of invariant
Jacobians holds for arbitrary connected semisimple algebraic groups over an algebraically
closed field of characteristic 0.

1. Introduction

This work was motivated by a conjecture of Stephen Yau on the set of highest
weights of invariant Jacobians by an sl(2, C) action, which was proposed in 1985, see
2.2 for a precise statement. The conjecture arose from Yau’s study of singularities,
see [2,5-7].

It was well known that Brieskorn in his talk of ICM1970 established a relation
between simple Lie algebras and simple singularities. There is no further generalization
to arbitrary singularities. In 1981, Mather and Yau proved that the complex structure
of the isolated hypersurface singularity defined by an analytic function f determines
and is determined by its moduli algebra A(f) which is C[[x1,...,z,]]/(f, aanl’ ce

%), see [2]. The algebra A(f) is a finite-dimensional commutative algebras. Yau
defined the Lie algebra L(f) to be the derivation algebra of A(f), which are often
called Yau algebra now. In the process of proving that L(f) is a finite-dimensional
solvable Lie algebra, Yau made his conjecture nearly 30 years ago. A special case
of Yau’s conjecture was proved in [4] and was applied to prove Yau algebras are
solvable (see [9]). Yau’s work establishes a connection between the theory of isolated
singularities and the theory of solvable Lie algebras. In particular, one can construct
deformation of solvable Lie algebras by studying deformation of singularities (see for
example [3]).

Yau’s conjecture was proved for the following cases: (a) n < 5, see [8], (b) irreducible
action, see [4], (c) some special cases for n = 6,8; see [10,11]. Kempf did some
interesting work related to Yau’s conjecture (see [1]), which we will recall in the next
section.

In this paper, we will establish several module homomorphisms; see Theorem 3.1
and Theorem 3.3. Combining a result of Kempf, a consequence of one module homo-
morphism is that Yau’s conjecture on highest weights of invariant Jacobians holds for
arbitrary connected semisimple algebraic groups over an algebraically closed field of
characteristic 0; see Corollary 3.2 and remark to it. We will also give a direct proof
for Yau’s conjecture in Section 4.2.
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2. Notations

2.1. Let G be either a group or a Lie algebra, K a field and p a representation of G
on V = K". Then G acts on the ring A = K|z, o, ...,2,] of polynomial functions
on K™ and on the ring R = K(x1,2,...,z,) of rational functions on K™, by abuse
of notation, the two representations are denoted by the same letter 7. The subspace
Ag of A consisting of homogenous polynomials of degree d is a G-submodule of A.
For a rational function f in R, the Jacobian J(f) is the subspace R spanned by all
the partial derivatives g—gfi, the rth Jacobian J,.(f) is the subspace spanned by all the
partial derivatives ML%%. of rth-order. It is clear that J.(f) is invariant if K f is
invariant, see [1,8]. (Convention: in this paper invariant means G-invariant.)

We shall denote by S” (V) the r-th symmetric power of V.

2.2. Yau’s conjecture can be stated as follows: assume that G = SLy(C) and V is
a rational G-module, if J(f) is invariant, then the set of highest weights of J(f) is a
subset of the set of highest weights of A;.

2.3. Assume that K is an algebraically closed field of characteristic 0 and G is a
connected semisimple algebraic group over K. Assume that d is an integer greater
than 2. Let f € Ay be such that J(f) is invariant. Kempf showed that if f = 0 is
projectively smooth or p is irreducible, then f is an invariant; see [1]. Kempf also
showed in the same paper that if f is homogenous of degree greater than 2 and J(f)
is invariant, then there is an invariant homogeneous polynomial g in A with the same
degree as of f such that J(f) = J(g).

3. Main results

In this section, we establish several module homomorphisms and show that Yau’s
conjecture is true for a connected semisimple algebraic group over an algebraically
closed field of characteristic 0 (see Corollary 3.2).

Theorem 3.1. Keep the notations in 2.1. Let eq, ..., e, be the standard basis of V
so that x;(ej) = d;;.

(a) The linear map ARV — A defined by f ® e; — g—gfi is a homomorphism of
G-modules. (Note that G stands for a group or a Lie algebra.)

(b) The linear map R®V — R defined by f @ e; — g—ai is a homomorphism of
G-modules.

(c) Let f € R. If Kf is a G-submodule of R, then J(f) is a quotient module of
Kf®V. In particular, if f is invariant, then J(f) is a quotient module of V.

(d) Assume that f € R is invariant, then J.(f) is a quotient module of the r-th
symmetric power S™(V') of V.

Proof. Clearly (a) follows from (b). Let f be a rational function in R.
(1) Assume that G is a group. We need to show that the map sends 7(¢)f ®
p(t)(ei) to T(t)(g—gfi) for any ¢t in G. Let p(t)(e;) = Y.i_, aji(t)e;, then 7(¢)(xy) =

j=1
Do aks(t™ )z
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We first assume that f = x{' --- 2% is a monomial. The linear map sends 7(¢)f ®
1 n
p(t)(e;) to

Z 8x]f>

= ant Zak% (O T )
= Z ag Z ag;(t a]Z T(t) (2]t - Qizk 11 ka 1322’?11 Sz
= Z SpiarT () (2 - ap gtk  aln)

= ar(t)(aft ol el T )
)
= 7()(52).

Hence, the linear map is a G-homomorphism from A ® V to A if G is a group.
Now assume that g, h are polynomial functions on V and f = hg~'. By the above
computation, we have

Znﬁaﬂ“)a(ggg)ﬂ (ax) Z ax]m:“” ($>

j=1 =1

Therefore, the linear map sends 7(¢)(hg™!) ® p(t)(e;) to

S 0 20007

ox;
i=1 J

R 1 a(r()h) Jaon
= >0t 006 "G ) 502

e P e 29
— i [0 ~ rmroL)]

o (22

Hence, the linear map is a G-homomorphism from R® V to R if G is a group.

(2) Assume that G is a Lie algebra. We need to show that the map sends 7(¢) f ®
e+ f®@p(t)(e;) to T(t)(%) for any ¢ in G. Let p(t)(e;) = Z;Zl ajiej, then 7(t)(z;) =
= D=1 kT

We first assume that f = ' --- 2% is a monomial. Set by, = ay, if £ # ¢,5 and
br = ar — 1 if k =i, j. Noting that

n

a1 %=1, @=L agen o an [ .

a;Ty Tl Xy T," ( E ajkxk>]a
k=1

() f =

n

j=1
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we see that 7(t)f ® e; + f ® p(t)(e;) is sent to

n n
> oo (=3
j#i k=1

n
N ai Ai—1,a;—2, Qi+l a o .
+ai(a; — )yt o T a?""< g azkxk>
k=1

. N0l L %=1 A e
+ E :a](_ajl)xl Ty Ty Ty Ty

a] 1 a;—1 aj4 a
+§ ajazxyt x ey g ag
n
by,.b b
:E [ajazzlle-“xn"(— E ajkxk>1
J#i k=1

n
a ai—1_a;—2 Qi+l an
+ai(a; — D)yt oy T ay (— E aik$k>
k=1

_T<><§i)

So the linear map is a G-homomorphism of G-module from A® V to A if G is a Lie
algebra.

Now assume that g, h are polynomial functions on V and f = hg~!. By the above
computation, we have

9 N, 09 _ (09 Oh) s, Ok Oh
—l—j;agzaxj—T(t) <8mi)’ D, —l—j;aﬂaxj_r(t) oz, )

Noting that 7(¢)(¢~%) = —ag=*'7(t)(g) for a > 1 and 7(t)(hg™!) = g~ '7(¢)(h) +
hr(t)(g~1), we see that T(t)(hg_l) ®e +hgt® p(t)(ei) is sent to

27700 _ o Z =)
= 2 e <><h>§{ 201 (1) >§jz
~ g (0(e) e — g +Z p (o g -t
=g 0(50) 9 O0) f “hr(0)(g) 52

g (1)(g) f

— ) (52
(2t

Hence, the linear map is a G-homomorphism from R ® V to R if G is a Lie algebra.
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(c) follows from (b) and (d) follows from (c). The theorem is proved. O

Corollary 3.2. Assume that K is an algebraically closed field of characteristic 0 and
G is a connected semisimple algebraic group over K. If f € A is homogenous of degree
greater than 2 and J(f) is invariant, then J,.(f) is a quotient module of S™(V').

Proof. According [1, Theorem 13|, there is an invariant homogenous polynomial g in
A with the same degree as of f such that J(f) = J(g), the corollary then follows from
Theorem 3.1 (d). O

Remark. Since A; is the dual module of V| so that for G = SLy(K), V is iso-
morphic A; as G-modules, Yau’s conjecture then follows from Corollary 3.2 for G =
SLy(C) and r = 1. Corollary 3.2 shows that Yau’s conjecture holds in a more general
setting.

Theorem 3.3. Keep the notations in 2.1.
(a) The linear map A — A1 ®A defined by f — >0, x,—@% is a homomorphism
of G-modules.
(b) The linear map R — A1 @R defined by f — S 1, z;@ 2L 8 is a homomorphism
of G-modules.

Proof. Assume that f is a rational function in R.
(1) Let G be a group and ¢t € G. We need to show that the map sends 7(¢)f to

Sy (8 @ T()(Fh). Let 7(t)(2i) = 25 by

First we assume that f = z{* --- 2% is a monomial. The linear map sends 7(¢) f to
- A (t)f)
Z i & O
j=1 J
= ®Zaz i (O] g T )

n
CM 1 _a;—1 _ait1 a
= E E bjiz; @ a;T(t)(x)" oyt a2
i= =

_ of
_g t)x; @ 7(t <8xz>

Hence, the linear map is a G-homomorphism from A to A; ® A if G is a group.
Now assume that g, h are polynomial functions on V and f = hg~!. By the above
computation, we have

S 5(g;ti)g) =S )z @ (1) (gf)

i=1 i=1

3200 000 Sy (22).

=1 =1
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Therefore, the linear map sends 7(¢)(hg™!) to

>z, 200

2. da; O
=3 rtms [+t o (5 ) =t 0 (32 )]
— g’r(t}flfi ® T(t)a(ggx;l)'

Hence, the linear map is a G-homomorphism from R to A; ® R if G is a group.
(2) Let G be a Lie algebra. We need show that the map sends 7(¢) f to > i, [z; ®
T(0)(5L) + 7(t); © FL. Let 7(t)(w:) = X)_, bjew;.

First we assume that f = z'---z%" is a monomial. We have

n
— 01 aj—1 _a;—1 it
T(t)f = E (ajxl e E bkﬂ%)
i=1

Let b, = a, if r # 4,7 and b, = a,, — 1 if » = 4, j. Then the linear map sends 7(¢) f to

n
o(r(t
Sy 20)
; Ox;
=1
n n n
= Zl‘l ® Z (a/jalel’lxgz e xfl" Z bkjl‘k)
=1 J#i k=1

n
a a;—1_a;—2 a+1
+ E z; ®a;(a; — D)yt -zl Ty o ( E bkzl'k:>
aJ 1 (ZJ 1 (lj+1 a
"’E :33%@5 :aybulﬁ I I N

—ZWT@( )+z(zw)®w g
=1 1=

Hence, the linear map is a G-homomorphism from A to A; ® A if G is a Lie algebra.
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Now assume that g, h are polynomial functions on V and f = hg~!. By the above
computation, we have

n

A - Jdg _ 9g
Do Z{%@r <8xi>+7(t)mz®3:rj’

i=1 i=1

zn:m " ;@ T(t oh +T(t)x-®%
! —1 i axi ! le- ’

=1 %

Therefore, the linear map sends 7(t)(hg™!) = g~ 17(t)(h) — g~ 2h7(t)(g) to

- d(g~'7(t)h)  O(g—2h7(t)g)
in ® [ 0x; B ox; }

_, Oh o, Og
1 2
+Y ()7 @ (g Eroal ham)

= i [x ® 7(t) (a(g,;ﬁ) + ()T ® 8(}5’;1)] :

=1

Hence, the linear map is a G-homomorphism from R to A; ® R if G is a Lie algebra.
The theorem is proved. g

Corollary 3.4. Keep the notations in 2.1.
(a) If f € R is invariant, then > . x; @ % is invariant in A; @ R.

(b) Ifd is a positive integer and d is invertible in K, then Aq is a direct summand

of A1 @ Ag_1.

Proof. (a) is clear from Theorem 3.3 (b). We have a natural G-homomorphism 1) :
A1®R— R, x; ® f — x;f. Let ¢ be the map in Theorem 3.3 (b) and f € A4. Then
Yo(f) = df. Since d is invertible in K, we have A; ® Aj_1 ~ Agq @ kert’, here ¢’ is
the restriction of ¥ to Ay ® Ag_1. The corollary is proved. O

3.5. Question Keep the notations in 2.1. Let f € R be such that J(f) is invariant.
(a) describe the module structure of J(f), (b) does there exist g € R such that Kg is
invariant and J(g) = J(f)? (c) describe the set {g € R|J(g) = J(f)}.
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4. A direct proof for Yau’s conjecture

4.1. We use the setup of [8] (see also [4,10,11]) to give a direct proof for Yau’s
conjecture, see part (¢) of Proposition 4.2. Let K be an algebraically closed field of
characteristic 0 and A be as in 2.1. Let H, X,Y be the standard basis of sly(K) so
we have [X,Y] = H, [H,X] =2X, [H,Y]=-2Y.

Let Iy, ...,l, be positive integers such that their sum is n. For 1 < ¢ < r, define

0

OLty 4l 41

. d
ot (= 20 Daetia i g
Ll 4ol 145
+oo (it Da ”
o (= Lttlig
et axl1+"'+li
X (i — Dz o
1fetlioat axll+--»+li_1+2
. , 0
to = )T :
Ll 4ol +5+1
ot (- 1) -
A R
i S T
d
Yi=2i4oqlit2g————
¢ 1t a$[1+---+li_1+1
+ota °
l sl j
1+t 1+’8xll+..‘+z,;,1+j—1
0

+-+ T+l -
0Ty vt —1

Then the map H — H1+---+H,, X — X1+---+X,and Y — Y1+ -+Y,. defines an
action of sly(K') on A. Under this action, x;, 4...41, ,+; is a vector of weight [; —2j+1,
and the elements Ty, 4.1, 141, Tlyd-tl;_1425 s Tlydtly_141;—15 Tly+--4l; SPAN an
irreducible submodule of A of dimension ;.
Proposition 4.1. (a) The linear map AQ A1 — A, fRx; — (—1)i%’:, is a ho-
momorphism of sla(K)-modules, i’ is determined by the following conditions:
(1) x; is in the submodule generated by x; and (2) the weight of x;/ is opposite
to that of x;, i.e., Z/:l1++ll_1—|—ll—]+1 ifi=l1+---+1L_1+7 for
1<j <.
(b) If f € A is invariant, then J(f) is a quotient module of A;.
(c) Let f € Ag and d > 3. If J(f) is invariant, then J(f) is a quotient module of
Az. In particular, in this case the set of highest weights of J(f) is a subset of
the set of highest weights of Aj.

Proof. Part (a) can be checked by a direct calculation. Part (b) follows from (a). Now
we prove part (c). By [1, Theorem 13], there exists g € Ay such that g is invariant
and J(g) = J(f). Thus, (c) follows from (b). The proposition is proved. O

Remark. It is easy to see that the homomorphism in Proposition 4.2 (a) can be
uniquely extended to homomorphism R ® A; — R.
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