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UNIQUENESS OF SOLUTIONS FOR A NONLOCAL ELLIPTIC
EIGENVALUE PROBLEM

CRAIG COWAN AND MOSTAFA FAzZLYy

ABSTRACT. We examine equations of the form

1

(—A)5u=Ag(z)f(u) inQ

u=20 on 0%,
where A > 0 is a parameter and Q is a smooth bounded domain in RV, N > 2. Here g
is a positive function and f is an increasing, convex function with f(0) = 1 and either
f blows up at 1 or f is superlinear at infinity. We show that the extremal solution u*
associated with the extremal parameter A* is the unique solution. We also show that
when f is suitably supercritical and €2 satisfies certain geometrical conditions then there
is a unique solution for small positive .

1. Introduction
We are interested in the following nonlocal eigenvalue problem

(—A)zu = Ag(z)f(u) inQ
(P)x
u =0 on 052,

where (—A)é is the square root of the Laplacian operator, A > 0 is a parameter, )
is a smooth bounded domain in RY where N > 2, and where 0 < g(x) € C*%(Q) for
some 0 < «. The nonlinearity f satisfies one of the following two conditions:

(R)  f is smooth, increasing and convex on R with f(0) =1 and f is superlinear
at oo (i.e., limy_ o0 @ = o0), or

(S)  fissmooth, increasing, convex on [0, 1) with f(0) = 1 and lim; ~ f(t) = +o0.

In this paper, we prove there is a unique solution of (P)y for two parameter ranges:
for small A and for A = A* where \* is the so called extremal parameter associated
with (P),. First, let us to recall various known facts concerning the second order
analog of (P)y.

Some notations: Let F(t) := f; f(r)dr and Cy := [}/ f(t)~ dt where ay = oo
(resp. ay = 1) when f satisfies (R) (resp. f satisfies (S)). We say a positive function
f defined on an interval T is logarithmically convex (or log convex) provided u —
log(f(u)) is convex on I. Also, Q will always denote a smooth bounded domain in R
where N > 2.
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1.1. The local eigenvalue problem. For a nonlinearity f which satisfies (R) or
(S), the following second order analog of (P), with the Dirichlet boundary conditions

{—Au = \f(u) inQ

(@) u=20 on 052,

is by now quite well understood whenever € is a bounded smooth domain in RV . See,
for instance, [2-5,14-16, 18,20, 21]. We now list the properties one comes to expect
when studying (Q)a.

It is well known that there exists a critical parameter A* € (0, c0) such that for all
0 < A < A\* there exists a smooth, minimal solution uy of (Q)x. Here the minimal
solution means in the pointwise sense. In addition for each z € Q the map A —
ux(z) is increasing in (0, A*). This allows one to define the pointwise limit u*(x) :=
limy ~x+ ux(x) which can be shown to be a weak solution, in a suitably defined sense,
of (Q)a-. It is also known that for A > A* there are no weak solutions of (). Also,
one can show that the minimal solution uy is a semi-stable solution of (@) in the
sense that

/ A () < / VR, e HA(Q).
Q Q

We now come to the results known for (Q) that we are interested in extending to
(P)x. In [18] it was shown that the extremal solution u* is the unique weak solution
of (Q)x+. Some of the techniques involve using concave cut offs which do not seem
to carry over to the nonlocal setting. Here, we use some techniques developed in [1]
that were used in studying a fourth order analogue of (Q)x. In [11] the uniqueness
of the extremal solution for A%y = \e* on radial domains with Dirichlet boundary
conditions was shown and this was extended to log convex (see below) nonlinearities
n [17]. Some of the methods used in [17] were inspired by the techniques of [1] and
so will ours in the case where f satisfies (R). In [8] it was shown that the extremal
solution associated with A%y = A(1 — u)~? on radial domains is unique and our
methods for nonlinearities satisfying (S) use some of their techniques.

In [19] and [23] a generalization of (@), was examined. They showed that if f
is suitably supercritical at infinity and if €2 is a star-shaped domain, then for small
A > 0 the minimal solution is the unique solution of (Q)x. In [13] this was done
for a particular nonlinearity f which satisfies (S). One can weaken the star-shaped
assumption and still have uniqueness, see [22], but we do not pursue this approach
here. In Section 3, we extend these results to (P),. For more results the on uniqueness
of solutions for various elliptic problems involving parameters, see [12].

For questions on the regularity of the extremal solution in fourth order problems,
we direct the interested reader to [10]. We also mention the recent preprint [9] which
examines the same issues as this paper but for equations of the form A%u = \f(u) in
Q) with either the Dirichlet boundary conditions u = |Vu| = 0 on 9Q or the Navier
boundary conditions u = Au = 0 on 9. Elliptic systems of the form —Au = A\f(v),
—Av = ~vg(u) in Q with u = v =0 on 9 are also examined.

1.2. The nonlocal eigenvalue problem. We first give the needed background
regarding (—A)2 to examine (P)y, for a more detailed background see [6]. In [7] they
examined the problem (P)y with (—A)* replacing (—A)2 and with g(z) = 1. They
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did not investigate the questions, we are interested in but they did develop much of
the needed theory to examine (P)y and so we will use many of their results.

There are various ways to make sense of (—A)zu. Suppose that u(z) is a smooth
function defined in €2 which is zero on 99 and suppose that u(z) = >, ar¢r(z) where
(¢k, A\ ) are the eigenpairs of —A in H}(€) which are L? normalized. Then one defines

(—A)7u(z) = Y axv/Aedn(@).
k

Another way is to suppose we are given u(z) which is zero on 9Q and we let u, =
ue(z,y) denote a solution of
Au. =0 inC:=Q x (0,00)
Ue =0 on 91C := 90 x (0, 00)
ue = u(x) in Q x {0}.
Then we define
(_A)§u<$) = azxue(xa Z/) |y:O’

where v is the outward pointing normal on the bottom of the cylinder, C. We call u,
the harmonic extension of u. We define H&L (C) to be the completion of C'°(Q2x [0, 00))
under the norm ||ul|* := [, |Vu|?>. When working on the cylinder generally we will
write integrals of the form fo{y:O} Y(ue) as [ v(u).

Some of our results require one to examine quite weak notions of solutions to (P)y
and so we begin with our definition of a weak solution.

Definition 1. Given h(x) € L*(Q) we say that u € L'(Q)is a weak solution of

(=A)zu = h(z) inQ
u=20 on 012,

provided that
Juwo= [ na-a)yte  wecz@,
Q Q
Here (—A)~ 24 is given by the function ¢ where
(-A)zp=v inQ
=0 on 0f).
The following is a weakened special case of a lemma taken from [7].

Lemma 1. Suppose that h € L'(Q). Then there exists a unique weak solution u of
(1.1). Moreover if 0 < h a.e. then u > 0 in Q.

Definition 2. Let f be a nonlinearity satisfying (R).

e We say that u(x) € L'(Q) is a weak solution of (P)y provided g(x)f(u) €
LY(Q), and

/ wth = A / o@D WD) Ve 0T
Q Q
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e We say uis a regular energy solution of (P), provided that u is bounded, the
harmonic extension u, of u, is an element of H& 1 (C) and satisfies

(1.1) /C Vi, - Vo= A /Qg(x)f(um

for all ¢ € H&L(C).
e We say wu is a regular energy supersolution of (P), provided that 0 < @ is
bounded, the harmonic extension of @ is an element of Hy ; (C) and satisfies

. Vu, - Vo > A x)f(u)o,
(1.2) /c 6> /ﬂg< )F(@)o
for all 0 < ¢ € H 1 (C).

In the case where f satisfies (S) a few minor changes are needed in the definition
of solutions. For a weak solution u one requires that © < 1 a.e. in 2. For u to be a
regular energy solution one requires that supg u < 1.

We will need the following monotone iteration result, see [7]. Suppose that u and @
are regular energy sub and supersolutions of (P),. Then there exists a regular energy
solution u of (P)y and u < u < 7 in . By a regular energy subsolution, we are using
the natural analog of regular energy supersolution.

We define the extremal parameter

A* :=sup {0 < A : (P)x has a regular energy solution},
and we now show some basic properties.

Lemma 2. (1) Then 0 < A*.
(2) Then \* < 0.
(3) For 0 < A < X\* there exists a regular energy solution uy of (P)x which is
minimal and semi-stable.
(4) For each x € Q2 the map X\ — ux(z) is increasing on (0, \*) and hence the
pointwise limit w*(x) = lmy ~x» ux(z) is well defined. Then u* is a weak
solution of (P)x= and satisfies [, g(x) f'(u*)f(u*)dr < co.

In this paper, we do not need the notion of a semi-stable solution other than for the
proof of (4). For the definition of a semi-stable solution one can either use a nonlocal
notion, see [7] or instead work on the cylinder which is what we choose to do. We say
that a regular energy solution u of (P)) is semi-stable provided that

(13) Lok =a [ g voe ().
c Q
We now prove the lemma.

Proof: (1) Let @ denote a solution of (—A)2% = tg(x) with @ = 0 on dQ where t > 0 is
small enough such that supn u < 1. One sees that % is a regular energy supersolution of
(P)x provided t > Asupg, f(u) which clearly holds for small positive A. Zero is clearly
a regular energy subsolution and so we can apply the monotone iteration procedure
to obtain a regular energy solution and hence A\* > 0.

(2) Suppose that either f satisfies (R) and Cy < oo or f satisfies (S) and so trivially
C F < 00.



UNIQUENESS OF SOLUTIONS FOR A NONLOCAL ELLIPTIC EIGENVALUE PROBLEM 617

Let u denote a regular energy solution of (P)y and let u. denote the harmonic
extension. Let ¢ denote the first eigenfunction of —A in H}(Q) and let gbe be its
harmonic extension; so ¢.(z,y) = ¢(z)e”V ¥, Multiply 0 = —Au, by f(ue) and
integrate this over the cylinder C to obtain

/)\g )¢ = /Vue Ve _/C |Vue]|62(qu:)f;(ue)7

and note that the second integral on the right is nonpositive and hence we can rewrite
this as

[ atero < [ wor wn)

where h(t fo fl dr. Integrating the right-hand side by parts, we have that it is
equal to fQ )2 ¢h(u) which is equal to /A 1 Jo ®h(u). So h(u) < Cy and hence we
have

A/qu:)qés ﬁcffﬂcb.

This shows that A* < co. The case where f satisfies (R) and where Cy = oo needs a
separate proof, see the proof of (4). Note that there are examples of f which satisfy
(R) and for which Cf = oo, for example f(t) := (t + 1)log(t + 1) + 1.

(3) The proof in the case where g(x) = 1 also works here, see [7].

(4) Again the proof used in the case where g(z) = 1 works to show the monotonicity
of uy, see [7], and hence u* is well defined. One should note that our notion of a weak
solution is more restrictive than what is typically used, i.e., we require g(z)f(u) €
L'(Q) where typically one would only require that §(x)g(x)f(u) € L*(Q2) where §(x)
is the distance from z to 0€2. Hence here our proof will differ from [7].

Claim: There exist some C' < oo such that
(1.4) | st wsu) < c.

for all 0 < A < A* (at this point we are allowing for the possibility of A* = 00). We first
show that the claim implies that A* < co. Note that if (—A)2¢ = g(x) with ¢ = 0 on
00 then an application of the maximum principle along with the fact that f(uy) > 1
gives uy > A¢ in 2. This along with (1.4) rules out the possibility of A* = co. Using
a proof similar to the one in [7] one sees that u* is a weak solution to (P)x« except
for the extra integrability condition g(x)f(u*) € L'(Q) that we require. But sending
A A" in (1.4) gives us the desired regularity and we are done.

We now prove the claim. Let u = u) denote the minimal solution of (P)y and let
u. denote its harmonic extension. Take ¢ := f(u) — 1 in (1.3) (¢ can be shown to
be an admissible test function) and write the right-hand side as

/C V(f(ue) — 1)f' () - Ve,

and integrate this by parts. Using (P), and after some cancellation one arrives at

(1.5) /C (o) — 1) f" (ue) Ve > < A /Q o) " (u) ().



618 CRAIG COWAN AND MOSTAFA FAZLY

Define H(t) := fg f"(7)(f(r) — 1)dr and so the left-hand side of (1.5) can be written
as [, VH(uc) - Vu. and integrating this by parts gives

A / o) (u) H (u).
Combining this with (1.5) gives
(1.6) /Q o) f (u) H (u) < /Q o) f () f' (u).

To complete the proof, we show that H(u) dominates f’(u) for big u (resp. u near 1)
when f satisfies (R) (resp. (S)). If 0 < T' < ¢ then one easily sees that

H(t) = (f(T) = D(f'(t) = £1(T)).

Using this along with (1.6) and dividing the domain of € into regions {u > T’} and
{u < T} one obtains the claim.

2. Uniqueness of the extremal solution

Theorem 1. Suppose that either f satisfies (R) and is log convez or satisfies (S) and
is strictly convex. Then the followings hold.

(1) There are no weak solutions for (P)y for any A > \*.
(2) The extremal solution u* is the unique weak solution of (P)x«.

The following are some properties that the nonlinearity f satisfies.

Proposition 1. (1) Let f be a log convex nonlinearity which satisfies (R).
(i) For all0 < X< 1 and § > 0 there exists k > 0 such that

FOTH) + k> Q406)f(t) forall 0<t< oo.

(ii) Given e > 0 there exists 0 < p < 1 such that
p2(f(u=tt) +e) > f(t) + % forall 0<t<oo.

(iii) Then f is strictly convex.
(2) Let f be a nonlinearity which satisfies (S).
(i) Given € > 0 there exists 0 < 1 < 1 such that

W) +e) = fO)+5 forall 0<t<p.
(ii) Then lim; ~ % = oo where F(t) := f(f f(r)dr.

Proof. See [1,17] for the proof of (1)-(i) and (1)-(ii). Part (1)-(iii) is trivial.

(2)-(i) Set h(t) := p{f(p't)+e} — f(t) — £ and note that h/(t) >0 forall 0 <t < p
and that h(0) > 0 for usufficiently close to 1, which gives us the desired result.
(2)-(ii) Let 0 < ¢t < 1 and we use a Riemann sum with right-hand endpoints to
approximate F'(t). So for any positive integer n we have

(1) < ;z_:f (’:) sy <<n;1)t> o)

k=1
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and so
i F(t) 1
limsup ——= < —,
t1 f(t) n
but since n is arbitrary we have the desired result. ]

The following is an essential step in proving Theorem 1. We give the proof of this
lemma later.

Lemma 3. Suppose that f is log convezr and satisfies (R) or f satisfies (S). Suppose
€ > 0 and that 0 < Tis a weak solution of

(=A)zr =1(z) inQ
7=0 on 09,

where g(z)(f(7) +¢) <l(x) € LY(Q). Then there exists a reqular energy solution of

{GAﬁu—guﬂﬂm+;)inQ
u=20 on 0f).

Proof of Theorem 1: Without loss of generality assume that A* = 1 and let u*
denote the extremal solution of (P)j-. Suppose that v is also a weak solution of
(P)x+ and v is not equal to u*. Set Qg := {z € Q : u*(z) # v(x), v*(z),v(z) € R}
(resp. Qo = {z € Q:u*(x) #v(z), u*(z),v(z) < 1}) when f satisfies (R) (resp. (S))
and note that [Qy| > 0. Define

M) LSO (V@1 g,

h(zx) := 2 2
0 otherwise.

Note that by the strict convexity of f, which we obtain either by hypothesis or by
Proposition 1, we have 0 < h in Q and h > 0 in Q. Also note that h € L'(Q). Define
z = % Since u* and v are weak solutions of (P)y«, z is a weak solution of

(~2)%z = g(a) f(2) + g(x)h(z) in Q,
with z = 0 on 0€2. From now on we omit the boundary values since they will always
be zero unless otherwise mentioned. Let y and ¢ denote weak solutions of (—A)%X =
g(z)h(x) and (=A)2¢ = g(x)in Q. By taking ¢ > 0 small enough one has that y > ¢
in . Set 7 := z 4+ £¢ — x and note that 7 is a weak solution of
(~8)ir=g(@)(f(z) +€) 20 nQ,

and by Lemma 1, we have that 0 < 7. Moreover, from the fact that 7 < z in Q we
have

g(@)(f(r) +) < (D)t e LY(9).
Applying Lemma 3, there exists a regular energy solution u of

(—A)2u = g(2) (f(u) + %) in Q.

Set w := u + au — $¢ where a > 0 is chosen small enough such that au < $¢ in €.
A straightforward computation shows that w is a regular energy solution of

(~8)hw = (14 a)g(@)f(u) + Sag(e) inQ,
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and that w < v in €. By Lemma 1, we also have 0 < w in €. From this, we see that
w is a regular energy supersolution of

(~A)7w > (1 +a)g(a)f(w) i,
with zero boundary conditions. We now apply the monotone iteration argument to

obtain a regular energy solution @ of (—A)2% = (1+a)g(z) f(@) in Q which contradicts
the fact that A* = 1. So, we have shown that |Q| = 0 and so u* = v a.e. in Q.

Proof of Lemma 3: Let £ > 0 and suppose that 0 < 7 € L!(Q) is a weak solution of
(=A)z7 = I(2)in Q where 0 < g(z)(f(7)+¢) < I(z)in Q. As in the proof of Theorem 1,
we omit the boundary values since they will always be Dirichlet boundary conditions
and we also assume that \* = 1. First, assume that f is a log convex nonlinearity,
which satisfies (R). Let ug := 7 and let uq, us, u3 be weak solutions of

(=A)2uy = pg(x)(f(uo) +€) in Q,
(=A)2uz = pg(x)(f(ua) +€) in L
(=8)3us = ug(e)(f(u2) +¢) i Q,

where 0 < pu < 1 is the constant given in Proposition 1 such that ,u2(f(ﬁ) +e) >
ft) + 5 for all £ > 0. One easily sees that uz < u; < pug. Now note that

(2.1) (—A) 2y = pg(x)(f(uo) +¢)

> g(z) (f <7“;1> +a) .

By Proposition 1 with § :=2N —1 >0 and 0 < A = p < 1 there exist some k > 0
such that

N

f (“) > N f(wn) — b,
I

hence one can rewrite (2.1) as
(=8)%ur > ug(a)(2N f(ur) = +¢).

We let ¢ be as in the proof of Theorem 1 and examine u; + t¢ where t > 0 is to
be picked later. Note that

(—A)? (uy +t¢) = (—A)2uy + tg(x)
> 2N pg(x)(f(u1) + €) +mg(z),

where m :=t — pk + ep(1 — 2N) and we now pick ¢ > 0 big enough such that m = 0.
Therefore, from the definition of us we have that

(—=A)2 (uy +t¢) > 2N (=A)2uy  in Q.
So, from the maximum principle we obtain
1
uy < ﬁ(ul +tg) in Q.
Since f is log convex, there is some smooth, convex increasing function 8 with 3(0) =0
and f(t) = ¢’ . By the convexity of 3 and since 3(0) = 0, we have

Blun) < 5 B(us +10) < o Bluug + 16),
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but

Buuo +to) = B <,uuo +(1— u)lt_(bu> < pBuo) + (1 —pw)B (1t_¢ﬂ> '

From this, we can conclude

1_
Flug)?N < elB(u0) ((1=m)B(15) < Fluo)f (W)

So, we see that g(z)f(u2)?N < Cg(x)f(ug) € L*(2) for some large constant C.

Since g(z) is bounded, we conclude that g(z)f(us) € L?*N(Q). But us satisfies
(=A)2ugz = pg(x)(f(uz) + €)in Q and so by elliptic regularity we have that ug is
bounded (since the right-hand side is an element of LP(2) for some p > N) and now
we use the fact that 0 < uz < us and the monotone iteration argument to obtain a
regular energy solution w to (—A)2w = pug(z)(f(w) + ) in Q.

Now, set £ := pw and note that £ is a regular energy solution of

ot =pgw) (1) +¢) mo,

and from Proposition 1, we have
1 € .
(~A)3¢ > g@) (£ +35) nQ,

and so by an iteration argument, we have the desired result.
Now, assume that f satisfies (S). In this case, the proof is much simpler. Define
w := pu1 where 0 < p < 1 is from Proposition 1. Then note that 0 < w < p a.e. and

(80w = pi(o) 2 ale) (£ () )

> g(a) () +3).

Hence, w is a regular energy supersolution of

(~8) w2 g(a) (F(w) +5)

and we have the desired result after an application of the monotone iteration argument.

3. Uniqueness of solutions for small A

In this section, we prove uniqueness theorems for equation (P)y for small enough .
Throughout this section, we assume that ¢ = 0 on 9Q2. We need the following
regularity result.

Proposition 2. [6] Let a € (0,1), Q be a C* bounded domain in RN and suppose
that w is a weak solution of (—A)zu = h(z) in Q with u = Oon Q.

(1) Suppose that h € L>(Q). Then u, € C®*(C) hence u € C**(Q).
(2) Suppose that h € C**(Q) where k = 0 or k = 1 and h = Oon 9. Then
u. € CF19(C) hence u € CHT1o(Q).
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Using this one easily obtains the following:

Corollary 1. For each 0 < A < X\ the minimal solution of (P)x, ux, belongs to
C?%(Q). In addition uy — 0 in C*(Q) as XA — 0.

We now come to our main theorem of this section.

Theorem 2. Suppose that Q) is a star-shaped domain with respect to the origin and
z:Vg(z)
9(z)

(1) Suppose that f satisfies (R) and that

F(t) N-1
3.1 lim sup < .
31) PP T S 2N )
Then for sufficiently small A, uy is the unique reqular energy solution of (P)x.
(2) Suppose that f satisfies (S). Then for sufficiently small A, uy is the unique
reqular energy solution (P).

set 7 := supq =

Proof: Let f satisfy (R) and (3.1) or let f satisfy (S) and suppose that u is a second
regular energy solution of (P), which is different from the minimal solution uy. Set
v := u — u) and note that v > 0 by the minimality of u) and v # 0 since w is different
from the minimal solution.

A computation shows that v satisfies the equation

1
(3.2) (=A)2v = Ag(@){f(ux +v) — f(ux)}.
Applying Proposition 2 to u and u) separately shows that v, € C%%(C).
A computation shows the following identity holds:

|V, |?
z
2

N —
div {(z, Vve)Vue — } + |Vve|2 (z, Vue ) Ave,

where z = (z,y). Integrating this identity over Q x (0, R) we end up with
1 N-—-1

(3.3) / Vv |? xoqu/ - Vzve Opve + / |Vve|* +e(R) =0,
2 Jaax(o,Rr) Q 2 Jaxo,r)

where

e(R) := / (- Vave + R Oyve) Oyve — §|Vve|2.
Qx{y=R} 2

One can show that e(R) — 0 as R — oo, for details on this and the above calculations
see [24]. Sending R — oo and since 2 is star-shaped with respect to the origin, we

have
/|V1}e|2 /m V20 Oyve,

and after using (3.2) one obtains

N -1

(3.4) 2/C |Vue|? < —)\/Q;r Vv g(@){f(ux +v) — f(ux)}.

We now compute the right-hand side of (3.4). Set h(z,7) := f(ux(x)+7)— f(uxr(z))
and let H(x,t) fo x,7)dr. For this portion of the proof, we are working on 2 and
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hence all gradients are with respect to the z-variable. To clarify our notation note
that the chain rule can be written as

VH(z,v) =V.H(z,v)+ h(x,v)Vu,
where we recall v = v(z). Some computations now show that
H(z,t) = Fux +1) = F(uy) = fu)t,

and
VoH(z,t) = {f(ux +1) — f(ux) — f'(ux)t} Vun,
and so the right-hand side of (3.4) can be written as

i\ / 9(@){f (ur +v) — Flun)}x- Vv = —A / 9(@)h(z, v)z - Vo

Q

= —)\/ g(x)x - {VH(x,v) — V,H(z,v)}
Q
= )\/Qg(x)x -V.H(z,v)+ )\N/H(m,v)g(:c)
+ A /Q H(z,v)x - Vg(x).
Therefore, (3.4) can be written as
S [19e <0 [ o Vung@ s +) = Fu) = )}
N [ gla)}{Plus+0) - Flus) - f(un)o)
Q
(35 2 [ 2 g@){Flun+ ) = Flus) = ol

We now assume that we are in case (1). Let « be such that

! F(r) o< N -1
im sup o< ——,
r—oo Tf(7) 2(N +7)

so there eXist some 79 > 0 such that F(7) < arf(r)for all 7 > 7. Let 0 < § < 1 be
such that N N1 a(N + ) > 0 and we now decompose the left-hand side of (3.5)
into the convex combination

(3.6) / T2+ 2 / Vo,

Using the following trace theorem: there exist some C' > 0 such that

(3.7) /C|Vw|2 > é/ﬂﬁ, Vw € HE 1 (C),

one sees that (3.6) is bounded below by

N -1
9()/|w42+0/v2
2 C Q
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By taking C' > 0 smaller if necessary one can bound this from below by

WD [wu+c [ g

and after using (3.2), this last quantity is equal to
AM(N -1
(39 RZ [ gy stun o)~ Sl +C [ g,
Q Q

Substituting (3.8) into (3.4) and rearranging one arrives at an inequality of the form

/ g(2)Tx(z,v) <0,
Q

where
O(N —1)

1w, 7) = P s 4 ) — e+ S

— N{F(ux +7) — F(ux) — f(ux)7}
_ T vg{F(u,\ +7) = F(ua) — f(ua)7}
=z Vur{f(ur +7) = fur) = f'(ur)7}.

To obtain a contradiction, we show that for sufficiently small A > 0 that Ty (z,7) > 0
on (z,7) € 2 x (0,00) and hence we must have that v = 0. Define

- 79(]\[2_ D) {flux+7)— flu)}r + %7'2

— (N +){F(ur +7) = F(ux) — f(ux)7}
—eax{flur+7) = flun) = f(ur)7}.
where e := ||[Vuy - z|| . Note that since f is increasing and convex that Ty (z, 1) >
Sx(z, ) for all 7 > 0. We now show the desired positivity for Sy and to do this we
examine large and small 7 separately.
Large 7: Take 7 > 19 and 0 < A < ’\7 Since f is convex and increasing
ON —1)
2

Sx(z,7)

(3.9) Sx(z,7) > flux+7)7 — (N +7v)F(uy +7)

C
—exfluy+7)+ 72

A
_ wﬂu’\)ﬂ

but F(uy +7) < a(uy +7)f(ux+7) for all 7 > 7y and so the right-hand side of (3.9)
is bounded below by

flux+71) {7{9(1\72—1) — (N+7)a} —ex— (N +7v)auy
*Wf(uA)T‘F%TQ.
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Using the fact that f is superlinear at oo there exist some 71 > 7 such that Sy (z, 1) >

Oforall ™>m and0<)\§’\2—*.
Small 7: Let 0 < Ag < % be such that ||uy|~ < 1. Using the convexity and
monotonicity of f and Taylor’s Theorem there exist some C; > 0 such that

F(ux+7) — F(uy) — f(ux)7 < C17%, flux+7) = fux) = f/(ua)T < C177%,

forall 0 <7 < 79,0 < A < Ag and z € Q. Noting that the first term of Sy (z,7) is
positive for 7 > 0 one sees that for all 0 < 7 < 79, x € © and 0 < A < \p one has the
lower bound
C
XT2 — (N 4+ v+ e))Ci72,
and hence by taking Asmaller if necessary we have the desired result.

(2) We now assume that f satisfies (S). One uses a similar approach to arrive at
an inequality of the form

S)\(x,T) >

/ TA(Z‘,’U) S 0)
Q

where as before v = v — uy > 0 and where we assume that v # 0. To arrive at a
contradiction we show that for sufficiently small A that T (z,7) > 0 for all z € Q and
for all 0 < 7 < 1 — ux(x). Again the idea is to break the interval into two regions.
For 7 such that 7 + uy(z) close to 1, we use Proposition 1, 2 (ii) to see the desired
positivity. For the remainder of the interval, we again use Taylor’s Theorem.
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