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ON TYPE III; FACTORS ARISING AS FREE PRODUCTS

Y osHIMICHI UEDA

Dedicated to Mariko, Rio, Mimi, and our baby — Mao

ABSTRACT. Type III; factors arising as (direct summands of) von Neumann algebraic
free products are investigated. In particular we compute Connes’ Sd- and T-invariants
for those type I1I; factors without any extra assumption.

1. Introduction

Let M; and Ms be o-finite von Neumann algebras equipped with faithful normal
states 1 and g, respectively. The von Neumann algebraic free product (M, ) of
(Mj, 1) and (Ms, p2) has been investigated so far by many hands. The questions
of factoriality, Murray—von Neumann—Connes type classification and fullness for M
are fundamental, but it is quite recent that they are solved completely. The complete
solution [25] is as follows. When M; # C # M, the resulting free product von
Neumann algebra M is always of the form My @ M, of multi-matrix algebra My and
diffuse von Neumann algebra M, possibly with M = M, or equivalently My = 0. The
center of M and the structure of (M, ¢|r,) are described explicitly. If dim(M;) =
2 = dim(Ms), then M, = L*°[0,1] ® M3(C) and the free product state ¢ is tracial;
otherwise M, is always a factor of type II; or IIT, (A # 0) with the T-set formula
T(M,)={teR|of* =1d =0f?} and M. N M = C.

Many fundamental questions on M, still remain unsolved, and some of them were
stated in [25, Section 5|. The main purpose of the present notes is to study some of
those, and thus this means that the present work may be regarded as a continuation
of [25]. The most interesting question is roughly how the free product von Neumann
algebra M ‘remembers’ the given states ¢;, i = 1,2. In view of this we are interested
in when ((Mc)g),,. ) N M becomes trivial. It was already established, see [25, Remark
4.2 (4)], that this is the case at least when both M; and Ms are of type I with discrete
center. In the present notes we show that this is always the case if the given 1 and o
are almost periodic. This in particular shows that the Sd-invariant Sd(M,) is exactly
the multiplicative group algebraically generated by the point spectra of the modular
operators A, i = 1,2, under the same hypothesis on ¢ and ¢» as above together
with the separability of preduals. We also give an opposite fact, that is, any finite
von Neumann algebra (allowed to be any multi-matrix algebra) can be the centralizer
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of the free product state on a certain free product type III; factor (which depends on
a given finite von Neumann algebra). Remark that the modular operator associated
with the free product state that we construct has no eigenvalue except 1. Therefore
the next task should be to clarify when M, has an almost periodic state. In fact, there
may a priori exist an almost periodic state on M, that is different from the free product
state ¢|ps.. For the question we compute the 7-invariant 7(M,.) introduced by Connes
[4] in terms of given data without any extra assumption (except the separability of
preduals). This is nothing but a final result in the direction, generalizing all the
previously known results due to Shlyakhtenko [18, Corollary 8.4] (based on Barnett’s
work [1, Theorem 11]) and Vaes [26, Appendix 4]. Our result on 7(M.) implies, under
the separability assumption of preduals again, that M. possesses an almost periodic
state or weight if and only if the given ¢; and o are almost periodic, or equivalently
so is .

The notations we employ in the present notes entirely follow our previous paper
[25]. Basics on von Neumann algebraic free products and ultraproducts of von Neu-
mann algebras are summarized in [25, Section 2]. We refer to [22] for standard theory
on von Neumann algebras including modular theory, and to Connes’ paper [4] (and
also Shlyakhtenko [19]) for general scheme of analysis on full factors of type III;.

2. Relative commutant ((M.)y|,,. ) N M and Sd-invariant Sd(M.)

Firstly we establish that any free product state of almost periodic ones satisfies a very
strong ergodicity property. We begin with the next lemma. It should be a folklore,
but we give a proof for the sake of completeness.

Lemma 2.1. Let N be a o-finite von Neumann algebra equipped with an almost
periodic state . If N is diffuse, then the centralizer Ny, must be diffuse.

Proof. On contrary, suppose that there is a minimal non-zero e € N, fz. By the charac-

terization of modular automorphisms [22, Theorem VIII.1.2] we have J;M“Ne = 0Y|eNe,

t € R, so that (eNe)y|.,, = eNye = Ce. By [2, Lemma 3.7.5.(c)] ¥|ene is al-
most periodic again, and thus Ay, = >\ g AEa,,  ({A}). Since N is diffuse,
eNe 2 Ce = (eNe)y,, ., and thus En, . .({Xo}) # 0 for some Ag # 1 (otherwise
Ay|.y. must be 1; implying eNe = (eNe)y|, . = Ce, a contradiction). By [21,

Lemma 1.12] there is a non-zero partial isometry v € eNe so that JZMENE (v) = Aitv.
Since v*v,vv* € (eNe)y|.,. = Ce, the partial isometry v is actually a unitary in
eNe. However, by e.g. [21, Lemma 1.6] one has ©(e) = |ene(v0™) = Agth|ene(v*v) =
Aot (e), which is impossible due to ¥ (e) # 0 and Ay # 1. Hence we are done. O

The above lemma with the proof of [25, Theorem 4.1] enables us to show the next
theorem.

Theorem 2.1. Let M1 and Ms be non-trivial o-finite von Neumann algebras equipped
with faithful normal states 1 and 2, respectively. Denote by (M, ) their free prod-
uct, and assume that dim(M;) + dim(Mz) > 5. Then, if both ¢1 and w2 are almost
periodic, then the restriction of ¢ to the diffuse factor part M. (see Section 1) must
be almost periodic and satisfy the very strong ergodicity ((M.) ) NnMy =C.

el
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Proof. The first assertion follows from [8, Proposition 4.2] (together with
[2, Lemma 3.7.5.(c)] when M # M,). In fact, the explicit description of the modular
operator A, associated with ¢ (which is explained in [7, Section 1]) enables us to find
a total subset consisting of its eigenvectors in the GNS Hilbert space associated with
¢. Thus it suffices to show the latter assertion, i.e., ((Mc)y),,. ) N Mg = C.

Decompose M; = M;q & M;. into the ‘type I with discrete center’ part and the
diffuse part, i = 1,2. We already confirmed, in [25, Remark 4.2 (4)], that ((M.),|,,.)'N
My = C at least when both M; = M,;q, ¢+ = 1,2, hold. In the case that either
M, = M. or My = My, the desired (M)’ N M* = C holds by the latter assertion of
[25, Theorem 3.7] since one free component has the diffuse centralizer and the other
does the non-trivial one by Lemma 2.1. Thus it suffices to consider the following three
cases:

(i) My = Myq® M. and My = Moy,
(11) M1 = Mld and MQ = Mgd © MQC,
(iil) My = Mg @ M. and My = Myy & Mo,.

Firstly, we deal with the cases (i), (ii), but it suffices to consider only (i) by symme-
try. Set N := (M14® Clyy,,)V My inside M, which is the free product von Neumann
algebra of two type I von Neumann algebras with discrete center. Write p := 1,4,
for short. By Dykema’s free etymology technique (see e.g. [25, Lemma 2.2]) we have

(pMp, (1/¢1(p))elprrp) = (Mic, (1/01(p))e1lar.) * (0Np, (1/01(p))¢lpnp)

with cp(p) = en(p). By [25, Theorem 4.1 and Remark 4.2 (4)] (or the structure
theorem for two freely independent projections, see [27, Example 3.6.7] and [6, The-
orem 1.1]) N = N4y & N,, the ‘type I with discrete center’ part and the diffuse part,
so that (N¢)y|y, is diffuse, and moreover p = pg @ p. € (Ng ® N¢) N Ny, satisfies
that C(Ne)oly, (pe) = 1w, and either pg = 0, pg = 1n,, or pg is minimal and central
in Ng. In particular, (pNp)y|,y, # Cp. By Lemma 2.1 (Mic),,),,,, is diffuse. There-
fore the latter assertion of [25, Theorem 3.7] shows that (p((Me)|,,. )p)' N (PMEp) =
((PMDP)y|,as,)' N (pMp)® = Cp (n.b. p € M. by [25, Theorem 4.1]). Consequently, if
C(Me) g, (p) = 1ar, was once confirmed, then ((M.),|,, )’ N Mg = C would immedi-
ately follow (see the beginning of the proof of [25, Theorem 4.1]). When p; = 0, then
[25, Theorem 4.1] (the explicit description of multi-matrix part) shows that My = Ny
(ie, Iy, = 1) and Z(M,) = Clu,, implying co,), () = ¢, P) =
1y, = 1p, = ear,(p) so that (Mo gy (p) = 1ar,. For the other cases we firstly
observe that CNWN(}?) = C(Nd)de (pa) ® C(Ne)giy, (pe) = c(Nd)de (pa) ® 1n,. When
pa = ln,, one has chN(p) = 1, implying cp, (p) = 1 (n.b. M = M, in this case).
When pg is minimal and central, [25, Theorem 4.1] says that My = Ng(1 — pg), and
e, (p) = pa D 1N, = cn, (D) = Cepaa(N.),, (P) DY the above. Since Cpg © (Ne)y)y,
sits in (M), » We get C(Me) g, (p) = pa ® 1n, = 1p,. Hence, we are done in the
cases (i),(ii).

The exactly same argument as in the cases (i), (ii) with replacing [25, Theorem 4.1,
Remark 4.2 (4)] by the case (ii) (or (i)) shows that ((M.),|,, )’ N Mg = C in the case
(iii) too. The details are left to the reader. O
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If My and M, are assumed to have separable preduals, then automorphism anal-
ysis in [4, Section 4] is available, and the above theorem together with the explicit
description of the modular operator associated with ¢ implies the next corollary.

Corollary 2.1. Let My and My be non-trivial von Neumann algebras with separable
preduals, equipped with faithful normal states @1 and @o, respectively. Denote by
(M, p) their free product, and assume that dim(M;) + dim(Ms) > 5. If both ¢1 and
w2 are almost periodic, then the Sd-invariant SA(M.) of the diffuse factor part M,
is exactly the multiplicative group algebraically generated by the point spectra of Ay, ,
1=1,2.

Proof. We have known that M. is full and (M,),|,, a factor. Hence Sd(M.) is exactly
the point spectrum of the modular operator A, —associated with ©|n, thanks to
[4, Lemma 4.8]. It is plain to see, by the explicit description of A, that the point
spectrum of A, is the multiplicative group algebraically generated by those of A,
i = 1,2, see [8, Proposition 4.2]. Thus the desired assertion follows if M = M,. For
the general case (i.e., M = My ® M, with My # 0) we need an exact relationship
between A, and Ay, .
By the characterization of modular automorphisms [22, Theorem VIII.1.2] one has
‘p‘MC = o0f|m,, t € R. Let (M ~ Hy,,Ay) be the GNS representation associated
Wlth @. Set Ho := Ay(M,) and Ay := Ay|m, : M. — Hp. It is easy to see that
the representation M. ~ Hy with Ay : M. — Hy can be identified with the GNS
representation associated with |y, so that we write H,|,, = Ho and Ay, = Ag.
Denote by P the projection from H,, onto H,,, . Asin (b) = (a) of the proof of [20,
Theorem 7.1] one has (1 —2P)A,(1 — 2P) = A, so that A, is affiliated with {P}’,
Ayn{P} on H,. In particular, the spectral projection Ea_(—) of A, and Afg
(t € R) commute with P, and thus the restrictions EA«:(_MHMMC and AwHwMC to
Hyly,, are well defined. Moreover the restriction A‘P‘wac to Hy),,, is well defined in

the following sense: Domain(AﬂHwM ) = Domain(A,) N H,y,, = P(Domain(A,))
and (Agln, )& = AyE, € € Domain(Ay|y,, ). In fact, £ € Domain(A <P|HwM )

if and only if £ € Hy,, and Y, o A?||Ea, ({)\})§||H < 4o0. Moreover, A,n{P}’
implies PA, C A, P, and

(Ap M )Elnr, = (AEIOp = D AEa, ({ANEIC)y

A>0

= Z h) ((EA¢ ({A}) |H¢MC )5|<)¢|Mc

A>0
wIMC)’ ¢ € Hyl,,,- Those show that A‘P|Hch = (A¢|H¢‘MC)*
and the spectral projection of AS@|H¢\M is given by the restriction Ea,(—)[x,,, -

for £ € Domain(A,|xy

Hence, for every x € M, and every t € R we have

(Bl ) Aoy, (2) = AGA(2) = Ay (0f (2))
= Ay, (0 (@) = (g1, ) By ()
implying A, = A%0|H¢IMC and EAwIMC (=) = En, (_)|Hw\MC by the uniqueness part

of Stone’s theorem.
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From the above fact it immediately follows that the point spectrum of A, is
contained in that of Ay, and we want to prove that they are exactly same. We
have known that the point spectrum of A, is the multiplicative group algebraically
generated by those of Ay, i = 1,2, and also that the point spectrum of AMMC is
Sd(M,) being a multiplicative group. Thus, it suffices to prove that any eigenvalue
of Ay, i = 1,2, becomes an eigenvalue of A, . Let us choose an eigenvalue A # 1
of Ay, i =1,2. By [21, Lemma 1.12] we can choose a corresponding eigenvector of
the form A,,(z), € M;. It is plain to see that of"(z) = Az, z € R, and by using
e.g. [21, Lemma 1.6] together with the formula ‘cy = /" x0/*’, t € R, we see that
x is an analytic element with respect to o% (indeed z € C — Az € M is its unique
analytic extension), and thus Ay,A,(x) = Ay(0?,(x)) = My(x) (see around [22,
Lemma VIII.2.4]); saying that A, (z) is an eigenvector of A, corresponding to A. By
the explicit description of the multi-matrix part My in [25, Theorem 4.1] one can easily
see that © = x4 @z, € My® M, satisfies . # 0. Then PA,(z) = Ay(x.) = A, (z¢)
gives a non-zero vector in H,|,, , and Ay, Ay, (Te) = Ay PAy(2) = PALA,(z) =
APA,(7) = A, (zc). Thus A is an eigenvalue of A O

Plae e

Or more less related to the above we are interested in the question: “Which finite
von Neumann algebra can be the centralizer of a faithful normal state of a factor?”
In the direction Herman and Takesaki [11] constructed the first example of the triv-
ial centralizer. Connes [3] showed that L°°[0,1] can be the centralizer of an almost
periodic state of an arbitrary Krieger factor (actually he proved that this phenome-
non characterizes Krieger factors, or equivalently hyperfinite (diffuse) factors due to
Connes—Haagerup classification theory for injective or hyperfinite factors). Connes
and Stgrmer [5] showed that any non-type I factor with separable predual always
has a faithful normal state whose centralizer is of type II;. Haagerup and Stgrmer
[10, Theorem 11.1] strengthened Connes—Stgmer’s result, especially proved the same
result for any o-finite von Neumann algebra without type I component. It follows
from Ozawa’s solidity of L(F,) [17] that a non-injective type III; factor in the class
of free Araki-Woods factors admits only injective centralizers. (See [13] for related
results around this.) However it seems, to the best of our knowledge, that the ques-
tion is not yet explicitly answered. Probably many specialists believe that any finite
von Neumann algebra can be. We would like to point out the next fact, which in
particular shows that ((M,) ) N M¢ = C may fail to hold in general.

W‘Mc

Proposition 2.1. For a given finite von Neumann algebra N with a faithful normal
tracial state T there is a free product type I factor M with a faithful normal state
@ such that the centralizer M, with |y, is evactly N with 7.

Proof. Let Ry be the unique hyperfinite type III; factor. It is known (see [11,
Section 3] and also [15, p. 246-247]) that there is a faithful normal state 1) on R
such that the modular operator A, has no eigenvalue on the orthogonal complement
of the representing vector & of 1 in L?(Rs,1). Let (M,¢) be the free product
of (N,7) and (Rs,?). By [25, Theorem 3.4] the free product von Neumann al-
gebra M is a factor of type III;. Moreover we can prove, see [1, Lemma 7], that
the centralizer M, is exactly N by using the simple fact that any tensor product
U; ® V; of 1-parameter unitary group U; without eigenvector and arbitrary one V;
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(even possibly to be the trivial one) has no eigenvector (which can easily be seen by
using e.g. [14, Theorem VI.2.9 p. 138]). O

It is easy to see that the modular operator associated with the free product state
¢ constructed in Proposition 2.1 has no eigenvalue except 1. However, an almost
periodic state may still exist on M, but it is likely that M always has no such state.
Hence it is desirable to find a necessary and sufficient condition for the existence of
almost periodic states on the diffuse factor part M. of arbitrary free product von
Neumann algebra M. This question will be answered in the next section.

3. r-invariant 7(M )

Throughout this section let us assume that M; and M, are von Neumann algebras with
separable preduals, since automorphism analysis will play a key roéle in this section,
and also (7 and o are arbitrary faithful normal states on M; and Ms, respectively.
Denote by (M, ¢) the free product of (Mj, 1) and (Ma, p2). The main purpose of
this section is to compute the T-invariant 7(M.) of the diffuse factor part M, and to
clarify when the diffuse factor part M. possesses an almost periodic state or weight.

Let us begin by recalling some definitions. For a given factor N with sepa-
rable predual, N is said to be full if Int(N) is closed in Aut(N) endowed with
the so-called u-topology, see [4, Section III] (or [23, Ch.XIV, Section 3]), and the
7-invariant 7(N) of a full factor N is defined to be the weakest topology on R that
makes the so-called modular homomorphism ¢ € R — dn(t) € Out(N) be continuous,
see [4, Section V]. Here Out(N) := Aut(N)/Int(N) (with the quotient map en) be-
comes a Polish (= separable metrizable complete) group with the quotient topology
induced from the u-topology and define oy (t) := en (o)) € Out(N) with an arbitrary
fixed faithful normal state or semifinite weight ¢) on N.

The next proposition is most technically involved in the present notes.

Proposition 3.1. If either My or My is diffuse, then for any sequence (tm)m of real
numbers, dp(ty) — en(Id) in Out(M) as m — oo if and only if both of' — Id
in Aut(M;), i = 1,2, or equivalently of — 1d in Aut(M), as m — oo.

Proof. We will borrow several facts and arguments from [25, Subsection 2.2 and
Section 3] in what follows.

It suffices to show the ‘only if’ part. Take a sequence (t,,)., of real numbers such
that dpr(tm) — em(Id) in Out(M) as m — oo. Then there is a sequence (u(m))m,
in M" such that Adu(m) oo — Id in Aut(M) as m — oo. Let us choose and fix
an arbitrary free ultrafilter w € G(N) \ N.

By symmetry we may and do assume that M is diffuse. As in [25, Theorem 3.4]
there is a faithful normal state ¢ on M; so that (M), is diffuse, and thus one can
choose two unitaries a,b € (M;)y in such a way that ¢i(a™) = 6,0 = ("), see
e.g. the proof of [25, Theorem 3.7]. Denote by E; : M — M; the p-preserving
conditional expectation; see [25, Lemma 2.1].

Since Adu(m)oof — Idin Aut(M) as m — oo, one has || —¢ o Adu(m)|r, =
IpoAdu(m)*—pllar. = llp o 0%, oAdu(m)*—pllar. = [p—poAdu(m)oaf, |l — 0
as m — oo. Hence, for any bounded sequence (z(m)),, of M with z(m) — 0 in
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o-strong® topology as m — w we have
lz(m)*u(m)* |5, = @(u(m)a(m)z(m)*u(m)*)
< (g o Adu(m) — @) (z(m)x(m)*)| + p(z(m)z(m)")
< sup lz(m) I3 10 © Adu(m) — @llar, + a(m)*[ — 0,
lz(m)u(m)lI5, = ¥(u(m)*z(m)*z(m)u(m))
< (g o Adu(m)” — @)(x(m)*z(m))| + ¢(z(m) z(m))
< sup lz(m) I3 10 © Adu(m)* — gllar, + llz(m)[l; — 0

so that (u(m)),, represents a unitary u in the ultraproduct M*“. Note that
Ad(u(m)[Dey : DY)y, ) 0 0p?™ = Adu(m) o o — 1d
in Aut(M) as m — oo. Write v(m) = [Dyy : D¢y, € Mj* for simplicity, and

set w(m) := u(m)v(m). We apply the same argument as above to the pair w(m)
and 1 o Fy, and consequently we see that (w(m)),, represents a unitary w € M.
We have v := vw*w = [(u(m)*w(m))m] = [(v(m));,] so that (v(m)),, also repre-

sents a unitary v € My. Let y € M*“ be an arbitrary element with representa-
tive (y(m))m, and x be an arbitrary faithful normal state on M. For any bounded
sequence (z(m));, of M with z(m) — 0 in o-strong* topology as m — w one
has [o%,, (z(m))llx = [z(m)[y — 0 and [o%, (2(m))]y = [lz(m)*|y — 0 as
m — w so that 0%, (x(m)) — 0 in o-strong* topology as m — w. Therefore we
get [[2(m)o, (y(m)lx = lo¥y, (@(m)y(m)] — 0 and [[z(m)*oX, (y(m)")], =
HO':th (x(m)*)y(m)*||y — 0 as m — w. These establish that (¢, (y(m)))m repre-
sents an element in M*“, which we denote by yé) in what follows. (This indeed shows
that (0X; )m is ‘semiliftable’ in the sense of Ocneanu in [16, Section 5.2].)
Let us prove that w = EY(w) € My. For any = € (M;), one has
waw® = [(w(m)zw(m)),] = [(wim)o ™ (@)w(m) )] = [(2)m] = =

inside M“, since Adw(m) o UpoEl — Id in Aut(M) as m — oo (and thus the same
holds true when m — w). Hence, we get w € ((Mi)y) N M*“ C {a,b} N M¥. One can
choose an invertible y € M3 (n.b. M, # C), see the proof of [25, Theorem 3.7]. As
seen in the previous paragraph the sequence (azp Ex ()))m gives yzp:)E '€ M¥. Then

we compute wyzio)Elw* = [(w(m)U;pOE1 (Y)w(m)*)m] = [(y)m] = y inside M thanks

to Adw(m) o J}chl — Id in Aut(M) as m — oo again. Hence y(w — EY(w)) +
(yEY (w) — EY (w )yzlf)El) + (EY (w) — w)yzpffl = yw — wyzp_f) ' = 0 inside M*. For
the purpose here we will prove, by the same technique as in [25, Proposition 3.5],
that y(w — E¥ (w)) is orthogonal to the others in L?(M%, (1) o E1)%) in what follows.
As in [25, Proposition 3.5] we write M) := Ker(¢), and denote by P;, Py, P, Py the
projections from H := L?(M,) o Ey) onto the closed subspaces spanned (via Ayor,)
by the following sets of words

MPMs MY, M7---Ms, Ms---MY, Ms---Ms3,

respectively. We also denote by E; the projection from H onto the closure of M;
(as a subspace of H via Ayop,) induced by Ej, see the proof of [25, Lemma 2.1].
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Remark (see the proof of [25, Proposition 3.5]) that Iy = Ey + Py + Py + P3 + P4 (and
Ey, P, Py, P3, Py are mutually orthogonal). With replacing u,v there by the above
unitaries a, b the exactly same argument as in the proof of [25, Proposition 3.5] shows
that for each § > 0 there is a neighborhood W; in §(N) at w such that

(3.1) (P2 + P3 + Py)Ayor, (w(m))|[por, <6

as long as m € Ws N N. We then regard L?(M“, () o E1)¥) as a closed subspace of
the ultraproduct H*. One can see, by using (3.1), that

Aoryy» (y(w — EY (w))) = [(yPrAyom, (w(m)))m]

in H* with H = L?(M,+ o E;). See the estimate (3.2) below or the proof of [25
Proposition 3.5] for its detailed derivation. Also it is trivial that

Aor = (WEY (w) = BY ()y()™) = [(Ayor, (yE1 (w(m)) — Er(w(m))oy > (4)))m]

in H*. Consider a smoothing element y,, (n € N) of y with respect to o%°F* defined
to be

—t2/n oF
Yn 3_m/_we v/ ‘7? '(y) dt,
which falls into the o-strong closure of the linear span of M; M35 M, and converges to
y in o-weak topology as n — oo (see e.g. the proof of [25, Proposition 3.5]). Note

that 0100/15;1 (JfOEl (yn)) = UZZJOEl( wf/EQI (yn)), and thus for each n we have, by (3.1),

(32 Ao (w - Bf (w))y!2)
— (TP (0 (ga)) TPt A o, (0())) oy
= lim [ Jo{" (05 (4,))" T (Ao, (w(m) — Ex (w(m))

- PlAonl( (M)l por,
< ||Uf§/% Yn)lloo  sup [[(P2+ P34+ Py)Ayor, (w(m))|lypor,
meWsNN

oFE
< [lo 2275 (yn)ll oo,

where J is the modular conjugation of M ~ H = L?(M,v o Ey). Since § > 0 is
arbitrary, we get

Ao (W= BY (w)yl75) = [(Jo¥5 3 (002 (yn)) " T PrAyor, (w(m))n]

in H* for each n. Since O’t wol(y ) = v(m)*of (yn)v(m) still falls in the o-strong
closure of My Ms$ M, (n.b. v( ) = [Dgy : D)y, € My), the same argument as in
the proof of [25, Proposition 3.5] shows that A(yop, )« (y(w — EY(w))) is orthogonal

to Aoy ) (YEY (w) — EY (w )yzzf)El) and also to all A(yop, )« ((w — E‘l*’(w))y:fc(’f)l)’s
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Notice here that (o¥57" (w(m)))m, (07s7* (y))m represent wzpo)El,yEp_O)El € M¥, re-

spectively, as seen before. We have, for z =y or y,,
(¢ 0 By)* ((w — B (w))"y* (w — BY (w))2{5})
= lim v o Ey((w(m)” = Ey(w(m)?))y" (w(m) — Ei(w(m))ol™ (2))
= lim 0 By (Y52 (w(m))" — Ex (%52 (w(m))"))

XawiEl( N7 (w(m)) — Ex (o5 (w(m))))2)

— (0 B ((wl™F — B (wiF) y =B (!Bt — B2 (wl°F))z),

and hence

(Ao (w = B ())y{S A oo (y(w = EY (w)))) ory )~

= (o ) ((w!°Fr — B (wlF) gl (wl P — B (w!°FY))y)

lim (¢ 0 B (w7 = By (w*F™) "y (w7 = BY (w{™))yn)

Tim (Ao, o (w0 = B ()52 55 1A oo (0w = B () (pory » = 0.

’l[)OEl
()

lyw — B2 @)l gorye < llyw — wy [ opyo = 0, implying w = B¥'(w) € My
since y is invertible.

Since w € M}’ we have u = wv* € M{. For the above y € M3 we have uyzpﬂu*
[(Adu(m) o of (y))m] = [(¥)m] = ¥, since Adu(m) o of — Id in Aut(M) m — oo.
Thus (u — ¥ (W))yl) + ¢ Wyl = uyly) = yu = ¢* Wy + y(u — ¢*(u)1). Since
My and M are free in (MY, ¢¥) (see e.g. [24, Proposition 4]), we have ||y||,w||u —
P (ul]lpe = lly(u — ¢*(u)1)|pe = 0 so that limy, ., [u(m) = p(u(m))1fl, = [lu -
¢*(u)1]|,» = 0 thanks to y # 0. Since our choice of w € B(N) \ N is arbitrary, we get
limy, oo [lu(m) — ¢(u(m))1|l, = 0. Hence we conclude that of — Id in Aut(M) as
m — oo in the exactly same way as in the proof of [4, Theorem 5.2]. O

Consequently y(w — EY (w)) is orthogonal to (w — EY (w))y too. Therefore we get

Here is the main theorem of the present notes.

Theorem 3.1. Assume that My # C # My and dim(M7) + dim(Msy) > 5. Then the
T-invariant T(M.) of the diffuse factor part M. of the free product von Neumann
algebra M is the weakest topology on R that makes the both mappingst € R — o/" €
Aut(M;), i = 1,2, be continuous.

Proof. We may assume that M, is of type III, that is, either ¢; or s is non-tracial.
Let us decompose M; = M;q & M;. into the ‘type I with discrete center’ part and
the diffuse part, ¢ = 1,2. We may and do further assume that either M;. # 0 or
My # 0. (Otherwise ((M.),),, ) N Mg = C by Theorem 2.1 (or [25, Remark 4.2
(4)]), which immediately implies the desired assertion, see the proof of Proposition 3.1.
In fact, if Adu(m)oof — ep (Id) in Aut(M.), then (u(m)),, represents a unitary
in ((Me)ppy,, ) N M2 = C, implying .o, [u(m) — (1/p(1as,))p(u(m)) oz, o = 0)
In what follows we may and do assume that M;. # 0. By [25, Theorem 4.1] the
compressed algebra 1p,, M1y, is isomorphic to M. since M, is assumed to be of
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type III. Thus 7(M.) = 7(1p,, M1p,,) holds, and write p := 1,4, for simplicity. By
Dykema’s free etymology technique (see e.g. [25, Lemma 2.2]) one has

(pMp, (1/o1(P))#lprp) = (Mic, (1/01(p))p1lan.) * (PNp, (1/1(p)#l1,x,)
where N = (M4 @ Cp) V Ms. Suppose that t,, — 0 in 7(M.) = 7(pMp). By
Proposition 3.1 UZ:‘M“ — Id in Aut(M;.) and O';SLPNP — Id in Aut(pNp). Note
that NV is the free product von Neumann algebra of My, & Cp and My with respect
to w1 ecp and @o. Any eigenvector & € Mayg of the modular action oe2May =
092 0y, 1€ 0f?(z) = Nx for some X\ > 0, satisfies pzp # 0. It follows that
Ufj‘MQd — Id in Aut(Maq) since the restrictions ¢sa|ar,, are almost periodic. When
M. =0, i.e., My = Msq # C, one can choose an eigenvector y € My, of o#2IMag =
0%2|a1,,, and then any non-trivial eigenvector © € Mg of 0%tM1a = g#1| ), | satisfies

pyxy*p # 0, and thus a;':‘Mld — Id in Aut(M;4) as above. When My, # 0, we also

have, by symmetry, Uf,le% — Id in Aut(Ms.) and UfnilMld — Id in Aut(Myg).
Consequently the desired assertion follows. O

Corollary 3.1. Assume that My # C # My and dim(M;) + dim(Mz) > 5. Then a
necessary and sufficient condition for the existence of almost periodic state or weight
on the diffuse factor part M, of the free product von Neumann algebra M is that both
the given w1 and 2 are almost periodic.

Proof. We may and do assume that M, is of type ITI;. Suppose that M. has an almost
periodic state. By [4, Theorem 4.7] there is an almost periodic weight ¢ on M, such
that the point spectrum of A, is exactly Sd := Sd(M.). Then by [4, Proposition 1.1]
teR — af’ can continuously be extended to the dual group Sd (Sd is equipped
with its discrete topology), where R is continuously, faithfully ([4, Corollary 4.11])

embedded into Sd whose range is dense. Note that o/ — Id in Aut(M,) implies

tm

Op. (tm) — enm.(Id) in Out(M.), and hence by Theorem 3.1 o' — Id in Aut(M;),

i=1,2. Thust € R+ o/ € Aut(M;) can continuously be extended to the whole Sd,
i = 1,2. Hence, both ¢;, i = 1,2, must be almost periodic by [4, Proposition 1.1]. O

4. Concluding remarks

The previous paper [25] and the present notes solve the questions of

its factoriality ([25, Theorem 4.1]),

determining its Murray—von Neumann—Connes type ([25, Theorem 4.1]),
its fullness (|25, Theorem 4.1]),

computing its Sd-invariant (Corollary 2.1 of the present notes),

e computing its 7-invariant (Theorem 3.1 of the present notes)

for arbitrary free product von Neumann algebra. Those results in particular show
that the resulting free product von Neumann algebra certainly ‘remembers’ the given
states, that is, the free product state is ‘special’ in some sense.

One more algebraic invariant related to full type III; factors was introduced by
Shlyakhtenko [19]. However, we cannot yet deal with it. Also Connes’ bicentral-
izer problem should be examined for free product von Neumann algebras. In fact,
Houdayer [12] showed that any type III; free Araki-Woods factor has the trivial
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bicentralizer. In the direction we can confirm, by [25, Corollary 3.2, Theorem 4.1]
together with Haagerup’s solution [9], that the bicentralizer problem is affirmative
for any type III; factor arising as (a direct summand of) free product of hyperfinite
von Neumann algebras. However we do not know whether or not the problem is
affirmative in general.
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