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SPECTRAL ANALYSIS OF RANDOM WALK OPERATORS ON
EUCLIDEAN SPACE

CoLIN GUILLARMOU AND LAURENT MICHEL

ABSTRACT. We study the operator associated to a random walk on R? endowed with a
probability measure. We give a precise description of the spectrum of the operator near
1 and use it to estimate the total variation distance between the iterated kernel and its
stationary measure. Our study contains the case of Gaussian densities on R<.

1. Introduction

Let p € C'(R?) be a strictly positive bounded function such that du = p(z)dz is a
probability measure. Let h > 0 be a small parameter and Bp(z) be the ball of radius
h and center z. We consider the natural random walk associated to the density p with
step h: if the walk is in z at time n, then the position y at time n + 1 is determined
by choosing y € R¢ uniformly with respect to the measure

p(y)
1.1 th(x,dy) = 1y, dy
) ) = B @) eIt
The associated random-walk operator is defined by

1
(1.2 Tfe) = s [ @)l
w(Bnr(z)) J B, (x)
for any continuous function f, and the kernel of T} is t;(x,dy). This is clearly a
Markov kernel. Introduce the measure
p(Bu@)p(a) |
Zp

where Z, is chosen so that dvy, is a probability on R?. Then, the operator T}, is
self-adjoint on L2(M, dvy) and the measure dvj, is stationary for the kernel t,(z, dy)
(this means that T} (dvy,) = dvy,, where T} is the transpose operator of T}, acting on
Borel measures).

The aim of this article is to describe the spectrum ot 7} and to address the prob-
lem of convergence of the iterated operator to the stationary measure. Such problems
have been investigated in compact cases in [2], [7] and [3], and the link between the
spectrum of T}, and the Laplacian (with Neumann boundary condition in [2] and [3])
was etablished. In this paper we investigate the case of such operators on the whole
Euclidean space. The main difference with the previous works comes from the lack
of compactness due to the fact that R? is unbounded. We will consider densities
satisfyng the following assumptions:

dvy, = T
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Case 1: tempered density. A density p € C'(R?) is said tempered if there exists
a constant C' > 0 such that for all z € R?

(1.3) |dp(z)| < Cp(x)

We shall say that it is smooth tempered of exponential type if p is smooth and if there
are some positive numbers (Cy)qend, R > 0, k9 > 0, such that

(1.4 Yol > R, 1020(x)| < Copl)
and, if A= — Z?Zl 92, is the positive Laplacian,
(15) Ve > R, —Ap(@) > rople).

Densities verifying these assumptions can be easily constructed. For instance, if p
is a smooth non vanishing function such that there exists «, 3 > 0 such that for
any |z| > R we have p(z) = Be~®I*|  then the above assumptions are satisfied with
ko = . For densities satisfying (1.4), (1.5), we will define

~A
(1.6) k= lim inf ﬂ.
R—oo [z|>R p(ﬂ?)

The second type of densities we shall consider is the following
Case 2: Gaussian density. We assume that p(z) = (%)%B_Q‘IF for some a > 0.

It can be shown that that if p satisfies (1.3) or is Gaussian, there exists a constant
C > 0 and hg > 0 such that

(1.7) Vo € RY, Vh €]0, hol, u(By(x)) > Chip(x).
Let us set mp,(z) = u(Bp(x)) and define the functions
1 )
(18)  anle)i= (@ahlplo)/ma@)? Ga©) = [ s
Qd Jiz|<1

where ag4 := Vol(Bga(0,1)). Notice that G4 is a real valued function bounded above
by 1 and below by some M > —1, then define

1.9 Ap = lim sup d?(z), M :=minG > —1.
(19) o= Jim sup od() in G (€

We will show that A, =1 — 2(%%2)]12 + O(h*) with k defined in (1.6).

In order to describe the eigenvalues of T}, let us also introduce the operator
(1.10) L,=A+V(x)

with V(z) := 7?& ():”) . Observe that the essential spectrum of this operator is included

in [k, +o0o[ in the tempered case, and empty in the Gaussian case. Moreover, we have
the following factorisation:

d
(1.11) L,=Y {54
j=1
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Oz . . .
where £; = —0,; + ;p. This shows that L, is non-negative on L?(R%). Moreover,
since £;u = 0 iff u is proportional to p, then 0 is a simple eigenvalue associated to the
eigenfunction p € L' N L>® C L2

We first prove the following result in the tempered case

Theorem 1.1. Suppose that p is tempered in the sense of (1.3), then:

(i) the essential spectrum of Ty, on L?(R? dvy,) is contained in [A, M, Ay] where M
and Ay, are defined in (1.9). If in addition Ap = lim|g_ af(2), then ess(Th) =
[Ap M, Ay).

(i) If (1.4) and (1.5) hold, then Ap, = 1—%112—&—0(114) with k defined in (1.6), and
for all o €]0, 1] there exist C > 0,hg > 0 such that, if 0 = pp < p1 < pa < .o < g
denote the L*(R?, dx) eigenvalues of L, in [0,ax] counted with multiplicities, and if
L= Xo(h) > Ai(h) > ... > A (h) denote the k largest eigenvalues of Ty, on L*(R%, dvy,)
counted with multiplicities, then for all h €]0,ho] and any j =1,...,k,

1

L= 2(d +2)

prh? — M(h)| < Ch*.

Observe that if p is only tempered, the statement (i) shows that the essential
spectrum can be the whole interval [M, 1]: for instance, take a density p such that
p(x) = |z|~™ in {|z| > R} for some R > 0 and m > d, then it is easy to check that
mp(x)/p(x) — 1 as |z] — oo and therefore Ay, =1 in this case.

Notice also that there are examples of smooth densities of exponential type p such
that the discrete spectrum of L, below its continuous spectrum is non-empty. Indeed,
take for instance p = e~ 7*®) where 7 > 0 and a(z) is smooth, equal to || for |z| > 1
and Va(0) = 0, then

P i=712L, =7 2A +|Va* + 7' Aa

is a 77! semi-classical elliptic differential operator with semi-classical principal symbol

p(z, &) = €| + |Val? (see [8, 5, 4] for the theory of semi-classical pseudodifferential
operators). Since |Va|=1in |z] > 1 and Aa =0 in |z| > 1, the essential spectrum
of P; is [1,00), then we can apply Theorem 9.6 of [4] and the fact that Vol{(z,¢&) €
R4 p(z,€) € [0, 2]} > 0 (since Va(0) = 0) to conclude that, if 7 > 0 is large enough,
there exist C7¢ eigenvalues of P: in [0, 5] for some C' > 0.

We also emphasize that the result in Theorem 1.1 is used in a fundamental way in
the recent paper [1] to analyze random walks on surface with hyperbolic cusps.

If instead p is Gaussian, then L, = A + 4a?|z|? — 2da and its spectrum is discrete
o(L,) = 4aN and the eigenfunctions associated to 4ak have the form Hj, (z)e=2ell?

for some explicit polynomial Hy. We then have

Theorem 1.2. Suppose that p is Gaussian, then the operator Ty is compact and
if0 =po < p1 < po < ...< ug... denote the L*(R%,dx) eigenvalues of L, and
1=Xo(h) > A1(h) > ... k(h) > ... those of Ty, then for K > 0 fized, there exists
C > 0 and hg > 0 such that for all h €]0, ho] and any k =1,..., K,

(1.12) prh? = A\(h)| < Ch*.

1
)
2(d + 2)
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Moreover, there exists 69 > 0 such that for any A € [0,do], the number N (X, h) of
eigenvalues of Ty, in [1 — A, 1] satisfies

(1.13) N\ h) < C(14+ Ah~2)4,

In the last section of this paper, we also give some consequences on the conver-
gence of the kernel of T}* to the stationary measure dvy, as n — oo. In particular
we show that, contrary to the compact setting [7], the convergence in L norm fails,
essentially due to the non-compactness of the space.

These theorems, will be proved by using microlocal analysis. We refer to the books,
[4], [5] and [8] for standard results in this theory. The organisation of the paper is the
following. In the next section we study the essential spectrum of T}, on L?(R9, dvy,).
In section 3, we collect some a priori estimates (regularity and decay) on the eigen-
functions of T},. Following the strategy of [7], we use these estimates in section 4 to
prove the above theorems. In last section, we adress the problem of total variation
estimates: we show that the convergence to stationarity can not be uniform with
respect to the starting point. Considering the case where the starting point x belongs
to a ball of radius 7 we prove total variation bounds in term of the spectral gap and 7.

2. Essential spectrum

We start by studying the essential spectrum of T}, in the tempered and Gaussian
cases. From the definition of dvy, it is easy to see that there exists some constant
¢1,¢9 > 0 such that c1h¢ < Zj, < cah?. Let us define the operator Q : L2(Rd7 dx) —
L3R, duy,) by
Zp

(2.1) Qf(z) = m

f(@).

which is unitary, and let T}, defined by T}, = Q*T, so that

Ty f(x) = an(x)Th(anf)
with ap defined in (1.8) and (with ag = Vol(Bga(0,1)))

(2.2) Thg(z) := adlhd /,’_ y F(y)dy.

Using the semiclassical Fourier transform it is easy to see that

Ty = Ga(hD,), with G4(€) = =S / e dz.
Qd Jiz|<1
This function depends only on |£], it is clearly real valued and —1 < M < G4(§) <1
for all £ if M is defined in (1.9). Moreover, G4 tends to zero at infinity and G4(§) =1
if and if only £ = 0.
Let us first prove (1.7) assuming (1.3): we have by assumption on p that for all
z,y € R with |z —y| < h

—Ch sup p(z) < p(z) —p(y) <Ch sup p(z)
2€Bp (z) 2EBp ()
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and therefore if Ch < 1

(1—-Ch) sup p(z) <p(z) < sup p(2)
zEBp(z) zEBp(x)

which implies

- £) 2o 2+ )

and thus (1.7).
The function ay, is then bounded and Ay, of (1.9) is well defined. We first prove

Proposition 2.1. Suppose that p is tempered in the sense of (1.3), then gess(Th) C
[M Ay, Ap]. If moreover Ay = limy .o a2 (z), then the inclusion above is an equality.

Proof. Let R > 0, then the operator T}, can be written under the form
T = Wiois g Th D> r + Dpejoj<rin Tn Ligj<r + Daj< r T Lgj< ms

since T}, increases support by a set of diameter at most h. The kernels of the last two
operators in the right hand side is in L?(R? x R?, dz ® dx), and thus these operators
are compact. We thus deduce that the essential spectrum of T, is given by that of
SE = jz>r T, ;>R Since SE = bET,bE with b = 12> an(x) and since T, is
a bounded self-adjoint operator satisfying

M| fl[72 <(Tnf frzs Tnfllee < [1fllz2

and ap(z) > 0 we deduce easily that oess(SF) C [-MAE, AR] where we set AR =
SUP|4> R an(z)?. It then suffices to take the limit as R — oo. Now if in addition a} ()
has a limit A, when |z| — oo, we can write

(23) Th = AhTh + eh(x)Thah(x) + AEThEh(x)

with e, (z) = ap(x) — A,% converging to 0 as || — oo. In particular, using that
|Ga(€)] — 0 when |{] — oo, we deduce that the last two operators in (2.3) are
compact on L?. Since, T}, is a function of the Euclidean Laplacian (or radial Fourier
multiplier) the spectrum of T} on L?(R9, dz) is absolutely continuous and consists
of [M, 1], which is the range of G4(§). This achieves the proof since the essential
spectrum of fh is that of A,T), by (2.3). O

We also describe the asymptotic behaviour of Ap:

Lemma 2.2. If p satisfies (1.4) and (1.5), then the following asymptotic holds as
h—20

K
Ap=1-—""_p24 0O
h 2(d + 2) +0)

—Ap(x)

where k = liminf;_ @)
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Proof. If p is tempered, we expand my(x) = p(Bp(x)) with respect to h and use
assumption (1.4):

my(x) = hd/ p(x + hz)dz
lz|<1
d L ayo d+4
=agqh’p(x) + §h Z@x,iasz(x) zizidz + O(h“py)
— =<1
i,

ﬁd

= agh’p(x) = SSh 2 Ap(w) + O(h™pa)

with |ps(z)] < p(z) and By := f\z|<1 |z|2dz. Using the definition of ay,, it follows from
Lemma 3.2 below that

Ap(z)

2.4 ar(z) =1+ h%yq4 +O(h?
with v4 = Qdﬁgd = m and the O(h*) is uniform in z € R%. Hence, it follows from
(1.6) that
A
A = limsup ai (z) = 1+ ygh? lim inf plz) + O(h*)
|| 00 |z]—o0  p(x)
and the proof is complete. O

Remark 2.3. In the tempered case, the operator 4L, = 2(d+2)(A + = ) has es-
sential spectrum contained in [2(d7’12), o0). If in addition k = lim||_ o 77, then the
essential spectrum is exactly oess(L,) = [m, 00) by Theorem 13.9 of [6].

Now for the Gaussian case
Proposition 2.4. If p is Gaussian, then T}, is a compact operator.

Proof. The symbol G4(§) of T}, is decaying to 0 as || — 0, a standard argument
shows that if lim|,| o an(z) — 0, then Thayp is compact on L2 We write

mh(x) —2hx.z—h?|z|?
(2.5) = [ ey

hip(x) l2|<1
and by bounding below this integral by a dz integral on a conic region —z.x > |z|.|x|/2,
we see that it converges to oo when || — oo, which proves the claim. O

Remark 2.5. In the Gaussian case, the operator L, = A+4a?|z|*—2da has compact
resolvent and discrete spectrum.

Notational convention: For the following sections, all the tempered densities we
shall consider will be smooth tempered densities of exponential type (ie. satisfying
(1.4) and (1.5)), and therefore we will abuse notation and just call them tempered.
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3. Spectral analysis of T},

We recall here some notations. Let a = a(x,&;h) be an h-dependent family of
C*>(R??) function and m(z,¢) be an order function as in [4]. We say that a belongs
to the symbol class S(m) if there exists some hy > 0 and constants C, g such that
for any a, 3 € N¢, any 0 < h < hg

0207 a(w, & )| < Ca,gm(z,€)
For any a € S(m), we define Opy,(a) by
1 i(w—y).
= —-— ~h N h
O (0)(a) = s [ €T alo ) ()
The standard theory of such operators is developped in [4], [5], [8].

3.1. Preliminary estimates. Let us start by some estimates on the symbols of the
operator Ty, which will be useful to study its eigenfunctions.

Lemma 3.1. The function G4(§) belongs to 5‘((5)“‘“"‘(1’[12;1 ).
Proof. Suppose first that d > 2. It is clear that the function G4 is smooth. When
|€] > 1, one has
1 _
2Ca(€) = — / (i2)Pei* .
lzI<1

o)

Let x € C§°(Bga(0,1)) be a radial cut-off equal to 1 on Bga(0,1). Then the non-
stationary phase theorem shows that

| x@eeas = oge ),
lz]<1
On the other hand,
1
I, = / (1 — x(2))z e dz = / (1 — x)(r)rd=1+18l (/ e"“’fwﬁdw>dr.
|2I<1 3 st
1

2
non-degenerate so that the stationary phase theorem implies I,, = O(|{ |_%) In the

For any r > % the phase w +— w& has only two stationary points: these points are

case d = 1, the computation is simpler since G4(§) = % We leave it to the reader.

O

We will also need the following result on the function ay,.

Lemma 3.2. The function ap is smooth and the following estimates hold true:

e if p is tempered, then

(3.1) Ya e N?\ {0}, 3C, > 0, Vh €]0,1], |0%an(z)| < Cyh?
and there exists C > 0 such that
2 _
(3.2) vz e RY, |1 h A2| < ot

a(z) 1= 20d+2) p
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e if p is Gaussian, then

(3.3) Yo € N, 3C, > 0, Vh €]0,1], [0%an(x)| < Cohlel
and
(3.4)
_ 1 (4a?|x|? — 2da)
M 3 Mh~t —1-— 1 TR < ipt
VM > 0,3Cy > 0, V|z| < Mh™", 2@ 20d+2) h*| < Calz|*h%,
1
(3.5) 30, R > 0,V|z| > R, —— > max(1 + Ch?[z|?, Ce"lol)
ah(x)

Proof. Tt follows from (1.8) that aj,(z) = F o g(z) with F(z) = 2=/2 and gp,(z) =

mp (x)

Following the arguments of the proof of Lemma 2.2, we have when p is

aghdp(x)”
tempered (using f\z\<1 zidz = f\z\<1 zizjzpdz = 0)

h?  Ap h*

o) =1— 0 — + / pa(z, z)dz
(@) 2(d+2) p aap(®) Jizj<1 (. 2)
(3.6) v ay
—1- 2P e
2d+2) p + hiry(x)

where p4(z, z) is a function which satisfies for all o € N%:

107 pa(x, 2)| < Cap(z)
uniformly with respect to x € R%,|z| < 1 and r4(z) has all its derivatives uniformly
bounded on R?. In particular, for any o € N%\ {0}, 0%g(x) = O(h?). Hence, for
h > 0 small enough, Faa di Bruno formula combined with (3.6) shows that aj is a
smooth bounded function such that
(3.7) Va € N4\ {0}, 0%y (x) = O(h?).

This shows that aj, enjoys estimate (3.1) while (3.2) is a direct consequence of (3.6).

Suppose now that p(z) is Gaussian. To enlight the notations, we consider the case
a=1,ie. p(x)= m=5e 1o It follows from (2.5) that
1

gn(z) = —
Qd J|z|<1

_ 21,2
e 2hx.z—h*|z| dz.

Hence, there exists ¢y > 0 such that for all x € R%, h €]0,1], gn(z) > co. Moreover,
for all o € N we have

1
a3 gn(x) = ad/ll 1(—2hz)“e*2hz'w*h2|z|2dz
z|<

so that there exists C, > 0 such that

(3.8) Vh €]0,1], Va € RY, [0 gn (2)] < Coh!® |gn ().

Using again Faa di Bruno formula, we easily get that a; is a smooth function such
that for any o € N9,

1 Blg, (x)

3.9 Fond = C, —FQ@TH
(3.9) Fan(@) = D Clrign(@) Ben T

mEq
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where II},| denotes the set of all partitions of {1,...,[a|}, |7| denotes the number of
blocks in the partition = and |B| denotes the cardinal of B, and C|, is an explicit
constant depending on |7|. Combining this formula with estimate (3.8), we get

(310)  |05an(@)| < D" Cieylgn(a)|” 2O D M peq g ()P < Clay () |hl

mE|q

which proves (3.3).

Let us now prove the estimates on a,:Q = gp. The same computation as in the
tempered case remains valid if we assume that |hax.z| is bounded, which holds true
if h|x| is bounded. This shows (3.4). In order to prove (3.5), we observe that there
exist constants ¢, C' > 0 such that for all 0 < h < 1

ah(x)_Q :a(;l/ / e—2hrm.0—h2r2,’,d—1drd9
Sd=1 Jo<r<1
1
:agl / / (1 + 4r2h2(x.9)2/ (1- t)ethhm‘Gdt) e~ rd=1 g4
sdi-1 Jo<r<i 0

1
>1+ 4h?a)! / r2(2.0)> (/ (1- t)e*%hm'edt) e M =1 grdg
sa-1 Jo<r<1 0
—ch?
ap ()% >1 + Ch?|z|* — ch?

for |x| > R with R > 0 large, the last inequality being proved by the same argument
as for Proposition 2.4. Enlarging R and modifying C' > 0 if necessary, this shows
the quadratic bound in (3.5). The exponential bound in (3.5) follows easily from
the inequality above, by bounding below the integral by an integral on a region
{0.2/|z] < —(1 —¢€),r > 1 — €} for some small € > 0. O

3.2. Regularity and decay of eigenfunctions. We are now in position to prove
the first estimates on the eigenfunctions of Tj.

Observe that for any 1/2 > § > 0 small, there exists s; > 0 such that |G4(¢)| <
1 — 26 when [£]2 > ss.

Lemma 3.3. Let C > 0 and N\, € [1 — Ch?,1] be an eigenvalue of Ty, (which can
belong to the essential spectrum) in the tempered case, and A\, € [1 —§,1], 6 > 0 in
the Gaussian case. Let e, € L*(R%, dx) satisfy Trhen = Anen, || en |z2ray= 1. Then
en, belongs to all Sobolev spaces and for all s € R

1—Ap\2
(3.11) I en || zre (e = o((1 + h) )
Moreover,
(3.12) I (1= x)(h*Aen || (ray= O(h™)

where x € C§°(R) is equal to 1 near 0 in the tempered case and x =1 on [—ss, Ss] in
the Gaussian case.

Proof. We use arguments similar to those of [7], the difference is that now we are
working in R? instead of a compact manifold: let us write A\, = 1 — h%z, with
0 < 2z, < K7q in the tempered case and 0 < zj, < §h~2 in the Gaussian case; and start



414 C. GUILLARMOU AND L. MICHEL

from (Th — An)er = 0. Since Ty, = apThap, it follows from Lemmas 3.1 and 3.2 that
T}, is a semiclassical pseudodifferential operator on R? of order m < —1. In particular,
it maps L2(R%) into H'(R?%) and || T}, |2 g1= O(h™!). Since ), = A—lhfheh and Ap
is bounded from below, we deduce that || ey, ||g1= O(h™!). Iterating this argument,
we finally get

(3.13) I en [la==O(h"")

for any s > 0 (using interpolation for non integral s). Let us denote p,(z,§) the
symbol of Ty, It follows from usual symbolic calculus and Lemma 3.2 that

(3.14) pr(x,€) = aj,(x)Ga(€) + h"rp(,€)
for some symbol 7, € S((£)~ max(1.55%))
is Gaussian.

Suppose that p is smooth tempered and let x € C§°(R) be equal to 1 near 0. Since
|G4(&)] <1 with Gg(§) — 0 as |£] — oo and G4(§) =1 <= £ =0, we deduce that
for any cut-off function y equal to 1 near 0, we have

(I =x(€)Ga(§) < (1 —e)(1 —x(¢))
for some € > 0 depending on Y. Since A\, = 1+0O(h?) and aj, = 1+ O(h?), the symbol

an(x, &) = (1= X(€))(An — pa(,§))
is bounded from below by §(1 —x(&)) for h > 0 small enough. Moreover it is, up to a

with m = 3 if p is tempered and m = 2 if p

lower order symbol, equal to the symbol of (1 —Y(h2A))(Ay —Tj) and thus by taking
(1 —%) =1 on the support of (1 — x), we can construct a parametrix Ly with symbol
Ly (xz,€) € S(1) such that

Ly (1 = X(h*A)) (A = Ti) = (L = x(h*A)) + h>Opy, (wn)
for some symbol wy, € S(1). This clearly shows that

(3.15) I (1= x(R*A))en [|L2= O(h™)
and by interpolation with (3.13) we get
(3.16) I (1= x(h*A))en [|m:= O(h™).

It remains to show that x(h?A)ey, is bounded in H*. We have
(Opy(pn) — 1+ h2zp)ep, = 0.
Let by (z,€) = pn(x,€) — 1+ h22),, then since 2, is bounded, we know from (3.14) that
(3.17) bu(z,€) = aj(2)Ga(€) — 1+ h?ri(z,€)

for some r, € S(1). By Taylor expansion of Gy4(&) at € = 0, we see that there exists
a smooth function F on R*, strictly positive and such that 1 — G4(&) = [£]2F(|¢]?).
Since a3 (z) = 1+ O(h?), we get

bn(,€) = =& F(IE) + h*Fu(x, €)
with 7, € S°(1). Combined with (3.15), this shows that for any x € C$°(R9)
REAF(R?2A)x(h*A)ey, = Op2(h?).
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Since F' is strictly positive on the support of y, we can construct a parametrix like
above and obtain that
| x(h*A)e, || 2= O(1).

Iterating this process, it follows that the above bounds hold in all Sobolev spaces.

Consider now the case of a Gaussian density and let us prove (3.12). For x € C§°(R)
equal to 1 on [—ss,ss] (and 0 < x < 1) we get

(1 =0 (€*)Ga(€) < (1 —28)(1 = x)(€*).
Since we have aj, <1+ O(h?) and \j, > 1 — § for small h > 0, this shows that (1 —
X(I€12) A —pr(z,€)) > $(1—x)(|€|?) for h small and (3.15), (3.16) are still valid. Let
us prove (3.11). By definition, we have Opy, (b )en = 0 with by (z,£) = a2 (2)Ga(§) —
A +h2ry (, €) for some ry, € S(1). Thanks to (3.10), we have [027,(z,£)| < Cyla? (z)|
for any a and |02 (a, *ri(z,€))| < C,. Using again the structure of G4 and dividing
by a2, it follows that

(3.18) R AF(h*A)en, = (1 — Maj, > () + h*Opy, (74))en

for some symbol 7 € S(1). Taking the scalar product with x(h?A)%e;, and using the
fact that Op,,(7) is bounded on L?, we get

(3.19)
(RPAF(R2A)x(h*A)en, x(B*A)en) = (1 = Anay (2))x(h*A)en, x(B*A)en) + O(h?)
= Ir(h) + Jr(h) + O(h?)

where
Ir(h) = (Yr(2)(1 = Anag,?(2))x(h*A)en, x(h* A)en)
Jr(h) = (1 = ¥r(2))(1 = Anay, (@)X (F*A)en, x(h*A)en)
with ¢ g () := 1l|;/<g. Hence, it follows from (3.4) that Ir(h) = O(h*R?*+1—X;). On
the other hand, setting R? = (1—\p,)/(h%€) with € > 0 small enough but independent
of h, (3.5) gives that 1 — \pa;, %(z) < —A\,Ch?|z|? + (1 —\,) < 0if [z| > R, and hence
Jr(h) <0. Combined with the estimate on Iy, this shows that

(WPAF(R2A)x(h2A)en, x(h*A)er) = O(1 — \p).

Dividing by h? and using again the fact that F' > 0 we obtain ||Ax(h?A)en||r: =
o1+ 1;—5"”) Iterating this argument and using interpolation, we obtain the desired
estimates for any H®. O

In order to control the multiplicity of the eigenvalues as in [7], we need some
compactness of the family (ej),. Since R? is not bounded, the regularity of the
eigenfunctions is not sufficient and we need some decay property of the eigenfunctions
near infinity. For R > 0, let xg be a smooth function equal to 1 for || > R+ 1 and
zero for |z| < R.

Lemma 3.4. Let us assume that p is tempered and let « €]0,1[. Suppose that \j, €
[1 —ahzw’fﬂ), 1] and that e, € L*(R?, dx) satisfies Ther, = Anen and |len||p2ra) = 1.
Let ¢ € C§°(R), then there exists R > 0 such that

I xR (2)(h*A)en [|L2@ey= O(h).
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As a by-product, for any s € R, xgen goes to 0 in H*(R?) when h goes to 0.
Proof. From the preceding Lemma, we know that
(AF(h*A) + Opy, (Fr))¢(R*A)ep, = O(h™).

for some 7, € S(1). On the other hand, this term can be made more precise : it
follows from Lemma 3.2 and equation (3.14) that

O(h) =~ AF(h2A) - %w(V(mOph(Gd(ﬁ)) + 0Dy (Ga(€))V () + 21 ) (A2 A)en
=— (AF(h2A) + vV (x) — zn)en + O(h2||eh\|Hz)
with A\, = 1 — h?z;, and using (3.11), we obtain
(AF(h*A) + V(x) = 2) fr = O(h)

with fi == 6(h2A)en, 5 = 2 /ya and F = F/yz. Let gy(x,€) = |¢2F(E2)+V(2) -
Zp. Since F' > 0, it follows from assumption (1.5) that there exists R > 0 such that for
any ¢ € R? and any |z| > R, we have g5 (z,£) > (1 —a)x/2if 1 -\, < axh?/2(d+2).
Hence we can build a parametrix for g, on the support of xz and this shows that
| Xrfn ||L2= O(R). Using interpolation and the fact that (), is bounded in H*, we
obtain directly the same bounds in H?. O

Lemma 3.5. Suppose that p is Gaussian. Let § > 0 and x € CP(R) be equal to
1 on [—ss,85), then there exists ho such that, for any k,s € N there exists Cj, s > 0

such that for all h < hg and any eigenfunction e, € L?*(R?) of T, with eigenvalue
An € [1 — h%5,1], we have

(3.20) [2)Ex (W2 A)enll ey < CrslX(h2A)en| o ey

Proof. Tt follows from (3.18) and (3.12) that
(3.21) (1 — Anay, 2(x))x(h2A)ep, = h2O0py, (rn) x (W2 A) Aey,

for some ), € S(1). Let R > 0 be sufficiently large so that a;, *(z) > 1+ Ch?|x|? for
|z| > R. Then, if \j, = 1 — h?z, one has for |z| > R

(3.22) 1+ Mpay, 2(z) > B3(Clz|* — z1) > C'h2(1 + |z|?)

for some C’ > 0 independent of h. We take 1z € C§°(R?) be equal to 1 for |x| > R+1
and 0 for |z| < R, then by (3.22) and (3.3), we deduce easily that (x)2h%(—1 +
Anay,?)~Ypg € S(1) and therefore

(@)*r(z)x(h*A)en, = Opy, (Ta)x(h*A)Aey,
for some 7, € S(1). Therefore, for any s > 0, we have
) X Ch|lHs(RY) > X Ch||Hs+2(RD)-
(@) 2x (2 A)enll ety < Cllx(B2A)en]

Iterating this argument k/2 times and using (3.11), we get (3.20). O
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4. Proof of Theorem 1.1 and 1.2

4.1. Spectrum localisation. We work as in [7] and we only give a sketch of the
proof since it is rather similar. The main difference with the situation in [7] is that
we work on unbounded domains, so that Sobolev embedding do not provide directly
compactness. In both tempered and Gaussian case, we will use the following obser-
vation: suppose that ¢ is a smooth function, then it follows from Lemma 3.2 and the
expansion Gg(£) =1 —y4/¢]2 + O(|¢]*) as |€] — 0 that

1-Ty

2
where [|¢[| 2may = O([¢llg4ray) in the tempered case and ||9[z2(Bo,mn-1)) =
O(|l|lz*@|l 3 (B(0,pn-141y)) for any h-independent M > 0 in the Gaussian case.

We start with the case of a tempered density and follow the strategy of [7]. Since
Ty, and T}, are unitarily conjugated by Q : L*(R%, dz) — L*(R%, dvy,), the eigenvalues
of Ty, on L?(R?, dvy,) (and their multiplicities) are exactly those of T}, on L?(R?, dz).
First, assume that (L, — p)e = 0 for some p € [0,x) and e € H2(R?), |le|| p2(4z) = 1.
Then, e is in fact in C*° and using (4.1) with ¢ = e, we get easily

1-1T,
o €= ake + Op2(h?).

Since Tj, is self-adjoint, this shows that dist(vgu, o(Ay)) = O(h?) with

1-T,
Ah = 72 N
and that there exist Cy > 0,C; > 0,hg > 0 such that for all 0 < h < hg and
p € o(L,)N [0, s —Cyh?), the number of eigenvalues of Ay, in [yau— Coh?, yapu+ Coh?]
is bounded from below by the multiplicity of pu.

Conversely, consider an eigenfunction e;, of Aj corresponding to an eigenvalue
zn, € [0,74k), then using Lemma (3.3), we get

(4.1) w="4l,p+ h21/1

Zheh = Aheh = ’Ydeeh + OL2 (h2)

This shows that all the eigenvalues of A, are at distance at most C'h? of the spectrum
of vqL,. Let us now consider an orthonormal set of eigenfunctions e{L of Ay, associated
to the eigenvalues z{l contained in [yqu—Coh?, yau+Coh?] for some p € o(L,)N[0, k],
where with Cy, C; are the constants given above. Let R > 0 be fixed as in Lemma
3.4. From Lemmas 3.4 and 3.3, each eigenfunction can be decomposed as
efL = ui + vfl

with ui bounded in any H*® and supported in B(0, R) and vi converging to 0 in H*®
when h goes to 0. Since H*(B(0, R)) is compactly embedded in H? for s larger than
2, we can assume (extracting a subsequence if necessary) that the e{b converge to some
f7 in H?(R?, dx) and zfz converges to vqu. Hence, the (f7); provide an orthonormal
family of eigenfunctions of L, associated to the eigenvalue p. This shows that the
number of eigenvalues of Ay, in [ygu — Coh?, vyau + Coh?] is exactly the multplicity of
1 as an eigenvalue of L,, and achieves the proof of Theorem 1.1.

Notice in particular that our proof does not rule out the possibility of an infinite
sequence of eigenvalues zj, for Ay, converging to the bottom of the essential spectrum



418 C. GUILLARMOU AND L. MICHEL

Assume now that p is Gaussian and start with (L, — p)e = 0 with |le||p2 = 1. It
follows from (4.1) that

Ape = H\z|<h*1 ’y(ine + ]-1|;1:\2h*1 Ape + hzﬂi

with 1 supported in B(0, Mh~') and [[¢]|,2 = O(|[(z)*e||ga(po,mn-1+1)))- Since
e = p(z)e=**” for some polynomial p, then |1}z is bounded uniformly with respect
to h. The same argument and Uy >p-1 Ap = jp>p-1 Ap Wjgy>p-1-p shows that
| Ugj>p-1 Anellz2 = O(h~2e="""). This implies that

Ape = yaue + Op2(h?).

Like in the tempered case, it follows that dist(yqu, c(Ap)) = O(h?) and that for any
given L > 0 there exists Cp > 0, hg > 0 such that for all 0 < h < hg and all p € o(L,)
with p < L, the number of eigenvalues of Ay, in [ygu — Coh?,yau + Coh?] is bounded
from below by the multiplicity of pu.

Conversely, suppose now that Thej, = (1 —h2zp)ep, for some e;, € L2(R%) such that
llerllzz = 1 and z, € [0, L], L > 0 being fixed. From Lemmas 3.3 and 3.5, we know
that

Zheh = Aheh = ’ydeeh + OL2 (h2),
this shows that the distance of the eigenvalues of Ay, (less than L) to o(yqL,) is of
order O(h?).

To get the equality between the multiplicities, we work as in the tempered case
and consider an orthonormal family of eigenfunctions e{L of Ay associated to the
eigenvalues zfl contained in [ygu— Coh?, v+ Coh?]. Tt follows from Lemmas 3.4 and
3.5 that

el = u} +O0(h™)
with uiL = X(hQA)e{L bounded uniformly with respect to h in (x)~FH*(R?) for any
k,s > 0. Then the family (u})n>0 is compact in H*(R?) and extracting a subsequence
if necessary, we can then assume that both ui and efl converge to some f7 in H? and
z), converges to ygu when h — 0. We split u) into 9y (z)ul + (1 — ¢y (x))ul where
¥y, is smooth, supported in |z| < 1/h and equal to 1 in || < 1/2h. In particular we
have that ||(1 — 7/1h)U;LHH4 = O(h*°). On the other hand, it follows from (4.1) that

Ael = Apel, = Ap(Ypuf,) + O(h™)
= vaLp(nuf,) + O(W||(x) || s) + O(h)
= qaLp(e}) + O(h*|[(z) e} || 12) + O(h™)
7,6, = vaLp(e}) + O(h?|lef || 2) + O(h™)
where we used Lemma 3.5 in the last line. Making h — 0, we show that (f7); is

an orthonormal family of eigenfunctions of L, associated to the eigenvalue p. This
achieves the proof of (1.12).
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4.2. The Weyl estimate. It remains to prove the Weyl estimate on the number
of eigenvalues in the Gaussian density case. Fix § > 0 small, then for 7 > 0, let us
define the operator on R?

P =703 (VAT + X2 (V2/7))

where x € C*°((0,00)) is a positive increasing function which satisfies x(x) = z for
x<1—4¢and x(z) =1 for x > 1. Clearly P; is a self-adjoint bounded operator on
L?(R9) with norm less or equal to 27 and since for any function f € L? such that f
is supported in |z| > 7 or f is supported in || > 7, one has (P, f, f) > || f]|22, the
essential spectrum is contained in the interval [1,27]. Let IL, /o = 1ljo ;9] (Pr) be the
orthogonal spectral projector, it is then finite rank by what we just said. We shall
prove that there is € > 0, C' > 0 such that for all f in the range of 1 —IL; /5 and all
h > 0 small enough and 7 < eh ™2, we have

(4.2) (Tnf, f) < (1= CTR?)|| fI[72-
Notice that if (1 — Iz )f = f, we have (P f, f) > 37| f||3. and thus

1
(4.3) IXC/A/AP + (VIR AP = S
We first assume that ||x(v/]z[>/7)f||* = 1||f||*, then using that T}, has L? — L?

norm bounded by 1 we deduce
(anThanf, f) = (Tnanf,anf) <|lanf|[7:.
But from (3.4) and (3.5), we also have that there is € > 0, C' > 0 independent of 7, h

such that if 7 < eh™2,
ai(z) <1—Ch2rx(/|z]2/7)%
Thus we obtain by combining with (4.3)
(4.4) (anThan f, f) < (1= Ch2T/4)[|f[7-.
Assume now that ||x(y/|z[2/7)f|[* < 1| f]|?, then since (1 —IL, o) f = f this implies

(45) I/ = LI

and we shall prove that (4.4) holds as well in that case. Using a? < 1+ Ch? for some
C > 0, let us write for f € L?

(anThanf, f) =(aiTnf, f) + (an[Th, anl f, f)

<+ CP)|Tufll2 1 fllze + (an[Ths anlf, f).
Using the fact that Tj, = G4(hD,) is a semiclassical pseudo-differential operator with
symbol G4 € S(1) defined in (1.8) and the estimates |0%ap| = O(h) if |a| > 0 of
Lemma 3.2, we deduce from the composition law of semiclassical pseudo-differential
operators that [T}, an] = h20py,(cp) where ¢, € S(1) is a uniformly bounded symbol

in h. Therefore by Calderén-Vaillancourt theorem, ||ax[Th, an]||r2—r2 = O(h?) and
thus

(4.7) (an[Th, anlf, f) < CR?||fI[72
for some C' > 0 uniform in » and independent of 7. Now using Plancherel, (17 f, f) =
Jza GZ(h§)|f(§)|2d§ where G is defined in (1.8). Now since G4(§) — 0 as £ — oo and

(4.6)
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G3(€) <1 — CJ¢J? for some C when & is small, we directly obtain that there is € > 0
independent of 7, h such that if 7 < eh™2, the bound G2(h&) < 1—Ch%rx(\/[€]2/7)2.
Combined with (4.5), this implies that ||T},f||z2 < (1 — Ch%7)||f||z> and thus, by
combining this with (4.6) and (4.7), (4.4) holds if 7 > 7 for some 79 > 0 independent
of h and we have proved (4.2).

By the min-max principle, one deduces from (4.2) that the number of eigenvalues
of Ty, in [1— Ch?7,1] counted with multiplicites is bounded by the rank of I1; /2. Now,
to prove the Weyl estimate (1.13), it remains to show that Rank(IL, ») = O(7%). This
is a rather standard result (see for instance [4, page 115] for a comparable estimate),
but we write some details

Let us consider h := 1/4/7 as a semiclassical parameter. The operator P(h) :=
h% P> is a h semi-classical operator with a symbol in the class S(1) given by pp(z, &) =
X2(1€]) +x2(h]x]), more precisely P(h) is the Weyl quantization of the symbol py(x, £).
Let f € C§°(R) be such that f(s) =1 for |s| <1, f(s)=0for |s| >2and 0 < f < 1.
Consider the harmonic oscillator on RY, H = A + |z|> and define the operator

(4.8) e = f(n*H).

Then H,{f is a non-negative self-adjoint operator, its norm is bounded by 1, its rank
satisfies rank(I1) = O(h~24). From the min-max principle, to prove a Weyl estimate
for P(h), it suffices to show that for all u € L?

(4.9) (P(h)u,u) + (M u,u) > c
for some ¢ > 0. First, we claim that the operator Hé{ can be written under the form
(4.10) I = Opy, (f(h2|z|® + |£]*)) + Rp, where ||Rp||z2—12 = O(h).

Let Q be a fixed compact subset of C whose intersection with R contains supp(f).
Then, it is easy to check that for all s € QN (C\ R)

1
W) = 14 hOpp(qn(,&; )

for some symbol gp(x,§;s) € S(1), satisfying for any «, 8
10207 qn(@, & 5)| < Ca plTm(s)| =3 11= 101

(h*H — 5)Op;, (

for some C, g uniform in h,s. Then this implies

(WPH —s)"! = Opﬁ( ) — h(h*H — 5)"'Opy(qn(x,&; 5))

1
Rlef +[EP — s
but by the Calderon-Vaillancourt theorem and the spectral theorem for H, we deduce
that

(4.11) (h2H — 5)~ = Opy ) + W

1
R 1 JEF = s
for some bounded operator Wy, on L? with norm O(h|Im(s)| =) for some N depending
only on the dimension d. It remains to apply Helffer-Sjostrand formula [4, Th 8.1]

with f € C§°(€) an almost analytic extension of f

f(R2H) = € /Céf(s)(ﬁ?H —s)"ds A ds

2
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and we deduce directly (4.10) from (4.11). Observe that the symbol of P(h) + IIZ
satisfies that there exists C' > 0 such that
X2l + X3 (hlz]) + f(R*]a]* + [€]*) = C©

for all 0 < i < hg. Therefore, by Garding inequality, (4.9) is satisfied for some ¢ > 0,
and using the min-max principle, this implies easily that the number of eigenvalues
of P(h) less or equal to C/2 is bounded above by rank(IT1Z) = O(h=2¢), and this
concludes the proof of the Weyl estimate for T},.

5. Convergence to stationarity

In this section, we study the convergence of the iterated kernel T} (x, dy) towards
its stationnary measure dv, when n goes to infinity. The measure dv, is associated
to the orthogonal projection Il 5 onto constant functions in L?(dvy,):

(5.1) o n(f) = » f(y)dvn(y)

On the other hand, let us define the spectral gap g(h) = dist(1,0(T)\{1}). It follows
from Theorems 1.1 and 1.2 that

9 _p2_ 4
(52) o) = W g + O
in the Gaussian case, and
h? .
(5.3) g(h) = Ad+2) min(k, p1) + O(h*)

in the tempered case, where x denotes the bottom of the essential spectrum and p; the
first non-zero eigenvalue of L, with the convention p; = 400 if L, has no eigenvalue.
The following proposition gives a convergence result in L? norm.

Proposition 5.1. Let a > 0 be fixred. There exists C > 0 and hg > 0 such that for
all h €]0, ho] and all n € N, we have

(5.4) I T3 = o (|12 (dun)— 12 don) < Ce™ ™90,

Proof. This is a direct consequence of the spectral theorem and the fact that 1 is a
simple eigenvalue proved in Theorems 1.1, 1.2. O

Let us now introduce the total variation distance, which is much stronger than the
L? norm. If p1 and v are two probability measures on a set E, their total variation
distance is defined by

| —vrv = sup ln(A) —v(A)]

where the sup is taken over all measurable sets. Then, a standard computation shows
that

li=vlev =5 swp [u(f) vl

[1fllz oo =1
The following theorem shows that the convegence in total variation distance can
not be uniform with respect to the starting point x. This has to be compared with
the results in the case of compact state space [2], [3] and [7] where the convergence is
uniform in x.
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Theorem 5.2. There exists C > 0 such that for any n € N, h €]0,1] and 7 > 0, we
have

> \ﬂZTBrn(n-&-l)h T3 (2, dy) — dvn|rv = p(T)
where p(1) = e~207(T=h) jif p = (%)%e—alw is Gaussian and p(T) = fly\>r p(y)2dy if
p is tempered.

Proof. Let 7 > 0 and n € N. Consider the function
fr(@) = Wpr oo ([]) = Lpo,-([])

(5.6)
=-1+2 H[T,+OO[(|1'|)-

For z € R? such that |z| > 7 + (n + 1)h, thanks to finite speed propagation we have
(5.7) T fo @) = 1.

On the other hand, we also have

Mopf, = /R S )d(y) = -1+ /yl>7duh<y)

(5.8) )

=1+ mn(y)p(y)dy.
h Jlyl=r
If p is tempered, then my(y) < Chip(y) for some constant C' > 0. Hence, Iy, fr <
—14Cp(7) with p(7) = fly\>f p(y)?dy. Combined with (5.7), this shows the anounced
result in the tempered case.
Suppose now that p(x) = Be~lel” is Gaussian for some a, 3 > 0. Then mp(y) <

Chde=elvl*+2halyl for any h €]0, 1]. Hence,

(5.9) Oonfr < -14C e~20(lvP=hluD gy < —1 4 Cp(7)

ly|>T

with p(7) = e=207("=h)_ Using again (5.7), this shows the anounced result in the

Gaussian case. O

In the following theorem, g(h) denotes the spectral gap of T}, whose asymptotics
is given in (5.2) and (5.3).

Theorem 5.3. There exists C > 0 and hg > 0 such that for any n € N, h €]0, hol,
7T >0,

(5.10) sup || T3 (x, dy) — dup||7v < Cq(r, h)e "9
|z|<T

where q(T,h) = h—% SUD|y| <7 ﬁ if p is tempered and q(t,h) = e*TTH3N) Gif p =
(%)%6_‘””“‘2 is Gaussian.

Proof. Assume that hg > 0 is such that the results of the previous section hold true
for h €]0, hg]. Observe that

1
sup [|T3 (2, dy) — dvnllrv = 5 sup ~ sup T f(z) — Honf|
(5.11) lzl<7 2| <7 [|fllLoo =1
1

= QHT;? — Tlo,nll Loo (RY— Lo (|2 < 7)-
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Suppose first that p is tempered and denote B, the ball of radius 7 centred in 0 and
L(7,h) = ||T}" — o pll oo (re)— £ (B,) - Then, denoting L?(dvy,) for L3R4, dvy,),

(5.12)

In(7,h) < Tl L2 dvn)— Lo B ITR ™2 = To,nll L2 dun)— L2 () | Th |l Lo (R — 22 (i)

S ||Th ||L2(duh)HLoo(37)6_("_2)9(}0

where we have used Proposition 5.1 and the fact that || T3] Lo (r4)— £2 (a1, ) = 1. To esti-
mate T}, from L?(dvy,) into L*°(B;) we consider f € L*(dvy,) such that || f|| 12(4.,) = 1.

Then,
1 73 1
Tnf (@) mp() (/Ia:y<h mp, (}ZL/)2 dn)?

1

c B[
mp(z) lz—y|<h mp(y)

Since p is tempered we have my(z) > Chip(z) for some C' > 0 and we deduce from

the above estimate that [T}, f(z)| < C/(h%p(z)). Taking the supremum over z € B,

we obtain the announced result in the tempered case.

Suppose now that p = (%)%6’04"”‘2 is Gaussian. Since T}, is Markov and g(h) is of
order h%, we can assume n > h=2. For k € N let o4 (h) = %’é(h), where 1 = \o(h) >
A1(h) > Aa(h) > ... > Ag(h) denote the eigenvalues of Tj,. Denote also e the
eigenvector associated to A, (h) normalized in L?(dv,) and Iy, , = (., €k,h) L2 (dvy) €,k
the associated projector. We write the eigenvalues under the form Ay(h) = 1 —
h20i(h), then the spectral gap g(h) = h?01(h). Let § > 0 and decompose T}, =
Th1 +Th 2 with

(5.14) Thi = > (1 = B0k (h)) ..
o1(h)<ok(h)<(1-8)h~2

IN

(5.13)

From the spectral theorem, we deduce that || 7}';% || 1222 < (1—8)"~2. On the other
hand, for p Gaussian, we have my,(z) > Ch?p(z)e~2"*I*l. Combining this estimate
with (5.13), we get

(5.15) | T || 22 Ry Loo (B, < Ch™ % o730,

Since T}y = ThTﬁngh, we can combine this with the L? estimate, to get

(516) || Tﬁz ||L°°(Rd)~>L°°(BT)S Ch_%eaT(T+3h)(1 — (S)n_2 § q(’T7 h)e_"g(h)

since h™=% (1 — 8)"~2 <« e~ Hence, it remains to study 7.
Since dvy, is a probability, then

(5.17) ([ Ten oo ®e)— LB, < €rn L)l €rn L1 @) <N ern = (s,) -

From Lemma 3.3 and Sobolev embedding, we know that || Q*exp || g0 @) < Caf,h.
Hence,
(5.18)

Z,

1 d
I o (R ] oo < _Zh N3O o < Co2 at(rt+3h)
| k,h Iz (R4)—L (BT)_S;TP( h(m)p(x)) I €k,h Iz (RS LOg p€



424 C. GUILLARMOU AND L. MICHEL

Using this estimate, we get

(5.

d
19) || T3ty oo () o () < CeTTHY) > (1= h%op(h) 02,
o1(h)<ok(h)<(1—-8)h—2

Using the Weyl estimate (1.13) and the same argument as in [7], we get

(5.20)
I T3y (| oo vty — Lo (5,) < Ce®TTHER) / (14 z)Ne ™2 dy < Ceom(TH3m gmnhZoun
O1,h
for some N > 0. This completes the proof in the Gaussian case. O
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