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A DENSE G-DELTA SET OF RIEMANNIAN METRICS WITHOUT
THE FINITE BLOCKING PROPERTY

MARLIES GERBER AND WAH-KwaAN KU

ABSTRACT. A pair of points (z,y) in a Riemannian manifold (M, g) is said to have the
finite blocking property if there is a finite set P C M \ {z,y} such that every geodesic
segment from x to y passes through a point of P. We show that for every closed C°
manifold M of dimension at least two and every pair (z,y) € M X M, there exists a
dense Gs set, G, of C* Riemannian metrics on M such that (z,y) fails to have the
finite blocking property for every g € G. Moreover, there exists a dense G set, G, of
C*° Riemannian metrics on M such that for every g € Gi, there is a dense G§ subset
R = R(g) of M x M such that every (z,y) € R fails to have the finite blocking property
for g.

1. Introduction

Let M be a closed C*° manifold, and let g be a C*° Riemannian metric on M.
We consider a geodesic as a mapping v : I — M, where I is an interval of positive
length, and v is parametrized by arc length. Two geodesics v; : I; — M, i = 1,2 will
be considered to be the same if and only if 773 = 2 o ¢, where ¢ is a translation that
maps [; onto I5. Let x and y be points in M, possibly with x = y. When we say that
a geodesic 7 : [¢,d] — M is from z to y, we mean y(c) = z and y(d) = y.

Given a Riemannian metric g on M, a blocking set for (x,y) is defined to be a subset
P of M\ {x,y} such that every geodesic from z to y passes through a point in P. The
pair (z,y) € M x M is said to have the finite blocking property for g if there exists a
finite blocking set for (z,y). If every (x,y) € M x M has the finite blocking property,
then (M, g) is called secure. (See [8] and [5] for an explanation of this terminology.)
A Riemannian manifold (M, g) is called insecure if it is not secure, and it is called
totally insecure if no pair (z,y) has the finite blocking property. Furthermore, it is
called uniformly secure if there exists a positive integer n such that any pair of points
(z,y) has a blocking set with at most n elements.

A point p € M is a self-intersection point of a geodesic v : I — M if there exist
s,t € I, s # t, such that y(s) = p = (¢). If there is no such point p for a geodesic
v, we say that v is non-self-intersecting. We call a pair (x,y) € M x M strongly
insecure for g if for each positive integer n, there exist n geodesics v; : [¢;,d;] —
M, i =1,...,n, from z to y satisfying the following three conditions: (i) the sets
vi((ci,d;)), i =1,...,n, are pairwise disjoint; (ii) if z # y, then 71, ..., , are non-self-
intersecting; and (iii) if = y, then = & v1((¢1,d1))U---Uyn((cn,dpn)), and y1, ..., 7n
have no self-intersection points except x. It follows already from condition (i) that if
(z,y) is strongly insecure, then (z,y) fails to have the finite blocking property.

Given a manifold M, it is natural to ask the following:
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Question. Which pairs of points (x,y) € M x M and which Riemannian metrics g
on M are such that (x,y) has the finite blocking property for g%

Our contribution in this direction is Theorem 1.1 below, which implies that any
given pair of points (z,y) fails to have the finite blocking property for a dense G set
of metrics. We will give the proof in Section 3.

We let G denote the set of C*° Riemannian metrics on M. For k = 1,2,..., 00,
there exists a complete metric on G whose topology coincides with the C* topology
on G. In particular, the Baire category theorem applies to G with the C* topology.
When we refer to the C* topology on M x G or M x M x G, we mean the product
topology, where we take the manifold topology on M and the C* topology on G.

Theorem 1.1. Let M be a closed C*° manifold of dimension at least two, and let G
be the space of C*° Riemannian metrics on M. The following three statements hold.
(1) Let x and y be two points in M, possibly with x = y. Let G := {g € G :
(z,y) fails to have the finite blocking property for g}. Then G contains the
intersection of a countable collection of sets that are Ct-open and C*°-dense
in G.
(2) Let G :== {(z,y,9) € M x M x G : (x,y) fails to have the finite blocking
property for g}. Then G contains the intersection of a countable collection of
sets that are Ct-open and C*>®-dense in M x M x G.
(3) Let G :={(z,9) € M x G : (x,x) fails to have the finite blocking property

for g}. Then G contains the intersection of a countable collection of sets that
are C-open and C*®-dense in M x G.

If M has dimension at least three, then “fails to have the finite blocking property” can
be sharpened to “is strongly insecure” in all three statements.

If k € {1,2,...,00}, then a C' open subset of G is C* open, and a C™ dense
subset of G is C* dense. Thus we obtain the following corollary of Theorem 1.1.

Corollary 1.2. If M is a closed C* manifold of dimension at least two and G is the
space of C*° Riemannian metrics on M, then the sets G, G, and G in Theorem 1.1
contain dense Gs sets in the C* topology for k =1,2, ..., 0.

Corollary 1.2 (for G and Q) implies the corollary below.

Corollary 1.3. Let M be a closed C* manifold of dimension at least two and suppose
ke {l,2,...,00}. The following two statements hold.

(1) There exists a dense Gs set Gy in G with the C* topology, so that for each
g € G1, there is a dense G5 subset R1 = Ri(g) of M x M such that each
(z,y) € Ry fails to have the finite blocking property for g.

(2) There erists a dense Gs set Go in G with the C* topology, so that for each
g € Ga, there is a dense G5 subset Ra = Ra(g) € M such that for each
x € Ro, (z,x) fails to have the finite blocking property for g.

Again, if M has dimension at least three, then “fails to have the finite blocking prop-
erty” can be replaced by “is strongly insecure” in both statements.

V. Bangert and E. Gutkin obtained stronger results for the case when the dimension
of M is two and the genus is positive [2]. They proved that if M has genus greater
than one, then every Riemannian metric is totally insecure. Moreover, if M has genus
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one, they showed that non-flat metrics are insecure and a C?-open, C*°-dense set of
metrics are totally insecure. These results provide evidence that (c) follows from (a)
in the following conjecture, which originally appeared in [5] and [11]. A proof that
(c) implies (b) is given in [9].

Conjecture 1.4. Let (M,g) be a closed C* Riemannian manifold. The following
statements are equivalent.

(a) (M,g) is secure.
(b) (M, g) is uniformly secure.
(c) g is a flat metric.

While Conjecture 1.4 concerns the finite blocking property for all pairs of points,
Theorem 1.1 shows that the finite blocking property can be destroyed for any given
pair of points, under some small perturbation of metric.

In the next section, we will present some results which will be used to prove The-
orem 1.1. We refer the reader to [7] for background information about geodesics and
conjugate points.

2. Some preliminary results
We begin with the following classical result by J. P. Serre [14], [12], [3], [13].

Theorem 2.1. Let (M, g) be a closed C*-Riemannian manifold, and let x,y € M.
Then there exist infinitely many geodesics from x to y. That is, exp, {y} is an
infinite subset of T, M.

For a,b > 0, we let I, denote the open interval (—a,a) C R, and we let By, denote
the open ball {w € R""! : |w| < b}, where n is the dimension of the manifold M
under consideration.

Definition 2.2. If (M, g) is a closed Riemannian manifold of dimension n > 2, and
a,b> 0, let F(a,b,g) ={f € C®°(I, x By, M) | f satisfies (i),(ii),(iii) below}.
(i) The map f is a C*°-diffeomorphism onto its image.
(ii) For all p € By, , the map t — f(t,p) , for t € I,, is a geodesic (for the metric
9)-
(iii) For all t € I,, the (n — 1)-dimensional submanifold {f(¢t,p) : p € By} is
perpendicular (in the metric g) to all the geodesics in (ii).
That is, each element of F(a, b, g) is a C* coordinate chart that is foliated by geodesics
and is also foliated by codimension one submanifolds perpendicular to the geodesics.
We endow F(a,b, g) with the relative topology induced from the C'*° compact-open
topology on C*°(I, x By, M).

The following lemma allows us to “merge” two foliations by geodesics for a Rie-
mannian metric g into a new foliation by geodesics for a small perturbation of g,
provided the two original foliations are C'°*°-close.

Lemma 2.3. Let (M, g) be a closed C*° Riemannian manifold of dimension n > 2,
and let G be the set of C* Riemannian metrics on M. Suppose N is an open
neighborhood of g in G with the C* topology. Let a,b > 0, and let F(a,b,g) be as in
Definition 2.2. Suppose fo € F(a,b,g).
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Then there exists an open neighborhood Fo C F(a,b,g) of fo such that for all
f1, fo € Fo, there exists g € N such that the following conditions are satisfied.

(1) g agrees with g on the complement of fi(1a/2 X By2) N fa(lq/2 X Byy2).
(2) There is a family of g-geodesics vp = I, — fi1(Iy X Bp) U fa(Ils X By), for
P € By4, such that

) fit,p), ifte(—a,—a/4);
wlt) = {fQ(t,p), ift € (a/4,a).

(3) If f1(t,0) = f2(t,0) for allt € I, then vo(t) = f1(t,0). This implies that the
map t — f1(¢,0) fort € I, is a geodesic for g as well.

geodesic foliation given by fi

—————————— geodesic foliation given by fo
foliation by a family of geodesics for g
Figure 1. Merging of the geodesic foliations given by f1 and fo

into a new foliation by geodesics for g, as in Lemma 2.3.

Proof. Let (a;)o<i<s and (bj)o<;<5 be strictly decreasing sequences of positive num-
bers, where a9 = a,a3 = a/2,a5 = a/4,by = b,by = b/2, and bs = b/4. Let
Rij = I, x By, for 0<i,j <5.

Let A : R — [0,1] be a C* function such that

0, ift<—as;
My=4, oo
1, ift > as,

and let H : M — [0, 1] be a C* function such that

H(z) = 0, ifxe M\ fo(Rs3);
1, ifz € fo(Raa)

Given fy € F(a,b,g), the required open neighborhood Fy will be chosen so that
functions fi, fo € Fop satisfy the properties given below. We begin by requiring f1, fo
to be sufficiently close to fy in the C° topology so that

(2.1) Ja(Riv1j41) € fi(Rij) and fi(Rit1j41) € fa(Ri ), for 0 <i4,j < 4.
We define ¢ : Ry 1 — Roo by
o(t,p) = (1 — h(t))(t,p) + h(t)(f; " o f2(t, P))
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for (t,p) € m, where ‘+’ denotes the usual vector addition in R™. We have ¢(t,p) €
Ry, , because fitofa(Rig) C Ry, (by (2.1)), and ¢(¢,p) is a convex combination
of ffl o fo(t,p) and (t,p).

Next we consider f = fio¢: Ri1 — fi(Roo). If fi and f are close to fy in
C>(Rp 0, M), then ¢ is close to the inclusion map Ry 1 — Roo in C*(R11, Ro,),
and f is close to fo in C>®(Ry1,M). We require f; and fs to be sufficiently close to
fo in C*°(Ro,0, M) so that the following four conditions are satisfied:

(2.2) f:Ri1 — M is a diffecomorphism onto its image,

(2.3) F(Rix1j11) € fo(Rij) N f1(Rij) N fa(Ri ), for 0 <, j <4,
(2.4) fo(Rz3) C f(Rsz), and

(2.5) (f1((=a1, —as] x By,) U fa([as,ar) x By,)) N f(Rs,2) = 0.

For (t,p) = (t,p1,...,Pn—1) € Ra2, we define a Riemannian metric § at f(t,p) e
f(Rz2) by

(of of\ _
(of of \ _
(2 7) g <8t78k> = 07 and

S(of of\ _ - of Ofi ofs Ofs
g <3pk’ 3]31) = 1= hlg (8pk’ 5271) Al (3271@7 3]91) ’
for1 <k, l<n-—1.

We know that, for ¢ = 0, 1, 2, the original metric g satisfies

of. 0f:\
9(&’&)—Lwd

ofi 0f;
I\ ot apy

>O, fork=1,...,n—1,

in the region f;(Roo)-
We define the required Riemannian metric as
g=Hj+(1-H)g,
where we interpret Hg to be 0 when H = 0.
If (t,p) € [~a1, —as] x By,, then h(t) = 0 and ¢(t,p) = (t,p); if (¢, p) € [as,a1] ¥
By, , then h(t) =1 and ¢(t,p) = fi ' o fo(t, p). Thus
A t if (¢ —ay, — By, ;
(28) f(t,p): fl(vp)’ 1 (,p)E[ ai, 0’5]X b1
fQ(tap)7 if (ta p) € [a5,a1] X Bbl'
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Therefore § agrees with g on f(Rg’g\R&g). If f1 and f3 are close to fo in C*° (R0, M),
then ¢ is C™-close to g on f(Ra2) 2 fo(Rs3). Since § =g on M \ fo(Rs3), we may
choose Fy sufficiently small so that g € N for fi, fo € Fo.

To summarize, we have chosen Fy sufficiently small so that if fi, fo € Fp, then
(2.1),(2.2),(2.3),(2.4), and (2.5) hold, and g € NV.

Now we verify that (1), (2), and (3) hold.

The region where ¢ is defined and not equal to g is contained in f (Rs5,2), which
is a subset of f1(R31) N f2(Rs,1), by (2.3). Therefore g = g on the complement of
f1 (R371) n fg(R371), which is conclusion (1)

Since H =1 on fo(Ra4) 2 f(Rs5), we have j = g on f(Rs5). For each p € By,,
we define a curve 7y, : [, — M as

filt,p), ifte (—a,—aszl;
VP(t) = f(ta p)’ ifte (7@2, a2);
f2(tap)a ifte [G’Qaa)'

It follows from (2.8) that these curves are smooth. Moreover, these curves are g-
geodesics, because § = g on fi((—a, —as]x By, )U fa([az, a) X By,) (by (2.5)), § =9 = g
on f((Iaz \Ills) x Bbs) = fl([_CLQv —Cl5] X Bbs) U fQ([a57a2] X Bbs)a g=gon f(R575),
and the curves ¢ — f(t,p) are g-geodesics for all p € By, (by (2.6) and (2.7)). This
proves conclusion (2). If fi(¢,0) = f2(¢,0) for t € I,, then ¢(¢,0) = (¢,0) and
f(t,0) = fi(t,0) for t € I,,. Therefore the g-geodesic o is the same as t — fi(¢,0),
which establishes (3).

U

We now define a notion of merging for two geodesics. This will be used in Lemma 2.6
below.

v(s2) = 72( 2)

Figure 2. Merging of v; into v, within U, as in Definition 2.4.

Definition 2.4. Let M be a C*°-manifold, and let g, g be Riemannian metrics on M.
Suppose U is an open set in M, g € R, and ~; : [f4, §;] — M, i = 1,2, are g-geodesics
such that

(29) {t < [fz,él] : ’)’Z(t) € U} = (7"2',81'), where 7; < r; <tg < 8; < §;.
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We say that a g-geodesic v : [, 2] — M, merges 1 into 2 within U if there exist
7,8 such that 1 <7 <ty < § < sq, v((7,8)) C U, v(t) = n(¢t) for #y <t < 7, and
Y(t) = y2(t) for § <t < §s.

In Lemma 2.6, it will be convenient to assume that the set within which the merging
occurs is convex (as defined below). Definition 2.5 is stronger than the usual definition
of convexity, but it follows from Theorem 3.7 and Proposition 4.2 in Chapter 3 of [7]
that every point has an open neighborhood U that satisfies Definition 2.5.

Definition 2.5. Let (M, g) be a closed C*° Riemannian manifold. We call a subset
U of M convez if the following holds: for all z,y € U, there is a unique geodesic from
x to y whose image is contained in U, and this geodesic is length-minimizing in M.

If U is a convex (with respect to a given metric g) open set in M, to € R, and
Yo : (—00,00) — M is a g-geodesic with yo(tp) € U, then there exist 7, o, 1o, So such
that (2.9) is satisfied for i« = 0. Moreover, 7y and $y can be chosen so that rg —7g > R
and §9 — sg > R, where R is the injectivity radius of M. That is, every geodesic that
starts in U must leave U (in forward and backward time) and must stay outside U
for a time interval of length at least R. Another useful consequence of Definition 2.5
is that if V and U are convex sets and V' C U, then any geodesic that starts inside
V' and then leaves V| cannot return to V before it leaves U. This implies that if two
geodesics ; : [f4, 8] — M, i = 1,2, that satisfy (2.9) with v;(to) € V are merged
within V by a g-geodesic v, where § agrees with g on M\ V', then they are also merged
within U.

The following lemma allows us to merge two geodesics according to Definition 2.4.
K. Burns and G. Paternain have a similar result in the 2-dimensional case [6]. We also
note that Lemma 2 from D. Anosov’s proof of the bumpy metric theorem [1], plus the
observation in [10] that Anosov’s proof does not require his stated assumption that
the geodesic in his Lemma 2 is closed, can be used to give an alternate proof of our
Lemma 2.6.

Lemma 2.6. Let (M, g) be a closed C* Riemannian manifold of dimension n > 2,
and let N be an open neighborhood of g in the C* topology. Suppose U is a convex
(with respect to g) open set in M and (xg,vo) € T*U. Then there exists an open
neighborhood V of (zo,vo) in TIU such that for any (z;,v;) € V, i = 1,2, if v; :
[Fi, 8] — M are g-geodesics that satisfy (2.9) and (vi(to),vi(t0)) = (zi,vs), fori =
1,2, then there exists § € N which agrees with g on M \ U, and a §-geodesic ~y that
merges 1 into vy within U.

Proof. Let 7o : [fo,80] — M be a g-geodesic such that (yo(to), v (to)) = (zo,vo) and
(2.9) is satisfied for 7 = 0 and some choice of 7, sg. By replacing U by a smaller convex
open neighborhood of z, if necessary, we may assume there exist C'">° orthonormal
vector fields Ej,...,E, on U such that E,(y(t)) = v,(t) for all ¢ € (rg,s0). We
may assume that to = 0. Choose T such that 0 < T < |rg| and &y := vo(—T) is not
conjugate to xg along vo|[-T,0]. For u € U and z = (21, ...,2,) € R™, let

(2.10) O(u,z) := 21 B (u) + - - + 2, B, (u) € T, U.
Define ¢ : {p = (p1,...pn—1) ER" L :|p| <1} = {w e R": |w| =1} by
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(2.11) ) =1, Pu1, 1 — (3 4+ +p2_)V?).

Since Zy and xo are not conjugate along vo|[—T, 0] , there exist a,b > 0 such that the
map

fo(t, p) := expz, (®(Zo, (t + T)e(P))),
defined for (t,p) € Iz x By, is a C*° diffeomorphism onto its image, and its image is
contained in U. Note that fy(0,0) = zo. Moreover, there exist a,b with 0 < a < a,
0 < b < b, an open neighborhood A of Id in SO(n), and an open neighborhood U of
Zo in U such that for z € U and A € A, the map

f(t,p) := expz (O(Z, (T + T)A(e(p)))),

defined for (¢,p) € I, x By is a C*° diffeomorphism onto its image, and its image is
in U. Now choose V to be an open neighborhood of (z¢,v) in T*U such that for
each (x,v) € V, the geodesic 4 with (5(0),7'(0)) = (z,v) satisfies & := 3(~T) € U
and there exists A € A with ®(Z, A(¢(0))) = 7' (=T). We also require V to be small
enough so that & is sufficiently close to Zy and A can be chosen sufficiently close to
Id, so that f is in the neighborhood Fy of fp given in Lemma 2.3. (The condition
(iii) in Definition 2.2 for fy, as well as f1, fo defined below, follows from the Gauss
Lemma.)

Let (x;,v;) € V, i = 1,2, and suppose =; : [fi,8] — M, i = 1,2, are g-geodesics
such that (2.9) is satisfied and (;(0),7.(0)) = (z;,v;). Let r4,s;, = 1,2, be as in
(2.9). For i = 1,2, define

fi(t,p) == exp; (B(Zs, (t + T) Ai(0(p)))),
for (t,p) € I, X By, where Z; := ~;(—T), and A; € A is such that ®(z;, A;(¢(0))) =
vi(=T). Then f;(t,0) = ~;(t) for t € I,. From Lemma 2.3, we obtain § € A which
agrees with g on M \ U so that conclusion (2) of Lemma 2.3 holds. Finally, we define
the required g-geodesic v : [f1, 82] — M as

m(t), ifte[f,—al;
’Y(t) = 70(75)’ ift € (—CL, Cl);
’72(t)7 lf t S [a, §2],

where 7 is as in Lemma 2.3(2). O

Lemma 2.7 below allows us to destroy conjugate points along a geodesic by mak-
ing a small perturbation of the metric. A two-dimensional version of this lemma is
contained in [6].

Lemma 2.7. Let (M, g) be a closed C*° Riemannian manifold of dimension n > 2,
and let N' be an open neighborhood of g in the C* topology. Let x,y € M and
suppose v : [0, L] — M is a g-geodesic from x toy. Let 0 =ty <t < --- <ty =1L,
where £ > 1, and define z, := ~y(tx) for k = 0,...,¢. Suppose so € (t;,tjy1) for
some j € {0,...,£ — 1} and ug := v(so) is not a self-intersection point of v (i.e.,
uo € v([0, L]\ {s0})). Let Uy be an open neighborhood of ug. Then there exists g € N
that agrees with g on M \ Uy such that the following conditions hold:

(1) ~ is also a unit speed geodesic for g.
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(2) If k1 and ko are integers such that 0 < k1 < j and j+1 < ko < £, then zy, is
not conjugate to zi, along y|[tk,,tk,] in the § metric.

Proof. It suffices to prove the lemma for the case £ = 1 and 0 = tg < sp < t1 =
L, because we can then obtain (2) in the general case through a finite sequence of
perturbations of the metric (within N') corresponding to each possible pair (k1, ko)
with 0 < k1 < jand j+1 < ko < /4. Each successive perturbation adds one more pair
(k1, ko) such that zp, is not conjugate to zy, along 7|[tk, , tk,], and the perturbations
can be taken small so that no new conjugacies are introduced between such pairs of
points.

We now assume £ = 1 and 0 = ¢y < so < t1 = L . By perturbing s¢ slightly, if
necessary, we may assume that z is not conjugate to ug along 7|[0, sp]. We may also
assume that the open neighborhood Uy of ug is chosen so that {¢ € [0,L] : v(¢) €
Uo} = (so — 1,80 + 1) for some i with 0 < n < min(sg, L — sp). Let U be an open
neighborhood of z disjoint from Uy. Suppose 7 € (0,s0 — n) is such that ~|[0, 7] is
one-to-one, and whenever 0 < ¢ < 7, x is not conjugate to y(t) along v|[0,¢], and
~(t) is not conjugate to y along ~|[t, L]. Let Ey,...,E, be C* vector fields along
/[0, 7] with 4/(¢) = E,,(y(t)) for ¢t € [0, 7]. Let ® and ¢ be as in (2.10) and (2.11) for
u € ([0, 7]). Since z is not conjugate to uy along ~|[0, s, there exist a,b > 0 such
that the map

fl (ta p) = eXpac,g((I)(xv (t + 80)()0(13))3
defined for (t,p) € Iz x By, is a C*° diffeomorphism onto its image, and its image is
in Up. (The ‘g’ in the subscript indicates we are referring to the exponential map for
the metric g. ) There exist a, b,g with0<a<a,0<b< 5, 0<d< T, such that the
map
f2(t7 p) = expi,g(q)(‘i? (t + S0 — 5)‘)0(1)))7

defined for (t,p) € I, x By is a C*° diffeomorphism onto its image, and its image is
in Uy for any & := ~(J) with 0 < § < 5. Let fo be the restriction of f; to I, x By,
and let Fy be as in Lemma 2.3. We choose § sufficiently small so that fo € Fj. Since
Jilay2 X Byj2) N fo(Ia/2 X By)2) is a subset of Up, Lemma 2.3 implies that there is
a g € N which agrees with g on M \ Uy and Lemma 2.3(2) holds with § replaced by
§. We also obtain Lemma 2.3(3) with g replaced by g, because f1(t,0) = f2(t, 0) for
t € I,. Therefore v is also a geodesic for g. For p € By4, let yp be as in Lemma
2.3(2) and define oy, : [0, L] — M by

exp, o(®(z, teo(p)), ift €10,s0 —al;
(2.12) op(t) == ¢ p(t — s0), ift € (so —a,s0+ a);

expi’g(q)(ir, (t—0)p(p)), ift e [so+a,lL].
Then op is a g-geodesic that merges, within Uy, a g-geodesic originating at x with
initial velocity ®(x,p(p)) into a g-geodesic that is at & with velocity ®(Z, ¢(p)) at
time 4. Thus, for p € By 4,
(2.13) exp, ;(®(z,1p(p))) = exp; ,(2(x, (t — 0)p(p))

for s9 +a <t < L. Since 7 is not conjugate to y along 7|[d, L] in the metric g, exp; ,
is locally a diffeomorphism near (L — §)7'(d). By (2.13), this implies that exp, ; is
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locally a diffeomorphism near L+/(0). Therefore x is not conjugate to y along v in
the § metric. O

A geodesic lasso is defined to be a closed curve v : [0, L] — M which is a geodesic,
but 7'(0) # +'(L). The following Lemma 2.8 allows us to perturb a geodesic so that
it avoids a finite set of points on M, and it also allows us to change a closed geodesic
to a geodesic lasso.

Lemma 2.8. Let (M, g) be a closed C* Riemannian manifold of dimension at least
two, and let N be an open neighborhood of g in the C*® topology. Let v,y € M and
suppose v : [0,L] — M is a g-geodesic from x to y. Let Z be a finite set of points
in M such that x,y € Z. Let {t € [0,L] : v(t) € Z} = {tx : k = 0,...,L}, where
0=ty <---<tg=1L, ¢ >1, and define z := y(tx), for k =0,...L. Assume that

(i) = is not conjugate to zi along v|[0,tx], for k=1,... L.

(ii) 2z is not conjugate to y along vy|[tg, L], for k=10,...,¢— 1.
Suppose sg € (0,L), ug := y(so) is not a self-intersection point of v, and ug ¢ Z. Let
Uy be an open neighborhood of ug. Then there exist open neighborhoods W1 and Wy of
v'(0) and v/ (L) in Ty M and T, M , respectively, such that for any wi € Wi\ {v'(0)}
and any we € Wa\{Y'(L)}, there exists g € N that agrees with g on M \ Uy and a g-
geodesic 7 : [0, L] — M from x toy such that 7'(0) = wy, ' (L) = we, ¥((0,L))NZ =
0, and x is not conjugate to y along 7 for g.

Proof. We may assume that Z C ([0, L]). By replacing Uy by a smaller open neigh-
borhood of ug if necessary, we may assume that Uy is convex for g, Uy N Z = (), and
{t €]0,L] : v(t) € Up} = (so — 7, s0 + 1), for some n > 0.

Since x is not conjugate to z; along /[0, %] for k =1,...,¢, and exp, , is locally a
diffeomorphism near 0 € T,, M, there exist open neighborhoods V}, of txy/(0) in T, M,
for k =0,...,¢, such that the maps exp, , : Vx — M are diffeomorphisms onto their
images. Also,

(2.14) ZN expw)g({t'y/(O) :te 0, L)\ (Vou---UVp)) =0,

because (exp 5, Z) N{ty'(0) : t € [0, L]} = {to7'(0),...,t7'(0)}. By the continuity of
exp, ,, we can choose W sufficiently small so that (2.14) still holds for « replaced by
any g-geodesic 71 : [0, L] — M with v1(0) = 2 and 1 (0) € W7. If 4(0) € W1 \{~'(0)},
then {ty1(0) : t € (0, L]} N (Vo U---UV,) does not contain any of t5y'(0), k =0,...,¢.
Thus, (2.14) for v, implies that v1((0, L])NZ = . Similarly, if W5 is sufficiently small,
then for any g-geodesic 73 : [0, L] — M with vo(L) = y and v4(L) € Wa \ 7/(L) , we
have 2([0, L)) N Z = 0.

Let vo = 7/(s0) and let V be an open neighborhood of (ug, vg) in T Uy satisfying the
conclusion of Lemma 2.6 (with U replaced by Uy and z replaced by ug). In addition to
the requirements of the preceding paragraph, we require W7 and Ws to be sufficiently
small so that if v; : [0,L] — M, i = 1,2, are such that v1(0) = z, v1(0) € Wx,
Y2 (L) =y, and v45(L) € Ws, then there exist r;,s; with 0 < r7; < sg < s; < L, such
that {t € [0, L] : v (t) € Up} = (i, s;) and (v:(s0),vi(s0)) € V.

Suppose wy € Wi \ {7/(0)} and we € Wy \ {7/ (L)}, and let ; : [0,L] — M,
i = 1,2, be g-geodesics such that v1(0) = z, 71(0) = wy, y2(L) = y, and v4(L) = ws.
By Lemma 2.6, there exists a metric § € N that agrees with g on M \ Up and a
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g-geodesic v : [0, L] — M that merges 7 into 5 within Up. Since Uy N Z = () and
(0, L) NZ =0 = ~((0,L)) N Z, we have ¥((0,L)) N Z = (). By Lemma 2.7 we
can make a small additional perturbation of the metric g within Uy, if necessary, to
arrange for x and y to not be conjugate along 7. [l

The following lemma will be used to obtain strong insecurity in Theorem 1.1 in
the case of a manifold of dimension at least three.

Lemma 2.9. Let (M, g) be a closed C* Riemannian manifold of dimension at least
three, and let N be an open neighborhood of g in the C* topology. Let x,y € M and
suppose v : [0, L] — M is a g-geodesic from x to y. Let Z be the union of the images
of finitely many C* curves from compact intervals to M such that x,y € Z. Suppose
that {t € [0,L] : v(t) € Z} is finite. Define £ , t, and z as in Lemma 2.8, and
assume (i) and (ii) from Lemma 2.8. Assume that there exist points in the image of
~ that are not self-intersection points of v. Then there exist open neighborhoods W1
and Wy of v'(0) and /(L) in TLM and TylM, respectively, and dense open subsets
W; of Wy, i = 1,2, such that for any w; € W;, there exist § € N that agrees with g
on an open set containing Z, and a g—geodesic % : [0, L] — M from x to y such that
A(0) = wy, ¥ (L) = wa, ¥((0,L)) N Z =0, and = is not conjugate to y along ¥ for §.
In addition, g and 4 may be chosen such that the following two conditions hold.

(1) If  # y, then 4 has no self-intersection points.
(2) If x =y, then x ¢ 4((0, L)), and 4 has no self-intersection points except .

Proof. The proof is similar to the proof of Lemma 2.8. We indicate the modifications
that are needed. As in the proof of Lemma 2.8, & not being conjugate to y can
be arranged at the end. Thus it is enough to obtain 4 and ¢ satisfying the other
conditions in the conclusion of the present lemma.

We no longer assume that Z C ([0, L]). We choose sg, ug, and Uy and Vj, k =
0,...4, as in Lemma 2.8 and its proof. We also require the closure of Uy to be disjoint
from Z. We again have (2.14) and we can choose an open neighborhood W; of v/(0)
in T' M sufficiently small so that (2.14) still holds for v replaced by any g-geodesic
v ¢ [0,L] — M with 7,(0) = z and +,(0) € Wi. Now let Z = {w; € Wy : w; =
v/||v]|, for v € (exp;’}JZ) N(VoU---UVp)} and let W =W \Z (Here || - || denotes
the norm with respect to the metric g.) Then Z is relatively closed in Wy, and
Z is the union of at most countably many C' curves. Since T}M is at least two
dimensional, W is dense in Wy. If v1 : [0, L] — M is a g-geodesic with ~}(0) € Wy,
then ~v1((0,L]) N Z = (. Similarly, there is an open neighbhorhood W5 of +/(L) in
TylM and a dense open subset Wy of W5 such that for any g-geodesic vz : [0, L] — M
with 42 (L) = y and ~4(L) € Wa, we have 7,([0, L)) N Z = (.

We now apply Lemma 2.6 as in the third and fourth paragraphs in the proof of
Lemma 2.8 , except we take w; € W;, i = 1,2, instead of w; € W, \ {7/ (0)} and
wy € Wa \ ¥/(L). As in the proof of Lemma 2.8, we obtain a metric § € N that
agrees with g on M \ Uy and a g—geodesic 4 : [0,L] — M from z to y such that
5((0, L)) N Z = 0.

Since z,y € Z, 7((0, L)) N{z,y} = 0. Thus the set S of self-intersection points of
is finite. We will modify 4 to eliminate self-intersection points. If {s € (0, L) : 4(s) €
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S} =0, then either S = {z} (in the case x = y) or S = () (in the case x # y), and
in both of these cases, 7 already satisfies the conditions required of 4. Hence we may
assume {s € (0,L) : Y(s) e S} ={sx : k=1,....,m}, where 0 < 51 < --- < 8, < L
and m > 1. Choose §;, i = 1,2, such that 0 < §; < 51 < §3 < sg and 4(§1) is not
g-conjugate to 7(52) along 7|[51, 52]. We will show that there exist a metric §g; € N
that agrees with g on an open set containing Z and a g;-geodesic 47 : [0, L] — M
from x to y such that 4; agrees with 4 on [0,€¢] U [L — €, L], for some positive e,
41 ((0,L)) N Z =, and we have

(2.15) {s € (0,L):41(s) is a self-intersection point of 41 on [0, L]} C {s2,...,8m}.

By applying this procedure at most m times, we obtain a metric § € A that agrees
with g on an open set containing Z and a g-geodesic 4 from x to y satisfying all of
the conditions in the lemma.

For i = 1,2, let U; be an open neighborhood of %(3;) whose closure does not
intersect Z. Since 4(51) and 4(82) are not self-intersection points of 4, we may assume
that Uy and Us are chosen so that {s € [0,L] : (s) € U;} = (8; — 74,8 + n;), for
some 7;,m; > 0, where {0,51,82,...,8m, L} N (8; — 75,8 +mn;) = 0 for i = 1,2. We
also choose a point @y € ((51, 1)) and a convex open neighborhood Up of o whose
closure does not intersect Z U#([0, 51] U [32, L]). We may assume that Uy, U, and U,
are pairwise disjoint.

By applying the same procedure as in the above construction of 4, we can find a
metric o € A that agrees with § outside Uy, and a jo-geodesic o : [31, 2] — M from
7(81) to ¥(82) such that o((51, $2)) NF([0, 51]U[S2, L]) = 0. Moreover, go and o can be
chosen so that o is as close as we like to 7|[31, 2] in the C° topology. In particular,
we may assume that o([51,52]) N Z = (). We then use Lemma 2.6 to smooth out the
broken geodesic that is equal to 4 on [0, §1] U [S2, L] and is equal o on [31, $2]. That
is, we merge 7y into o within U;, and we merge o back into 4 within Us, letting #o
in Definition 2.4 be §; and 3§, respectively. The merging procedure results in a new
metric §; € N that agrees with go on M \ (U; UUs) (and therefore agrees with g on
M\ (Ug UUy UU, UUy)), and a §;-geodesic 41 : [0, L] — M such that 4, agrees with
4 on [0,€] U[L — ¢, L], for some positive €, and 41 ((0, L)) N Z = @. It follows from the
proof of Lemma 2.6 that 4; can be constructed so that it has no self-intersections in
Uy UUs. Thus (2.15) holds. O

3. Proof of Theorem 1.1

We now use the results of Section 2 to prove Theorem 1.1. The notation tr(y) will
mean the trace of a curve v: I — M, i.e., tr(vy) = {v(t) : t € I'}.

Proof. Let (x,y,9) € M x M x G, and let n € N. We consider the statement
S(z,y,n,qg) : there exist g-geodesics 7; : [0,L;] — M from z to y, i = 1,...,n,
which satisfy the following four properties:

(i) If  # y, then the tangent vectors

71(0),75(0), - ., 77,(0)

at x are pairwise linearly independent, and the tangent vectors

’yi(Ll)?’}é(LQ)v cee 7’77/1(Ln)
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at y are pairwise linearly independent. If x = y, then the tangent vectors

'71(0)771(111)’75(0)7Vé(LQ)v s ”Y’;L(O)”Y’:I(Ln)

are pairwise linearly independent. Thus we cannot join 7; to y; smoothly at
x or at y, for any i,j € {1,...,n}.

(i) For each i = 1,...,n, we have v;((0, L;)) N {x,y} = 0. That is, 7; meets z
and y only at its endpoints.

(iii) Any three of 71,...,7, are concurrent only at z and at y.
(iv) The point z is not conjugate to y in the metric g along ~;|[0, L;], for ¢ =
1 n.

geeey

We define H,,(z,y) := {g € G : S(z,y,n,g) is satisfied}. We make the following
claim:

Claim 3.1. (a) Hy(z,y) is C-dense in G and (b) there is a C'-open neighborhood
Gn(z,y) of Hy(x,y) in G such that parts (i), (ii), and (iii) of S(z,y,n, g) are satisfied
for all g € G, (z,y).

Claim 3.1 implies that the set () G, (z, y) is the intersection of a countable collection
of sets that are C'* open and C* dense in G. Suppose P C M \ {z,y} is a set with
m points, and g € (G, (z,y). Since g € Goppy1, we can find 2m + 1 g-geodesics that
satisfy (iii). If P were a blocking set for (x,y), then by the pigeonhole principle, at
least three of these geodesics would pass through the same point in P, which leads to
a contradiction. Hence there is no finite blocking set for (z,y), and Theorem 1.1(1)
follows from Claim 3.1.

Similarly, if we define H,, := {(x,y,9) € M x M x G : S(x,y,n,g) is satisfied} and
H, = {(z,9) e M xG : S(z,x,n,g)} is satisfied}, and we prove the following claims,
then Theorem 1.1(2),(3) will follow by considering (G, and ()G, respectively.

Claim 3.2. (a) H, is C*°-dense in M x M x G and (b) there is a C'-open neighborhood
Gn of H,, in M x M x G such that (i), (ii), and (iii) of S(x,y,n,g) are satisfied for
all (z,y,9) € Hp.

Claim 3.3. (a) H, is C*°-dense in M x G and (b) there is a C''-open neighborhood
Gn of H,, in M x G such that (i), (ii), and (iii) of S(x,z,n,g) are satisfied for all
(x,9) € Hp.

We now prove Claim 3.1(a) by mathematical induction. For n = 1, let A/ be
any non-empty C*-open set in G, and let ¢ € A. Let v : [0,L] — M be a g-
geodesic from x to y. By restricting the domain of «y, if necessary, we may assume
that v((0, L)) N{z,y} = 0. Then we let £ =1 and 0 =ty < {; = L in Lemma 2.7. By
Lemma, 2.7, there exists § € N such that + is also a unit speed geodesic for § and z is
not conjugate to y along v. If (z,~/(0)) # (y,~7' (L)), then we let g; = g, and v, = .
If (,'(0)) = (y,7'(L)), that is, v is a closed geodesic, then we apply Lemma 2.8 to
obtain g; € M and a g;-geodesic lasso vy; : [0, L] — M with 71(0) = v1(L) = z but
v1(0) # v{(L), and = ¢ ~1((0,L)). Then (i), (ii), and (iv) are satisfied, and (iii) is
vacuous. Since N is arbitrary, Hy(z,y) is C*°-dense.

Next we suppose H,—1(z,y) is C*°-dense for some n > 2, and we will prove
that H,(z,y) is C*°-dense. Let A be any non-empty C*-open set in G. There
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exist gn—1 € Hp—1(z,y) NN and g,_1-geodesics v; : [0,L;] — M from z to y,
i=1,...,n—1, so that properties (i) - (iv) are satisfied with n replaced by n — 1. By
Theorem 2.1, there exists a g,_1-geodesic 7 : [0, L] — M from x to y, distinct from
Y1y--eyYn—1- If © =y, we also require v to be distinct from —~vi,...,—y,—1, where
—~; is ; traversed in the opposite direction.

By (i) and (ii), we have tr(y) € tr(y1) U--- U tr(y,-1). However, it may happen
that tr(y) contains one (or more) of the sets tr(y1),...,tr(yn—1). If z = y, then
we can restrict the domain of ~, if necessary, so that tr(y) does not contain any
of the sets tr(y1),...,tr(yn—1). If £ # y, then we can restrict the domain of ~,
if necessary, to obtain a g,_1-geodesic from z to y such that one of the following
happens: (a) tr(+) does not contain any of the sets tr(y1),. .., tr(v,—1); (b) 7 consists
of one of 41,...,vn—1 preceded by a g,_1-geodesic from z to z; (c) 7y consists of
one of vq,...,v,—1 followed by a g,_1-geodesic from y to y. If (a) holds, then we
assume that tr(y) does not contain any of the sets tr(y1),...,tr(v,—1), and the rest
of this paragraph can be skipped. So assume that one of cases (b) or (c) hold, and
assume that the domain of  has been restricted so that cases (b) and (c) do not
hold for any further restriction to a proper closed subinterval of the domain. Let
ug € tr(y)\ [tr(y1)U- - -Utr(y,-1)] be such that ug is not a self-intersection point of ~,
and let Uy be an open neighborhood of wg such that Uy N [tr(vy1) U+« Utr(yn—1)] = 0.
By Lemma 2.7, we can make a perturbation of the g,,_1 metric within Uy such that ~
remains a geodesic, the new metric is in AV, and neither of z or y is conjugate to either
of z or y along an arc of 7. Then Lemma 2.8 applies with Z = {z,y}. Thus we may
again perturb the metric within Uy to produce a new metric § € N and a g-geodesic
4 close to v and different from ~1,...,7y,-1, such that 4 meets x and y only at its
endpoints. In particular, tr(y) does not contain any of the sets tr(y1),...,tr(vn—1).
Since Up N [tr(y1) U -+ Utr(yn—1)] = 0, 71, ..., Yn—1 remain geodesics for §.

From the preceding paragraph, we have a metric § € A and a g-geodesic 4 :
[0,L] — M from z to y such that ~1,...,7,_1 are g-geodesics and tr(%) does not
contain any of the sets tr(v1),...,tr(yn—1). Then tr(§) N [tr(y1) U- - Utr(yp-1)] is a
finite set. If n = 2, let Z = {z,y}; if n > 2, let Z be the collection of all intersection
points between the trace of any two of 41, ...,v,—1. From (i) and (ii), we know that Z
is a finite set. We also have z,y € Z. We want to perturb 4 so that it does not meet Z
except at its endpoints. Let 4~1(Z)N[0, L] = {to,...,t;}, where 0 =ty < --- < t; = L,
and denote zj := §(tx), for k = 0,...,L. Let s1 € (to,t1) , s2 € (te—1,ts), 51 < 8o,
ug = Y(s1), u2 := J(s2) be such that w1, us ¢ tr(y1) U--- Utr(y,-1) and uq, uq are
not self-intersection points of 4. We can apply Lemma 2.7 twice with sy = s; and
Up = U, for i = 1,2, where (U UUs) N [tr(y1) U -+ Utr(y,—1)] = 0. Thus we obtain
a metric g € N such that v1,...,7,_1 are g-geodesics, and conditions (i) and (ii) in
Lemma 2.8 hold for g replaced by g and v replaced by 4. Hence, by Lemma 2.8, there
is a metric § € A such that ~1,...,7,_1 are g-geodesics, and there is a g-geodesic
7 from z to y that is different from ~q,...,v,_1, and does not meet any point of Z
except at its endpoints. Moreover, by Lemma 2.8, we may choose g and 4 so that =
and y are not conjugate along 4 in the g-metric. All of the perturbations of the metric
can be done outside a neighborhood of tr(y;) U+ - U tr(y,—1). We let g, = §. Then
Yy .-y Yn—1 are gp-geodesics, and (iv) remains true for 71, ...,v,—1 with the metric
gn. Thus properties (i)-(iv) hold for 71, ...,7,, where v, = 4, and ¢ is replaced by
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gn- Since A is arbitrary, we conclude that H,(z,y) is C°°-dense. This completes the
proof of Claim 3.1(a).

Claim 3.2(a) and Claim 3.3(a) follow from Claim 3.1(a), because H,, is C°°- dense
in each fiber {(z,y)} x G, and ‘H,, is C*°-dense in each fiber {z} x G.

Next we want to prove Claim 3.1(b). Let g € H,(x,y), and suppose 71, .. .,V, are
g-geodesics that satisfy properties (i)-(iv).

For the purpose of defining C! distances on M between the given geodesics ~; and
nearby curves #;, we extend the domain of ~; to [0, L; + 1]. The distance between
tangent vectors of y; and tangent vectors of 4; will be measured with respect to the
natural metric on TM induced by g. If we consider geodesics as curves in T'M, then
they are solutions to a system of first order ordinary differential equations whose
coeflicients are continuous functions of the metric and its first derivatives. For any
€ > 0 there exists a C! neighborhood Nj of g in G and a § = §(€) > 0 such that: if
g € N7 and 7¥; is a g-geodesic with 4;(0) = ;(0) and |7/(0) — ~7/(0))| < 4, then the
C! distance on M between %[0, L; + 1] and ~;|[0, L; + 1] is less than e. We choose
€ > 0 such that if the C! distance between %;|[0, L; + 1] and ~;][0, L; + 1] is less than
€ |L; — L| < €, and %(L) =y, then conditions (i)-(iii) hold with ~; replaced by #;,
and L; replaced by L;.

By (iv), y is not g-conjugate to = along any of 71, . .., v,. We choose open neighbor-
hoods Uy, ..., U, of L17{(0),..., L7, (0) in T,,M, respectively, and an open neigh-
borhood U of y in M, so that

exp, ,: Ui = U

is a diffeomorphism, for ¢ = 1,...,n. By replacing U and U; by smaller open neigh-
horhoods, if necessary, we may assume that if 5/(0)L; € U;, then |L; — L;| < € and
31(0) = 71(0)] < 6. B

If B; C U; is an open ball centered at L;;(0) with B; C U;, then y ¢ exp, ,(0B;)
and the topological degree of exp, /[0B; is nonzero at y. Any continuous map f; :
B; — U that is sufficiently close to exp, g |B; in the C° topology also satisfies y ¢
fi(0B;) , and the topological degree of f;|0B; is nonzero at y. This implies y € f;(B;).
(See, for instance, Theorem 1.1 of [4].) Now we choose a C'-open neighborhood

Ny C N of g such that if § € Ny, then exp, - is sufficiently C%-close to exp
g g x,q x,g9

on By, i = 1,...,n, so that there exist y; € B; with exp, ;yi = y. For g € Na,
let 4;,4 = 1,...,n, be g-geodesics defined on [O,L—] such that ﬁ;(O)L = y;. Then
conditions (i)-(iii) hold for ~;, L;, g replaced by #;, L;, §, respectively. Thus there
exists a C'-open neighborhood G,, of H,, such that conditions (i)-(iii) hold for all
g€ Gn.

This finishes the proof of Claim 3.1(b), and thus the proof of Theorem 1.1(1). The
proofs of Claims 3.2(b) and 3.3(b) are similar to the proof of Claim 3.1(b), except
we do not assume that 4;(0) = 7;(0). This completes the proof of statements (1), (2),
and (3) of Theorem 1.1.

Now suppose that M has dimension at least three. We indicate the changes that
are needed in the above proof to sharpen “fails to have the finite blocking property”
to “is strongly insecure” in (1), (2), and (3). We let T'(x,y,n,g) be the statement
obtained from statement S(z,y,n,g) by replacing condition (iii) by

(iii") The sets y1((0, L1)), ... ((0, L,,)) are pairwise disjoint.
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and adding the condition

(v) Ifx # y, then ~1, ..., 7y, are non-self-intersecting; and if x = y, then vy, ..., v,
have no self-intersection points except x.

The argument proceeds as before, with T'(z,y, n, g) replacing S(x, y, n, g) throughout.
Once we obtain a metric § € N and a g-geodesic 4 : [0, L] — M from z to y such
that v1,...,7n—1 are g-geodesics and tr(§) N [tr(y1) U -+ Utr(y,—1)] is a finite set,
then we change the previous definition of Z to Z = tr(y1)U---Utr(yn—1), and apply
Lemma 2.9 instead of Lemma 2.8. O
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