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THE SUPERCRITICAL GENERALIZED KDV EQUATION:
GLOBAL WELL-POSEDNESS IN THE ENERGY SPACE AND
BELOW

Luiz G. FARAH, FELIPE LINARES, AND ADEMIR PASTOR

ABSTRACT. We consider the generalized Korteweg-de Vries (gKdV) equation dju +

O3u + pdz(uPtl) = 0, where k > 5 is an integer number and y = #1. In the fo-

cusing case (u = 1), we show that if the initial data uo belongs to H'(R) and satis-
. _ ; 1—s

fies B(uo)*s M(uo)' =%k < E(Q)*M(Q)'~*%, E(uo) > 0, and [[dzuoll % luoll 2" <

HBLQHSL’“Z 1QII5 %, where M (u) and E(u) are the mass and energy, then the correspond-

L2
ing solution is global in H!(R). Here, s = (kz—k4) and @ is the ground state solution

corresponding to the gKdV equation. In the defocusing case (un = —1), if k is even,
we prove that the Cauchy problem is globally well-posed in the Sobolev spaces H*(R),
4(k—1)
§> —=.
5k

1. Introduction

Consider the Initial Value Problem (IVP) associated with the supercritical gener-
alized Korteweg-de Vries (gKdV) equation, i.e.,

{&u + 02u+ pd,(uFt) =0, z€R, t >0,

(1.1) u(z,0) = ug(x),

where p = +1.

Local well-posedness of the Cauchy problem (1.1) (with k& > 1) has been studied
by many authors in recent years. We refer the reader to Kenig, Ponce, and Vega [17],
[18] for a complete set of sharp results.

Our main interest here is on global well-posedness. Let us briefly recall the best
results available in the literature. For k = 1 and k& = 2, global well-posedness was
established by Colliander, Keel, Staffilani, Takaoka, and Tao [6] for data, respectively,
in H*(R),s > —3/4 and H*(R),s > 1/4, and by Guo [12] for data, respectively, in
H—3/%(R) and H'/*(R). These results show to be sharp in view of the work of Kenig,
Ponce, and Vega [19] (see also [1], [4], [28]).

The case k = 3 was dealt with by Griinrock, Panthee, and Silva [10], where the
authors showed global well-posedness in H*(R),s > —1/42. It should be pointed
out that for k = 3, Tao [27] established a local existence result in H~5(R), the
critical (scale-invariant) space, therefore for small data the solutions extend globally.
For recent progress in this case we refer to Koch and Marzuola [21]. Under “sharp
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smallness condition”, the critical case £k = 4 was studied by Fonseca, Linares, and
Ponce in [9]. There it was established global well-posedness in H*(R), s > 3/4. Farah
[8] used the I-method of [6], to further lower the regularity of the initial data to
s > 3/5. Recently, Miao, Shao, Wu, and Xu [25], improved the latter result to initial
data in H*(R), s > 6/13. Their method of proof combines the I-method with a
multilinear correction analysis. For k = 4, Kenig, Ponce, and Vega [17] showed local
well-posedness for data in L? (the critical space in this case), which for small data
yield global solutions. Finally, we should mention that for & = 4, Merle [24] and
Martel and Merle [23] proved the existence of real-valued solutions of (1.1) in H'(R)
corresponding to data in ug € H'(R) with |lug|/zz > ||Q||z> that blow-up. For k > 4
it is an outstanding open problem.

As far as we are concerned, for k > 5, no global results below the energy space
are available. Not even a precise description of the conditions to obtain H' global
solutions. These facts motivate the present study.

To start with the local results, using a scaling argument let us motivate what
should be the Sobolev spaces to studying (1.1). Note if u is a solution of (1.1),
then, for any A > 0, uy(x,t) = A/Fu(Az, \3t) is also a solution with initial data
ux(z,0) = X\2/Fug(A\x). Moreover,

lux( 0l g = A2 ug | ..

Thus, for each k fixed, the scale-invariant Sobolev space is H**, s, = (k — 4)/2k.
Therefore, the natural Sobolev spaces to studying (1.1) are H®, s > s, = (k —4)/2k.
Actually, this question has already been addressed by Kenig, Ponce, and Vega [17].
More precisely, they show the following.

Theorem 1.1. Let k > 4 and s > s, = (k —4)/2k. Then for any ug € H*(R) there
exist T = T(||uo||g=) > 0 (with T(p;s) — oo as p — 0) and a unique strong solution
u(-) of the IVP (1.1) satisfying:

(1.2) w e C([-T,T] : H*(R)),
(1.3) lull s ro + [[Djullps pio < o0
(1.4) Huw”LgOL"’T + HDf;uwHLgOL?T < o0,
and
(1.5) 1D} D3 D ]| o 1 < 00
where
1 2 3 6 s — Sg
1.6 ——_ = _5_ 5 _ _
(1.6) =157 B Bk 10 5% Ve = Vr(8) 3
1 2 1 1 3 4
(1.7) —= =, — ==
Pk 5k 10 qk 10 5k

Furthermore, given T' € (0,T) there exists a neighborhood V' of ug in H*(R) such
that the map ug — G(t) from V into the class defined by (1.2)-(1.4) with T' instead
of T is smooth.
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The method to prove Theorem 1.1 combines smoothing effects and Strichartz-type
estimates together with the Banach contraction principle. As a matter of fact, the
original theorem stated in [17] differs slightly in the function spaces. Here, we will
give a skech of the proof of Theorem 1.1 in this function spaces setting.

Remark 1.2. Tt should be observed that in [17] the authors also showed a local result
for initial data in H**(R), s; as above, but T = T(ug), that is, the existence time T
depends on g itself and not on ||ugl| g+, (see also [1]) and that this is global for small
real or complex-valued data.

Once Theorem 1.1 is established, a natural question presents itself: can the real so-
lutions be extended globally-in-time? Such a question has mathematical and physical
interest and it has been widely studied in the past few years.

By observing that the flow of the gKdV equation is conserved by the quantities

(1.8) Mass = M (u(t)) = /uQ(t) dz
and
(1.9) Energy = E(u(t)) = %/(@Cu)Q(t) dx — kL—i—Q /uk+2(t) dz,

one can partially answer this question for solutions in H!(R) if the initial data is
small (see [17, Theorem 2.15]). Note that the case where p = —1 and k even is, in
some sense, special. Indeed, we have the following result.

Corollary 1.3. Let k > 4 and s > s, = (k. —4)/2k. If p = —1 and k is even, for
up € H' of arbitrary size, there exists a unique strong solution u(-) of the IVP (1.1)
satisfying

ue C(R: H' (R))NL¥(R : H'(R)).

We have two main goals in this paper. The first one is to make precise the H'-size
of the initial data to construct global H! solutions when p =1 or 4 = —1 and k odd.
The second one is to loosen the regularity requirements on the initial data which

ensure global-in-time solutions for the IVP (1.1) when p = —1 and k even. Below we
also explain why we cannot apply the same method when =1 or 4 = —1 and k odd
(see Remark 5.9).

We consider first the focusing case p = 1 or the defocusing case p = —1 with &

odd. In these cases, it is not clear how large is the size of the initial data in H' to
obtain global solutions. The next theorem shows us how small the initial data should
be.

Theorem 1.4. Let ug € H(R). Let k > 4 and sy, = (k — 4)/2k. Suppose that

(1.10) B(u)*™ M (ug)' = < BE(Q)™M(Q)' ™™, E(ug) > 0.
If
(1.11) 19201 72 lluoll 2™ < 10:QUF Q1 =™

then for any t as long as the solution exists,

(1.12) 10zu()lI75 luoll 2™ = ll0su@) |7 lu®) 2™ < 10:Ql 7 1QIIL=*,
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where Q is unique positive even solution of the elliptic equation

AQ-Q+ Q! =0.

This in turn implies that H' solutions exist globally in time.

To prove Theorem 1.4, we follow closely the arguments in Holmer and Roudenko
[13], which were inspired by those introduced by Kenig and Merle [15].

Next we consider the defocusing case p = —1 with k£ even. Our main result is the
following.

Theorem 1.5. Let u = —1 and assume that k is even. Let ug € H*(R),s > %,
Then, the local solution in Theorem 1.1 can be extended to any time interval. More-
over, for all T > 0, the solution satisfies

(44/k)(1—s)
(1.13) sup {||u(t)||?{} < C(1 4+ T)5s-40-17k +
te[0,T)

where the constant C depends only on s and ||uo|| =
Remark 1.6. Note that when k = 4 we recover the result proved in Farah [8].

Here we use the approach introduced by Colliander, Keel, Staffilani, Takaoka and
Tao in [5], the so-called I-method. We also explain why the refined approach intro-
duced by the same authors in [6] cannot be used to improve our global result stated
in Theorem 1.5 (see Remark 5.2).

Note that when ug € H*(R) with s < 1 in (1.1), the energy (1.9) could be infinite,
and so the conservation law (1.9) is meaningless. To overcome this difficulty, by
following the I-method scheme, we introduce a modified energy functional which
is also defined for less regular functions. Unfortunately, this new functional is not
strictly conserved, but we can show that it is almost conserved in time. When one
is able to control its growth in time explicitly, this allows to iterate a modified local
existence theorem to continue the solution to any time 7.

The plan of this paper is as follows. In the next section we introduce some notation
and preliminaries. In Section 3 we prove Theorem 1.1. Next, in Section 4, we show
Theorem 1.4. The result of global well-posedness in Theorem 1.5 is proved in Section
5.

2. Notation and Preliminaries

Let us start this section by introducing the notation used throughout the paper.
We use ¢ to denote various constants that may vary line by line. Given any positive
numbers a and b, the notation a < b means that there exists a positive constant ¢
such that a < ¢b. Also, we denote a ~ b when, a < b and b < a. We use a+ and a—
to denote a + € and a — €, respectively, for arbitrarily small € > 0.

We use || - ||z» to denote the LP(R) norm. If necessary, we use subscript to inform
which variable we are concerned with. The mixed norm LIL” of f = f(z,t) is defined

as 1/
q
sz = ([ hreona)

with the usual modifications when ¢ = co or 7 = co. The L. L] norm is similarly
defined.
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We define the spatial Fourier transform of f(x) by

f(g) :/Re_mgf(sc)dx

and the space-time Fourier transform of u(z,t) by

u(g,7) :/R/Re*i(a”&”)u(x,t)dtdx.

Note that the derivative d, is conjugated to multiplication by i€ by the Fourier trans-
form.

The set of Schwartz functions is represented by S(R). We shall also define D* and
J*® to be, respectively, the Fourier multipliers with symbols €| and (£)* = (1 + |£])*.
Thus, the norm in the Sobolev space H*(R) is given by

e = 175 Fllez = I166)° Fll 2.
We also define the spaces X (R x R) on R x R through the norm
1Flx, o mxr) = (7 = €3)(€) " Fll Lz -

These spaces were introduced in the study of nonlinear dispersive wave problems by
Bourgain [2].
For any interval I, we define the localized X (I x R) spaces by

lullx, ,(rxr) = inf{HwHXs,b(RxR) cw(t) = u(t) on I} .

We often abbreviate ||u| x,, and ||u||X1b7 respectively, for ||u|x, rxr)and [lul|x, 1xr)-

Let us introduce now some useful lemmas and inequalities. In what follows, U(t)
denotes the group associated with the linear KdV equation, that is, for any ug, U (t)ug
is the solution of the linear problem

Bu= R, teR
(2.14) {&u—i—@mu 0, zeR, teR,

u(xz,0) = up(x).

We begin by recalling the results necessary to prove Theorem 1.1 and some linear
estimates in Bourgain’s spaces which will be needed later.

Lemma 2.1. Let p,q, and o be such that
1 1 1 2 1

1
2.15 -+ —=-, a=-—-, 1<p,g<o0, ——<a<l
(2.15) P 2q¢ 4 q p 4
Then
(2.16) DU (t)uoll Lz e < llwollzz -

In particular, for (p,q,a) = (2,00,1), the dual version of (2.16) reads as follows:
t
Jo: [ Ut~ )90t |12 5 ol s
0

Proof. See [20, Proposition 2.1]. O
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Lemma 2.2. Let p;,q;, oy, i = 1,2, satisfy the relations in (2.15). Then

t
1Dz [ U= OO0 gpr 1Dyt
where phy and ¢4 are the Holder conjugate of pa and qo Tespectively.
Proof. See [20, Proposition 2.2]. O
Lemma 2.3. If g € §(R?), then

)

”g”Lik“Lfk” S HD?’“D?’CQ

LYk LT
where ag, Br, pr, and g are defined as in (1.6)-(1.7).
Proof. See [17, Lemma 3.15]. O

Lemma 2.4. Let s, ay, Bk, pr, and q; be as in Theorem 1.1. Let a« >0, >0, and
ug € 8(R). Then

HD;‘D{’“ngkaU(t)uo’

< D2+ D3,

LEkLik ™
Proof. See [17, Lemmas 3.14 and 3.16]. O

Lemma 2.5. Let s > si. Let pr and qx be as in Theorem 1.1. The following estimate
is fulfilled

k
D540y 5 |50, DR
50 |k
+ HngDtku’ oo lll ks iz | DSOS e 2.
L2k LS oLy
Proof. See proof of Proposition 6.1 in [17]. O

Lemma 2.6. Let 0 < a < 1 and p,p1,p2,q,q1,92 € (1,00) with % = p% + p% and
1_ 1 1
E = qT + q? Then,

(i)

||D$(fg) - fDgg— ngfHL’;LqT < HDgf”L?;ng} ||g||L§_i2LqT2-
The same still holds if p =1 and g = 2.
(ii)
IDZF(Fllczre < NDg flle g [1F (£)ll ez a2
Proof. See [17, Theorems A.6, A.8, and A.13].
O

Next, we introduce some inequalities to prove a variant of Theorem 1.1. These
tools will be used in Section 5.

Lemma 2.7 (Strichartz estimates). The following inequalities hold.
(i)

(2.17) lullx, 5,y S llullpsras proros,

where a + 4+ = a + 2¢ for sufficiently small € > 0.
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(i)

(2.18) lullzy, < llullx

@t a(p), i+’

1 -8
where p > 8 and a(p) = <2—|—> (pp)

Remark 2.8. Note that the numbers ¢ > 0 that appear implicitly in the fractions
1/2 4+ 4+, 5/4+ or 10/9+ can be chosen arbitrarily.

Proof. Recall the Strichartz estimates (see [16])
(2.19) lullzs, < lullx, .
and
||U||L3Lg0 S ||“HX0,%+~
By duality
]l x

04— S Hu”LiML%O/g?

which interpolated with the trivial estimate
[ullxo,0 S llullzz,
yields (2.17).

Interpolation between (2.19) and |[ul[rx, < [Jullx,, ,, gives us (2.18). O
272

z,t

Lemma 2.9. The following inequalities hold.

(i)

— B
(2.20) [P D]y s Sl
and
(2.21) ||UHLik/4+L?k/2+ < Hng—Dtﬁk—u‘ Jr—
T t
(i)
1-6 0
(2.22) | Dzull s s < C||UI|Lik}4L5Tk/2I\DiaaEUIIL}oL%
and
(2.23) 9l g < cllull* 20 ol D3O s
x T x
where

(2.24) T I TR

and 01 =

1
1j—s’ 0y = Trs both 01 and 0y are in (0,1) with 61 4+ 63 = 1.
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Proof. Recall that from Lemmas 2.3 and 2.4,

|psenial,, 0 Sl
and
[l porrapser S HD?’thBkU‘ e
Interpolating, respectively, with [ulre, < ||1L\|)(%Jﬁ%Jr and [lul[zz, < [[ullzee, we ob-
tain (2.20) and (2.21). Moreover, an interpolation yield (2.22) and (2.23). O

Next we recall some linear estimates in Bourgain’s spaces which will be needed
later. Let ¢ be a cutoff function satisfying ¢ € C§°(R), 0 < ¢ <1, ¢ =1 in [-1,1],
supp(¢) C [-2,2]. For 0 < T < 1 define o7 (t) = ¢(t/T).

Lemma 2.10 (Linear estimates). Let —% <V <0<b<VV+1and0<T<1 then
(1) U )uolly, , < lluollm:;
(i) [|or(t) Jy Ut = )g(,t)at

<=t :
X, S lallx, ,,

Proof. See [2] and [18]. O

Finally, we have the following refined Strichartz estimate in the case of differing
frequencies.

Lemma 2.11. Let 1,12 € XO!%Jr be supported on spatial frequencies |&;| ~ Nj,

i =1,2. If max{|&],|&[} < min{|& — &l, |6 + &} for all & € supp(ihi), i = 1,2,
then

(2.25) [9nDetollzz, < Iillx, . Iollx, ,

Proof. See [8, Lemma 2.1] (see also Bourgain [3] and Griinrock [11]). O
We now give some useful notation for multilinear expressions. If n > 2 is an even

integer, we define a (spatial) n-multiplier to be any function M, (&1,...,&,) on the

hyperplane

Lo ={(&,....&) ER" 1 &+ + & =0},
which we endow with the standard measure §(&; + -+ + &, ), where 0 is the Dirac
delta.

If M,, is an n-multiplier and fi,..., f, are functions on R, we define the n-linear
functional A,,(My; f1,..., fn) by

An(Mn;fl,...,m:/F Ma(r, - &) [ Fi(6):
n j=1

We will often apply A, to n copies of the same function w in which case the
dependence upon u may be suppressed in the notation: A, (My;wu,...,u) may simply
be written as A, (M,).

If M, is symmetric, so does the n-linear functional A,,(M,,).
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As an example, suppose that u is an R-valued function. By Plancherel’s theorem,
we can rewrite the energy (1.9) in terms of n-linear functionals as

E(u(t)) = *%AZ(&&) - kL_i_zAk—&-Q(l)-

The time derivative of a symmetric n-linear functional can be calculated explicitly
if we assume that the function w satisfies a particular PDE. The following statement
may be directly verified by using the generalized KdV equation (1.1).

Proposition 2.12. Suppose u satisfies the generalized KAV equation (1.1) and that
M, is a symmetric n-multiplier. Then
(2.26)

d
%An(Mn):An(Mnan) _inﬂAn+k(Mn(£1a e 7571717 gn +- - +£n+k)(§n +--- +fn+k))a

where o, =0(&5 + - +&2).

3. Local well-posedness

Our aim in this section is to establish Theorem 1.1. We use the contraction mapping
principle. Define the metric spaces

Xp ={ue C(0,T]; H*(R)) : [ulls < oo}

and

Xp={ue Xr: |uls <a},
where
327 lulls =llulloge s + llwllzs Lao + [ DzullLs pie

+10sull oo 2. + 1 D500l e 13, + D D DY ull o e

The parameters T" and a will be appropriately chosen later. On Xp consider the
integral operator

(3.28) D(u)(t) :==U(t)uo — M/o Ut — "), (uF ) (¢)dt .

We only give the details to estimate the || - || Lgeg=—norm. From group properties
and Lemma 2.1,

t
[@(w)llL2 < lluollzz + II@:/O Ut — )" (¢)dt' | 2
< luollzz + [u** |y 22
< luollz2 + ||u||122k/4L5Tk/2HUHLngTO'
Now, from Lemma 2.3 and Sobolev’s inequality it follows that
18wz < lluollzz + D5+ D ullE s ol ey
(3.29) < lluollzz + T 1D D3* D ull oy el s 30

< luollzz + Tl 5+
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Next, we estimate the H*-norm. Group properties and applications of Lemma 2.1
yield

t
D@ (w)llL2 < [|D3uollrz + II(?z/ U(t =)D (u"*)dt' | 2
0
< lluollzz + 105 (W) £y 2.
By applying Lemma 2.6 and then Lemma 2.3, we deduce
103 (" s nz S 1l o5 2 ID3ull s pao + 1D ()11 12

S Ml Gswsapons 1Dzl g pyo + el psers o 1D (W) 2o 290

(3.30) B
S 1D Dy ul| 7 e Lo |1 Dzull s Lio
T 1D Dull e e 1 D3l s o =l s,
where
L1 1 4 1 4k-1n 01 11 12 1 4(k-1)
—_—— = == _——_—— == — an —_———— = — — - — = —
P1 Po 5 5k 5 5k q1 q0 10 2 5k 10 10k
On the other hand, from Lemma 2.3,
(3:31) [ iz S Tl e S 102 Dl

Sobolev’s inequality and (3.31) then imply
||D;(Uk+1)\|L;L§ S ||D3RDtBk“||IZ§quTk ||D;U||L3L1T°
S T ||Dt%ng DtﬁkUHIngLqu ||D;U||L2L1T0'
Therefore,
(3.32) ID5®(u)ll 2 < [ D3uollrz + T Julls*.

To estimate the remainder norms in (3.27) we will make use of Lemmas 2.1, 2.2,
2.5 and 2.3 to lead to

k k
1@ (u)lls < elluollzzs + T Jull S+

Choose a = 2¢l||ug||gs and T > 0 such that
1
kerpk
T < —.
ca 50

This implies that ® : X% — X is well defined. To finish the proof we need to prove
that ® is also a contraction; but, the argument is analogue to the previous one. The
rest of the proof follows in a standard way.

Remark 3.1. From the proof of Theorem 1.1 it follows that
-1 — s—s
T~ ol ™ = uoll 7 *~°*.

This is in agreement with the case k = 4, where T ~ HuoH;}E/S (see [9]).
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4. Global well-posedness in H'!

In this section, we intend to show Theorem 1.4. We begin by recalling the classical
result obtained by Nagy [26] (see also Weinstein [29]), regarding the best constant of
the Gagliardo-Nirenberg inequality.

Theorem 4.1. Let k > 0, then the Gagliardo-Nirenberg inequality

24+-&

E
(4.33) ||“Hk+2 < K52 HVUHE2(R)||“||L2(R)»

Lk+2(R) = opt

holds, and the sharp constant Kop, > 0 is explicitly given by

k+2
(4.34) KF2 = ,
T

where 1) is the unique non-negative, radially-symmetric, decreasing solution of the
equation

(4.35) gAw - (1 + IZ) Y+ = 0.

Proof. See [26] and [29]. O

Before proceeding to our main result, we will establish a relation between the solu-
tion 9 of (4.35) and the unique non-negative, radially-symmetric, decreasing solution,
Q, of the equation

(4.36) AQ—-Q+QFt=o0.

Remark 4.2. Recall that for the critical generalized KdV equation, that is, equation
(1.1) with k = 4, u = 1, we have global solutions if ||ug||r2 < ||Q|L2, and up € H*(R),
s> 6/13, where Q is the solution of (4.36) with k =4 (see [25], [8], [9], and [29]).

1/k
First, we note that if ¢ is a solution of (4.35) then A\p(wz), where A = (ﬁ)

1/2
and w = (kLH) , is a solution of (4.36). Therefore, by uniqueness, we have
Q(z) = M)(wx).
A simple calculation shows that
)\2
lQlz: = ;Wlliz-
Combining this last relation with (4.34) yields

2k +2)(k + 4) 5
4.37 KFR2 = 4 .
(437 o GHEIE

Moreover, by multiplying (4.36) by @, integrating, and applying integration by parts,
we obtain

/Q’”Q dv = [|QI|72 + [10:QlIZ--
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On the other hand, by multiplying (4.36) by z0,Q, integrating, and applying
integration by parts, we obtain the Pohozhaev-type identity

s [ @ o= QIR - 10,0l

Combining the last two relations, we obtain

k+4 k+4
438)  guy Qe = QI ad Q1 = S 0.Q1

Now we are ready to prove the main global result of this section.

Proof of Theorem 1.4. We proceed as follows: write the H'-norm of u(t) using the
quantities M (u(t)) and E(u(t)). Then we use the sharp Gagliardo-Nirenberg inequal-
ity (4.33) to yield

2
10:u®)]Z2 = 2E(uo) + = lu(®)ll7 2

k+2
(4.39) 2 e kia k
< 2E(uo) + 7k+2Kopt luoll 2 [0xu(t)lz--

k4
Let X (t) = ||0,u(t)||2., A = 2E(ug), and B = k+2K(’f;;2||uo||L§ , then we can write
(4.39) as

(4.40) X(t) - BX(t)** < A, for t € (0,T),

where T is given by Theorem 1.1.
Now let f(x) = x — Ba*/4, for z > 0. The function f has a local maximum at

4 \4/(k—4) k—4 4/(k—4)
To = (@) with maximum value f(xg) = T(kB) . If we require
that
(4.41) 2E(ug) < f(xg) and X(0) < xq,

the continuity of X (¢) implies that X (¢) < zo for any ¢ as long as the solution exists.
Using relations (4.38), we have

k—4

BQ= 5070

IQIZ--

Therefore, a simple calculation shows that conditions (4.41) are exactly the inequal-
ities (1.10) and (1.11). Moreover the inequality X (t) < x¢ reduces to (1.12). The
proof of Theorem 1.4 is thus completed. O

5. Global well-posedness in H®, s <1: uy=—1 and k even

In this section, we prove Theorem 1.5. As we mentioned in the introduction, we
follow the “almost conservation law” scheme introduce in [5]-[7].
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5.1. Modified energy functional. To start with, we introduce a substitute notion
of “energy” that could be defined for less regular functions and that has very low
increment in time. Given s < 1 and a parameter N >> 1, define a multiplier operator
In : H® — H! such that

Inf(&) = mn(€)f(€).
where the multiplier my(§) is a non-decreasing in ||, smooth and radially symmetric
function defined as
1 il < N,
= (X
€]
To simplify the notation, we omit the dependence of N in Iy and denote it only
by I. Note that the operator I is smoothing of order 1 — s. Indeed we have

(5.42) ull Xy < MUl i1y < N ullx

for any sg,bg € R.
Our substitute energy will be defined by E'(u) = E(Iu). Obviously this energy
makes sense even if u is only in H*(R). Thus, in terms of n-linear functionals we have

1
k+2

1—s
) , if €] > 2N,

50,00

(543) El(u) = —%Ag(mlglmggg) - Ak+2(m1 N mk+2)7

where m; = m(§;).
Thus, using the derivation law (2.26), we obtain

d

= _% [A2(m1§1m2§2012) = 2pil g2 (ma§im(€a + - 4 Cpy2) (S + - F §k+2)2)]
_ kL—M [At2(my ... Mgraagi2)
Futilorpa(ma .o (Ere + -+ Earpa) v + -+ Eong2))]

= 7%A2(m1§1m2§2(§f +&))
+ quLZQAkH((m?g? H o g€ e) — T g (6 - )

+ pPilopra(my . mpgim (g + - 4 Eapra) (Erg + -+ Ears2)),
where we have used the identity & + - - - + &2 = 0 and symmetrizing.

Remark 5.1. Observe that if m = 1, the Agyo term vanish trivially. On the other
hand, the terms Ay and Ask42 are also zero, since we have the restriction £ + &2 = 0
in the first and symmetrization in the later. This reproduces the Fourier proof of the
energy conservation (1.9).

As one particular instance of the above computations and the Fundamental The-
orem of Calculus, we have

(5.44) E'(w)(t) — E'(u)(0) = /0 ' %El(u)(t’)dt’ -
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__m
Ck+2

¢
/0 Apgo(mi& + - + mi+2§,§’+2) —my .2 (E +. .+ €2+2)>(t/)dt/

¢
+ Mzi/ Aopra(my .o ompim (g + -+ - + Eonp2) (Epga + -+ - + Eong2) ) (¢ dt’.
0

Most of our arguments here consist in showing that the quantity E*(u) is almost
conserved in time.

Remark 5.2. We can think about E*(u) as the first generation of a family of modified
energies. One can also define the “second energy”

1
(5.45) E*(u) = —g 2 (mi&imats) — kLHAk-'rQ(Mk—m(fl: o &kt2)),s

where My is an arbitrary symmetric (k + 2)-multiplier.
Thus, applying the derivation law (2.26), and choosing

m%f{’ +oeeet mi+2£2+2
GRS

we can force the term Ayio, that shows up in the expression of %E2 (u), to be zero.
Unfortunately the multiplier My, o is not well defined in the set U'xqo. In fact, given
N > 1, we can find numbers &1, ..., Ekro such that the denominator of Mo is zero
and the numerator is different from zero (see [8, Proposition 3.1 and Remark 3.2]).
Therefore, the refined approach introduced in [6] cannot be used in our setting.

Miy2(&y .- kg2) =

5.2. Almost conservation law. This subsection presents a detailed analysis of the
expression (5.44). The analysis identifies some cancelations in the pointwise upper
bound of some multipliers depending on the relative size of the frequencies involved.
Our aim is to prove the following almost conservation property.

Proposition 5.3. Let s > 1/2, N > 1 and u € H*(R) be a solution of (1.1) on
[T, T + 8] so that Iu € HY(R). Then the following estimate holds

(5.46) |EY(u)(T +0) — E*(u)(T)| < N~2* <||1u||’§:;2 + || Tu|25 ) .
L+ L+

Remark 5.4. The exponent —2+ on the right hand side of (5.46) is directly tied
34+2(1/2 —2/k)

to the restriction s > in our main theorem. If one could replace

the increment N=2% by N=°% for some a > 0 the argument we give in Section 5.3
3+a(l/2-2/k)

3+a '
Proof. We start with the estimate for the Axio term. Instead of estimating each
multilinear expression separately, we shall exploit some cancelation between the two
multipliers. Using symmetrization and the fact that £, + - -+ + €x42 = 0 this term can
be rewritten as

Ak+2((m?€f T+t mi+2§l§+2) —my... mk+2(§:13 +oe €2+2)>

_ m(§2+-~-+§k+2)_ 3 Ta(e) - TulErn
~ e+ [ n (m(&),_.m(w) 1) (&) TulEnra).

implies global well-posedness of (1.1) for all s >
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Therefore, our aim is to obtain the following inequality
k42
Term < N2+ H ||I<;S1HX5 3

=1

/ / ( §2+ +(£i6>)—1)6%I¢F§t'>~-~f¢k+¥&c\+mf’>dt’

We estimate Term as follows. Without loss of generality, we assume that the
Fourier transforms of all these functions are non-negative. First, we bound the sym-
bol in the parentheses pointwise in absolute value, according to the relative sizes
of the frequencies involved. After that, the remaining integrals are estimated using
Plancherel’s formula, Holder’s inequality and Lemma 2.11. To sum over the dyadic
pieces at the end we need to have extra factors Njo_, j=1,...,k+ 2, everywhere.

We decompose the frequencies &;, j = 1,...,k 4 2, into dyadic blocks N;. By the
symmetry of the multiplier

where

Term =

m(&a + -+ + Ekt2)
m(&2) - - m(Ek+2)
in &, ..., &k42, Wwe may assume that

Ny > -+ > Npyo.

Moreover, We can assume Na 2 N, because otherwise the symbol is zero. The
condition ZZ 1 & = 0 implies N1 S No. We split the different frequency interaction
into several cases, according to the size of the parameter N in comparison to the N;’s.

(5.47) ~1

Case A: N 2 N> N3 > --- > Npyo.

The condition ZZ 1 & = 0 implies N; ~ Ny. By the mean value theorem,

m(€a) —m(&a+ -+ &a)| o [Vm(&2)(Es+ -+ &rio)| N3
m(&2) ~ m(&z2) ~ N
Therefore, Lemma 2.11 and the Sobolev embedding imply that

N3N3

k42

161185l 20,57y 1192104l 12 e oy L1 170601 e
=5

Term <

N3N3 k+2

1o;
N2N2N2<N3><N4> Hk+2< i>1/2_ g H ¢ ||Xi%+

k+2
/S 2+N2171r H HI¢1”X‘§ 7

A

where Nypqr = max{Ny,--- ,Nk+2}.

The remaining cases No > N3 2 N and N3 > --- > Ng (Case B) and Ny ~ N3 =
N and N3 > --- > Ng (Case C) can be done using the same arguments as in Farah
[8] (just put the remaining terms I¢;, j =7,--- ,k+2in L3, and apply the Sobolev
embedding).
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Now we turn to the estimate of the Agpyo term. Before we start let us fix some
notation. We write Ny > N3 > N3 for the highest, second highest and third highest
values of the frequencies Ny, ..., Nogyo. It is clear that

(5.48) Imy . omp i (Erra + 0+ Sarg2) (Eraz + -+ Sang2)| S NT-

Again we perform a Littlewood-Paley decomposition of the functions w.

Case A: N ~ Ny~ Nj > N.

~

In view of (5.48) and the fact that m3(N;)N;*~ > N3~ we have

T+5
/ Aogro(ma ... mpprm(Epgo + -+ + Eonpa) (Ehgo + -+ + Eoppo)) ()t

T N*Of
< / T Tuf

N*O* B

S S Il 5 s
N*O—

< Tu u)?t

$ Sl W

where we have applied Holder inequality, (2.19) and (2.18).
Note that «(8(2k — 1)/5) = (k — 3)/(2k — 1)4. Therefore the inequality (5.42)
implies

[[ul x5 LS Hullxs
a(8(2k—1)/5), % Li+

for all s > (k—3)/(2k — 1) (since a(8(2k —1)/5) +1—s <1).
So, in this case

T+8
/ Aogyo(ma ...mppam(Epqa + - + Eonga) (G + -+ - + Eoya) ) (¢)dt’
T

N*Of
—|[Tu II%J”2 :

Case B: N{ ~ NJ > Nj.

Let u; = u(N;). Again, the inequality m?(Ny)N;?~ > N2~ and (5.48) implies
that

T+5
/ Aogia(my . oomppim(Epqn + -+ Eopr2) (Eppa + -+ + Eanya)) (E)dl
T

N*07 2k+2
,S 1 ||JIU1U3||L2||JIU2 H UJHL2
j=4
< Nf()i 2k—1
S o= I Tulle llus|l 2l Tuzll o llull sy /s
N*O—

N

IIMIIQ’“+2

)
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where we have applied Holder inequality, Lemma 2.11, (2.19) and (2.18) with a/(8(2k—
1)/3) = (k —2)/(2k — 1)+ < 1/2. This concludes the proof of Proposition 5.3. O

5.3. Proof of Theorem 1.5. Before proceeding to the proof of Theorem 1.5 we
will first establish local well-posedness for the generalized KdV equation (1.1) in the
Bourgain spaces X, ;. As in Theorem 1.1, by the Duhamel’s principle, we need to
find a solution for the following integral equation

(5.49) u(t) = U(t)ug + /Ot Ut — )0, (uF 1) ()t .

To work in the X ; spaces we consider another version of (5.49), that is,

(5.50) u(t) = e(t)U (t)ug + @T(t)/o Ut — )0, (uF ) ()t

Note that the integral equation (5.50) is defined for all (z,t) € R?. Moreover if u
is a solution of (5.50) than @ = w7 will be a solution of (5.49) in [0, T}

The proof proceeds by the usual fixed point argument. Applying Lemma 2.10, we
have for all s > sy,

[[ul

Hsa(t)U(t)uo+<pT(t) /0 Ut — "), (u" 1) (t)dt'

X172+
Xs1/24

A

laoll gz + T2 (|0 (" D),

for sufficiently small ¢ > 0.
Thus, the crucial nonlinear estimate for the local existence is given in the following
lemma.

Lemma 5.5. For s > s, = (k —4)/2k, we have

: k
(5.51) 102 (u" )1 x S Jullx,
’2

s,— L4t

Proof. By the fractional Leibniz rule in Lemma 2.6, inequality (2.17), and Holder’s
inequality, we obtain

||am(u’“+1)uxké++ = HJSaI(u’““)onﬁ%++ ST*0a ()| yoar 1o/

ST W) ot o+ 100l Lz g2 + 6P posas poros | T*Onul oo 1
S P porrace—ve s | T2ull poa pos |0zl | pr2 oo
z t z” Ly z” Ly

+ [|ul ]ngl/zLLfk/z ”U”Li’c/‘HL;”k/?Jr ”JsazuHLgOL%a

where ps and ps are defined as in (2.24).
Therefore, an application of inequalities (2.22) and (2.23) followed by inequalities
(2.20) and (2.21) yield the desired estimate (5.51). O

Remark 5.6. As a consequence, one can recover all the well known range of existence
for the local theory in terms of the Xs spaces.
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Next, we consider the following modified equation

Tug + Tugey — I(uF*Y), =0, 2€R, t>0,
Tu(z,0) = Tug(x).

Clearly if Tu € H'(R) is a solution of (5.52), then u € H*(R) is a solution of
(1.1) in the same time interval. Therefore, we need to prove that, in fact, the above
modified equation has a global solution.

Applying the interpolation lemma (see [7, Lemma 12.1]) to (5.51), we obtain

k k
10,10 ) 1, s S ITul$

(5.52)

where the implicit constant is independent of N. Now, standard arguments invok-
ing the contraction-mapping principle give the following variant local well-posedness
result.

Theorem 5.7. Assume s, < s < 1. Let ug € H*(R) be given. Then there exists a
positive number & such that the IVP (5.52) has a unique local solution Iu € C([0,4] :
HY(R)) such that

(5.53) [Tullxs < [[Tuol -
1,3+
Moreover, the existence time can be estimated by
1
(5 ~ 7 noe
([ Tuol| 7

where o > 0.

Now, we have all tools to prove our global result stated in Theorem 1.5.

Proof of Theorem 1.5. Let ug € H*(R) with s < s < 1. Our goal is to construct
a solution to (5.52) (and therefore to (1.1)) on an arbitrary time interval [0,7]. We
rescale the solution by writing uy(z,t) = A=2/Fu(z/\, t/A%). We can easily check
that u(x,t) is a solution of (1.1) on the time interval [0, 7] if and only if uy(z,t) is
a solution to the same equation, with initial data ug = A™2/Fug(x/)), on the time
interval [0, A3T].

Since k is even we have [uf2(z,t)dz > 0, for all ¢ > 0, therefore for u = —1

(5.54) 0. Tux(t))|22 < E(Tuy)(t).
On the other hand
E(Tuoy) S 10:TuoalZz + [Tuoal iz

< <N2(1—s))\—2(s—1/2+2/k) +)\—(k+2)(2/k—1/(k+2))> (1 + [luollze)+2.

where in the last inequality we have used that

(5.55) 102 Tuo x|z S NP2 (lI€l @0 a2 = N A2 g | 4.
and, by Sobolev’s embedding,

(5.56) 1o nllee S 1D/ 25 2 Tug A 2 S A~ EED | e,
forall s >1/2—1/k+2.
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Now, we apply our variant local existence Theorem 5.7 on [0,d], where § ~
[Tuo, || 57, @ > 0, to conclude that

(5.57) Huallxs | < Huoalle-

1
3
The choice of the parameter N = N(T') will be made later, but we select A now by
requiring
N2\ =26 1/202/) (1 g |l e )FH2 < 1 = A ~ NF=T7327E,
In this case E(fug,x) <1 and |[Jugx||m < 1.
Remark 5.8. Note that 2/k —1/(k +2) > 0.

From now on, we drop the A subscript on u. By the almost conservation law stated
in Proposition 5.3 and (5.55)-(5.57), we have
E'(1) < EY0)+eN?F <14+ eN"2 <2,
We iterate this process M times obtaining
(5.58) EY (M) < EY0)+cMN 2T <1+ cMN 2t <2,

as long as M N2+ < 1, which implies that the lifetime of the local results remains
uniformly of size 1. We take M ~ N2~. This process extends the local solution to
the time interval [0, N2~]. Now, we choose N = N(T') so that

N2~ > N3 T ~ N3(s—11/+2/k)T:> N2 3imtE s > T,

Ak —1)

Theref if
eretore, 1I s > 5k

then T can be taken arbitrarily large which conclude our

global result.
Finally, we need to establish the polynomial bound (1.13). Undoing the scaling,
we have

1
102 Tux (NTo)||72 = WH@JU(TO)H%%

Let Ty ~ N2 3+1/3527% ~, therefore our uniform bound (5.58) together with (5.42),

(1.8), and (5.54) imply
lu(To) 7+ S Hu(To)lln S [Hu(To)ll7e + 10 Tu(To)l|7
S luollZe + AFE0, Tus (W Th) |72
< luollfs + N (=)
(+4/k)(1=s)

S (1+ T) ST (1 o)
The proof of Theorem 1.5 is thus completed. O
Remark 5.9. It is not clear how to apply the I-method when u = 1 or p = —1
and k odd. In these cases, we may not have inequality (5.54). Therefore, to perform
the interactions explained above we need to verify the hypotheses of Theorem 1.4 for

the modified solution Iu(t) at each step. However, the only available estimate in the
homogeneous H?-Sobolev space is the following

10z g2 S N5 (|u(t)]] ..
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Since, at the end of the argument we need to take N large, inequalities (1.10)-(1.12)
are not satisfied during all the interactions.
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