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HOLDER REGULARITY OF WEAK KAM SOLUTIONS
IN A PRIORI UNSTABLE SYSTEMS

MIN ZHOU

ABSTRACT. For a prior: unstable Hamiltonian systems with two and half degrees of
freedom, there is a continuous path in H' (T2, R) such that for each cohomology class ¢
in this path, the c-minimal measure is supported on a normally hyperbolic cylinder. In
this paper, we show that the weak KAM solutions for these classes can be parameterized
by the area bounded by the graph of these solutions and obtain the i—Hé’)lder regularity
of these solutions in the parameter.

1. Introduction

A Hamiltonian system is usually called a prior: unstable type if it is a perturbed
coupling of a rotator and a pendulum:

H(l’,y,t) = f(yl) + 9($27y2) + P(.’E, yvt)a
where f, g and P stand for the rotator, the pendulum and the perturbation respec-
tively. In this paper, we assume x = (z1,22) € T2, y = (y1,%2) € R?, H € C"(r > 2)
and

1, f+ g is a convex function in y, i.e., the Hessian matrix 0y, (f + g) is positive
definite, finite everywhere, and has superlinear growth in y, (f 4+ g)/l|y| — oo as
lyll — oo.

2, g has a non-degenerate saddle critical point (z3,y3) and its stable manifold
coincides with its unstable manifold. Without loss of generality, we assume (23, y3) =
(0,0).

3, P is time-1-periodic and small in C"-topology.
Under Legendre transformation £* : H — L, we obtain the Lagrangian
L(z,&,t) = max{{y, &) — H(z,y,t)}.
y
)

Here & = @(x,y,t) is implicitly determined by & = B—ZI. We use L : (z,y,t) — (x,2,t)
to denote the coordinate transformation determined by the Hamiltonian H.

As a priori unstable condition is assumed, there is a normally hyperbolic cylinder
invariant for ®, the time-1-map of the Lagrange flow. In this case, for each ¢ € P =
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{(c1,0) : A < ¢; < B}, the c-minimal measure is supported on an Aubry-Mather set
in this cylinder. Each of these Aubry-Mather sets determines a pair of weak-KAM

solutions u* [5].

A natural question would be the regularity of these weak-KAM solutions with
respect to the cohomology class ¢. However, it appears unclear whether the regularity
exists. In this paper, we find another parameter “area”, one-to-one corresponding to
¢, and obtain certain Hélder regularity of these weak-KAM solutions in the parameter.

Let B. k denote the ball in the function space C"({(x,y,t) € T2 x R2 x T : ||y|| <
K} — R), centered at the origin with radius of e. We have the following result:

Theorem 1.1. H is assumed a priori unstable. For each large K > 0 and small
a >0, a small e > 0 and a residual set S x C B¢ i exist such that for each P € S¢ g,
there exists a continuous and one-to-one correspondence o~ € [A', B'] (resp. o €
(A", B"]) — P such that {ii, (2) j0ss1-0)} (resp. {0 (@)]fazeazny}) s -
Holder continuous in o~ (resp. ob).

This paper is organized as follows. In the section 2, an order-preserving property is
obtained for backward and forward minimal configurations for monotone twist map.
With such order-preserving property, we obtain the regularity of weak-KAM solutions
for monotone twist maps in the section 3. The main result is obtained in the section
4 by using the normally hyperbolic structure of the invariant cylinder. In the last
section, we apply the result to construct Arnold-type diffusion orbits shadowing a
sequence of heteroclinic orbits, the shape of which is different from the shape of the
diffusion orbits constructed in [3].

Let us briefly recall the standard notations and terminologies before our demon-
stration [9]. Let n. = (n.(z),dz) be a closed 1-form with de Rham cohomology class
¢ = [n.]. By abusing this notation, we call 5. = (n.(x),z) “closed 1-form” also. For
each ¢ € HY(M,R), the c-action of an absolutely continuous curve v : [a,b] — M is
defined as

b b
Aoly) = / (L — 7 + ale)((E), A(8), £)dt = / Le(v(),4(2), 0)dt.

For t € R, let [t] € T denote the decimal part of ¢. For any pair of points (my, [s]),
(mq,[t]) on M x T, let

b

o7 ((mo, [s]), (ma, [t])) = frgn/ (L = ne + a(c))(v(7), 3(7), T)dr,

where the minimum is taken over all absolutely continuous curve v : [a,b] — M with

~v(a) = mg, v(b) = mq such that [a] = [s], [b] = [t] and the integer part of b — a is n.
Then the Mané action functional is defined by

Dc((mo, [s]), (ma, [t])) = f D ((mo, [s]), (m1, [t])),
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and the barrier function is defined by ([10])
he((mao, [s]), (ma, [t])) = lim inf &2 ((mo, [s]), (m1, [t]))-

A curve v € CY(R, M) is called c-semi-static if

Ac(Vlis1) = @e((v(s), [s]), (v(2), [t]))
for each [s,t] C R. A curve v € CY(R, M) is called c-static if

Ac(Ylis) + (1), [t]), (v(s), [s])) = O
for each [s,¢] C R. An orbit X(¢) = (v(¢),%(¢),t mod 1) is called c-static (semi-
static) if 7 is c-static (semi-static). We call the Mané set N'(c) the union of global
c-semi-static orbits, and call the Aubry set A(c) the union of global c-static orbits.
In the following we use the symbol N (c) = N'(¢)|=s to denote the time s-section of
a Mané set, and so on.

The concept of c-semi-static curves can be extended to those only defined on R*
(cf. [2]). We call them backward or forward c-semi-static curves and use v, (t,z) :
(—00,0] — M to denote backward c-semi-static curve with v, (0) = = and use
v (t,x) : [0,+00) — M to denote forward c-semi-static curve with . (0) = z. Let ®%
be the Lagrangian flow determined by L, let ®% (z,7) be the orbit of the Lagrangian
flow with the initial value z at the time 7. Define

N7(c) ={(2,7) € TM x T, mo ®(2,7)|(—cc,0 is c-semi-static},
N*H(e)={(z,7) € TM X T, mo ®(2,7)|0,+00) is c-semi-static}.
Clearly, both N~ (¢) and N'*(c) cover the configuration manifold in the sense that

7N*(c) = M. The orbits in N *(c) are called backward or forward c-semi-static
orbits respectively.

2. order-preseving property of minimal orbits
for monotone twist maps

Let f: Tx R — T x R be an area-preserving and monotone twist diffeomorphism
of cylinder, i.e., if we write f(0,y) = (¢',y’), then |889igy| = 1 and %—Z >d > 0.
Considering a lift of f to the universal cover R?, by abusing of terminology, we
continue to denote f : R? — R?) f(x,y) = (2',%'). This map has a global generating
function h : R? — R such that

Y= 781h(z7$/)5 y/ = 82h(93,$/),

where 01h and Oyh denote the first partial derivatives of A with respect to z and z’.
It was proved (see [1]) that h satisfies the following properties:

(1) h(z,2') = h(z + 1,2’ + 1), for all z, 2’ € R.
(2) lim|¢| o0 h(2, 7 + §) = o0, uniformly in .

(3) h(w,2) + h(&, &) < h(z,&) + h(& x), if x <&, 2" <.
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(4) If (z,2,2") # (£,&,¢") are both minimal segments and x = ¢, then (7 — &)(z’ —
¢) <o.

Given a sequence X = (--- , 25, , 2%, ) € RZ, we call it minimal configuration
for the generating function h, if for any j < k,

k-1
H(xj, k) = > h(@i i)
i=j
(2.1) < H(zj, - ,})
holds for all (x;‘, ,xyp) with z; = zj and z = xp. If X € R? is a minimal

configuration, then p(X) = limj;_ oo '@; exists. The number p(X) is called the
rotation number of X. Indeed, if the rotation number is rational p/q, there are
three type of minimal configurations, they correspond to the rotation symbols p/q—,
p/q, p/q+ (see [1]). For each rotation symbol, all Aubry graphs of the minimal
configurations do not intersect each other.

For each rotation number w, the Aubry-Mather set M,, is defined on the cylinder
(z,y) € TxR. Let M, = 7M., where 7 : T x R — T is the standard projection.
Without causing confusion, we abuse the symbol M., to denote its lift to the universal
covering of T, call them projected Aubry-Mather set for w. Obviously, M., contains
exactly those points through each of which passes a minimal configuration with the
rotation symbol, i.e. if w = p/q, then the rotation symbol is exactly p/q.

This definition of minimal configuration can be applied to one-sided infinite se-
quence. A sequence (zg,z1, ) € RZ" is called forward minimal configuration if
(2.1) holds for any 0 < j < k. A sequence (---,7_1,29) € R? s called back-
ward minimal configuration if (2.1) holds for any j < k < 0. Therefore, we can
also define the rotation number for each forward (resp. backward) minimal con-
figuration. Each minimal configuration (---,xj,---,%g,--) determines an orbit
(o (@jy5), - (@ Yk), -+ ), 1e, fai,y5) = (Tig1, Yit1) for any ¢ € Z. We call
it minimal orbit. Clearly, a forward minimal configuration determines a forward
minimal orbit ((xo,v0), (z1,91),- ), the w-limit set of the forward minimal orbit is
contained in certain Aubry-Mather set. Similarly, a backward minimal configuration
determines a backward minimal orbit, the a-limit set of the backward minimal orbit
is also contained in certain Aubry-Mather set.

Lemma 2.1. Let X = (zg, 21, ), X' = (x(, 2}, -+) be two forward minimal con-
figurations, o = x(. Assume p(X) > p(X'), then d1h(xo,x1) < O1h(zg,x)), i.e.,
yo > y4. The case for the backward minimal configurations is similar.

Proof. Asboth X and X’ are forward minimal configurations, they determine forward
minimal orbits, denoted by

fk(x07y0) = (xkvykr)a k= 0a152" R

fk(x67y6) = (x?c,yfc), k=0,1,2---.
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Clearly, we have yo # y( as p(X) # p(X'). We consider the Aubry graphs {(k, zx)}72,
and {(k,z},)}72, of X and X' respectively. If yo < y), we would have 2} > x as f
is monotonically twisting and z{, = . On the other hand, we find that z; > z] for
sufficiently large i because of p(X) > p(X’). Therefore, two Aubry graphs must cross
at least once at some ¢ > 1, t € RT. There are two cases: (t) # 0 or (t) = 0. Here (¢)
is decimal part of ¢.

If (t) # 0, there is an integer k > 2 such that ¢t € (k,k 4+ 1). We consider two
segments (g, X1, - s Tk, Thyy)s (20, T, , T}, Tp11), using the property (3)
of h, we see

H(‘TOa : ,xk,x;€+1)+H(x6,~~ 7x;c,xk+1)
= H($07 T 7xk) + h(xk,$;€+1) + H(:BE), T 7$;€> + h(x;cvxk+1)
< H(zo, + ak) + h(zp, 2ps1) + H(zg, -+, 25) + h(h, Tpgr)
= H(x()?"' ,.’I}k,ﬂjk;-i,-])‘i_H(l‘E),"' ?‘r;€7x;c+1)'
For the segments (zo,- -+, 2, Tx41) and (xq,-- -, o), T, ), it implies that at least

one of them is not minimal.

If (t) =0, i.e., t = k for some integer k > 2 and z;, = z}.. Because of the property
(4) of h and (zp—1 —2}_1)(Tr41 — 2 4,) <0, it is impossible that both the segments
(Tp—1, 21,7}, ,) and (x),_,, 2}, Tpy1) are minimal. Hence, there exist Ty and Zj, such
that

H(mk*h Tg, x;chl) + H(x;cfh ‘f;m karl)

/ / /
<H(xp—1,%k, %)) + H(x)_q, T, Tg1)-
Using zy = x},, we have
g ko

H(Ik—17jk’m;€+l) + H(I;{:—l’ :Z';cvxk-i-l)

<H(zp—1, 2k, Tps1) + H(2)_ g, 2,20, )-

We consider the segments (2o, -+ , Tx—1, Tk, Tj 1), (2o, -+, Th_1, Tf,, Ty 1), similarly,
we have
— / / ! =/
H(JZ(), o 7xk—17xka'rk+l) + H(IO’ T 7Ik—17xk:7a:k+1)
= /
=H(xo, - ,xp—1) + H(xp_1, %, )y 1)
! ! ! —/
+ H(xg, - xp_q) + H(Tp_q, Ty, Ty1)
<H(xo, -~ ,xp—1)+ H(xp_1, T8, Tpq1)
/ / / / /
+ H (g, @) + H(@p_q, Ty Tpppq)
/ / / /
:H(.T(L 3 Te—1, Tk, l’k+1) + H($07 e 7mk717xk7xk+l)’
For the segments (o, -+, ZTx—1, Tk, Thy1) and (zg, -+, Ty 1, T, Th 1), it also implies

that at least one of them is not minimal.

The contradiction shows that yo > yj. O
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Let X = (---,z;,---) and X' = (--- ,a},---) be the minimal configurations with
the rotation number p/q. Thus, we have z,4, = z; + p and z},, = 2 + p. We
assume that X < X’ are two adjacent minimal configurations, i.e. between them
there is no other minimal configuration with the same rotation number, that is,
there is no other minimal configuration X” such that z; < 2 < 2. For each
m € (xg,z) and each integer k > 0, there exists a sequence of k + 1 numbers
Xk = (m_k7k,m_k+17k, cee ,m07k) with m_j 1, = x_j and mgr = m which mini-
mizes the action
-1
H(m_j, -+ ,mox) = min Z h(&is&it1)-

§_p=T_k .
gg=m i=—k

By using the argument to prove Lemma 2.1, we see the monotonicity and the bound-
edness

T <m_ip<m_jp <z, VOo<i<k<k
and m_; , > m_, ;v holds for each ¢ < &k’ provided k > k’. Let k — oo, there exists a
sequence of infinitely many numbers X,,, = (--- ,m_;,--- ,mg) such that

m_; = lim m_; k-
k—oo ’
Because there is no minimal configuration between X and X', we see that
m_; —x_; — 0, as 1 — 00,

and X,, is a backward minimal configuration. Similarly, we can show the existence of

backward minimal configuration X, = (---,m’ ;,m{ = m) originating from m and
approaching X’ in the sense that
', —ml, =0, as i — 00.

Let us recall the minimal configuration for the rotation symbol p/q— as well as p/q+
[1]. Thus, we call X,, backward minimal configuration with rotation symbol p/q+
and call X/ backward minimal configuration with rotation symbol p/q—. These
arguments lead to the following:

Lemma 2.2. [f the rotation number is rational w = p/q and m is not in the projected
Aubry-Mather set, then, originating from m there exists backward minimal configu-
ration X, = (--+ ,m_1,mg = m) with rotation symbol p/q+ as well as backward
minimal configuration X, = (--- ,m_;, m{ = m) with rotation symbol p/q—, and

82h(m’,1, m) < (“)gh(m,l, m)

3. Regularity of weak KAM solutions
for monotone twist maps

Given a cohomology class ¢ € H'(M,R), there is a backward (resp. forward) c-
weak KAM solution ([5]), denoted by u_ (resp. ul). It is also a viscosity solution of
the Hamiltonian-Jacobi equation

(3.2) H(t,z,0pu; +c¢)+ o, = ale),
(resp. — H(t,z,0,ul +¢) — dyuf = —a(c)).
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Such weak KAM solution u_ (resp. u}) is also a fixed point of so called Lax-Oleinik
operator on C°(M,R):

Tt},u(x,t’) = inf {u(’y(t),t) Jr/t (L—n.+ a(c))(d’y(T),T)dT}

(vesp. T}, u(x, ) = sup {u('y(t’), t') — /t (L —ne + a(e))(dy(), T)dT})

where t' > t, the infimum is taken over all absolutely continuous curves such that
y(t') = x (resp. (t) = z). The weak KAM solution u_ as well as u} is uniquely
determined up to a constant provided the minimal measure is uniquely ergodic.

As u; (resp. u}) is a fixed point of the Lax-Oleinik operator, it satisfies the

c

following properties [4]:
(1) u} are L.-dominated, i.e.,
ug (2, [t]) = ug (2, [s]) < e((a, [s]). (o', [1])),
for any (,[s]), (2/,[t]) € M x T. We use the notation v} < L..

(2) For every (z,s) € M x R, there exists a curve v, : (—o0,s) — M (resp.
v+ i (s,00) — M) with v, (s) = z (resp. 7 (s) = x) such that

ue (2, [s]) = ue (ve (1), [1]) = /:(L — e +a(e) (v (1), 4 (1), T)dT

(vesp. ul (v (1), [t]) — ul (2, [s]) = / (L =ne + a(e)) (v (1), 4 (7), 7)dr)

for any t < s (resp. t > s). The curve v, (t) and 7. (¢) are called the calibrated curves
of backward c-weak KAM solution and forward c-weak KAM solution respectively.

Each weak KAM solution u_ is a Lipschitz function provided the Hamiltonian is
assumed positive definite, thus it is differentiable almost everywhere. Starting from
the point (z,y) = (z, d,u; (z,0) +¢), a backward c-minimal orbit dvy; (t) : (—o0,0] —
TM will approach to the certain Mather set M (c) corresponding to the cohomology
class ¢, provided u, is differentiable at (x,0). In this sense, we say that M(c) is
associated to u; . Obviously, 0yu, (z,0)+c and 4. (0) are conjugate via the Legendre
transformation. The similar result is valid for u} and ;.

Let us consider the case that M = T in this section. By a result of Moser [12], for
each monotone twist map there exists a positive definite periodic Hamiltonian system
with one and half degrees of freedom such that the time-1-map of the Hamiltonian
flow is exactly the twist map. We have

Lemma 3.1. For each x € T, there is at least one backward (resp. forward) c-semi-
static curve vy; (t,x) (resp. vI(t,z)) such that v (0,x) = x (resp. 77 (0,z) = z).
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Proof. Obviously, every calibrated curve v, () (resp. v (t)) of backward (resp. for-
ward) c-weak KAM solution with v, (0) = x (resp. 71 (0) = z) is corresponding
backward (resp. forward) c-semi-static curve. O

As both the a-limit set of dy, and the w-limit set of dyI are in the Aubry set, the

o vz (0,z)
U (o 520

are the unstable and stable set of the c-Mather set respectively. Clearly, if c-minimal
measure is uniquely ergodic, we have

_ vz (0, )

+ 1 c ) _ +

WrE=L7% U {x, p7 }) Graph(d,us(x,0) + ¢)
reM

holds almost everywhere. Let @) (x) = uX(z,0) + cx, x € [0,1], here [0,1] is a basic

region for the covering space of T, then

WF = Graph(d, @ (z)) almost everywhere.

We call u, (z), u} (z) the backward generating function and the forward generating
function of W, and W respectively.

Let Lg be the Fenchel-Legendre transformation : Hy(M,R) — H'(M,R) deter-
mined by
¢ € La(w) iff (¢,w) = Br(w) + ar(c) holds.
In the case M = T, we have canonical identification H;(T,R) = R and H!(T,R) = R.
The following facts are proved in [8] or [2]:

o If w € Hi(T,R) is irrational, then L5(w) € H'(T,R) is one point, denoted by
Cy = Eg(w).

o If w=p/q, then L3(p/q) is reduced to one point if and only if 7(M,, 4) =T x T.
In the generic case, there is only one p/¢-minimal periodic orbit and
Ls(p/a) = [cprg—rCprat]s —00 < pjqm < Cpjqr < 0.

When L3(p/q) is an interval, the projected Aubry-Mather set in R can be expressed
in the form

oo
Mpq = U M,
1=—00
where each M; = [z;,z] is a point or an interval, z; < z;, ;. In generic case, each
T, = ch = x; and M, /qj0,1) contains ¢ points, i.e. there is only one minimal periodic
orbit.

Let us consider the set of backward generating functions {@_ (z)}ecer. The study
of the set {u}(7)}.cr is similar. By adding a constant, we can assume i (0) = 0
for each ¢ € R. First of all, we study the set of backward generating functions

{ﬂg (I)}CE[Cp/q— Cp/a+]”
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Recall Lemma 2.2. Let w_, , u_, , be the functions such that
P/4q p/a+

8xﬂ;/q7(m) = Oah(m’_,m),

Oty 4 (M) = Ooh(m_q1,m),

and Uy oy (0) = 0. We see that Upy o = Uy monotonously increases with respect

to the variable by the fact that d:01h < 0. Indeed, these two functions generate all
weak KAM solutions for each ¢ € [c,/4—, ¢p/q+] in the following sense.

Lemma 3.2. Assume there is only one minimal periodic configuration for the rotation
number p/q. For each ¢ € (¢p/q—,Cp/q+), let ug (x) = u; (0,2) + cx where ug (t, ) is
the weak KAM solution of the equation 3.2. Then,

1, there exists a unique m; = my;(c) € (x;,x;41) as well as constants a;,ai+ for
each i such that m; monotonously increases respect to ¢, m;(c) — x; as ¢ — Cp/g—>
m;(c) = Tiy1 as ¢ — Cp/qq and

i (2) =i + s
a, (x) —up/q+(x) +a, YV x € [z, my]

u, (z) =u,,, (r)+a;, Vo e [mi,ziqi)

In particular, i, = ﬂ;/qi + constant holds for all x € R;

2, if we set u_ (0) = 0 for each c, then u_ (x) < au_(x) for all x € (0,00) and
ug (x) >t (x) for all x € (—00,0) provided c < ¢’ € (cp/q—, Cpqt)-

Proof. Let X and X’ be the minimal configuration with rotation symbol p/q passing
through x¢ and z; respectively. Clearly, they are adjacent minimal configurations.
Originating from each m € (xg, 1), there are two backward minimal configurations
X, and X/ which approach to X and X' respectively. We define

A(Xp) = kli_)n;o (i h(m;, mit1) — (M —m_gg)c+ k;qa(c)),
—kq

for each ¢ € [cp/q9—sCpjqt]- Ac(X,) is defined in similar way. If we write X =
( 7<i7"' 7<0 :.’L'()7"')7 X/: ( 7<z{7"' 7C(l) :mh'")a thenmfi_é-fi — 0 and
¢",—m’, — 0asi— oco. Thus we find that

-1
(3.3) Ac(X7,) = Ac(Xom) = (h(mi,mi ) = h(ms, miyn))

—o0
+ c(x1 — x0).
It is easy to see that for each ¢ € (cp/q—, Cp/q+)
Ad(X] ) — Ac(X ) >0, as m\, Zo;
A(X] ) — Ac(X ) <0, as m / x1.

Indeed, the quantity A.(X!,) — Ac.(X,,) is monotonously decreasing in m in the
interval (zg,z1). To see it, we note that the Aubry graph of X/ intersects the
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Aubry graph of X¢ if £ > m. If they intersect each other at s € (—i, —i + 1), then we
have

h(m_;, € ir) + R(€iymi 1) < h(€-is i) + h(mly,mly).

We define two configurations

Xme = ( am/—ja"' aml—iag—i—‘rl?"' 350 = 5)7
and

X'm/\£ = ( 757.].7... 7§7iam/7i+17"' 7m6 :m)
" ;, there exists a < {_; < a’ such that

H(¢ i—y,a,m! ;) +H(m' ;_j,d & iq1)

<H(E—im1,€misémivn) + H(m;_y,ml;,ml ).

In this case, we define the two configurations

If they intersect each other at —i, i.e. {_; =m

X7an = ( ?m/—j5"' am/—i—laalag—i-‘rlf“ 750 :f)’

and
Xm/\& = ( o 7£—j7’ o 7§—i—1)a7m/—i+15 co am6 = m)
By the definition we then have
(Ac(len) - Ac(Xm)) - (Ac(Xé) - Ac(Xf))

>AC(Xm/\ E) - AC(Xm) + AC(vaﬁ) - AC(Xé)

>0.
The second inequality comes from the observation that X,,,¢ is the configuration
originating from m and approaching X which is a minimal configuration, and X,y ¢
is the configuration originating from ¢ and approaching X’ which is again a minimal

configuration. This verifies the decreasing monotonicity in m. Therefore, for each
¢ € (cp/q—»Cp/q+) there is exactly one point m € (o, 1) such that

AC(len) - Ac(Xm) =0,

thus we can write m. = m(c) and see its increasing monotonicity in ¢ if we note
further that A.(X],) — Ac(X,,) monotonously increases with respect to ¢ (see (3.3)).

Therefore, for ¢ € (cp/q-,Cp/q+r) We have A(Xp) < A(X],) if m € (zo,me)
and A.(X,,) > Aq(X],) if m € (m,x1). By the definition of weak KAM solution,
(m, 0t (m)) uniquely determines a backward minimal configuration X along which
the action A.(X) reaches the minimum provided u_ is a weak KAM solution and
differentiable at m. Clearly, this minimal configuration is exactly X, if m € (zq, mc),
is X, if m € (me,x1). This verifies the expression of u; for ¢ € (¢,/q—,¢p/q4+)- Let
€ — Cp/q+, it is obvious that 4, — Uy,

Indeed, we have

A, (X)) = A, (Xm) —0 as m \, To;
A, (X)) —Acy (X)) —0 as m / x.
Indeed, by letting o X, = (---,(opm/)o = m' 4, ,(oxm )y = m{; = m) be the

shift of X/ , we see that o, X/, approaches to a minimal homoclinic configuration as



HOLDER REGULARITY 85

m — xo and k — oo. This minimal configuration is in the Aubry set for ¢ = ¢, /,_.
Similarly, o X,, approaches another minimal homoclinic configuration as m —
and k — —oo. It is in the Aubry set for ¢ = ¢, /¢ -

To obtain the monotonicity of @_ in ¢, we observe two facts, the first one is that

axﬁ;/q L > 89511;/617 whenever both exist, the second one is that m. monotonously
increases in ¢. Therefore, we obtain that

Oy, < Oyu, a.e. whenever ¢ < ¢.
This completes the proof of the second part. O

Let C9([0,1],R) be the space of continuous functions equipped with supremum
norm

— Uy | = max [a (z) - a,(z)|.

lag
z€[0,1]

c

We have:

Theorem 3.1. The set of functions {a, : ¢ € R} can be parameterized by some

parameter o, so that the map o — ﬂc_(g) 18 %—H()'lder regular in o.

Proof. Note that each cohomology class ¢ uniquely determines a rotation number
We = E;l(c) for monotone twist map and ¢ > ¢ if w, > we. According to Lemma
2.1, we have

Oxt, (x) > Oyu, (z) awe, if we > we.

If we set u, (0) = 0 for each ¢, we have a; > u_ for x > 0 if w, > w, and if
Cpjqt+ > € > ¢ > cp/q—, in virtue of Lemma 3.2, we find that @, (x) > a_ (x) for
x > 0, moreover, there exists « € (0, 1] such that a, (z) > a_ ().

We arbitrarily choose one function %, corresponding to a cohomology class ¢y and
parameterize another 4 = ﬁ;(g) by the algebraic area between graph_ and graphi,
in [0, 1],

o= / (a5 (z) — g (x))d.
0

Obviously, there exists one-to-one and continuous correspondence between ¢ and ¢
although we do not know whether some regularity exists if we think o as a function
of ¢, or vice versa. Anyway, we can think @, as a map to function space C° equipped
with supremum norm 4~ : R — C°([0, 1], R),

— g, || = max |ug, (x) — T, (2)|-

@
z€[0,1]

o1
Straight forward calculation shows
1
-l = | [ (@5,0) - iy, (@) do
0
1

- ﬂ;z ||2’

N -
= 2C,, £C| s,
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i.e,
_ 1
a5, = ug, | < V2[Co, £ Coylor — oo
Here the constant C,, is the Lipschitz constant for u . O

4. Regularity of weak KAM solutions
in a priori unstable case

This section aims at the regularity of those weak KAM solutions for which the
associated Mather sets are contained in a two dimensional cylinder.

Let @', @, ~and @] denote the Hamiltonian flow determined by H, f 4 g and
g respectively, let ®, &, , and ®, be their time-1-maps accordingly. For the map
®,, the origin in the two dimensional space (z2,%2) € T x R is a hyperbolic fixed
point, its stable and unstable manifolds are smooth curves, denoted by I'j and I'ff
respectively. For the map of ®¢, 4, the cylinder £y = T x R x {(z2,y2) = (0,0)} is
a normally hyperbolic invariant manifold, its stable (unstable) manifold has the form
We =T x R x Ty", foliated into a family of invariant fibers W = U.ex, I} in
which ('Y = {2} x I'¢™.

As the a priori unstable condition is assumed, it follows from the fundamental
theorem of normally hyperbolic invariant manifold [6] that

Theorem 4.1. For any K > 0, there is eg = eo(K) > 0 such that if ||P|lcr < €
in the region {|y1| < K} then the map ® has an invariant C™~'-manifold  with the
properties:

1, it is a small deformation of manifold Yoy, <k

2 = {z1,y1, 22(z1,91), y2 (21, 01) 21 € Ty € [~ K, K]},

and is also normally hyperbolic for ®, its locally invariant stable and unstable manifold
are denoted by W3 and W respectively.

2, W™ has a foliation of stable (unstable) fibers We" = U,esT'S%. The points of
I'Y are characterized by sharp backward asymptoticity towards z, the points of I'S are
characterized by sharp forward asymptoticity towards z. The laminae U,esI'S™ for ®
are C"~1 near U,ex, Iy for 5.

Let M =T x 2T be the covering space of M = T?, i.e. x5 € [0,2) modulus 2. In
T*M, the life of ¥ has two connected components, one is in a small neighborhood
of {2 = 0}, denoted by %, another one is in a small neighborhood of {zo = 1},
denoted by ¥'. Similarly, the life of each point z € ¥ and the associated fiber I'$"*
have their two copies, denoted by z, 2/, I';" and I',;" respectively. The unstable fibre
I'¥ originates form ¥ and extends to the right, the stable fiber I'¢, originates form ¥/
and extends to the left. For suitably small a > 0, there exists 0 < € < ¢g such that if
||P||lcr < € on the region {|y1| < K}, T'¥ keep horizontal in the region {za(z1,y1) <
x2 <1 —a} and I'%, keep horizontal in the region {a < zo < zo(x1,71) + 1}
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As the manifold ¥ can be considered as the image of a map ¥ : ¥y — T? x R2,
Y ={z1,y1,22(x1,y1), y2(x1,91)}, this map induces a 2-form *w on Xy,

8(y2’ .%'2)
(y1, 1)

here w is canonical 2-form. Since the second de Rham co-homology group of ¥ is
trivial, by using Moser’s argument on the isotopy of symplectic form [11], we find that
there exists a diffeomorphism v on ¥ol{},, <k} such that

(Y o) w = dyy Adxy.
Since ¥ is invariant for ® and ®*w = w, we obtain
((1/) o) Lodo (o ¢1)) dy A dzy = dyi A dzy.

Note that ¢ = ¥ oy : X9 — X is a small perturbation of identity. Consequently,
(porpy) L o ® o (¢ 09hy) is monotonously twist.

Yw= (14 Ydy1 A dxq,

As the second de Rham cohomology group of a suitably small neighborhood of ¥
is trivial also, both ¥ and ; can be smoothly extended to the neighborhood of %
so that

((1[1 o 1/)1)*1 odo(yo wl))*w = w.

It is shown in [3] that there is a channel S = {(c1,c2) € HY(M,R) : c; € R, A <
c1 < Bya(er) < e < ber), —oo < ac1) < 0 < b(er) < oo}, such that, if ¢ € intS, the
Marié set is contained in LX.

The following estimation is in the sense that we pull it back to the standard cylinder
by ¢ € diff(Xo, %), and denote the perturbed generating functions still by @.

For each ¢ € IntS, as it was studied in [3], the corresponding Aubry-Mather set lies
in the cylinder. Thus, restricted on the universal covering of 3¢, we have y; = 0y, u,
and yo = 0Op,u, = 0 almost everywhere. Without loss of generality, we assume
4. (0,0) = 0. We choose a path P = {¢ = (¢1,0) : A < ¢; < B} C S. By choosing the
parameter ¢ as in Theorem 3.1, there exists a one-to-one correspondence between ¢y
and o. Clearly, a constant C; = C71(K) > 0 exists such that

|25 (1,0) = @, (21,0)]| < Calo - o'|2,

where

125 (21, 0) =t (21, 0)| = ‘max [y (21,0) = s (21, 0)]

and
1
o—o' = / (tig (21,0) = Uiy (21, 0))dary.
0

Theorem 4.2. The set of functions {u, (x)}e.ep can be parameterized by o so that
restricted in {0 < zo <1 —a}, {uy } is -Holder continuous in o.



88 MIN ZHOU

Proof. Recall the proof of Theorem 3.1, there exist upper and lower bound for o:
A’ < o < B’ so that each ¢ € P corresponds to some o € [A’, B']. Let us establish
the lemma first:

Lemma 4.1. For o, o’ € [A', B'] with |o — 0’| < let

167
D= {xl e [0,1] ‘ 100,75 (21,0) — B, @iz, (21,0)] > \o——o'ﬁ},

then the Lebesgue measure of D is bounded by m(D) < 2|o — o’|3

Proof. As we set u,(0,0) = 0 for each o, straightforward calculation shows

1
o—o —/ (g (21,0) — @, (x1,0))dx;

/ / Oy, U, — Ox, 1, (s,0))dsdxy

7/0 (1 —5)(0z,T, (5,0) — 0y, 1. (5,0))ds.
Let D1 = DN 0,1 — |o — ¢’| 5], we have
m(D) < m(Dy) + o~ o'|.
By the way of defining o, we have
O, Uy (21,0) — O0py U, (21,0) >0 ace.
if o > o/, thus,

o—o' > /Dl(l—s)(@wlua(s,O)—@xl ~(s,0))ds
> m(Dy)|o — o'|%.

Thus, we have m(D) < 2| — o'|7. O

This lemma implies that the existence of a points x} in each interval [a,b] C [0, 1]
with the property
__ 1
|8x1uo— (nga 0) - a$1u¢7 (‘T17 )| < |U - OJ‘ 2.
provided m([a,b]) > 2|0 — o'|5.

Given o, o/ € [A/,B'] with |0 — ¢'| < 7=, we assume that both @, and @,
are differentiable at «* = (27,25) € {0 < 22 < 1 —a}. Let y = 0,4, (z*) and
y' = Oyu_,(z*). Thus, by Theorem 4.1, there exist exactly two points Z, 2" in the
cylinder such that z = (z*,y) € TY and 2’ = (z*,y') € I'%. As they are in the
cylinder, we can write 2 = (&1, 0, 41,0) and 2’ = (21,0, 9}, 0).

Thanks to Lemma 4.1, there exist two points z¢ = (£,0,y¢,0) and z; = (&, 0,y;,0)
in the cylinder such that |§ — 2| <20 —d'|3

1’1 Uy (f 0) yé = amlﬁ;’(gvo)a
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and
1
lye — vel <lo—o'|2.
The unstable fiber I'}, (resp. I‘Zé) intersects the hyperplane {zo = z3} at zc = (x¢, y¢)

(resp. 2¢ = (2¢,y¢)), where z¢ = ((,23) and 2 = ((',23). Let y1 = I'} |12, -] and

Zgy2¢

— u
72 = T 1,200

U, (x¢) — U, (xp) =1, (§,0) — a,(&,0)

+/ ydaz—/ ydzx.
71 72

By the theorem of normally hyperbolic manifold, the unstable (stable) fiber C"~1-
smoothly depends on the base point. Therefore, we have

‘/ ydx—/ ydm‘ :O(|a—a’\%).
T Y2

In virtue of Theorem 3.1, we see that there is a positive constant C'5 such that
_ J— 1
|ty (2¢) — Uy (z7)] < Cslo —o'|2.
To complete the proof, we claim that
* * 1
max{||z¢ — 2|, [lz; — ™|} = O(lo — o’|7).

Towards this goal, we recall a fact that the unstable manifold of ¥ is invariantly
foliated by unstable fiber Wi = U.cxI'%. Since the 3-dimensional manifold Wt inter-
sects the hyperplane xs = constant transversally, we obtain a map Fy : W|z,—0 —
Wit|ey=2y by defining F'(z) € I'Y|y,—z5. Clearly, for the map @4, Fryy is a trans-
lation and the coordinate x1 keeps constant. By Theorem 4.1, the foliation into
unstable fiber is permanent for the map ®z, the laminae U,cxT'$% for &5 are C" !
near Uex, Iy} for @4, ;. It implies the tangent map dFp is close to identity provided
r > 2. This verifies our claim.

Therefore, we obtain

_ _ 1
g (x1,22) — U, (21, 22) | co({o<zs<i—a} k) < Clo — o[

for o, 0/ € [A’, B'] with |0 — ¢’| suitably small. O

From the proof, we see that the parametrization ¢ — ¢(o) depends on the family
of @_, we use the symbol o~ to specify it for backward weak-KAM solutions. Simi-
larly, area parameter o™ € [A”, B”] can be also introduced for @/, and the -Holder
regularity exists in oT. It is not clear whether o~ (c) = oF(c). Anyway, we complete

the proof of Theorem 1.1.

Remark 1: By using the modulus continuity of Peierl’s barrier function obtained
in [7], we find that, restricted on the invariant cylinder, the Hausdorff dimension of
the barrier function set is not larger than 2. But we don’t know, in this way, how to
obtain the Hausdorff dimension estimate when they are treated as functions defined
on two dimensional configuration space.
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Remark 2: The result in this paper can be extended to the case that the Hamiltonian
g has arbitrary k degrees of freedom provided (z,y) = 0 is a hyperbolic fixed point
supporting a minimal measure. There is a neighborhood of the origin where the stable
and unstable manifolds keep horizontal. Under small perturbations to f + g, a two-
dimensional cylinder still exists. Therefore, the regularity is obtained in the same
way if we restrict ourselves in a suitable neighborhood of the cylinder. We can obtain
the regularity by noticing the fact that a uniform upper bound T exists such that
®E!(2) stays in this neighborhood for any ¢t > T and any z provided it is a forward
(backward) c-minimal orbit for ¢ € P.

5. Application

By the regularity obtained above, one immediately obtains the genericity of Arnold
diffusion in a priori unstable systems by following the way of [3]. Different from the
diffusion orbit obtained in [3], the diffusion orbit obtained here shadows a sequence
of heteroclinic orbits. It was claimed in [13].

Indeed, by the regularity of the weak-KAM solutions, we obtain immediately the
regularity of the barrier functions B, (z) for the co-homology class ¢ € P with
o~ (c) € [A/,B'] and ot (c) € [A”, B"], it measures the limit infimum of the action
along each curve passing through = and homoclinic to M(c) in the covering space M.
Here Bg e, () is defined as well as in [3],

Be.e,(x) = inf{he e, (Mo, z,m1) — hee, (Mo, m1) : mo, my € Mo(c)},

k2
horey (Mo, 1) = liminf  inf / (L = no)(dy(t), )t + (k1 + ka)ar(c),
Zl—’oo V(*(kol)):mo —ky
2— 00 0% =x

v(k2)=ma
[v]27#0

k
howes oy my) = liminf  inf / (L — 52)(dy(8), )dt + ka(c).
0
[v]2#0

For the covering of the configuration manifold M = T x 2T introduced in the last
section, there are two lifts of the invariant cylinder ¥, denoted by ¥, ¥’ respectively.
Each lift of orbits homoclinic to ¥ turns out to be heteroclinic orbit connecting ¥ to
¥ or vice versa. We consider those orbits originating from ¥ and approaching to %'.
Among which the minimal heteroclinic orbit corresponds to the minimal point of the
function

Be(ot),eq(7) = ﬂ;(g—)(z) - ﬂj(gﬂ(x)-
We call it barrier function, it is introduced in [3], somewhat different from the barrier

function introduced by Mather [10]. Recall the parametrization o~ € [A’, B] (resp.
ot € [A",B"]) — c= (c1(0%),0) € P with ¢; € [A, B], we have
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Theorem 5.1. Given A < B, there exists Cs > 0 such that
|Be(ot),0(®) = Be(or) e (2)] < Cs(J0™ = 0" |3 + [oF = o"F|1)

holds for each x € M\{|z2| < a}, provided o~ ,0'~ € [A', B'], o*,0'" € [A”, B"] and
lot — o'*| is suitably small.

Consequently, the Hausdorff dimension of the set
Bo = {Be(ot)eslvert\(asl<a) + 0 € [A,B], 0 € [A", B"]}.

is finite:
Dp(%,) <8.

This finiteness of the Hausdorff dimension guarantees that genericity of transition
chain (see [3]):

Let ¢ = (¢1,0), ¢ = (c},0), transition chain T" : [0,1] — P is defined by T'(r) =
(L —=17)er + 7¢4,0). For each 7 € [0,1], I'(7) satisfies the following condition: there
is a small number ¢, > 0 such that 71 (No(T'(7), M))\(Ao(T'(7)) + d7) is non-empty

and totally disconnected. Here No(T'(7), M) denotes the Mané set with respect to the
covering space w1 : M — M.

Indeed, Ay(I'(7)) is the image of the Aubry-Mather set in the cylinder under
the Legendre transformation £ and (Ao(T'(7)) + ;) C {x : |za] < a}. Thus,
71 (No(T(7), M)\ (Ao(L'(7)) + 6,) contains exactly the minimal points of the bar-
rier function in the region {z : |z2| > a}. Clearly, this set is totally disconnected in
generic case, one obtains it immediately from the finiteness of the Hausdorff dimension
(see Section 7 in [3]).

Therefore, the conditions required in the Theorem 5.1 in [3] are satisfied, (one
needs not to consider c-equivalence here). By applying this theorem, we obtain:

Theorem 5.2. Given two arbitrarily numbers A < B and assume H satisfies the
above conditions, then there exists a small number ¢ > 0, a large number K > 0 and
a residual set Se.x C Be x such that for each P € Sc i there exists an Arnold-type
orbit of the Hamiltonian flow which connects the region with y; < A to the region
with y; > B.
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