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A SECOND ORDER ESTIMATE FOR COMPLEX HESSIAN
EQUATIONS ON A COMPACT KAHLER MANIFOLD

ZUoLIANG Hou, X1—NAN Ma, AND DAMIN WU

1. Introduction

Let (M,w) be an n—dimensional compact Kéhler manifold. For a function v on M,

we denote
1 _
Wy =w+ddv=w+ T@av,
T

in which d¢ = /=1(0 — 9)/(4n). The complex Hessian equation on M can be for-
mulated as follows: Let o; be the k—th elementary symmetric function, that is, for
1<k<nand A=(A,...,\,) €R",

(1.1) or(A) = D A i
1<i3 < <ipg<n

Let Ma,;} denote the eigenvalues of Hermitian symmetric matrix {a;;}. We define

ax(az) = ox(Magz}).
The definition of oy, can be naturally extended to K&hler manifolds (and more gener-
ally, Hermitian manifolds). Let AY!(M) be the space of smooth real (1,1)—forms on
M; we define for each x € AM(M),

or(x) = (Z) M

wTL
For a smooth, positive function f on M, the following equation is called the k-th
complex Hessian equation on M:
n\ WP AWk
03 o= (1) 250
Throughout this paper, we fix k to be an integer such that 2 < k < n — 1, unless
otherwise indicated. Clearly, the compatibility condition for (1.2) is

(1) M Jor = (Z> /M o

It is well known that the famous Calabi conjecture in Kéhler geometry is equivalent
to the solvability of the equation (1.2) for k = n, which was solved by Yau [15] in
1976. For the k-th Hessian equation, we consider the admissible solutions introduced
by Caffarelli-Nirenberg-Spruck [2]:
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Definition. For 1 < k < n, define
Ty ={AeR":01(\) >0,...,0k(N) > 0}.
Similarly, we define I'y, on M as follows:
Th(M) ={x € AV (M) :0;(x) >0,j=1,...,k}.
A function u € C%(M) is called an admissible solution of (1.2) if w, € Ty (M).

Note that the real counterparts of (1.2) have been studied extensively in the lit-
erature, as these equations appear naturally and play important roles in classical
geometry and conformal geometry. For example, the Dirichlet problem of a Hessian
equation in R™ was studied by Caffarelli-Nirenberg—Spruck [2] and Ivochkina [9].
Pogorelov [12], Guan-Ma [6] investigated the Christoffel-Minkowski problem, which
is related to the convex solution of a class Hessian equation. The existence of star-
shaped hypersurfaces with prescribed Weingarten curvature was studied by Caffarelli—
Nirenberg—Spruck [3]. For Hessian equations in conformal geometry, see for example,
Chang—Gursky—Yang [4] and Guan-Wang [7]. The Hessian equations on Riemannian
manifolds were studied by Y. Y. Li [11] and Urbas [13]. For more details, we refer to
X. J. Wang [14] and the references therein.

The complex Hessian equation, however, is much less studied so far. As we know,
the Dirichlet problem of complex Hessian equation in C™ was studied by S. Y. Li [10]
and Blocki [1]. The first named author [8] proved the uniqueness of the solution of
(1.2); he [8] also proved the existence of a smooth admissible solution of (1.2), by
assuming the nonnegativity of the orthogonal bisectional curvature of w.

A natural approach to solve (1.2) is the continuity method. The openness follows
from the implicit function theory. The closedness argument depends on the a priori
estimates up to the second order, in view of the standard Evans—Krylov theory. Simi-
lar to the Monge—Ampere equation, the zero order estimate follows from Yau’s Moser
iteration [15]. In this paper, we establish a second order estimate for (1.2).

Throughout this paper, we denote by Cjy a nonnegative constant depending only
on the lower bound of the bisectional curvature of w. More precisely, for each point
x in M, for any two unit vectors n and ¢ of T1YM, we denote

R, nce(x) = R(n,7,¢, Q) ();
then we set

(1.4) Co = sup \ inr}gf(Rnﬁgg)(x)L

in which the infimum runs through all two unit vectors n, ¢ in T2°M for a point z
in M. Our theorem is as follows:

Theorem 1.1. Let u € C*(M) be an admissible solution of equation (1.2) and f
satisfy the compatibility condition (1.3). Let Cy be the constant defined by (1.4).
Then, under the normalized condition

/ uw” =0,
M

we have the following uniform second derivative estimate

(1.5) sup [dd°ul, < C(sup|VulZ +1),
M
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where C' is a positive constant depending only on ||f% llc2(ary, w, and Co,n, k.

We remark that the (1, 1)—form w,, in (1.2) allows negative eigenvalues. This feature
breaks down the classic methods for Monge-Ampere type equations, as they require
at least semipositivity of w,. Here we adopt a casewise argument, motivated by
the treatment of Chou-Wang [5] on the real Hessian equation. The complex case is
however more subtle in handling the third order terms, due to the difference between
|uy1z|? and |u;q3/%. The difference remains to be the major difficulty in deriving a
Pogorelov type interior C? estimate for the complex Monge-Ampeére equation on a
bounded domain in C"*. We overcome this difficulty here by squeezing out a small
positivity in the third order terms and absorbing the negative effect via the Kéhler
form.

Moreover, we improve the estimate in [5] so that the constant C in (1.5) does not
depend on infy; f (see Lemma 2.2 part (2)). This means that our estimate still holds
for the degenerate case. Let us finally point out that an estimate of the form (1.5) is
also adapted to the blowing up analysis.

2. Estimates

First, we remark that the following zeroth order estimate follows directly from
Yau’s Moser iteration method. Its proof is therefore omitted.

Lemma 2.1. If u € C?(M) is an admissible solution of (1.2) and f satisfies the
compatibility condition (1.3), then under the normalization condition

(2.1) /M ww" =0,

we have the following uniform estimates

(2.2) sup |u| < C,
M

where C is a positive constant depending only on sup,, | f| and w.

To show Theorem 1.1, our calculations will be carried out at a point = in the
manifold M. Let (z1,...,2,) be a local holomorphic coordinate system centered at
2. The subscripts of a function h always denote the covariant derivatives of h with
respect to w in the directions of the local frame (9/9z!,...,0/02"). Namely,

hi =Vaazih, hi5 =Vas0:iVa 0.1k,  hiji =Vo0:1Va02iVaazih
Proof of Theorem 1.1. Let us consider the function
W(z,&) = (1+u58'¢) exp [@(|Vul?) + 1p(u)],

for any x in M and any unit vector £ € T2OM. Here

1 t
(2.3) o(t) = =3 log (1- 5.
in which
(2.4) K =sup |Vul® + 1;
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and
t
(2.5) b(t) = —Alog (1 + E)
in which
(2.6) L =sup|u| + 1, A =3L(2C, + 1).
M
By (2.3) we have
1
(2.7) 3 log2 > ¢(|Vul?) > 0,
1 1
2. — > H> —
(2.9 S 2 (V) 2 = >0,
(2.9) @ (IVul?) = 2 (Vu*)]" > 0.
It follows from (2.5) that
(2.10) Alog2 > > Alog(2/3),
A A
2.11 —>—>—==2 1
2¢
2.12 "> —(¢)? foralle< .
(212) vz 2@ foralles ot

These inequalities will be used below.

Since M is compact, W attains its maximum at some point x( in a unit tangent
direction &y € T, ;(;OM . Since M is Kéhler, we can choose a local normal coordinate
system near xg such that

0z

In addition, we may assume that

9i5(x0) = bij, (z0) =0, w;5(wo) = dijug(wo).

(2.13) AL> A > > A
Here and in what follows, we denote by
Ai = (14 ug)(xo), foralli=1,...,n.

Then, by definition of W and the above construction, we know that &, must be
coincide with 9/0z! at xo. We can extend & to a smooth unit vector field in the
neighborhood of zy by setting
_ 0
§o = 9111/2$~

In the follows, the covariant derivatives with respect to w are given in terms of this
local coordinate system, unless otherwise indicated.

Our goal is to derive a uniform upper bound for A;. Without loss of generality, we
can assume that \; > 1.

Note that the function

G(z) =log W (z,&) = log(1 + g;7'wi1) + @(|Vul?) + ¥ (w)
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is well-defined in a neighborhood of zy, and G achieves its maximum at xy. From
now on, all the calculations will be carried out at the point zg. (Let us bear in mind
that covariant differentiating the metric tensor always equals zero.) First, we have

n
U7
(2.14) 0=G; = 1 +1Z11 + ¢l uug + ¢ Z upitiy + ¢,
p=1
for each ¢ = 1,...,n. Note that
U145 UITiU1T5

G = - "+ O s
K 14 uqg (1+u11)2+wu”+,¢) Uil

+ QDN (Uzuﬁ + Z Upiuﬁ) (Ujujj + Z quqj)
g=1

p=1

n n
+ ¢ (Si5u + Z Upitiy7) + ¢’ Z(“piiuﬁ + Upiztp).
p=1 p=1

Let

Flw) = (ox(wa)) "

We denote by

2
i oF Fiipd — OFF

-~ ow’ Ow,;50wpg’

where (wy);; = g;7 +u;;. Then, the positive definite matrix (¥ i (w,)) is diagonalized
at the point xy. More precisely, we have

= = 1 1/k—1 .
(2.15) F” (wu) = 5ijF“(wu) = E [O'k()\)] / 0'1971()\‘7/)6”‘.

Furthermore, at xg,

Fire, i i=j, p=g;

(2.16) FiPi(w,) = Q FPP ifi=q,p=j,i#p;
0, otherwise,
in which
| 1/k—1 .
Fiorr = 2 (o] (1 = 6)ona (Alip)
1.1 1/k—2 .
+ (7 = Do) o Mi)or (Alp),
DI 1 1/k—1 .
Fort — — [ (V)] M s (Alip).
Here and in the follows, o,.(A|i1...4;), with 41,...,4; being distinct, stands for the
r—th symmetric function with A;; =--- = \;, = 0. We have, in addition,

n n
(2.17) S Fiwg =3 FN =0/ = fUE
=1 1=1
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Thus, at the point xg,

0> Y FiG; =) FiG;
ij=1 i=1
- Fﬂumi - Fﬁ|“1h‘|2 SN it
= - + Fug
; L+ ug ; (L +up)? ZZ_;

(2.18) r

n n n
" 7 2 " i
+ E F% ;| + ¢ E F"uu; + E Upilp
i=1 i=1 p=1

n n n
F Y FRE 4 Y Pl + @ Y F (upitp + upiuy)-
i=1 ip—=1 i p=1

For an arbitrary smooth function A on M, covariant differentiating the equation
Flw,)=h
in the 9/92! direction yields that
Fii w5 = hy.

Here the summation convention is used. Differentiating again in the 9/9z" direction,
we obtain that

ij i5,pd,, - _
F55 + F7Pusupgm = him-
By commuting the covariant derivatives, we have

N - RY
uiﬂ = uilj — Ugq i 15

_ _ -Ro Rb
Uiflm Ulmig + Uaj i 1 — Ubmdy; 5.

J
This implies that
Fiiug = hy+ua PR -,
Fij’u/lﬁ”‘; = hlrh - Fij’pquilepqrh + Fijume?i} - FijuajR?lﬁz'
In particular, at the point zo, we have for h = f1/%
n _ n B
_ N _
(2.19) ZF“Upﬁ = (f'%), + Z ug B Ryygiz,
i iq=1
n _ n _ n B
(2.20) Z Fluggg = (f7%)1 - Z F P upg1 + Z F*"(urt — wig) Rygiz.
i=1 ij,prg=1 i=1

Recall that
1+ u(wo) = wiz(wo) = As,
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for each i = 1,...,n. We have
n o n I

Z F*"(uy1 — ugg) Rigig = Z F*(A1 = Xi) Ry

i=1 i=2
> inf(Rp) > F(A — A
ft i;ﬁl< zzll); ( 1 )
= inf(Riar) (M Y F = 17%). by (217)).

i=1

For convenience, we denote by
n —
F=> Fi(x).
i=1

Thus, by (2.20),

n

Fﬁuﬁﬂ -1 - ij,pq
Z 1+ us e Z FPhy s una — CoF
(2.21) i=1 1 i,jpra=1

— Cosup f1/* — sup [dd*(f'/")]..
M M

Here Cj is the constant given by (1.4).
It follows from (2.19) that

n
¢’ Z F*" (upzup + ugizup)

i,p=1
(2.22) =@ (s (P )] + 6 S g R
p=1 2,p,q=1

>~ |V(fY9)? = ¢ |Vul? = Coy/ |Vul*F

supy [V(MP 1 Go

> 5 — o5 (by (2.8)).

Moreover, apply (2.17) to obtain that

WY Flug =4y FU N 1) = g F
(2.23) i=1 i=1

> _3(20 + 1) sup fY/* — ' F, (by (2.11)).
M
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Similarly, we have
v ZF“ = ZF“ (i —1)*

(2.24) =/ Z FiN2 =20/ f/% 4+ o/ F
=1
n

> ZF”)\Q bupfl/k—i—gp]:

i=1
Substituting (2.21), (2.22), (2.23), (2.24) into (2.18) yields that
" Fij’pquijlu

a1 Fifjuy |
0> — pql 113 7 F” 12
S ol zmu 3

‘,qu—l

+ %0// Z Fn

(77/) +90 7200)‘7:7023

(2.25)

+<P ZF“/\2+<P Z F“‘upz|2

1,p=1

U7 + E UpiUp

where Cy is a positive constant depending only on Cy, sup f1/*, sup |V (f/*)|?, and
sup |dd®(f'/*)|. From here we would derive the estimates separately for two cases,
either \,, < —dAq, or \,, > —dA1. Here and below, we set

1 71
= 1524 = [L+66uwplul+ DEC+ 1] >0,

in which A is the constant given by (2.6).

Let us first consider Case 1: Suppose that A\, < —dA;. We apply (2.14) to
obtain that

F|U11z _ - i7
_Z (14 uq7)? ZF

2
(u U7 + Z upzup + ' u,;

i=1 p=1
> 22 Y Fui + Y upig| — 26)?Vul2F
i=1 p=1
n - n 2
> —2(¢")? ZF” wiu;; + Zum’“ﬁ —2(6Cy + 3)*K F, <by (2.11)).
i=1 p=1

On the right hand side of (2.25), the first term can be dropped, in view of the concavity
of F; so does the seventh term, since by (2.8) and (2.11),

—' 4+ ' =2C) > —¢' —2C) > 1.
It follows that

n _ n 2
0> [90// _ 2(90/)2] Z F" lusu; + Zupiup’
i=1 p=1

+¢ Y FUA? - 18(2C) + 1)K F — Ch.

=1

(2.26)
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Applying (2.8) and (2.9) to (2.26) yields that

1 _
(2.27) 0> EF"")\EL —18(2Cy + 1)K F — Cs.
Note that
(2.28) s L
n
This is due to the monotonicity F™™ > ... > F_which, in turn, follows from (2.15)

and that
O’k_l()\|i) - Uk—l(/\‘j) = (/\j - )\Z)O'k_g(/\|1]) >0, foranyi>j.
Substituting (2.28) into (2.27) yields that
f
0> ——\2 —18(2C KF — Cs.
Z 1kn (2Co +1)°KF — C,
By the assumption of Case 1, A,, < —dA1, we obtain that
2 72n(2Co + 1)2K?  4nKC,

To finish Case 1, we note that F has a uniform lower bound. Indeed,

F= En:F - %[ak()\)]l/k_l En:o—k,l(w) (by (2.15))
=1 i=1

_ 1 _
= % [ak(/\)]l/k 1ak_1()\) >1, (by Maclaurin’s inequality).

Therefore, we conclude that

[72n(2Cq + 1)2 + 4nCy]/*
0
where C' > 0 is a constant depending only on Cy, n, sup |ul, sup f1/*, sup |V (f1/*)|?,
and sup |dde(f/*)).
Now let us consider Case 2: We assume that )\, > —d)\;. Recall that

A <

K =CK,

[1 4 6(sup [u] + 1)(2Co + 1)] > 0.
M

Let

I={ie{l,...,n}|op_1(\i) > 6 tor_1(A|1)}.
Clearly, 1 ¢ I, since 6~ > 7. By (2.15) we know that an index j is contained in I if
and only if

Fil(zq) > 6~ F (z0).
Let us first treat those indices which are not in I: By (2.14) we obtain that

F B
*Z :21' @2 > Filuug +Zumup‘ o) Y P ?

il igl

Z F“‘u U7 + Z umup

gl

8(2Cy + 1)K F'.




556 ZUOLIANG HOU XI-NAN MA, AND DAMIN WU

The first term on the right can be absorbed by the term

2

n
" i
%) F uiuig—kg UpiUp|
i¢l p=1

in view of (2.9). It then follows from (2.25) and (2.8) that

" FU Py Fitjuy g
02_ P i #_&.(_1&’4_@’_200)]_‘

+ (PN Z F”

el

Uity + Z uplup + w// Z F”|U2|2

7{ Z F\} —18(2Co + 1)K F'! = Cs.
i=1

Without loss of generality, we can assume that
A2 > [12(2C, + 1)K]°,
for, otherwise the desired bound is obtained by
A <12(2C) + 1)K
Thus, we have
N FUpdy,

0>- Y

'7j,p,q—1

(2.29) + w// Z F”\uz|2 + 90” ZFH

el

ij1tpgl Z Fifjuy g, [>
I +wug (14 u1)?

U7 + E umup

T( Z FU\2 4 (= — 2C0)F — Cs.
=1

We claim that the following estimate holds:
n Fiipdy ~ 4 = Fii ‘u
151 %pql 111 " it
— _— - 5T ¢ F
i 'Z—l 1 + U111 Z (1 + U1 1621
(230) 7.7;p;‘i*
+wHZFﬁ‘ui‘2 > 0.

i=1

UiU;; + E upzup

Assuming this claim, we obtain from (2.29) that

’ 1 O i1y 2
Co > (—' — 2C)F + 8—KZF A
(2.31) i=1

> —F”)\ by (2.11).
F+ 3k y (2.11)

This in particular implies that F < C5. By the following Lemma 2.2 part (2) we

obtain that (n. )
11 c\n,

F Z Ck_l 9

2
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where ¢(n, k) is a positive constant depending only on n and k. Substituting this back
into (2.31) yields the desired bound

21204
(2.32) A < ) VK.
Here we recall that Cy > 0 is a constant depending only Cy, sup f1/*, sup |V (f1/*)|?,
and sup |dde f|, as given in (2.25).

In the following lemma, part (1) was proved by Chou-Wang [5, p. 1037]. We
include here a slightly different proof (which provides the sharp constant 6 = k/n).
It is part (2) that enables us to improve the estimates in [5] so that upper bound of
A1 is independent of infy; f.

Lemma 2.2. Let k be an integer between 1 and n. Suppose that p = (1, ..., pn) € Tk
with py > g2 > -+ > py.
(1) We have

k
pog—1(pl1) > Eak(u),
where the quality holds if and only if p1 = po = -+ = py.
(2) If there is a constant B > 0 such that

(2.33) ok N (Wok-1(n) < B,

then

(2.34) ot o (uit) = S

where c¢(n, k) > 0 is a constant depending only on n and k.

Proof. For (1), since oy (p) = ok (p|1) + prok—1(p|1), it is equivalent to show that

(2.35) pop-1(pll) 2 —— on(u1).
Note that
o1 (p[1)
2.36 > ——.
( ) M=

Next, we recall the generalized Newton—Maclaurin’s inequality
A(ll) | kow(ul)

2.37 ,
(237 1 = = Koy (1)
where the equality holds if and only if 3 = -+ - = p,. Since ox—1(p|1) > 0, combining
(2.36) and (2.37) yields (2.35), where the equality holds if and only if 1 = -+ = .

For (2), applying the generalized Newton—Maclaurin’s inequality

[okw)/(;;) B /)
ai(p)/n ~oe-1(w)/ (00
and (2.33) yield that

@t _ (), k1
(2.38) ;1(NJ) = %(n —k+ 1) Bk-1
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On the other hand, we have by part (1),

1_4q kok(p 3 kog(p)*
ol oy = EE S BRI

This together with (2.38) imply (2.34), with

(2.39) c(n k) = <Z> :2 (%}Hl)“.

It remains to prove the claim. We will use the following elementary inequality:

Proposition 2.3. Let a and b be two elements in C". For any 0 < € < 1, the
following inequality holds:

la+ b2 > elal® — 1%E|b|2.
Proof. Note that
la+b]% = |a]® + [b]? + ab + ba > |a|* + |b]* — 2|al[b].
On the other hand, we have
1
2|al|b] < (1 — 24—
lallb] < (1 = &)lal” + ;—Ib|

The result then follows immediately. O

111

Let us now proceed to prove the claim: In view of (2.14), we have
" Fﬁ
¥ 1 + U111

-9 Z Fu
i€l

in|u T 2 25 ,(/}/)2 - o
> 20 i u1111|)2 - 1(7 5 ZF“|ui|2, (by Proposition 2.3 )
icl iel

’ '2
+ Y

n
Ui U5 + E upiup
p=1

Recall that we set § = (1 +2A4)~!. By virtue of (2.12), we obtain that

2’ 25 n ~ -
T/}_)(S ZF”|Ui|2 < WZF“|W|2~

il i€l
Thus,
N FUPy - - Fii |u
171 %pql 111 " i 2
- — N F u;
,5,p,g=1
+ S0// Z F” ulu” + Z 'U/pzup
el
n [id.pd Ty U] Fit)g,-.]2
> Z J1 pq17(1725)z |U111|2.
i A=l T+ ug el (14 uy1)
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To prove this claim, it is sufficient to show that

n Fiiﬁpliuif_lu - Fﬁ|u11-‘2
(2.40) - — P (1 - 206) — >
i’j%ﬂ 1T+ ug ; (14 up1)?

Notice that, by (2.16),
" FuU mt?uij 1Upgi

L 1+ w7
4,7,p,q=1 1

L e L XA S L P SR 3 UR SN
B e uiil”pz’;liZF u *ZF " |uin|

Tpn 1t i It = Lt
n e n T T
le,lz UsTs 2 Flz,zl U= 2
>_ Z g Z F fuan | (by concavity of F)
— 14wt — 1+ ug
1=2 =2

il,17),, _ |2

_ FU g
- 1+ w1
il Tl

To show (2.40), it suffices to prove that

o Fﬁ
— P> (1 - 26) , for each i € 1.
1 + Ui
This is equivalent to prove that,
(2.41) Mog—2(Ail) > (1 — 20)ok—1(A]i), for each i € I.

Since A1 > \; for each i € I, we can write
0'1.371()\‘2') — kal()\|1)

Uk*?()“ll) = A — \; .

Thus, (2.41) is in turn equivalent to that
Ai
A
Let us now proceed to prove (2.42): For each ¢ € I, we have

kal(/\‘i) > 5_1Uk71()\|1)'

(2.42) (2(5 + (1 —-29) > ok—1(A\|t) > ok—1(A\|]1), foreach i€ I.

Then,

(25 (- 25)2’) e 1 (M) > (2 (- 25)?;1) e 1 (A1),

We have assumed in this second case that A, > —dA;. In view of (2.13),
Ai > =0\, for alli e I.

Therefore,

(25 +(1- 25)21’) Tr1 (i) > (14 26)a_1 (A]1).

559

This implies (2.42). Hence, the claim is proved, and this completes the estimates in

Case 2.
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Combining the two cases, we obtain that

(2.43) A\ < CK = C(sup|Vul* +1),
M

Here and in the rest of this section, we denote by C' a generic positive constant
depending only on Cy, n, sup |u|, sup /%, and sup |V (f/*)|?, and sup |dd°(f'/*)|.
The estimate (2.43) would imply that

|dd°ul, = [giqujuﬁupq]lﬂ < C(s&p |Vu|2 +1).

Indeed, since w,, € Iy, we have o1(w,) > 0, and hence, at xq,

_)\n<>\1++)\n,1§(’n—l)>\1§0K

Then,
|w + dd°ul, < n*W (0, &) exp(—p — 1)
< n?\; exp(sup ¢ — inf @) exp(sup ¢ — inf 1))
<V234n2), (by (2.7) and (2.10)),
< OK, (by (2.43)).
Therefore, Theorem 1.1 is proved, by virtue of Lemma 2.1. O
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