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HEISENBERG IDEMPOTENTS ON UNIPOTENT GROUPS

TANMAY DESHPANDE

1. Introduction

Let G be a possibly disconnected algebraic group over an algebraically closed field
k of characteristic p > 0, such that its neutral connected component, H = G°, is a
unipotent group. We recall that an algebraic group over k is defined to be a smooth
group scheme of finite type over k. Let us fix a prime number [ # p. If X is a k-
scheme, we use D(X) to denote the bounded derived category of Q;-complexes on X.
If the group G acts on X, we use Dg(X) to denote G-equivariant bounded derived
category of Q,-complexes on X.

1.1. Heisenberg Idempotents. Let N be a closed connected normal subgroup of
G, hence of H, such that the quotient H/N is commutative. Let £ be a G-equivariant
multiplicative @Q;-local system on N. In particular, £ is H-equivariant. For a k-
scheme X, let X, denote its perfectization. Then as defined in [B], we get a map
¢c: (H/N)pery — (H/N)p.,p, where (H/N)7 ., , is the Serre dual of (H/N)perr. We
will only need to think about the k-points of (H/N);,,.; and these can be identified
with multiplicative local systems on H/N. Let £ be such that the map ¢, is an
isogeny, i.e. such that (IV, L) is an admissible pair for G, in the terminology of [B].
Let K denote the kernel of this isogeny. Let D (G) denote the G-equivariant (under
conjugation action) bounded derived category of Q,-complexes on G and Dy (G) the
H-equivariant bounded derived category. The categories D(G), Dy (G) and Dg(G)
have the structure of a monoidal category under convolution of complexes and D¢ (G)
has the structure of a braided monoidal category. As described in [B], in this situation,
we can define a closed idempotent e € Dg(G). More explicitly, e = L&Ky considered
as a complex on G by extending by zero outside N, with the G-equivariant structure
coming from the G-equivariant structure on £. Here Ky = Q;[2dim N](dim N) is
the dualizing complex on N. An idempotent on G obtained in this way is known
as a Heisenberg idempotent. In this situation, we would like to study the Hecke
subcategory eDg(G).

1.2. Main Results. In this article, we will describe the category eDg(G). First,
we work with the category eDy (G). Since H is connected, the forgetful functor from
Du(G) to D(G) is fully faithful. Hence we often implicitly consider the categories
Dy (G) and eDy(G) as full subcategories of D(G). Note that since e € Dg(G), we
have eM = Me for all M € D(G). Moreover, e is a closed idempotent. Hence, it
follows from [BD, §2] that eDy(G) = eDy(G)e is a monoidal category with unit
object e. Let M2 denote the full subcategory of eDy(G) consisting of perverse
sheaves. Then MPe™ is an additive Q-linear subcategory of Dy (G). It is also
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clear that e € M2"?[dim N]. We will prove the following results conjectured by V.
Drinfeld.

Theorem 1.1. M2 s a semisimple abelian category with finitely many simple
objects (up to isomorphism). FEach simple object in ME™ is a suitably shifted local
system supported on a closed non-singular subvariety of G. Moreover, the canonical
functor from DY(MPe™) to eDy (G) is an equivalence.

We prove this result in §4.2. To prove the theorem, it will be convenient to use the
notion of quasi-equivariant complexes, which we define in §3.2. In §3.3, we describe
the support of such quasi-equivariant complexes. In §3.4, we describe the category
of quasi-equivariant complexes on a homogeneous space. In §3.5, we give an alterna-
tive description of the category eDy(G) as the category of certain quasi-equivariant
complexes on G with respect to the action of H X N on GG, where H acts by conjuga-
tion and N acts by left multiplication. In §4.1, we show that these quasi-equivariant
complexes can only be supported on finitely many H x N-orbits in G. Each orbit
is a non-singular closed subvariety of G and is a homogeneous space for H x N.
Hence, the results from §3.4 will give us an explicit description of the category of
quasi-equivariant complexes supported on a single orbit. In particular, we will show
that the category of quasi-equivariant perverse sheaves supported on a single orbit is
semisimple abelian with finitely many simple objects and that the category of quasi-
equivariant complexes supported on that orbit is the bounded derived category of the
former category. (See Proposition 3.10.)

Theorem 1.2. The subcategory M, = MP"V[dim N] C Dy (G) is closed under
convolution, and is a monoidal category with unit object e.

Since e is a unit object in €Dy (G), the theorem is equivalent to the assertion that
it ML € ME" then M % L € MP*""[—dim N]. We prove this theorem in §5.3.
Let us explain the idea of the proof. In §5.1, we show using Artin’s theorem, that
M x L € PDZ4mN(G). Then, we will need to use a notion of duality in the category
€Dy (G), which is weaker than rigidity. We describe this in §2.3. Namely, we construct
an antiequivalence L — LY of eDy(G), such that for M,L € eDy(G), we have
functorial isomorphisms

Hom(M, L") = Hom(M * L, e).

The subcategory M, is stable under this antiequivalence. In §5.2, we compute MY x
M, where M € M, is a simple object, and see that it lies in M.. Moreover, we
will see that it is supported on H. In §4.3, we describe all the simple objects of
the category M, supported on H (Proposition 4.6) and compute the convolution of
a general complex in M, with these simple objects. In particular, we will see that
these convolutions also lie in M,. (See Proposition 4.7.) From this, it follows that
for any M, L € Mo, MV x (M x L) & (MY x M) x L, € M,. Then in §5.3, using the
semisimplicity of M., we will deduce that we must in fact have that M x L € M..
Theorem 1.3. The category M. is rigid monoidal, and hence a fusion category.
Let ' = G/H. Then we have the I'-grading D(G) = @ D(H#). This gives us
H7€G/H

the grading M. = @ M., where M., is the full subcategory of M. consisting of
yel
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objects supported on the H-coset corresponding to v € I'. We will see that the trivial
component M, ; is pointed, i.e. all simple objects in M, ; have an inverse. In §6,
we prove that under these conditions, a tensor category satisfying the weak duality
property described above is in fact rigid. From this we can conclude that M, is a
fusion category.

We will see in §2.4 that the categories Dy (G) and eDy(G) have the structure of a
braided I'-crossed category. This induces a braided I'-crossed structure on M,. The
[-equivariantizations eDy (G) and ML are braided monoidal categories. It is easy
to see that we have the following:

Lemma 1.4. We have an equivalence eDg(G) = Dy (G)F of braided monoidal cat-
egories. Under this equivalence, the full subcategory of eDg(G) consisting of those

objects whose underlying Q;-complex is a perverse sheaf shifted by dim N, gets iden-
tified with ML .

As defined in [B], we have the twist automorphism 6 of the identity functor on
De(G). This gives us a twist, which we also denote by 6, in ML

Theorem 1.5. The following statements hold for the category ML

(i) The category ML is a semisimple abelian category with finitely many simple
objects. For each simple object, the underlying Q,-complex is a suitably shifted
local system supported on a closed non-singular subvariety of G. The canonical
functor DY(ML) — eDg(G)F = eDg(G) is an equivalence.

(i) The category ML is a braided fusion category.

(ii) The twist 0 defines a ribbon structure on ML and hence gives ML the struc-
ture of a pre-modular category. In fact, ML is a modular category.

Statements (i) and (ii) follow readily from the previous results. We verify in §7.1
that 6 indeed defines a ribbon structure on ML. In §4.4, we show that the twists
in the category eDgy(H) define a quadratic form (which we also denote by 6) 6 :
K, — @; which gives us a polarization of a certain non-degenerate symmetric pairing
B:K;,xK;— @; From this we conclude that the category M. ; is the modular
category corresponding to the quadratic form 6 on K. In particular, M., is a
non-degenerate braided fusion category. Using results from [DGNO, §4.4.8], we can
deduce that ML is a non-degenerate braided fusion category, and hence a modular
category.

Remark 1.6. In developing the theory of character sheaves on unipotent groups, V.
Drinfeld conjectured the result above for any minimal idempotent ¢ € Dg(G). In
this article, we prove this result in the special case when e is a Heisenberg minimal
idempotent. In [BD], M. Boyarchenko and V. Drinfeld prove that the general result
follows from the Heisenberg case.

2. The categories D(G),Ds(G) and Dy (G)

2.1. Convolution of complexes. Let y: G x G — G denote the group operation
on G. For any algebraic group G, we have a convolution with compact supports,
which is a bifunctor * : D(G) x D(G) — D(G). Namely, for M,L € D(G), we
set M+L = (M X L). This makes each of D(G),De(G) and Dy (G) a monoidal
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category with the unit object 1 given by the delta sheaf supported at the identity 1 of
G, with the stalk at 1 equal to Q,. If L is a G-equivariant complex, then we can define
isomorphisms MxL = L«M for all M € D(G). In particular, we have exM = Mxe
for all M € D(G).

For M € D(G) and g € G, let us denote by MY the right translate of M by g,
ie. M9 = r;,lM, where 7,-1 : G — G denotes multiplication on the right by g L.
Similarly, we define IM = l’g‘,lM , where [,—1 denotes left multiplication by g L Ttis
easy to check that 9M =6, x M and MY = M * 64, where J, denotes the delta-sheaf

at g. This observation implies the following:

Proposition 2.1. Let M,L € D(G) and g,g1,92 € G. Then we have the following
canonical isomorphisms:

(a) (M91)92 ~ N9192 gnd 91 (gzM) >~ 9192 \[.

(b) (91 M)Qz >~ g1 (Mgz).

(¢) M*(L9)=(M=xL)% and (M)« L= 9I(M *L).
2.2. Duality in D(G) and Dy (G). Let us now describe a duality in D(G) and
Dy (G), which is weaker than the notion of rigidity and rigid duals. Namely, there

exists an antiequivalence D, = D~ : D(G) — D(G) such that we have functorial
isomorphisms

(1) Hom(M,D™ L) = Hom(M=xL, 1), for M,L € D(G).

This also induces an antiequivalence D, = D™ : Dy (G) — Dy (G) satisfying the
above property for M, L € Dy (G). Explicitly, D™ =Do/* =:* oD, where t : G — G
is the inversion map and D : D(G) — D(G) is the Verdier duality functor.

Remark 2.2. Since the Verdier dual of a perverse sheaf is perverse, we see that the
antiequivalence D~ stabilizes the full subcategories of D(G), Dy (G) consisting of per-
verse sheaves.

2.3. Duality in eDg(G). Using the duality in Dy (G) described above, we can define
a similar duality in the Hecke subcategory eDy(G).

Proposition 2.3. The full subcategory eDy(G) C Dy (G) is stable under the functor
D-.

Proof. Suppose L € eDg(G) i.e. the map L — exL is an isomorphism. Then from
(1), we conclude that for all M € Dy(G), the map M — M=xe induces a bijection,
Hom(Mx*e,D~ L) = Hom(M,D~L). From this we conclude that DL € Dy (G)e =
eDp(G). (See [BD],§2.) O

Proposition 2.4. We have an antiequivalence, L — LV of eDg(G) such that we
have functorial isomorphisms

(2) Hom(M,LY) = Hom(MxL,e), for M, L € eDy(G).
Namely, for any L € eDy(G), set LY = (D~ L)[2dim N](dim N).
Proof. We first note that we have a canonical isomorphism

D~™e 2 e[-2dim N](— dim N),
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and hence a canonical isomorphism e = e. By (1), we have that
Hom(M,D™ L) = Hom(M=*L,1) = Hom(M % L+ e,1) = Hom(M = L,D e).
Hence we conclude that we must have functorial isomorphisms
Hom(M, L") = Hom(M*L,e).
O

Remark 2.5. Using the fact that D~ stabilizes the full subcategory of perverse sheaves,
we see that the antiequivalence (-)" stabilizes MP¢"*[dim N] = M,. We also note that
if L € eDy(G) is supported on Z C G, then LV is supported on +(Z).

2.4. Braided T'-crossed structure on Dy (G). Let us first recall some definitions.

Definition 2.6. Let C be an additive monoidal category and let I" be a finite group.

A T-grading on C is a decomposition C = € C, such that for v;,72 € T' we have
ver
Cy, ®Cy, CCyyy,- We say that a grading is faithful if C, # 0 for all v € I

Definition 2.7. Let I" be a finite group. A braided I'-crossed category C is an additive
monoidal category C equipped with the following structures:
(i) a I'-grading C = @ Cy;
yel’
(ii) a monoidal action of " on C such that g(Cy) C C
(iii) for g €T, X € Cy, Y € C isomorphisms

(3) CX7y:X®Y—>g(Y)®X

functorial in X and Y called I'-braiding isomorphisms satisfying the following
conditions:

(a) y(ex,y) = cy(x) () for all y € T
(b) the following diagrams commute for all g,h € I', X € C; and Y € Cp,

ghg—1 for all g,h €T

(4) XeYeZ—2%% L YeZ)eX

C)gy@idzl l:

idg(yy®cx,z

gV)o X®Z gYV)®g(Z)o X
(5) XoYeZ cxevz 2)9XQY
;;Q>\$ /Aﬁ;;;
X®h(Z

Let us now describe the braided I'-crossed structure on Dy (G). Firstly, we have
the grading Dy (G) = @ Dp(HA). Then we also have that

HA€G/H
(3" (Pu(HY)) € Dr(HFYF)
for 4,7" € G, where =1 : H¥5'4~! — H#' denotes conjugation by ¥~1. For v € T,
let ¥ € G denote a lift. The functors (7~ 1)* : Dy (G) — Dy (G) for v € T define an
action of the finite group I' on Dy (G).

1
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Let us now construct the crossed braiding, namely for M € Dy(H7) and L €
Dy (G) we construct functorial isomorphisms

(6) enp M x L —= (57 L M.

Note that we have the following commutative diagram:

HixG—"HyxG

G x H¥y — G,
where 7(h7,g) = (g, h7) and &(h7, g) = (7,7 th~1gh¥). Hence we have
(3™ L M= p (771 LR M)
= un (MR (571)*L)
=g (MR (L)
Hence it is enough to construct an isomorphism & (M X (ﬁfl)*L) =, MRL of

complexes on H¥ x G, or in other words, an isomorphism piM ® pi(7~1)*L =,
EpIM @ Ep3L = ptM @ C'™*(371)* L, where p1,ps denote the two projections from
HY x G and C' : HY x G — G is defined by (h7,g) — h~1gh. Such an isomorphism
is defined using the H-equivariant structure on (3~1)*L. Hence we get a braided
I-crossed structure on Dy (G). This also defines a braided T'-crossed structure on

3. Quasi-equivariant complexes

In this section, we will describe the notion of quasi-equivariant complexes and
give descriptions of eD(G) and eDgy(G) as categories of certain quasi-equivariant
complexes on G.

3.1. Multiplicative local systems. Let us first define the notion of a multiplicative
local system on a possibly disconnected algebraic group.

Definition 3.1. Let G be an algebraic group over k and let  : G X G — G denote the
multiplication morphism. A multiplicative local system on G is a pair (£, 3), where £

is a nonzero Q;-local system on G and 3 : u*L =, LKL is an isomorphism such that
the two induced isomorphisms (p X idg)*u*L = LRLKRL and (idg X pw)*u*L =
LRLRL are equal modulo the canonical identification (pxidg)*p* L = (idg < p)*p* L.
We will often abuse notation and only use £ to denote a multiplicative local system.

Remark 3.2. If (£, 8) is a multiplicative local system on G, then 5 induces an isomor-
phism between the stalk of £ at 1 and the 1-dimensional space Q;. Moreover, if G is
connected, then a rank 1 local system £ on G has a multiplicative structure if and
only if p*£ = LX L, and in this case, multiplicative structures on £ are in bijection
with trivializations of the stalk £;. Hence if the group G is connected, we will not
explicitly mention the multiplicative structure.
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Remark 3.3. Let U be a unipotent algebraic group over k. Let us fix an embedding
v :Qp/Zy — @l*. Then we can identify the group of isomorphism classes of central
extensions of U by Q,/Z, with the group of isomorphism classes of multiplicative
local systems on U. (See [B, §5].) In particular, every multiplicative local system £’
on U comes from a central extension 0 — A — U — U — 0 of U by a finite group A,
and a character x : A — @;

3.2. The category Dy /(X). Suppose we have a unipotent group U over k acting
on a variety X over k. Let (L', 3) be a multiplicative local system on U. Let us now
define the category of (U, £)-equivariant complexes on X.

Definition 3.4. Let U, £ and X be as above. Let o : U x X — X denote the action.
By Dy, (X), we denote the category of (U, L')-equivariant complexes on X, whose

objects are pairs (M, ¢), where M € D(X) and ¢ : «*M — £' K M such that the
composition of the isomorphisms

(idy x a)*a*M = (u x idx)*a* M L2

BRid s
s

(1 x idx)* (£ 8 M)

LRLXRM
equals the composition

(idy x a)*a* M SO G v o) (£’ M) & £ R (o M)

™o R R M.

A morphism v : (M,¢) — (L,v) is a morphism v : M — L such that ¢ o a*(v) =
(tder ®v) o ¢. The composition of two morphisms in Dy z/(X) is defined as their

composition in D(X). Let us denote the category of (U, L')-equivariant perverse
sheaves on X by M7/ (X).

Remark 3.5. Note that Dy (X) is exactly the category Dy(X) of U-equivariant
complexes on X. Note that if U is not unipotent, the above definition becomes
unreasonable already in the case when £’ is trivial.

Remark 3.6. We have a natural forgetful functor from Dy z/(X) to D(X). If U is
connected, this functor is fully faithful and its essential image is the full subcategory
of D(X) consisting of complexes M such that a*M = L' K M.

Proposition 3.7. Let U, (L', 3), X be as above. Consider a central extension
0—-A0 U0

of U by a finite commutative group A. Let & = « o~(7r xidx) : U x X — X be the
induced action. Let [i denote the multiplication on U. Then we have a natural fully
faithful functor Dy,c/(X) — Dy . p(X) defined by (M, ¢) — (M, (7 x idx)*¢). The
essential image of this functor consists of the objects (M, (;NS) € ’ng*ﬁ,(X) such that
¢~5|A><X CMaxx CQ XM — QXM 2a*L'| 4 X M is the identity.

Proof. Note that (7*L£’, (7 x7)* /) is a multiplicative local system on U. It is clear that

we indeed have such a functor. That this functor is fully faithful follows immediately
from the definition of morphisms between quasi-equivariant complexes and the fact
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that two morphisms are equal in D(U x X) if and only if their pullbacks via the étale
cover (7 X idy) are equal in D(U x X). Note that we have a canonical trivialization
7*L'| 4 = Q|4 as multiplicative local systems. Let (M, $) € Dy ¢/ (X). Then ((m x
idx)* )| axx = (1 X idx)* (7 x idx)*¢ = (1 X idx)*$ must be the identity. On the
other hand, let (M,¢) € Dg pep(X) be such that dlaxx is the identity. Now ¢
satisfies the compatibility relation

((m x ) BRidpr) o (fi X idx)* ¢ = (idprr B P) o (idg x @)*.

Restricting Ehis equality to A x U x X, we deduce that (5 is a morphism in DA(ﬁ X X)
and hence ¢ = (7 X idx)*¢ for some isomorphism ¢ : o*M — L' 'K M. Since ¢
satisfies the compatibility relation, it follows that ¢ must also do so. O

3.3. Support of quasi-equivariant complexes.

Proposition 3.8. Let (M, ¢) be a (U, L')-equivariant complex on X. Let x € X
be such that M, # 0. Let U, denote the stabilizer of x in U. Then we must have

L'y, = Q.

Proof. We have an isomorphism ¢ : o*M =, LR M of complexes on U x X.
Restricting this isomorphism to U, x {z}, we get an isomorphism M, = L'|y, ® M,
of complexes on U, x {z}, where we use M, to denote the constant complex. Since
M, # 0, we conclude that we must have £'|y;, = Q. O

3.4. Quasi-equivariant complexes on a homogeneous space. Following a sug-
gestion made by M. Boyarchenko (Proposition 3.10), let us now describe the category
of quasi-equivariant complexes on a homogeneous space for a unipotent group U. Let
Vec = Vec@l denote the category of finite dimensional vector spaces over Q; and

D*(Vec) its bounded derived category. If A is a finite group, the category D4(pt) is
equivalent to the category whose objects consist of objects of D®(Vec) with an action
of A. Here pt stands for Spec(k) equipped with the trivial action by A.

Lemma 3.9. Let U be a unipotent group acting transitively on a variety X. Let x €
X. LetU, C U be the stabilizer of x. Then taking the stalk at x induces an equivalence
of categories Dy (X) = Dy, (v,)(pt). Under this equivalence, MY (X)[— dim X]| cor-
responds to Rep(mo(Uy)).

Proof. We will use Lemma 4.4 from [B]. Consider the action of U x U, on U, given
by (g9,h) -u = guh™t. Let Ny = U x {1} and Ny = {1} x U,. The map U — {z}
is an Nj-torsor, so Dyxy, (U) & Dy, (x) by Lemma 4.4 in [B]. Note that N7 admits
a complement H = {(h,h)|h € U,} C U x U,. The map o : {x} — U which sends
2 to 1 is an H-equivariant section. Hence the equivalence above is induced by o* (by
Lemma 4.5 from [B]). Also, the map U — X given by g — gz, is an N-torsor, so
we have the quivalence Dyyp, (U) = Dy(X) induced by pullback along the torsor
map. So we see that we have an equivalence Dy (X) = Dy, (z) induced by taking
the stalk at z. Now an object of Dy, (z) is an object of D®(Vec) with an action of
7o(Us). Moreover, since the action of U on X is transitive, M7 (X)[— dim X] is the
full subcategory consisting of all equivariant local systems. Hence this subcategory
corresponds to Rep(mo(Uy)). O
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Let U be a unipotent group over k and let (£, 8) be a multiplicative local system
on U. By Remark 3.3, there exists a central extension 0 — A U 55U — 0 of
U by a finite commutative group A, along with an isomorphism 7 : 7* L’ =, Q ik
of multiplicative local systems on U. On the other hand, since m o ¢ = 1, we have
a natural trivialization 7*£'|4 = Q;, of multiplicative local systems on A. Hence

~

we have an automorphism Q; 4, & 7*L'|4 Tla, @, 4 of the trivial multiplicative local
system on A, or in other words, a homomorphism y : A — @; Suppose U (and hence
U) acts transitively on X. For z € X, let U, (respectively U,) be the stabilizer of
in U (respectively U), so that we have a central extension 0 — A — U, — U, — 0.

Proposition 3.10. Using the terminology of the paragraph above, we have an equiv-

alence of categories Dy (X ) = D:O(Uw)(pt), where D:O(UI)(pt) C D, @, (pt) is the

full subcategory consisting of objects of DWO(UT)(pt) such that A acts* by the char-

perv

acter x. Under this equivalence, My 1/ (X)[; dim X] corresponds to the category
Repy (10(Uy)) of Q,-representations of mo(Uy,) such that A acts by the character x.
Hence the canonical functor from D*(ME 7 (X)) to Dy e/ (X) is an equivalence. All
the objects of My /(X)) are local systems shifted by dim X

Proof. Note that we have a sequence of functors
Dy (X) = Dpy e (X) = Dg(X) = Da(X).
Let (M, ¢) € Dy,c/(X). Then the sequence of functor sends

(M, ¢) — (M, (7 x idx)*¢) — (M, (1 Kidps) o (7 x idx)* )
— (M, (7]4 Ridy) o (i x idx)*(m X idx)*®)

= (M, (1|4 Ridps) o (1 x idx)*).

The last object lies in D4(X) and is given by an object M € D(X) and the isomor-
phism

(Ixidx)* 7| alidar
_—

QXM ¢ LA B/ M Quq X M.

Note that the first map above comes from the natural trivialization of 7*L£’| 4, hence
this last object (which lies in D4 (X)) corresponds to the action of A on the object
M € D(X) by the character x : A — @;k By Proposition 3.7, the functor from
Dy,c/(X) to Dy - o/(X) is fully faithful. Hence we have a fully faithful functor from
Dy,c(X) to Di(X). As we have seen above, the essential image of this functor is
contained in the full subcategory of D (X)) consisting of objects on which A acts by
x- Moreover, it follows from Proposition 3.7 that the essential image is precisely this
full subcategory. Finally, using Lemma 3.9, we can identify this full subcategory with
D:O (UI)(pt). The remaining statements in the proposition are also clear. O

INote that we have a homomorphism from A to ﬂo(Ux). Moreover, this homomorphism is injective
if £'|y0 is trivial.
z
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3.5. Alternative descriptions of ¢eD(G) and €Dy (G). Let us now describe eD(G)
and €Dy (G) as categories of certain quasi-equivariant complexes. The connected
unipotent group N acts by left translations on G. Let uny : N x G — G denote
this action. This is the restriction of the multiplication map. Also, since N is a
normal subgroup of H, we have an action of H on N by conjugation, and we can
form their semidirect product H x N. Then the action of N on G by left translations
and the action of H on G by conjugation give us an action o of H X N on G. Let
C : H x G — G denote the conjugation action. Since L is a G-equivariant local
system on N, we see that prsL is in fact a multiplicative local system on H x N,
where pro : H x N — N is the second projection. From now on, let us denote by U
the group H x N, and by £’, the multiplicative local system pr3L on U.

Proposition 3.11.

(a) eD(G) = DN c(G) as full subcategories of D(G).
(b) €Dy (G) =Dy, (G) as full subcategories of D(G).

Proof. (a) Let M € D(G). Let us compute p (e * M). Since e is supported on N,
we have that

p (e x M) = piypn (e B M).
By proper base change, we have that
unpn (e M) 2 (idy x pn ) (p sy X idg)* (L]2dim N](dim N) X M)
~ (idy X py (LR eX M)
=LK (ex M).

Hence we have that pi (e« M) = LK (ex M), i.e. ex M € Dy (G).
On the other hand, if we have p3, M = L X M, then we have that

L+ M= puyuyM=Me py,Q 2 M[—2dim N|(— dim N).

The middle isomorphism is given by the projection formula. Hence we see that ex M =
M. Hence we have that eD(G) = Dy £ (G).

(b) We have that eDy(G) = eD(G) N Dy(G). Hence, we see that eDy(G) =
Dn,c(G) N Dy 5,(G). Hence it is clear that Dy,z/(G) C eDu(G).
On the other hand, suppose M € Dy .£(G) N Dy 5, (G) = eDy(G). The map

a: (Hx N)x G — G factors as (HD(N)XG(M)NXGMG, where the first
map is given by (pra,c) : ((h,n),g) — (n,hgh™'). Hence we see that

a*M = (pra, )" uy M = (pra, ¢)" (LK M)
~ QL) KM =L KM.
Hence M € DU’g/(G). O

4. The category eDy(G)

In this section, we will study the Q;-linear category eDy (G) and give the proof of
Theorem 1.1. We have seen that eDy(G) = Dy, ./(G) as full subcategories of D(G).
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4.1. Support of objects of €Dy (G). Let us show that there exist finitely many
U-orbits in G, such that the support of every object of €Dy (G) is contained in their
union. First, for a ¢ € G, let us describe the stabilizer U,. Note that we have
(h,n) - g = nhgh~'. Hence (h,n) € U, if and only if hgh='g~ ' =n~1. Let ¢, : H —
H be the commutator map defined by c¢4(h) = hgh~lg~!. Note that we have the
following identity

(7) Cgrg2(R) = g, (R) - 91 g, (R).

Since H/N is commutative we have that in fact ¢,y : H — N for ' € H. From these
observations, we obtain

Proposition 4.1. Uy = {(h,cy(h)7") |cy(h) € N}. Let Hy = pri(Uy) = {h €
Hlcy(h) € N}. Hence, we have the map ¢y : Hy — N. Then c;L is a multiplicative
local system on Hy. Moreover, the subgroup H, depends only on the coset Hg.
Proposition 4.2. Let M € Dy /(X). Suppose g € G is such that My # 0. Then
L= Q, as local systems, or equivalently, the multiplicative local system CZE\HS on
Hg is trivial.

Proof. By Proposition 3.8, we must have L'|y, = Q, as local systems. But we have

an isomorphism pr; : Uy, — Hy, and under this isomorphism L'[y, corresponds to

ci(L7h). O

g

From (7), we see that we have ¢;, L = (¢}, L)|n, ® c;C for K € H, where we
consider cp/q,cq as maps from Hy; — N. Let us now fix a ¢ € G, and find all
Wg € Hg such that c, L is trivial, or equivalently (c}, £)|m, = c5(L71).

We will now need the construction described in Appendix A.13 of [B]. Note that we
have a connected unipotent group H, with a connected normal subgroup N such that
[H,H] C N. We also have an H-equivariant multiplicative local system £ on N. Then
this construction gives us a map ¢z : (H/N)pery — (H/N)y,,;, where (H/N)y.,. . is
the Serre dual of (H/N)pery. Note that we have the map ¢, : H — N for b/ € H.
The map ¢, is induced by the map h’ — ¢}, L. By our hypothesis, the map ¢ is
an isogeny. Let H g denote the identity component of H,. Note that the inclusion ¢ :
HJ/N — H/N gives us the surjective map i* : (H/N)» ., — (HJ/N)s ., ;. Note that
the isomorphism (cj, £)|n, = ¢;(£~") of local systems exists if and only if (ch L) o =

cg|>;I(g)(£_1). Now cg|j‘qg (L£71) gives us an element of s € (H]/N)?,, ;. From this, we

*

see that we have the following:
Proposition 4.3. The objects of Dy c/(Hg) can only be supported on those h'g € Hg
such that
(¢ (NI)) = s.
This defines a closed subvariety of Hg made up of finitely many U-orbits in Hg.

Proof. By what we have said above, it follows that an isomorphism cj, gﬁ =~ (Q, exists
if and only if (¢}, £)[ro = cgl70 (£71), i.e if and only if i*(¢o(NR')) = s. The set of
all such h'g defines a closed susljovariety of Hg which is stable under the action of U,
and has dimension equal to dim N +dim(H/N) —dim(H]/N). Moreover, all U-orbits
in Hg are closed and have dimension equal to the number above. Hence we see that
this subvariety must consist of finitely many U-orbits in Hg. (]
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4.2. Proof of Theorem 1.1. We can now prove Theorem 1.1. Indeed, from Propo-
sition 4.3 above, we see that objects of €Dy (G) = Dy, ./ (G) are supported on finitely
many U-orbits in G. Proposition 3.10 describes the categories of quasi-equivariant
complexes and perverse sheaves supported on a single orbit. In particular, we see that
MPE™ must be a semisimple abelian category and that eDy (G) must be its bounded
derived category. From Proposition 3.10 it also clear that all the simple objects in
MPE™ must be suitably shifted local systems supported on a closed subset, namely
a U-orbit in G.

4.3. The category eDg(H). Let us now study the braided monoidal category
eDy(H) with unit object e.

Lemma 4.4. The U-orbits in H are the cosets Nh' of N in H. Hence the objects
of €Dy (H) are supported on the cosets Nk of N such that Nk € Kp = ker(¢y, :
(H/N)PETf - (H/N);erf)'

Proof. Note that for ' € H, Hp = H, since ¢,/ (H) C N. Then the first statement
is clear, since (h,n)-h' = nhh'h=' =nlh, k']’ € Nh'. The second statement follows
from Proposition 4.2. O
Proposition 4.5. Let k € K := {k € H|c;L = Q;}. (We have K/N = K.) Let e*
denote the right translate of e by k € H. Then e* € eDy(H).

Proof. First, let us check that e € eD(H). Indeed, by Proposition 2.1, we have

ex el = (exe)’ = ¢k, Note that for this, we do not require k to lie in K. Let

us now show that e¥ € Dy(H). Let C : H x H — H denote the conjugation
action and let P; : H x H — H denote the respective projections. We will construct
an isomorphism C*e* = Pjek. From the G-equivariant structure on £, we get an
isomorphism C*e = Pye. Note that we have a commutative diagram

HxH-S g

(id,rkl)l TT%

HxH H

(C,ckoPl)l f
H x N.
Hence we get a sequence of canonical isomorphisms
C*eP=(id, r-1)*(C,cp o PL)*p'ry ek
(id,ry-1)"(C,cx 0 Pr)" e
id,rp-1)"(Cyer o P1)* (e X L)
(id,rp—1)"(C*e ® Pyey" L)
(id, r=1)" (Pye @ Pl ey L)
=~ (id,rp-1)"(c," LK e)
>~ o LK eF.
Note that by assumption, we have a trivialization ¢, £ = Q;. Hence we conclude that
we have C*e* = Pje*. Hence indeed we have e* € eDy (H). O

(a3

R — IR

1%
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Proposition 4.6. Let k € K. Then e*[—dim N] is the unique irreducible perverse
sheaf (up to isomorphism) in eDy(H) supported on Nk. In particular, the isomor-
phism class of e* only depends on the coset Nk. Hence if we choose a set of coset
representatives k; € K of K/N, e*i[—dim N| are all the irreducible perverse sheaves
in €Dy (H) (up to isomorphism).

Proof. Since e is supported on N, e* is supported on Nk. We have seen above that
ek € eDy(H), hence e¥ € Dy r(Nk). Note that the stabilizer of k € Nk in U is
U, & H, = H. (See Proposition 4.1.) Since H is connected, by Proposition 3.10,
we see that M7 (Nk) = Vec. In particular, Dy,c/(Nk) has only one irreducible
perverse sheaf up to isomorphism. The proposition now follows, since e¥[— dim N] is
perverse. U

Proposition 4.7. Let M € eDy(G) and k € K. Then e* « M = M xe* = M*. In
particular, if M € M. and k € K (and hence e* € M.), then M * e* € M..

Proof. Since e* € Dy (H), we have that e* + M = M % e*. By Proposition 2.1, we
have M * ek = (M x )k = MF. O

Remark 4.8. Let M. ; denote the full subcategory of M, consisting of complexes
supported on H. Proposition 4.7 above shows that M. ; is closed under convolution
and also gives us the ‘multiplication table’ for M. ;. Indeed, by Proposition 4.6, the
simple objects of M, ; are given by the ¥ for k € K. The proposition tells us that
ek s ef2 = kb2 for by ko € K.

Definition 4.9. Let C be a semisimple tensor category over an algebraically closed
field of characteristic zero, with simple unit object. We say that C is a pointed category
if all simple objects in C are invertible.

Corollary 4.10. The category M. 1 is a monoidal category with unit object e. It is
a pointed category.

4.4. Twists in the category eDy(H). Note that for k € K, we have constructed
in Proposition 4.5 an isomorphism C*e* =, »e¥. Pulling back this isomorphism via
the diagonal A : H — H x H, we get an automorphism 6y = 0y of ef. We will call
this the twist of e¥. Since e is a simple object, this is a number in @; Let us compute
the twists. Namely, we show that these twists give a polarization of a certain non-
degenerate symmetric bimultiplicative form K, x Ky — @; Note that the isogeny
¢c o (H/N)pery — (H/N)y.,, gives us a skew-symmetric bimultiplicative local system
on H/N x H/N. Hence as described in [B, §A.10], we get a non-degenerate symmetric
pairing B : Ky x K, —>@7

Proposition 4.11. The twists Oy give us a quadratic form 0 : Ky — @; This qua-
dratic form is a polarization of the pairing B above, namely we have O, k., 9;,}619&}% =
B(Nky, Nks).

Proof. Note that by the proof of 4.5, we see that for every k € H we have a canonical
isomorphism C*ek = PfciL @ Pyek. Let ¢ : H x H — N denote the commutator
map. Then as described in [B] A.13, the map ¢ is induced by the bimultiplicative

local system ¢*L£ on H x H. We have a unique trivialization p : (¢*L)|mxx =,Q of
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bimultiplicative torsors on H x K. We get the trivialization py : ¢; L =, Q, by pulling
back p by the map H — H x K given by h +— (h, k). Hence we get the H-equivariant
structure isomorphism C*e* & PyciL ® Pye® = Q, ® Pje*. To compute the twist
0y, it is sufficient to compute its restriction to the stalk of e* at the point k. So let us
consider the composition Ay : {k} — H 2 H x H. Pulling back the isomorphisms
above and in 4.5 by Ay, we get the following automorphism

= id®p(k,k —

e(1) = (1) Q= e(1) @ £(1) “LEY ¢(1) 0T, = e(1).
Note that the pullback of the bimultiplicative local system ¢*£ on H x H by the
diagonal is the trivial multiplicative local system on H. This trivialization comes
from the isomorphism £(1) — Q;. Hence using Lemma A.26 from [B], we conclude
that 6 is indeed a quadratic form that gives a polarization of B. O

5. Convolution of perverse sheaves

In this section, we will prove Theorem 1.2. Let M, L be irreducible perverse sheaves
in M2 We want to show that M * L[dim N] is also perverse. Let us first show, as
a consequence of Artin’s theorem, that M * L € PD=4mN ().

5.1. A consequence of Artin’s theorem. The following result is essentially due
to M. Artin:

Theorem 5.1. If f : X — Y is an affine morphism of separated schemes of finite
type over k, the functor f. : D(X) — D(Y) takes PD=°(X) into PD=°(Y). Hence by
Verdier duality, the functor fi: D(X) — D(Y) takes PD=°(X) into PD2°(Y).

Let us use this theorem to prove the following:

Proposition 5.2. Let M, L be irreducible perverse sheaves in ME2™. Then M x L €
pDZdim N(G) .

Proof. We have seen that M, L are suitably shifted local systems supported on U-
orbits in G. It follows that M X L is a perverse sheaf on G x G. Consider the free
action of N on G x G given by n-(g1,g2) = (g1m~!,ngs). Then the multiplication map

1 GxG — G, factors as Gx G 5 N\(GxG) £ G. Now we know that 7* induces an
equivalence of categories D(N\(G x G)) =2 Dn(G x G). Also for any M’ € D(N\(G x
G)), we have that m(7*M') =2 M'®mQ, = M'[~2dim N](— dim N) by the Projection
formula. Hence we see that m takes IN-equivariant perverse sheaves on G x G to
PDIMN(N\ (G x G)). By Artin’s Theorem, we see that ji takes PDIm N (N\ (G x G))
into PDZ4mN (). Tt follows that M * L = (M X L) € PD24mN (). O

5.2. Convolving with the dual. For a simple object M € M., let us compute
MY % M and show that it lies in M,. We will use this preliminary computation to
show that M, is closed under convolution.

Lemma 5.3. For any M € eDy(G), let Ky = {k € K|M* = M}. Then Ky is a
closed subgroup of K which contains N.
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Proof. Tt is clear that K, is a subgroup. By Proposition 4.7, we have that MF* =2
M x e*. Since the isomorphism class of e* only depends on the coset Nk, we see that
the isomorphism class of M* depends only on the coset Nk. Hence N C K. Since
K/N is finite, it follows that K is a closed subgroup of K containing N. O

Proposition 5.4. Let M € M, be a simple object supported on the U-orbit of g € G.

Then MY x M € M. 1. In fact MY % M = P e
Nke€Ka/N

Proof. Since M € Dy, (Hg) is simple, we see that MY € Dy o (Hg™ ') is also simple.
Hence it follows that MY « M € Dy o (H) = eDy(H). By Proposition 2.4, we have
that Hom(MY[m|, M") = Hom(M" % M[m],e) for any m € Z. In other words, since
MY is a simple object, we have that Hom(M" * M, e) = Q; and Hom(M" x M[m], e) =
0 for m # 0. Also for any k € K and m € Z, we have that

—1

Hom(M" x M[m],e* ) = Hom(M" % M % e¥[m], e) = Hom(M" x M*[m], e)
— Hom(M" [m], (M*")").
We see that

Q, ifm=0and M*~ M
Hom(MV [m], (Mk)v) = { E)Ql otherwise.

Then using the fact that M, is semisimple and that eDy(G) is its bounded derived
category, we conclude that we must have
MYsM=
NkeKn /N
In particular MY « M € M. ;. O

Lemma 5.5. Let M,L € M, be nonzero. Then M * L is also nonzero.

Proof. We may assume that M, L are simple objects. Suppose M x L = 0. Then

(MY M)+ L =0, ie. @ €] x L =0. By Proposition 4.7, we see that this
NkEKM/N
is absurd. 0

5.3. Proof of Theorem 1.2. Let us now complete the proof of Theorem 1.2. Let
M, L € M, besimple. Then by Proposition 5.2, we know that M*L € PD=~dmN (G,
Also, MxL € eDy(G) which is the bounded derived category of the semisimple abelian
category M,. Hence we see that we must have M x L = P° @ P'[—1]--- & P™[—m]
for some non-negative integer m and P’ € M,. Now we have that

MY s« (M*xL)= M"Y +«P'@® MY« P[-1]---& MY x P™[-m].

On the other hand (MY * M) x L € M, by Propositions 5.4 and 4.7. By Proposition
5.2, we have that M"Y % P'[—i] € PD=~dmN+i(@) Hence for i > 0, we must have
that MY % P* = 0. From the lemma, we conclude that we must have P?* = 0 for all
i>0,ie M=xL = P In other words M * L € M,. Also we have that e € M,.
Hence M_. is a full subcategory of the monoidal category eDpy (G) that is closed under
convolution, and contains the unit e. Hence M. is indeed a monoidal category with
unit object e.



430 TANMAY DESHPANDE

6. Rigidity of M,

In this section, we will prove that the category M. is rigid. M. is graded by the
finite group I'. This grading is faithful (Defn. 2.6). Moreover, we have seen at the
end of §4.3 that the identity component M. ; is pointed. Also, we have described a
weak notion of duality in the category M,.. Hence the rigidity of M, follows from
Theorem 6.1 below.

6.1. Rigidity in certain graded tensor categories. Let C be a tensor category
over a field k of characteristic zero such that:

(i) As a k-linear category, C 2 Vec® --- @ Vec.

(ii) Endl = k.
(iii) For every simple object M € C, there exists a simple object MY € C such
that?

dim Hom(M ® MY,1) = dimHom(M" @ M,1) =1
and
Hom(M ®Y,1) = Hom(Y ® M,1) =0

for all simple objects Y € C not isomorphic to MV.
(iv) C has a grading C = € C, by a finite group I' so that C; is pointed. Let G
~€eT
denote the group of isomorphism classes of simple objects of C;.

Theorem 6.1. Let C be a tensor category as above. Then C is rigid and hence a
fusion category.

We will prove this theorem in §6.3. Let us first recall some facts about rigidity and
duals.

6.2. Rigidity.

Definition 6.2. Let C be a monoidal category. Let M be an object of C. A left dual
of M is a triple (M*, evps, coevyr), where M* is an object of C, evpy : M* @ M — 1
and coevys : 1 — M ®@ M* such that the compositions

(8) M=1eM “ ™M™ (Mo MYeM=Me (M @ M) ™M o1~ M

and

(9)
M~ M*®1 ’LdM*&C‘;eUM M*® (M(X)M*) ) (M* ®M)®M* e"’M&‘?A{* 1QM* =~ M*

are equal to the identity morphisms.

Remark 6.3. Given a triple (M*, evy, coevyy ), we can define maps in either direction

between Hom(A, M ® B) and Hom(M* ® A, B) for all A, B € C. The conditions (8)
and (9) imply that the compositions of these in either direction equal the identity
maps. Hence in this case, the functor M* ® (-) is left adjoint to M ® (+).

2Under the first two conditions, this property is equivalent to the weak notion of duality described
in §2.
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Lemma 6.4. Let C, M be as above. Let (M*,evys,coevyr) be a triple such that one
of the compositions (8) and (9) is the identity, while the other one is an isomorphism.
Then the other composition must also be the identity.

Proof. Let A, B € C. Then, as above, we get maps in either direction between
Hom(A, M ® B) and Hom(M* ® A, B). Since one of (8) and (9) is the identity, while
the other one is an isomorphism, we can deduce that composition of these maps in
one direction is the identity, while it is an isomorphism in the other direction. Hence
it follows that the composition in the reverse order must also be identity. From this
we can deduce that both (8) and (9) must be identity morphisms. O

6.3. Proof of Theorem 6.1. In this section, we will prove Theorem 6.1. I would
like to thank M. Boyarchenko for simplifying the proof. Let & be a representative
system of isomorphism classes of simple objects of C such that 1 € S. We will consider

G as a subset of S. We have a grading C = @ C,. Let us fix some M € S lying
el

in C,. Then we must have M" € C,-1. To prove rigidity of C, it is enough to prove

that MY is in fact the (left) dual of M. We may assume that M € S. Let us now

compute the objects M @ MY, MY @ M € C;.

Lemma 6.5. (i) XeGoccursin MMV iff XM =M iff MV @ X =2 M".
In this case, it occurs with multiplicity one.

(i) Y € G occurs in MV @M iff MQY = M iff Y @ MV = MV. In this case, it

occurs with multiplicity one.

Proof. For X € G, we have Hom(M ® MV, X) = Hom(X ' ® M ® M",1) which

isOunless X '@ M 2 M < X ® M = M in which case it is a 1-dimensional

vector space, i.e. in this case X occurs with multiplicity one in M ® M". The other

assertions are similar. O

Let A={X eGX@M=M}and B={Y € GIM®Y = M}. For each X € A, we
fix a nonzero map (which is unique up to scaling) cx : X — M ® M. Similarly, for
each Y € B fix a nonzero map ey : MY @ M—Y.

Lemma 6.6. There exists X € A such that the composition
(10) X @M 24 Ao MY @M IMMET M o1
18 monzero.

Proof. The map M @MY @M M pr e is nonzero. Also, we have M@ MY @ M =

P X ® M with the inclusions being given by c¢x ® idp;. Hence we conclude that for
XeA
some X € A the composition (10) must be nonzero. O

In fact, let us now prove that we can take X = 1.

Proposition 6.7. For the triple (M",e1,c1), the compositions (8) and (9) are iso-
morphisms.

Proof. Let us prove that (8) is an isomorphism. A similar argument can be used to
prove that (9) is an isomorphism. Since M is a simple object, it is enough to show
that (8) is nonzero, i.e. the composition

1M 29 pre MY o M ™ME Mgl
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is nonzero. Let X € Abe as in Lemma 6.6. Let us fix an isomorphism ¢ : X '@ M =,
M. We have the following commutative diagram:

id®eq
(11) X 'oMaoM oM-—5X'gMo1

PRid v ®idﬂ[l% Elqﬁ@idl

MeMYOM———M®1.
idp ®er
Also, since dim Hom(1, M @ M) = 1, there exists an isomorphism ¢ : X ~'® X =1
such that the following diagram commutes:

1d®c
(12) X lox X x-1gMe MY

d)l&’ ﬂld)@ide

1461>M®Mv.

Tensoring this diagram by M and putting it together with (11), we obtain:

1dQc id dQe
(13) X1oXeMZEY oMo M o M =S X 1oMel

w®idMJ~ uy@idm@m uLﬁ@idl

B — v — .
leM c1®idnm MeM*®M idy ®er Mol
By Lemma 6.6, the composition of the two maps on the top row of this diagram is
an isomorphism. Hence the composition in the bottom row must be an isomorphism.
Hence we see that (8) is an isomorphism.

O

Proof of Theorem 6.1. Since (8) is nonzero, we can rescale the map c¢; and ensure
that (8) is the identity. Then since (9) is an isomorphism, by Lemma 6.4 it must
also be the identity. Hence (MY, eq,c;) is dual to M. Hence all M € S have a dual.
Hence C is a fusion category. O

Hence we conclude that M, is a fusion category, completing the proof of Theorem
1.3.

7. Modularity of M!

As we have noted earlier, we have a twist automorphism 6 of the identity functor on
Dc(G). Dg(G) is a braided monoidal category. Let 8 denote the braiding. Let (M, ¢)
be an object of Dg(G). Then 0,74y == A%¢ : (M, ¢) — (M, $), where A : G — GxG
is the diagonal. (See [B, §3.9].) These twists satisfy the following balancing property

(14) eM*L = ﬂL,M OBM,L o (HM * HL), for all M,L S DG(G)

In this section we will show that ML with the twist 6 defined above is a modular
category. First let us show that it is a ribbon category.
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7.1. Ribbon property. Let us recall the definition of a ribbon structure.

Definition 7.1. Let C be a rigid braided monoidal category with braiding 5. A
ribbon structure on C is an automorphism 6 of the identity functor on C satisfying
the following two conditions:

(1) Omer = Br,v o Bu,L o (0 ®0y), for all M, L €C,

(i) Op- = 63, for all M € C.

Let us now show that the twist 6 defined on ML defines a ribbon structure on ML.
As before, let ¢ : G — G denote the inversion map.

Proposition 7.2. The twists satisfy the following relations:
(1) L*o(M,qb) = (G(L*M,(idGXL)’%b))_l fOT all (M, ¢) S DG(G)
.. —1
(ii) DO(ar,g) = (Or,pe—1[2dim G)dim ) for all (M, ¢) € Da(G).
Hence D~ 0y = Op- s for all M € De(G) and 0%, = Opv for all M € eDg(G). Since

ML C eDg(G) is a fusion category with duality defined by (-)V, we conclude that
defines a ribbon structure on ML .

Proof. (i) follows from the equality t* A*¢ = A*(idg x t)*¢~ !, which is a result of the
compatibility relation satisfied by ¢. To prove (ii), first note that Oyer = 0y ® 01,
for M, L € Dg(G). Also, we have functorial isomorphisms Hom(Z,DM) = Hom(L ®
M,K) for M,L € Dg(G), where K = K¢ is the dualizing sheaf on G. Under this
correspondence, let ev : DM ® M — K be the map corresponding to ¢dpps. Then the
isomorphism Hom(DM,DM) = Hom(DM & M,K) is given by f +— evo (f ® idps).
Since g = idg and since # is an automorphism of the identity functor, we have that
ev o (Oppenm) = Ok o ev and hence ev o (idpy ® Opr) = ev o (915&[ ® idyr). Hence we
conclude that indeed D@, = 9]5]%4. Since D™ = 1*oD = Dor*, we conclude from (i) and
(ii) that D=0y = Op- s for all M € Dg(G). And since (-)¥ = D~ (+)[2dim N](dim N)
we also have 0Y, = 0pv for all M € eDg(G). O

7.2. Proof of Theorem 1.5. Theorem 1.5(i) follows from Theorem 1.1. We have
seen that the category M, is a braided I'-crossed category. Hence it follows that
MU has the structure of braided monoidal category. Rigidity of M. follows from
the rigidity of M.. Combining these observations with Theorem 1.5(i), we deduce
Theorem 1.5(ii). Let us now prove statement (iii). It follows from §7.1 that the
identity component M. ; is a ribbon category. In §4.4, we have seen that the twist on
M. 1 is given by a quadratic form which gives a polarization of the non-degenerate
symmetric pairing B : K, x K, — @7 Since B is non-degenerate, it follows that M. ;
is a modular category. Then it follows from [DGNO, Prop. 4.56(ii)] that ML must
be a non-degenerate braided category. We have seen above that ML is a pre-modular
category. Hence we conclude that ML is a modular category.
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