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JACOBIANS AMONG ABELIAN THREEFOLDS:
A FORMULA OF KLEIN AND A QUESTION OF SERRE

GILLES LACHAUD, CHRISTOPHE RITZENTHALER, AND ALEXEY ZYKIN

ABSTRACT. Let (A, a) be an indecomposable principally polarized abelian threefold de-
fined over a field & C C. Using a certain geometric Siegel modular form xig on the
corresponding moduli space, we prove that (A,a) is a Jacobian over k if and only if
x18(A4, a) is a square over k. This answers a question of J.-P. Serre. Then, via a natural
isomorphism between invariants of ternary quartics and Teichmiiller modular forms of
genus 3, we obtain a simple proof of Klein formula, which asserts that xig(JacC,j) is
equal to the square of the discriminant of C'.

Introduction

Let Az be the moduli stack of principally polarized abelian schemes (A, a) of relative
dimension 3 and Mg be the moduli stack of smooth and proper curves of genus 3.
The first aim of this article is to answer the following question of Serre [20]: If k is
a subfield of C, and if (A,a) € Az ® k, under what conditions is it isomorphic over
k to a polarized Jacobian ? If k = k, this is the case if and only if (A, a) is inde-
composable, according to Hoyt [9] and Oort and Ueno [18]. We henceforth assume
(A,a) indecomposable, and isomorphic over k to the principally polarized Jacobian
(JacC, j) of a curve C/k of genus 3. For a general field & C C, the answer is given by
a particular Siegel modular form x1g of genus 3. This form is actually defined up to a
multiplicative constant by the product of the 36 Thetanullwerte with even character-
istics. Our main result (Th. 1.3.3) is the following criterion: (A, a) is isomorphic over
k to (Jac C,7) if and only if x18(A, a) is a square over k. This was suggested by Serre
in [20] and proved in [15] by the first two authors for a 3-dimensional family of abelian
varieties. This square appears due to the following fact: by taking the inverse image
under the Torelli morphism ¢ : C' — (Jac C, j) (with j the canonical polarization), we
get an element t*x1g in the algebra of Teichmiiller modular forms over k, which turns
out to be a square, according to Ichikawa [10]. The equivalence is then obtained by
the action of quadratic twists on geometric Siegel modular forms.

The second part of the article uses a natural isomorphism between the algebra of
invariants on the space of ternary quartic forms with non zero discriminant and the
algebra of Teichmiiller modular forms on the space of non hyperelliptic curves of genus
3. Hence, the form t*x1g, restricted to nonsingular non hyperelliptic curves, can be
interpreted as an invariant and this provides a simple proof of a formula of Klein,
which asserts that xis(JacC,j) is the square of the discriminant of C' (Th. 2.2.3).
The original relevance of Klein’s formula for the above criterion was one of Serre’s
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insights.

This article is organized in two sections. In § 1.1, we review the necessary elements
from the theory of Siegel and Teichmiiller modular forms, then in § 1.2 we introduce
the action of isomorphisms and see how the action of twists is reflected on the values of
modular forms, and we prove our main result in § 1.3. The second section deals with
invariants: in § 2.1, we give a geometric description of invariants of ternary forms,
and in § 2.2, we prove Klein’s formula. Finally, in § 2.3 we discuss the reasons be-
hind the failure of a straightforward generalization of the theory in higher dimensions.

We would like to thank J.-P. Serre and S. Meagher for fruitful discussions, and Y. F.
Bilu and X. Xarles for their help in § 2.3.

1. Modular forms and abelian threefolds

1.1. Siegel and Teichmiiller modular forms. References for the following results
are [3], [4], [5], [7]. Let g > 2 be an integer and A, be the moduli stack of principally
polarized abelian schemes of relative dimension g. Let 7 : V, — Ay be the universal
abelian scheme and 7'('*9\1/ A, A, the rank g bundle, usually called Hodge bundle,

induced by the relative regular differential forms of degree one on V, over A,. The
relative canonical bundle over A, is the line bundle

g
_ 1
w = /\W*QVQ/AQ.

Let R be a commutative ring and h be a positive integer. A geometric Siegel modular
form of genus g and weight h over R is an element of the R-module

Sy.n(R) =T(A; ® R,w®").
One proceeds similarly with curves. Let My denote the moduli stack of smooth and

proper curves of genus g. Let 7 : C; — M, be the universal curve, and let X be the
invertible sheaf associated to the Hodge bundle on Mg, namely

g
A= AmQc, u,
A Teichmiiller modular form of genus g and weight h over R is an element of
T, n(R) = T(M, ® R,A®").

Assume now that R = k is a field. For a projective nonsingular variety X defined
over k, we denote by Q}[X] = H°(X,Q% ® k) the finite dimensional k-vector space
of regular differential forms on X defined over k. Let (A4,a) € A; ® k be a principally
polarized abelian variety of dimension g defined over k (resp. C' € M, ® k a genus ¢
curve defined over k). We denote by

wi[A] ~ N Q4A]  (resp. A [C] ~ \ QLIC))

the k-vector space of sections of w (resp. A) over (A,a) (resp. C). For f € S, (k)
(resp. f € Ty n(k)), and w a basis of wi[A] (resp. A a basis of A\;[C]), we put

(1) f((A a),0) = f(A,a)/w®" €k, (vesp. f(C,A) = F(C)/X*" € k).
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In this way a modular form defines a rule which assigns the element f((A4,a),w) € k
(resp. f(C,A)) to every such pair ((A4,a),w) (resp. (C,\)) which depends only on

k-isomorphism class of the pair. With this definition, the following proposition holds,
see for instance [11]:

Proposition 1.1.1. The Torelli map t : My — Ay, associating to a curve C its
Jacobian Jac C' with the canonical polarization j, satisfies t*w = A, and induces for
any field k a linear map

t* 1 Sgn(k) =T(Ag @ k,w®") ——— Ty4u(k) =T(My ® k,A%"),
For any curve C/k of genus g and any f € Sy 1(k), one has
[t fI(C) = t"[f (Jac C, j)],
i.e. for any basis w of wi[JacC],
f((JacC,j),w) = [t*FI(C,N) ifttw=X 0O
Assume now that R = k = C. Let Ry ,(C) be the vector-space of analytic Siegel

modular forms of weight h on H, = {r € My(C) | ‘7 =7, Im7 > 0}, consisting of
complex holomorphic functions ¢(7) on Hy satisfying

p(M.7) = det(cr + d)" - (1) if M = (CCL Z) € Spyy(Z).

To a point 7 € H we associate the abelian variety A, = C9/(Z9+77Z9) with its natural
principal polarization j. Since the tangent space to A, is canonically isomorphic to
C9, dzy A -+ Ndzg is a section of w ® C ~ Oy, ® A?(CY). Thus, it induces a map
from Ry 5, (C) to Sy 1, (C). More precisely, the following result holds [5, p. 141]:

Proposition 1.1.2. If f € S, 4(C) and T € Hy, let

F(r) = (im) =" f (A7, §)/(dz1 A -+ A dzg)®"
where (21,...24) is the canonical basis of C9. The map f — fv 18 an isomorphism
Sg.n(C)—Ryx(C). O

In the sequel we shall need some specific Siegel modular forms. We recall the definition
of Thetanullwerte with characteristics

€= [2] e {0,119 @ {0,1}7,
given, for 7 € Hy, by
Ole](T) = Z exp(im(n +e1/2)7'(n +e1/2) + 2im(n +e1/2)"(e2/2)).
nezZI

Let S, be the set of even characteristics, that is, e;’e2 = 0 (mod 2). For g > 2 and
T € Hy, we put h = |Sy|/2 =29"%(29 + 1) and
(-1)oh2

Xn(T) = 929-1(20-1) H O[e](7).
eesS,
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In [13], Igusa proves that if g > 3, then X5 € Ry ,(C). Starting from the analytic
Siegel modular form Y}, we define, thanks to Prop. 1.1.2, a geometric Siegel modular
form

Xn(Ar) = (2im)7" - Xp(T)(d21 A+ A dzg)®" € Sy u(C).

Ichikawa proved several important results on this modular form that we summarize
in the following proposition, see [11, Prop.3.4] and [12]:

Proposition 1.1.3. The geometric Siegel modular form x;, belongs to Sy ,(Z). More-
over, there exists a Teichmiiller modular form py, o € Ty p/2(Z) such that

(2) t*(xn) = (ny2)®. O
1.2. Action of isomorphisms. Let £ be any field and ¢ : (4’,a') — (4,a) a
k-isomorphism of principally polarized abelian varieties. Choose a basis (w1, ..., wg)

of Q}[A] and put w = wy A+ Awg € wi[A]. If v; = ¢"(wi), then (71,...,7,) is a basis
of Q';[A’] and by invariance under k-isomorphisms
f((A,CL),CU) = f((A/a a/)77) where Y=nAA Vg € WE[A/].

If (w],...,w)) is another basis of Q'z[A’] and ' = w] A --- A w}, we denote by

My € GL4(k) the matrix of the basis (vy;) in the basis (w}). Then one proves easily:

Proposition 1.2.1. In the above notation,
f((A,a),w) = det(My)"- f((A,d),o'). O
First of all, from this formula applied to the action of —1, we deduce that, if k£ is a

field of characteristic different from 2, then S, (k) = {0} if gh is odd. From now on
we assume that gh is even and char k # 2.

Corollary 1.2.2. Let (A,a) be a principally polarized abelian variety of dimension
g defined over k and f € Syp(k). Let wi,...,wy be a basis of QL[A], and let w =
w1 A Awy € wg[A]. Then

f(A,a) = f((A,a),w) mod® E*" € k/k*"

does not depend on the choice of the basis of Qi[A]. In particular f(A a) is an
invariant of the k-isomorphism class of (A, a). O

Corollary 1.2.3. Assume g odd. Let f € Sy (k) and ¢ : (A',d') — (4, a) be a non
trivial quadratic twist. There exists ¢ € k\k? such that f(A,a) = M2f(A ). Thus,
if f(A,a) # 0 then f(A,a) and f(A’,a’) do not belong to the same class in k> /k*".
Proof. Assume that ¢ is given by a quadratic character ¢ of Gal(k/k). Then

d” =¢e(0)? -d, where d=det(My) €k, o€ Gal(k/k).

Since ¢ is odd, by our assumption, h is even. Moreover d*> = ¢(o)dd® € k. But d ¢ k
since there exists o such that (o) = —1. Using Prop. 1.2.1 we find that

F((A,a),w) = (&)"2 (4, d), o).

Since d? is not a square in k, if f(A,a) # 0 then f(A,a) and f(A’,a’) belong to two
different classes. O
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Let (A,a) be a principally polarized complex abelian variety of dimension g defined
over k C C. The period matriz of (A, a) defined by a basis w1, ...,w, of Qi[A] and a
symplectic basis 1, . .., V24 of Hi(A,Z) for the polarization a, is the Riemann matrix

f’h w1 e f’y w1

29

Q= M= :
ffh Wg o f72g Wy

One puts 7 := Q;lQl € Hs in such a way that (A,a) is C-isomorphic to A,. If C is
a complex curve of genus g, one uses the same notation for the period matriz of C
defined by a basis wi,...,w, of Q1[C], and a symplectic basis 71, ...724 of H1(C,Z)
for the intersection pairing. By the canonical identifications

QC) = Q' [JacC], Hi(C,Z) = H,(JacC,7Z),

the period matrix of C' is also the period matrix of (JacC,j) defined by the corre-
sponding bases. Applying Prop. 1.2.1 with the isomorphism z — Q;lz, we get the
following lemma.

Proposition 1.2.4. In the above notation, let w = w1 A -+ Awg € wi[A]. Then

_gn J(7)
f((A;a),w) = (2im)? det Qf O
1.3. Jacobian among abelian threefolds. Serre stated in [16] and [20] the fol-
lowing precise form of Torelli’s theorem:

Theorem 1.3.1. Let (A4,a) be a principally polarized abelian variety of dimension
g > 1 over a field k, and assume that (A,a) is isomorphic over k to the Jacobian of
a nonsingular curve C. Then C' can be defined over k, and:
(i) If C is hyperelliptic, there is an isomorphism, defined over k, from (A, a) to
(JacC, j).
(ii) If C is not hyperelliptic, there exists a quadratic character
e: Gal(k*?/k) —— {£1}
and an isomorphism, defined over k, from the twisted abelian variety (4, a)c

to (JacC,j). Hence, (A, a) is k-isomorphic to a Jacobian if and only if € is
trivial.

We restrict to the case where £ C C and we now give a formula for €. In order to do
so, we need to recall some geometric results by Igusa. Denote by 2140 the modular
form defined by the thirty-fifth elementary symmetric function of the eighth power
of the even Thetanullwerte. Recall that a principally polarized abelian variety (A, a)
is decomposable if it is a product of principally polarized abelian varieties of lower
dimension, and indecomposable otherwise. In his beautiful paper [13], Igusa proves
the following result [loc. cit., Lem. 10 and 11].

Theorem 1.3.2. If 7 € Hj, then:
(i) (A-,J) is decomposable if X15(7) = 53140(7) =0.
(ii) (Ar,J) is a hyperelliptic Jacobian if X18(7) = 0 and L140(7) # 0.
(i) (Ar,7) s a non hyperelliptic Jacobian if X15(7) # 0. O
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We are now able to prove our main result which can be seen as an arithmetic analogue
of Igusa’s result.

Theorem 1.3.3. Let (A,a) be a principally polarized abelian threefold defined over
k C C. Let (w1,ws,ws) be any basis of QU}[A] and (y1,...,76) a symplectic basis of
H,(A,Z) for the polarization a. Let Q = [Qy Qs] be the period matriz defined by these
bases, and T = Q5.

(i) If S140(7) = 0 and X1s(7) = 0 then (A, a) is decomposable over k. In partic-
ular it is not a Jacobian.
(ii) If X140(7) # 0 and X18(7) = 0 then there exists a hyperelliptic curve C/k
such that (JacC, j) ~ (A, a).
(iil) If X18(7) # 0 then (A4, a) is isomorphic to a non hyperelliptic Jacobian if and
only if
54 X18(7)
det Q38

is a square in k, with w = wy A ws Aws € wg|A].

x1s := x18((4, a),w) = (2im)

Proof. Only the third point is new. Indeed, the first and second points directly follow
from Th. 1.3.2 and Th. 1.3.1. Suppose now that (A4, a) is isomorphic over k to the
Jacobian of a non hyperelliptic genus 3 curve C/k. Using successively Prop. 1.1.1
and Prop. 1.1.3, we get

x18((4, a),w) = t*(x18)(C, A) = po(C, N)? € k™2,

with A = t*w. Hence, the desired expression is a square in k*. Its analytic expression
on the right hand side of (iii) is a direct application of Prop. 1.2.4.

On the contrary, Cor. 1.2.3 shows that if (A,a) is a quadratic twist of a Jacobian
(A’,a’) then there exists a non square ¢ € k such that

Xi1s(4,a) = ¢ - xas(A',a').
As we have just proved that yig(A’,a’) is a square in kX /k*'® this implies that
x18((4,a),w) is not. -

Corollary 1.3.4. In the notation of Th. 1.8.3, the quadratic character e of Gal(k/k)
introduced in Th. 1.3.1 is given by e(o) = d° /d, with d = /18, and with an arbitrary
choice of the square root. (I

2. Invariants and Klein’s formula

Let d > 0 be an integer. In this section k is an algebraically closed field of character-
istic coprime with d.

2.1. Geometric invariants for nonsingular plane curves. We first review some
classical invariant theory. Let E be a vector space of dimension n over k. The left
regular representation r of GL(E) on the vector space Xq = Sym%(E*) of forms of
degree d on F is given by

r(u): F(z) — (u- F)(z) = F(uz)
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for u € GL(E), F € Xy and « € E. If U is an open subset of X; stable under r, we
still denote by r the left regular representation of GL(E) on the k-algebra O(U) of
regular functions on U, in such a way that

r(u) : ®(F) > (u- ®)(F) = B(u- F),

itfue GL(E), ® € O(U) and F' € U. If h € Z, we denote by Op(U) the subspace,
stable under r, of homogeneous elements of degree h. An element ® € Op(U) is an
invariant of degree h on U if u-® = ® for every u € SL(F), and we denote by Invy,(U)
the subspace of invariants of degree h on U. Hence, if & € O(U), and if w and n are
two integers such that hd = nw, then ® € Invy,(U) if and only if

u-® = (detu)?® for every u € GL(E),

and we call w the weight of ®. Let F € X4, and denote by gq1,...,q, the partial
derivatives of F. The discriminant of F is

Disc F = C;’}i Res(q1,-.-,qn), Wwith ¢y 4= dUa=1"=(=1"/d

where Res(q1, ..., qn) is the multivariate resultant of the forms q1,...q, [6, p. 426],
the coefficient ¢, 4 being chosen according to [20]. We refer to [15] for a detailed study
of the discriminant of a ternary form, and the computation of the discriminant of a
Ciani quartic.

From now on we assume dim E = n = 3. The universal curve over X, is the variety

Ya={(F,z) € X4 x P? | F(z) =0}.
The nonsingular locus of X4 is the principal open set
X9 = (Xg)pise = {F € X4 | Disc(F) # 0}.

If Yg is the universal curve over the nonsingular locus Xg, the projection is a smooth
surjective k-morphism

7Yy —— X/
whose fibre over F is the non singular plane curve Cp. If F' € Xj(k), we recall the
usual way to write down explicitly the classical basis of Q[Cr] = H°(Cp,Q, ® k),
see [2, p. 630]. Let

77(1) _ f(IzdIg — IngQ) ’r](2) _ f(:l?gdl'l — Ildl'g) 77(3) _ f(IldI’Q — Igdl’l)
0 ’ q2 ’ a3 7
where ¢1, g2, ¢3 are the partial derivatives of F, and where f € X4_3. The forms 5(®
glue together and define a regular differential form ny(F) € Q4 [Cr]. Since dim Xq_3 =

(d—1)(d—2)/2 = g, the linecar map f +— 7 (F) defines an isomorphism
Xd_3 ;> QHCF]
We denote 71, . .., 14 the sequence of sections obtained by substituting for f in 7y the

g members of the canonical basis of X;_3, enumerated according to the lexicographic
order. Then n =n1 A--- A7y is a section of

g
o = /\W*Qég/xg,
the Hodge bundle on Xg. The map u : x — ux induces an isomorphism

u:C’u.F —— CF
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Hence, it has a natural action u* : QL[Cr] — QL[C,.r| on the differentials and
therefore, on the sections of a, for h € Z. More specifically, if s € F(Xg, a®"), one
can write s = ® - n®" with ® € O(XY); for F € XY, one has

u*s(F) = ®(F) - (u*n(F))*".
The proof of the following lemma is left to the reader.
Lemma 2.1.1. For any u € G and any F € Xg, the section n € I‘(Xg, «) salisfies,
dg

u*n(F) = d_et(u)w0 -n(u . F), with wy = (g) = ? eN. O

For any h € Z, we denote by I'(X%, a®")¢ the subspace of sections s € I'(X}, a®h)
such that u*s(F) = s(u- F) for every u € G and F € X}.

Proposition 2.1.2. Let h > 0 be an integer. The linear map
P p(®) =P - ™"
is an isomorphism
p:Invgp(X9) ——— T'(XY, a®)C.

Proof. Let ® € Invy,(X9), s = p(®) = ®-n®", and w = dgh/3, the weight of ®. Then
using Lem. 2.1.1,

w*s(F) = ®(F) - (wn(F))®" = ®(F) - det(u)“" - nu - F)*"

= det(uw)*®(F) -n(u- F)®" = ®(u- F) -n(u- F)®" = s(u- F).

Hence, p(®) € T(XY, A¥*™"). Conversely, the inverse of p is the map s — s/7®", and
this proves the proposition. O

2.2. Modular forms as invariants. Let d > 2 be an integer and g = (d;). Since
the fibres of Y — XY are nonsingular non hyperelliptic plane curves of genus g, by
the universal property of M, we get a morphism

p: Xg — M,.
and p*A = a by construction. This induces a linear map
p*: Tyn(k) —— T(X%, a®h).

Moreover, for u € G, since u : Cy.r — Cp is an isomorphism, we get the following
commutative diagram

ACr] —“— AlCy.r]

p*l p*l
alF] —“— ofu- F).
For any f € T, 5(k), the modular invariance of f means that
u* f(Cr) = f(Cur).
Then

u(p" M) = p"(f(Cr))] = p [u” fF(CP)] = p*[f(Cur)] = (0" f)(u- F),
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and this means that p*f € I'(X%, a®™)¢. If g = 3 then p* is a linear isomorphism.
Combining this result with Prop. 2.1.2, we obtain:

1

Proposition 2.2.1. For any integer h > 0, the linear map o = p~" o p* is a homo-

morphism:

Tyn(k) — Invgn(X3)
such that

o(f)(F) = f(CF,A)

with A = (p*)~n, for any F € XY and any section f € Ty (k). If g = 3, then o is
an isomorphism. [l
We finally make a link between invariants and analytic Siegel modular forms. Let
F € X3(C) and (n1,...,n,) the basis of regular differentials on Cr defined in § 2.1.
Let (71,...724) be a symplectic basis of H1(C,Z) for the intersection pairing. Let
0 = [y Qo] the period matrix of Cr defined by these bases, and 7 = 02_191.

Corollary 2.2.2. Let f € S, 1(C) be a geometric Siegel modular form, fe R, 1(C)
the corresponding analytic modular form, and ® = o(t* f) the corresponding invariant.
In the above notation,

f(7)
det Qb
Proof. Let A = (p*)~1(n) and w = (¢*)~}(\). From Prop. 1.1.1 and 2.2.1, we deduce
O(F) = (t"f)(Cr, A) = f(Jac Cp, w),
and Prop. 1.2.4 give the result, since €2 is also the period matrix of Jac Cp. O

O(F) = (2im)9"

We are now ready to give a proof of the following result [14, Eq. 118, p. 462]:

Theorem 2.2.3 (Klein’s formula). Let F' € X3(C) and Cr be the corresponding
smooth plane quartic. Let (n1,n2,m3) be the classical basis of Q¢ [Cr| and (71, ... 76)
be a symplectic basis of H1(Cr,Z) for the intersection pairing. Let @ = [y Qo] the
period matriz of Cr defined by these bases, and T = 92_1(21. Then
54 X18(7)

det(Q9)18"

Proof. Cor. 2.2.2 shows that for any F € X{ the invariant I = o o t*(x1g) satisfies

Disc(F)? = (2n)

5a X18(7)
I(F) = (2im) det 215"
Moreover Th. 1.3.2(iii) shows that I(F) # 0 for all F € X}. Since the discriminant is
an irreducible polynomial, as immediate consequence of Hilbert’s Nullstellensatz we
get that I = ¢Disc”™ with ¢ € C* a constant and n € N. Since [ is an invariant of
weight 54 and Disc an invariant of weight 27, n = 2. Finally, it is proven in [15, Cor.
4.2] that Klein’s formula holds true for any Ciani quartic with ¢ = 1. (]

Remark 2.2.4. Th. 2.2.3 implies that
,LLQ(CF, )\) = 4+ Disc F.

This might be deduced from the definition of ug, although it seems that this fact was
not observed before.
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2.3. Beyond genus 3. First of all, note that an analogue of Klein’s formula has
been derived in the hyperelliptic case by Lockhart [17] and also by Guardia [8]. Their
formula is a direct consequence of Thomae’s formula [21]. Now, it is natural to try to
extend the preceding results to the case g > 3. For Klein’s formula and g = 4, Klein
himself, in the footnote of p. 462 in [14], gives the amazing formula

Xes(T) 2 8

(3) det (429)F =c-A(C)*-T(C)".

Here 7 = Q;lﬂl, with Q = [Q; Q3] a period matrix of a genus 4 non hyperelliptic
curve C given in P? as an intersection of a quadric Q and a cubic surface E. The
elements A(C') and T'(C) are defined in classical invariant theory as, respectively, the
discriminant of @ and the tact invariant of @ and E (see [19, p.122]). No such formula
seems to be known in the non hyperelliptic case for g > 4.

Let us now look at what happens when we try to apply Serre’s approach for g > 3. To
begin with, when g is even, we cannot use Cor. 1.2.2 to distinguish between quadratic
twists. Let us assume that g is odd. Cor. 1.2.3 shows that there exists ¢ € k\ k? such
that

)Zh(A/, a/) =M. Xn(4, a)

for a Jacobian (A, a) and a quadratic twist (A’,a’). What enabled us to distinguish
between the two when g = 3 is that h/2 = 9 is odd. However as soon as g > 3, the
2-valuation of h/2 is g — 3 > 0, so it is not enough for x,(A4) to be a square in k to
make a distinction between A and A’. It must rather be a 297 2-th power in k. It
can be easily seen from the proof of [22, Th.1] that t*(x) does not admit a fourth
root. According to [1] or [23] this implies ¥4 (4,a) is not a 29~2-th power in k for
infinitely many Jacobians (A, a) defined over number fields k. So we can no longer
use the modular form yj to characterize Jacobians over k.
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