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SOBOLEV INEQUALITIES FOR (0,q) FORMS
ON CR MANIFOLDS OF FINITE TYPE

Po-LAM YunNG

ABSTRACT. Let M27t1 (n > 2) be a compact pseudoconvex CR manifold of finite
commutator type whose 9; has closed range in L? and whose Levi form has comparable
eigenvalues. We prove a Gagliardo-Nirenberg inequality for the 0, complex for (0,9)
forms when ¢ # 1 nor n — 1. We also prove an analogous inequality when M satisfies
condition Y (g). The main technical ingredient is a new kind of L' duality inequality for
vector fields that satisfy Hormander’s condition.

1. Introduction

Recently Bourgain-Brezis [1] and Lanzani-Stein [10] established the following L!
Sobolev inequality (or Gagliardo-Nirenberg inequality) for differential forms: If u is
a smooth compactly supported ¢ form on R™ and ¢ # 1 nor n — 1, then

||UHLﬁ(Rn) S lldullpr ey + [ld*ull Lr @n)

where d is the Hodge de-Rham differential operator and d* is its adjoint under the
flat Euclidean metric. This generalizes the classical Gagliardo-Nirenberg inequality
for functions, which corresponds to the case ¢ = 0 or n. This is, however, a very
remarkable inequality when 2 < ¢ < n — 2, for while the corresponding inequality
when L! is replaced by L? (1 < p < n) follows easily from the classical Calderon-
Zygmund theory of singular integrals, the Calderon-Zygmund theory breaks down for
L'. In fact a simple example shows that the inequality is false when ¢ = 1 or n — 1
and n > 2. At the heart of this is a new kind of L' duality inequality, which says that
if f=1(f1,...,fn)is a compactly supported smooth vector field on R"™ and divf =g,

then for any ® € C°(R"),

Ln.

(1)

f1(x)®(z)dx

R

S I IVl + gl (]

(See van Schaftingen [13].) This can be thought of as a remedy to the failure of
the Sobolev embedding of W™ into L, for if the embedding holds, the inequality
would become trivial. Note also that this inequality does not follow from classical
compensated compactness arguments.

More recently, Chanillo and van Schaftingen [3] proved an analog of this inequality
on a general homogeneous group: If G is a homogeneous group of homogeneous
dimension @) and X1, ..., X, is a basis of left-invariant vector fields of degree 1 on G,
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then for any functions fi,..., fn,9 € C°(G) which satisfies X1 f1 + -+ X fn =g
and any ® € C°(G), we have

/fl r)dx

where V@ = (X;®,...,X,,®). Our first result generalizes this:

S flle@lVeRllLe + 9lev @ ®llLe

Theorem 1. Let Xy,..., X, be smooth real vector fields in a neighborhood of 0 in
RN . Suppose they are linearly independent at 0 and their commutators of length < r
span the tangent space at 0. Let V;(x) be the span of the commutators of X1,..., X,
of length < j at x, and let Q) be defined by

Q= Zjnj, n; = dim V;(0) — dim V;_1(0).

Then there exists a nezghborhood U of 0 and C > 0 such that if
Xifi+ -+ Xafa=9
on U with fi,..., fn,g € CX(U) and ® € CX(U), then

| r@ew@is| < (1w @lyige, + ol 1#lew)

where H‘I)HNL?(U) = [[Vo@| rew) + |®llew), and Vi® = (X19,..., X, ®).

Theorem 1 allows us to study the 9, complex of two classes of CR manifolds of
finite commutator type, and prove a Gagliardo-Nirenberg inequality for (0, q) forms
that involves the ), complex. A CR manifold M is said to be of finite commutator
type m at a point x if the brackets of real and imaginary parts of the (1,0) vector fields
of length < m span the tangent space of M at x; and a pseudoconvex CR manifold
M?"*1 s said to satisfy condition D(q) if there is a constant C' > 0 such that for
any point x € M, the sum of any ¢ eigenvalues of the Levi form at x is bounded
by C times any other such sum, for 1 < ¢ < n/2. The condition D(1) is usually
loosely referred to as that M has comparable Levi eigenvalues, because this condition
is simply that for some C > 0, for any « € M and any eigenvalues A1 (z), A2(x) of the
Levi form at x, we have A\ (z) < CAq(x).

Theorem 2. Let M be a compact orientable pseudoconvexr CR manifold of real di-
mension 2n + 1 > 5, for which the range of 9y on (0,q) forms is closed in L? for all
q. Suppose that

(i) M is of finite commutator type m at every point, and
(ii) M satisfies condition D(qo) for some 1 < g9 < n/2.

Let Q =2n+ m. Then

(a) If go < qg<n—qy and ¢ # 1 nor n — 1, then for any smooth (0,q) form u on M
that is orthogonal to the kernel of Oy, we have

(b) For any smooth (0,qo — 1) form v orthogonal to the kernel of 0y, we have

< Bsullpr ary + 185l L oy
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(¢) For any smooth (0,n — qo + 1) form w orthogonal to the kernel of 5:, we have

<19, .
”w”Lle(M) S 0pwllLr

In particular when gy = 1, i.e. when M has comparable Levi eigenvalues, then

ol e

Loy 19501l L1 (a1

for any function v orthogonal to the kernel of Oy, which can be thought of as a
Gagliardo-Nirenberg inequality for d;. Also, in this case

lull | o, o S 10vull Ly (ary + 0y ullLr(ar)

for any smooth (0, ¢) forms u orthogonal to the kernel of O, when g # 1 nor n — 1.

Finally, a CR manifold M?"*! is said to satisfy condition Y (q) if at every point the
Levi form has max(q+1,n—q+1) eigenvalues of the same sign or min(g+1,n—g+1)
pairs of eigenvalues of opposite signs. Note that all such manifolds are necessarily of
finite commutator type 2.

Theorem 3. Let M?"*! be a compact orientable CR manifold that satisfies condition
Y (q) for some 0 < ¢ <mn, and Q = 2n+ 2.

(a) If ¢ # 1 norn — 1, and u is a smooth (0,q) form orthogonal to the kernel of Oy,

lell o2z 1y 10sullz(any + 19wl (ar)-

(b) If ¢ # 0 nor n, and v is a smooth (0,q — 1) form orthogonal to the kernel of Oy,

i
ol 2, o S |00l L1 (ar)-

(c) If ¢ # 0 nor n, and w is a smooth (0,q+ 1) form orthogonal to the kernel of 5:,

1ol 2 oy S 190w leran.

The case of strongly pseudoconvex CR manifolds of dimension 2n+1 > 5 is covered
under both Theorems 2 and 3, with @ = 2n + 2. For instance,

Corollary 1. If M7+ is a compact orientable strongly pseudoconver CR manifold
of dimension 2n +1 > 5 and ¢ # 1 nor n — 1, then for any smooth (0,q) form u
orthogonal to the kernel of Oy, we have

lell 2y oy = 19vullzrary + 19y ull 21 ar)

where Q = 2n + 2.

A few remarks are in order. First, part of the difficulty in Theorem 1 is in proving
the inequality with the best possible value of @Q; it can be shown, using local dilation
invariance, that the inequality in Theorem 1 cannot hold for any value of ) smaller
than the one that is given there. Hence the value of Q) as defined in Theorem 1 should
be thought of as the correct non-isotropic dimension that one should attach to the
point 0 in such a situation.

Note also that with @ as given in Theorem 1, there is a Sobolev inequality for
functions u that satisfies u, Vyu € LP if 1 < p < @ (see Proposition 1 below, which
we state without proof). Theorem 1 can be taken as a remedy of the failure of this
embedding when p = Q.
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Proposition 1. Let X1,...,X, be smooth real vector fields on RN, whose commu-
tators of length < r span at 0. Let @ be the non-isotropic dimension at 0 as defined
in Theorem 1. Then there exists a neighborhood U of 0 and C > 0 such that if
ue CXPU) and 1 <p < Q, then

E
o

*
D=

lullos @y < C (IVoull ey + lullLewy) — where e

Moreover the inequality cannot hold for any bigger value of p*.

We remark that Capogna, Danielli, and Garofalo have obtained a similar Sobolev
inequality in [2], but our proposition is sharper in general because we are always using
the best (i.e. smallest) possible value of @ in the definition of p*. See also the work
of Varopoulos [14] and Gromov [5, Section 2.3.D”].

Next in Theorem 2, the assumption that the ranges of 9, on (0, ¢) forms are closed
in L? for all ¢ is met under fairly general conditions; by the results of Kohn [8] and
Nicoara [11], this assumption is satisfied by all boundaries of bounded weakly pseudo-
convex domains in C"*!, and more generally by all embeddable compact orientable
CR manifolds of dimension > 5. The assumption of comparable sums of eigenvalues
was made to ensure that maximal subellipticity holds in the LP sense (see Koenig
[7]). We made the assumption that M has real dimension 2n + 1 > 5 because if the
real dimension of M were 2n + 1 = 3, then n = 1, in which case 9 produces only
top forms and 5; produces only functions. In these cases our method does not say
anything about (0, ¢q) forms on M for any gq.

Finally, in effect Theorem 3 also only applies to CR manifolds of dimension 2n+1 >
5, because condition Y (g) is never satisfied in 3 dimensions for any g. Moreover, since
conditions Y (¢q) and Y (n — ¢) are equivalent, one can formulate the corresponding
inequalities for (0,n — ¢) forms, (0,n —q — 1) forms and (0,7 — ¢+ 1) forms.

The main new ingredient in the proof of Theorem 1 is that it involves a lifting
of the given vector fields X;,...,X,, to a higher dimensional Euclidean space where
they can be approximated by left-invariant vector fields of a homogeneous group.
This approximation is crucial in making certain integration by parts argument work
when we construct and estimate some convolution-like integrals. That such a lifting is
possible was shown in the work of Rothschild and Stein [12]. One can then adapt some
previously known arguments, as in [13], [9] and [3], to prove Theorem 1. The new
challenge here is to still bound things in L? with the correct value of @ (as designated
in Theorem 1) despite of the lifting (because lifting introduces a new space with a
bigger non-isotropic dimension). This is done by carefully integrating out the added
variables. Some lower order errors that arise from the approximation also need to be
taken care of. The technical contents are contained in the proof of Lemma 1 below.

It will be of interest to see in Theorem 1 whether the assumption of linear inde-
pendence of Xi,..., X, at 0 can be replaced by some other weaker non-degeneracy
conditions, although in our study of the 0; complex this assumption is always sat-
isfied. In fact a large part of our argument, namely Lemma 1 below, goes through
without having to assume this linear independence. It is only in the final argument
of the proof of Theorem 1 that we need that.
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2. L' duality inequality for Hormander’s vector fields

In this section we shall prove Theorem 1. The proof has its starting point the
argument of van Schaftingen [13], Lanzani-Stein [9] and Chanillo-van Schaftingen [3]
that freezes one of the variables in the integral to be estimated. We shall also need a
variant of a decomposition lemma that appeared in their work (see Lemma 1 below).

First observe that the Lebesgue measure dx was used in the statement of Theo-
rem 1, but the Lebesgue measure on U depends on the choice of a coordinate system
x. In proving Theorem 1, however, we are free to choose any coordinate system z on
U, because if the inequality holds in one coordinate system, then it holds in any other
coordinate system. This is because the Lebesgue measure in one coordinate system
is just the Lebesgue measure in another multiplied by a smooth function. Below we
shall choose some ‘normal coordinate system’ x using the given vector fields, and
prove the inequality in that coordinate system.

Next let X1,...,X, be smooth real vector fields in R", whose commutators of
length < r span the tangent space at 0. We shall not require them to be linearly
independent at 0 except in the proof of Theorem 1 below. Let {Xjk}lgjgr,lgkgnj be
a collection of vector fields that satisfies the following:

(a) Each X, is a commutator of X1,..., X, of length j;
(b) For each 1 < jo <7, {Xjk}1<j<jo,1<k<n, Testricts at 0 to a basis of Vj;(0).

Without loss of generality we assume Xy, = X, for all 1 < k < n;. (Note that we
must have n; > 1 for the commutators of Xy,..., X, to span at 0.) Given a point
¢ and a vector field X, we shall write exp(X)& for the time-1-flow along the integral
curve of X beginning at £. Then for each point £ near 0,

T nj
x — exp(z - X')¢, - X’ ::Zijkak
j=1k=1

defines a normal coordinate system locally near &, where x = (mjk)1§jgr,1gkgnj.
Throughout we shall take U to be a (sufficiently small) totally normal neighborhood
of 0, which means that it is a normal neighborhood of each of its points. Since we have
already restricted ourselves to consider only functions that have compact support in
U, we shall use consistently identify U as a subset of the tangent space Ty(RY) of
RY at 0 using the exponential map. In particular, we shall consistently write = for
exp(z - X’)0. Hence z shall denote the normal coordinates of U at 0. Any compactly
supported function on U will automatically be extended to Tj (]RN ) by 0 outside U.
We shall often just write RY for Tp(RY).

The following decomposition lemma is a generalization of the key lemma in Chanillo
and van Schaftingen [3].

Lemma 1. Let U be a sufficiently small totally normal neighborhood of 0 and I be
the set of all a € R for which {x11 = a} NU # 0. Then for any ® € C>(U), any
a € I and any A > 0, there is a decomposition of the restriction of ® to the hyperplane
{x11 = a} NU into

(b‘{mu:a}ﬁU == @111 + @g
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and an extension of ®§ to the whole U (which we still denote by ®§) such that g €
C>(U) and

a 1
||(I)1||L°°({w11:a}ﬂU) < C/\QMI(a)
V@4 L (1) < CAR ™' MZ(a)
25| Lo @) < CAT LM T (a)

where

{Z(‘Tll) = (IEGRN—1(|VI>(I)|Q + |(I)|Q)(x)df)% x = (z11,T)

1
._7(3311) = (ffeJRNfl |(I>‘Q($>df) @
dT = dz12 .. .dxr,, and M is the standard Hardy-Littlewood mazimal function on R.

Assuming the lemma for the moment, we shall now adopt the argument of van
Schaftingen [13] to finish the proof of Theorem 1. The main difficulty is that now when
one freeze say the x17 the coefficient, the vector fields X5, ..., X, are no longer tangent
to the hyperplanes where x1; is constant. This would kill the whole integration by
parts argument by introducing extra boundary integrals that one cannot control.
Fortunately, when the vector fields Xi,...,X,, are linearly independent at 0 and
U is sufficiently small, the transverse components of X, ..., X,, to the hyperplanes
{x11 = constants} are small near 0, and a perturbation argument would then work.

Proof of Theorem 1. Let U be a small neighborhood of 0 on which Lemma 1 holds.
Shrinking U if necessary, we may assume that for 1 < k < n, X} is transverse to all
hyperplanes {z1; = a} that intersect U. For | # k, decompose X into

X = Xlk + akl(:zz)Xk

where X[ are parallel to all the hyperplanes {z1x = a} that intersect U and ay()
are smooth functions of x with ay;(0) = 0. By further shrinking U if necessary we
may assume all ||ap|| -y are sufficiently small.

Suppose X1 f1 + -+ Xpnfn = ¢ in U, where fi,..., fn,g are all in C°(U). Then

(2) XiFv+Xafo+ 4+ Xpfo=X1(a12)fo+ -+ Xi(a1n) fn + 9
where

Fi=fi+tawafo+ - +amfn.
We shall show that

/U Fi(2)®(z)dz

for ® € C°(U). Assuming this for the moment, by symmetry we may conclude the
same estimate with Fj replaced by Fy for all 1 < k < n, where Fj, = fi + Z#k ar fi-
Since |lai|| () are all sufficiently small, we may write fi as a linear combination
of Fi,..., F, with C* coefficients, say

< C (Il 1@y o) + lol@ @l )

filw) = bi(a) Fi()
k=1
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with by € C*°(U) and conclude, as desired, that

‘/U fi(x)®(z)dz

n

53

k=1

n
<> c (Hf||L1(U)ku‘I’HNL§(U) + HQHLl(U)||bk‘I’||LQ(U))
k=1

<C (Il @@l o w, + ol 1®lew))

/ Fy(z)(bg(z)®(z))dx
U

We are left to estimate [, F1(z)®(x)dx for @ € C(U). The argument follows
closely that in [13]. If {z11 = a} intersects U and A > 0, we decompose ® into
®¢ + ®5 as in Lemma 1 and get

/ Fy(z)®(x)dz = / Fl(x)fI)‘f(ac)dT—l—/ Fi(z)®5(x)dz =T+ I1.
{z11=a} {z11=a}

{z11=a}

The first term is bounded by
|| < CA@||Fi| 2 am) () MZ(a) < CAZ | ]| 1 (dm) (@) MZ (a),

To bound the second term, we apply the fundamental theorem of calculus along
integral curves of Xj:

II=— / / i(Fﬁbg)(exp(le)x)dEds
0 {z11=a} ds
_ / / (X1 F)BS + Fy(X102))(exp(s X1 )z)dzds.
0 {z11=0a}

Using (2), the integral of the term containing X; F7 can be written as

/OOO/{ } (Z (XE(fr®) — fr(Xi®5) — Xi(aik) fu®3) —g<1>g> (exp(sX1)x)dTds
TL=ay \k=2

The integral involving X} (fx®4) is bounded by C|| fxll1 )| P4 L (), because X}
are parallel to all the hyperplanes {x1; = a} that intersect U, and we can integrate
by parts and bound what we obtain by changing variable (s,T) — exp(sX;)z. Hence
we can bound II by

I < ClIflrwy (IVe @S| ooy 4+ 1951 Lo (1)) + 191l L) || 95 | oo ()
1
< OAG (| flerwyMZ(a) + gl L2 @y M T (a)).

Combining the estimates for I and I, and optimizing A, we get

/ Fy(x)®(x)dx
{z11=a}

<C| Fll i (amy (@)~ @ MZ(a) =% (|| ]l 0y MZ(a) + gl 0 MT (a))) 2 -
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Integrating in a, and using Holder’s inequality, we get

/U Fi(2)®(2)da

1—1 1— L1 1 1 1 1
<Ol 3 IMTI 08, (||f| 2 TN oy, + 912 0 1ML z?%m))

<0 (If 122012l y 20y + lgllor o @ on)
by the boundedness of the maximal function on L?(R) as desired. O

We now turn to the proof of Lemma 1. The main idea is to try to approximate
the given vector fields X1,...,X,, on RY by the left-invariant vector fields of a ho-
mogeneous group at each point. The approximation is desirable because we shall
perform some convolution-like construction, and some integration by parts only work
correctly if the vector fields involved are modelled on left-invariant vector fields of
some group. While the approximation can be done directly in certain simple situ-
ations, in general we need to lift the vector fields Xi,..., X, to some vector fields
Xl, . ,)N(n on a higher dimensional Euclidean space RY, and only approximate the
lifted vector fields by left-invariant vector fields. Note, however, that we cannot ex-
pect to obtain Lemma 1 from the case of Lemma 1 for the lifted vector fields, because
the non-isotropic dimensions corresponding to the original and the lifted vector fields
are different.

To begin with, let U; be a totally normal neighborhood of 0. By Theorems 4 and
5 of Rothschild-Stein [12], shrinking U; if necessary, there exists a neighborhood Uy
of 0 in a higher dimensional Euclidean space RN , a smooth submersion 7: U1 — Uy,
and smooth vector fields )N(h - ,Xn on Ul such that

(a) dﬂ'é(Xk) = X for all € € Uy and 1 < k < n; and

(b) there exists a homogeneous group G diffeomorphic to RY such that
(i) the Lie algebra of G is generated by n left-invariant vector fields Yi,...,Y,
of degree 1, and
(ii) each Y} is a good approximation of X}, at every point of U; in the sense we
shall describe below (see (6)), for 1 < k < n.

In fact we shall also choose G so that the grading of RN at 0 given by X,..., X,
can be identified with that of the Lie algebra of G, in the sense that (4) below holds.

Before we describe the approximation, we need to set up some notations. For each
ordered tuple v = (y1,...,7;) with each v; € {1,...,n}, we write

X'y = [X’m [X’Ym cees [X’Yj—l’X'YjH]'

Similarly for Xv and Y,. Remember we have defined X for 1 <j <r, 1 <k <nj.
For such j and k, define now Xjk = )N(W if v is some ordered tuple for which X, = X,.
Any such choice of v will do here, and this choice will be fixed from now on. Note
that dwé()z.y) = X, for all € € Uy, and in particular

(3) drg(Xn) = X;

for all € € U.
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Now {X X jk}1<j<ri<k<n, are linearly independent at 0 by (3). We can extend this
collection of vector field by choosing vectors X ik, 1 <3 <7, ny < k <1y, such
that each new Xjk is still a commutator of Xi,..., X, of length j, and such that
the extended collection of vector fields has the property that for any 1 < jo < r,
the restriction of {ng}1<g<]0 1<k<ri; to 0 form a basis of the tangent subspace at 0
spanned by the commutators of X1,..., X, of length < jo (call this tangent subspace
V;,(0)). This can be accomplished by choosing X, inductively: first choose Xy,
n1 < k < 11, among the X’s such that {)~(1k: 1 <k <} form a basis of Vl( ).
Then {Xlk: 1<k<n}u {ngl 1 <k < ngo} is a linearly independent set of vectors
when restricted to 0, because if

Zallek ZG%X%

then taking dmg of both sides, we get > 2, a2, X2,(0) € V1(0), so all agr, = 0 by our
choice of the original X;;’s, and by linear independence of X;;’s we get all a;;, = 0.
Hence we can extend this collection to a basis of 172(0) by choosing additional sz,
ny < k < no, that are commutators of length 2. Similarly we can choose additional
X ks <k < rij to satisfy the forementioned conditions.

Since dmg( ]k) for 1 < j <r, n; <k < nj depends only on 7(€) and not on
the partlcular choice of £, we may define X i& on Uy for such j, k by (3) as well. By
shrinking U1, we may assume that the extended {Xjk}1<3<r 1<k<i; form a basis of
the tangent space T RY of the lifted space RY at each € € Uy, so that for each point

£el,

r nj
y—exply - X)E - Xi=) > ypuXp
j=1k=1
defines a normal coordinate system near £, where y = (Yjk)1<j<r,1<k<in,;- Shrinking
U, (hence Uy) if necessary, we may assume that U, is a totally normal neighborhood
of 0 as well.
For 1 <j<r, 1<k<n;, wedefine now Yy, =Y, if v is an ordered tuple for
which X ik = Xﬂ,. Then the first claim is that we can choose G such that

(4) for any 1 < jo <7, {Yjr}1<j<jo,1<k<s; is a basis of those

left-invariant vector fields on G whose degrees are < jj.

(Note that the extended {Xjk}lgjgjo,lgkéﬁj also satisfy an analogous condition at 0
by our previous analysis.) Hence the dimension of the space of left-invariant vector
fields on G whose degrees are < j is equal to 7 + --- 4+ 775, and the homogeneous
dimension of G is Q = > =1 Jrij. Now

o1
yexply-Y), oy Yi=> 3 yuVu
G=1 k=1
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defines a normal coordinate system on G, where y = (yjx)1<j<ri<k<s;- On G this
is the only coordinate system we shall use, so we shall consistently identify y with

exp(y-Y) € G.
Recall on G we have non-isotropic dilations
5oy = (y;r).
If o = (jika,...,Jsks) is a multiindex, ¥ = Y,k Yjoks - - - Yj.k, 1S said to have non-

isotropic degree |a] = j1 ++--+js. A function f of y is said to vanish to non-isotropic
order [ at 0 if its Taylor series expansion consists of terms whose non-isotropic degrees

are all > [. A vector field 23:1 szzl fjk(y)ﬁajk on G is said to have local degree
<laty=0Iif f;z(y) vanish to non-isotropic orders > j — [ at 0 for all j, k.
We can now describe the desired approximation of the lifted vector fields X, by

Y}, at every point of U;. Given any & € Uy,
exp(y - X)§ —y

defines a diffeomorphism of U; with a neighborhood of 0 on G. Any vector field Y
on G can then be pulled back to a vector field Y& on U; using this diffeomorphism.
If we define R, ¢ to be a vector field on G whose pullback Ri gon U, is given by

(5) R} . =X — Yy,

then the required approximation of Xj, by Yj is the requirement that

(6) Rk,é has local degree < 0 at 0 for all 1 < k < n and all é € Ul.

This (and (4)) can be achieved if the lifted vector fields X1, ..., X, were free up

to step r and G were the homogeneous group whose Lie algebra is generated by n

elements and free up to step r, but we shall not need this freeness in our argument.
If for each ordered tuple v and £ € Uy, we define vector fields R ¢ on G by

(7) Ri,s‘:XW_Yf

then by induction on |y| we can show that R_ ; has local degree < |y| —1 at 0.
Going back to U; C RY, recall that we defined z- X’ = 3" x;, X for z € RY using

define, for y = (yjr)1<j<ri<k<i; € RY,

roony

Yo X =)0 ynXik

j=1k=1

using all the commutators { Xz }1<j<ri1<r<i;-
The following lemma are easy consequences of the Campbell-Hausdorff formula
(see Rothschild-Stein [12]).

Lemma 2. If S(0) is a smooth function of § with S(0) = s, then
5 > exp(—S(8)X1) exp(5Xs) exp(sX, )€
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is a smooth curve passing through & when 6 = 0, and its tangent vector at 6 =0 is

dS T ) T
_%(O)Xl + Z Z s ey Xy + Z Z ey(8) Xy

J=1y|=j J=1y|=3
evaluated at &, where ¢, are constants and e~ ¢(s) are smooth functions of s that
vanish to order > r at s = 0.

Lemma 3. For any of the X, with |y| =jo and 1 < jo <,
6 — exp(y - X) exp(6.X,, ) exp(—y - X)¢

is a smooth curve passing through & when 6 = 0, and its tangent vector at 6 = 0 is

Z Z Doy () Xy + Z Z FroeW) Xy

J=jo |v|=j J=1yl=4
evaluated at &, where py, ,(y) are homogeneous polynomials of y of non-isotropic
degrees |y| — jo, and f, ~.e(y) are smooth functions of y that vanish to non-isotropic
orders > 1 —jo+ 1 at y = 0.

To prove Lemma 1, we need one more technical lemma that allows us to integrate
away the variables we added in the lifting.

Lemma 4. Shrink Uy if necessary and let e > 0 be sufficiently small. Letn € CX(G),
and write

Lin(y) = A~ 9n(A "t y).
If ® € C*(Uh), £ €{x11 =a}NU;y and X > 0 then

/ _IBllespty - X9l < AV M@

where J is as in Lemma 1 and M is the Hardy-Littlewood mazximal function on R.

Here |y| denotes the non-isotropic norm of y on Gj i.e.
ly| = maX|yjk\1/j-
Jik
Assuming these lemma for the moment, we shall complete our proof of Lemma 1.

Proof of Lemma 1 continued. We shall begin by choosing a suitable neighborhood U
of 0. Let U; be a sufficiently small neighborhood of 0 and € > 0 be sufficiently small
such that the previous assertions and lemma hold. Take a section o: U; — Ul such
that m(c(€)) = & for all £ € U;. Then choose a neighborhood U, C U; of 0 and reduce
£ if necessary such that exp(y - X)o(€) € U, for any & € Uy and any |y| < e. Then it
follows that _
m(exp(y - X)o(§)) = exp(y - X)¢
for all such & and y. This is because then the curve

-1,1] = Uy
s — w(exp(sy - X)U(f))

is well-defined, and is the integral curve of dr(y- X) = y- X beginning at (o (£)) = £.
The curve is thus exp(sy - X)¢ for all s € [—1,1] (in particular, for s = 1).
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We shall also apply the implicit function theorem to the equation
X = exp(sX1)&

at the point (x,s,£) = (0,0,0) and choose a neighborhood U € U; of 0 with the
following property: if I = {a € R : {z1; = a} N U # 0}, then for any a € I and any
point y € U, there is some & = £(a,x) € {z11 = a} NUz and s = s(a, x) € (—1,1)
such that x = exp(sX7)¢. € and s will be taken to be smooth functions of a and .

This fixes our choice of neighborhood U of 0 and a constant € > 0. We now turn
to construct the decomposition of ®.

Given ® € C*(U), a € I, and a parameter A > 0, let 79 € C°(G) be supported
on {|y| < e} with 19(0) = 1 with € > 0 chosen as above. For any x € U, write x as
x = exp(sX1)€ with £ = &(a, x) and s = s(a, x) as above. Define ®4 on U by setting

Q #500 = [ ¥lexply - T sz (n)m ()i

Since 79 is supported on {|y| < e} and £ € Us, in the integral exp(y - X)§ could
also be written as m(exp(y - X)) where £ := o(&). For functions ® defined on Uy, we
shall write

d=>don
for its pullback via w. Then ®§ can also be written as

#500 = [ Slexply- DT rzm()m (o).

It follows that for £ € {z11 = a} NU,

A
) 86 =~ [ [ blexpls- DO mwm )y

We shall estimate this as follows.
First recall that by Lemma 3.1 of [6],

f,\Tlo ZYkIWk

for some functions n, € C(G). For brevity of notations, in the remainder of this
proof, we shall often drop the subscript &k in 7, and just write  for any function in
C2°(G). Then the inner integral in (9) is just

- Z eXp(y X)f))IAU(y)Wo(y)dy + errors.

The errors arise when the Y}, differentiates 79(y) upon integration by parts; they can
be estimated by

C |®|(exp(y - X)&)[Ian(y)ldy,

lyl<e
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and we shall call such terms acceptable errors. To tackle the main term, note that

Yi(@(exp(y - X)) = (Y®)(exply - X)E)
= (X4)(exp(y - 0)8) + (R ) (exp(y - X)é)
= (X4 ®)(exply >~>+Rk§< (exp(y - X))
<0

where the vector fields R, £ have local degrees at 0. If R is a vector field on G

that has local degree <[ at 0, then
(10) |RL(y)| < CA' L' ()

when |y| < e. Here 1’ is just some function in C°(G), and again we shall just write
n for n’. Hence the integral of the terms involving R, é contributes only acceptable

errors upon integration by parts. To deal with the terms involving X, ®, we observe
that (X,®)(x) = (X,®)(7m(x)) for all x € U;. Hence

(11) (X, @) (exp(y - X)€) = (X, @)(exp(y - X)E)
for € € Uy and |y| < e, and in particular (X;®)(exp(y - X)€) = (X ®)(exp(y - X)E).
Putting everything together,

A
(12) @2 (e)| < © / / (95014 @Dexply - X)) () ldyix

Next we estimate |V, ®(x)| for x € U. Write x = exp(sX1)§ with & = &(a, x) and
s = s(a, x). Then

Tsmo(y)no(y)dy———
S— sMo(Y)No\y ym~

Note that ﬁ < 1. Arguing as before we get

o900 = [ ety 90 |

]RN

(13) (X2 ®5)(0)[ < C (IVo®[ + [@[)(exp(y - X)) /xgzzn(y)ldy.

lyl<e

To estimate (X2®P%)(x), note that

(X2®3)(x) = P5 (exp(6.X2) exp(sX1)E).

s |5,
Given 4 close to 0, choose S(0) = S(6, a, x) such that

exp(—S(0)X1) exp(dX2) exp(sX1)€ € {r11 = a} NUs.
This is a smooth function of §, a and x with S(0) = s. Then (X2®%)(x) is given by

a
do

e ) exp(-S(0) ) exp(6.52) exp(X1)E) s ) 1)

If the derivative fall on I S50 then we get

[ oty 00 5 Tsm(y)mo(y)dy 20,00
RN 5

—V3T5sT 'V A2 2 do
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and this is bounded by
(14) ¢/ T B exply - X))
y|<e

just as before, because %(0, a,x) is bounded for a € I and x € U. If the derivative
fall on ®, we shall invoke Lemma 2 to show that the same bound holds for the integral.
In fact

% - O@(exp(y.x) exp(—S(6)X1) exp(5X2) exp(sX1)€)
- Zg(o a,x) CZS <I>(exp(y~X)exp(5X1)£)
Y e d(s‘ D (exp(y - X) exp(6X,)¢)
=1 |yl=
+Z > eqels ‘ ®(exp(y - X) exp(0X,)§)
rerrarm

The contribution of I in the integral can be absorbed into that of 11 once we note that
45(0,a,x) is bounded. To estimate of the contribution of I1, fix vo with |vo| = Jjo
and consider

. d
(15) /Vsm_l —|  ®(exp(y - X)exp(6X+,)E) L ssog52m0(y) 10 (y)dy.
R s |5_,

Using Lemma 3, the derivative inside this integral is equal to

Z > Pron ) (X, ®) (exply - X)E +Z D Frome)(X,®)(exply - X)E)
J=jo |v|=J J=1y|=j
where p., ~(y) are homogeneous polynomials of non-isotropic degrees |y| — jo and
fro.v,6(y) vanishes to non-isotropic orders > r — jo 4+ 1 at y = 0. The second term is
just a sum of

FromeW)(Xy @) (exp(y - X)€) =fror.e(W)(Yy + R, &) (P(exp(y - X)E))

and the vector field f,, ,¢(y)(Yy + R 5) has local degree < jo—1at y=0. Hence
by (10), the contribution of this term in (15) is bounded by
jo_l sjofl
—_— D|(e - X d
> e [, el Xl (ol
upon integration by parts. But since now |s| < ¢, the contribution of this term is
bounded by

c |@|(exp(y - X)) /xogzzn(y)|dy.

lyl<e
We shall also call such terms acceptable errors. Now to deal with the first term in
(16), observe that by (11) and (7),

Doy (¥)(X5®)(exp(y - X)E) = pro 4 (9) (Y +R )( (exp(y - X)§))
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where R_ ¢ has local degree < |y[ — 1 at 0. It follows that p,,,(y)R, ¢ has local
degree < jo —1 at 0, and the terms in the integral (15) that involves p, ,(y) R, ¢ is
an acceptable error just as above. We are left with estimating

s /RN Y D Prn @)Yy (@lexply - X)E))L xmpario(y)no(y)dy.

J=jo |v|=3
If we write each Y, as a commutator of length || and integrate by parts |y| —1 times,
we get

n TR oty e NE
/~ Z Z W(Yk ®)(exp(y - X)) xzzzn(y)n(y)dy
RY b1 1=0 =0

where q:(y) is a homogeneous polynomial of non-isotropic degree I. Approximating
Y,f by X as in (5), and noting that

3j0_1q1(y) I o slo—1 I / <7 /
(A2 + 52)Go+i=1)/2 xy) = (2 + s2)Go—D)/2 VATFs?l] W) < Lz’ (v)

for some 1’ € C°(G), we see that the terms with ¢ = jo+1—1 are bounded by (14) as
well. Integrating by parts in Y}, we see that the terms with ¢ < jo+1—1 are acceptable
errors. Altogether, summing over vy in (15), we see that the contribution of IT in the
original integral is controlled by (14). Finally, in a similar way, we conclude that the
contribution of 117 is only an acceptable error, and hence

(17) [(X2®5)(x)[ < C (IVe®@| + [®])(exp(y - X)EII xzgzzn(y)|dy.

lyl<e

Similarly we have the same estimate for X;®§ for 2 < k < n.

It is now easy to complete the proof of Lemma 1 by appealing to Lemma 4, using
(12), (13), (17) and (8). O

We shall now prove the Lemma we used in proving Lemma 1.

Proof of Lemma 4. For y € RN, we write y = (y',y") where

Y = (Yrh<j<ri<k<n; €RY

and y” denote the remaining variables. We shall also write ¢y = (y1,...,y.) where
Y5 = (Yjk)i1<k<n,, and introduce the shorthand Yy = (¥1,---,yj). Define non-
isotropic norms |y'| = |(y/,0)|, |y”| = |(0,y”)| and |y| = |(y¥),0,...,0)|. For z €
RY sufficiently close to 0, we shall also write x = (z1,...,x,) with zj = (Tjr)1<k<n;
and define non-isotropic norms |z;| = maxj<p<n; |a:jk|1/j for each j.

Now for any given ¢ € U; and 3y € R¥=N | consider the map ¢ — z(&,y) € RY
where z(€,y) is defined by

(18) z(§,y) = exp(y - X)&.

By shrinking U; if necessary and taking € > 0 to be sufficiently small, according
to the inverse function theorem, for any y” with |y”| < € and for any & € Uy, the
map is a diffeomorphism from the set {|y’| < €} to a neighborhood of 0 in RY. By
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the Campbell-Hausdorff formula, if i denote the coordinate function in the normal
coordinates at 0, i.e. h;i(z) = x5 in Uy, then for all |y| < € and £ € Uy,

r

W) =Y 1§<<y - X)Phy)(€) + O(y[™).

p=0""

Here O(|y|’) shall always denote a term < C|y]? with C independent of £. Tt follows
that

(19) hin@(&y) = hi(©) + D ajkal@y™ + Oy

1<]a|<r

for some smooth functions a;x,o of £&. For each 1 < jo < r, define g](.?go; y,,(y(jo)) to
be the sum of the terms on the right hand side of the above equation whose non-
isotropic degrees in y are < jo (note that this depends only on y¥0) and y” but not

Yips1:----y.) and let g be the map

60 s (g2 (5)
Yy = ggk,syy”(y )1§j§j07lﬁk§ny"

By shrinking U; and decreasing € again if necessary, using the inverse function theo-
rem, we may assume that for any £ € Uy, |y”’| < e, and 1 < j < r, the map gg;u is a
diffeomorphism from the set {|yU)| < e} to its image. By taking ¢ sufficiently small,

we may also assume that for all such &, ¢y and 7,
(20) 196l (") = 9y ()] = 1yt = us|

for all |y§j ) l, \yéj )| < g, with implicit constants independent of ¢ and y”. We may also
take some 1 < ¢ so that for all such £, y” and j, the e1-neighborhood of the image of
{ly'| < &1} under g¢),
We claim that there exists a small constant ¢ < 1 such that for all A < ce, || < A

and & € Uy, the map

is contained in the image of {|y’| < £} under the same map.

()
in (18) maps the set {|y’| < A} into the set

Sy i={lr1 —hi ()], lra — frey (@)]s - s @r — froteyr (@1, .. xp1)| < CA}

for some smooth functions f; ¢, of (x1,...,2;-1), where hy = (hix)1<k<n, are the
first nq coordinate functions in normal coordinates at 0 and C' is a constant that does
not depend on &, y”” and . The lemma follows from the claim: for £ € {z1; = a} N,
if A < ce, we can make a change of variable y' — = = z({,y) in the integral to be
estimated and bound that by

.....
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because the Jacobian of the change of variable J(&, z,y") is uniformly bounded in &,
z and y”. Using Holder’s inequality successively, this is bounded by

g, @ Q-1
CcA=@ 9|9)dz ) (A9 T dayydy”
ly"|<A J]|z11—a|<CA FTERN -1

. Q-1
<OA QN (A1) 9 AM T (a)
<CAT'MJ(a)
where J is as in the Lemma and M is the standard Hardy-Littlewood maximal
function on R. If A > ce, the estimate is only easier. Therefore it remains to prove
the claim.

Let A < cg, |yl < Aand £ € U;. Let © = x(§,y). We shall show that = € S). Write
r=(z1,...,2,.), 29 = (z1,... , ;) as we did for y'. First, from (19),
z1 = h1(§) + O(A)

with implicit constant independent of § and y. Next, for 1 < j < r, by definition of
9

20 = gg;// (YD) + 0N,
Since A < cg, by taking ¢ sufficiently small, the term O(M*1) can be made smaller
than ;. By our choice of £1, /) is thus in the image of {|y| < ¢} under gg;,), As a
result, by (20),

y) = Gg;” () + ON )
with implicit constants independent of £ and y”, where Ggg)/” is the inverse of the
function gg;,,. Hence by (19) again, looking only at terms of non-isotropic degrees
< j and substituting y/) for Gg;,/(:t(j)) + O(NT1), we get

i1 = Figyr (@9) + OV
for some function f;¢,» of 2\), with implicit constant independent of & and y”.

Hence z € S, and this completes the proof of the claim. O

Proof of Lemma 3. Fix vy with |y| = jo and 1 < jo < 7. Let ¢ be any smooth
function near £. The Taylor expansion of the function

¢(exp(y - X) exp(0X5, ) exp(—y - X)¢)
around y = 0 and § = 0 is given by

r—1

>y XYY )

(=
=0 k=0 l

\
AN
| =

T

(- X)'6(6) + Olyl", ).

o~

I
=

By the Campbell-Hausdorff formula, this is equal to

i
r—1 r—1

Do | 0% +6D djad(—y - X Xs, | 6 | (6) +O(lyl",6%)

i=0 j=1

—_
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where c; and d; are absolute constants. Differentiating in 0 and evaluating at § = 0,
we get

r—1
Xog + D djad(—y - X)Xy | 6(€) + O(lyl")-
j=1
Since ¢ is arbitrary, the tanjgent vector of the curve in the lemma is given by
r—1
Xy + Y djad(—y - X)X, + O(Jyl")
j=1
around y = 0, which has the desired form. O

Proof of Lemma 2. For each small s, let v4(d) be the curve
~s(8) = exp(—sX7) exp(6 X2) exp(sX1)€

with v5(0) = £. Its tangent vector at 6 = 0 can be calculated by the Campbell-
Hausdorff formula as in the proof of Lemma 3: in fact

r—1 . )

Ye(0) = Xo + ) djsad(X1) Xz + O(|s|").

j=1
Hence the tangent vector of the curve in the lemma at § = 0 is
r—1

ds ds
— = (0 X1 +94(0) = === (0) X1 + X> + > d;s’ad(X1)' Xz + O(|s[")
j=1
which has the desired form. O

3. Gagliardo-Nirenberg inequality for 0,

We are now ready to prove our L! estimates for 9,. The proof is by duality as
in [9]. The new ingredient here is a localization to small coordinate patches where
Theorem 1 applies, with X7,..., Xo, being the real and imaginary parts of the anti-
holomorphic vector fields Z1,...,Z,. We also need to use the regularity on L% of
the relative fundamental solutions of 0y, 8b and Up; this is provided by the result
of Koenig [7] on maximal subellipticity when M is of finite commutator type and
satisfies condition D(qg), and by classical results when M satisfies condition Y'(q).

Proof of Theorem 2. To prove (a), let u be a smooth (0, g)-form be orthogonal to the
kernel of [0, where ¢ < ¢ < n —qp and ¢ # 1 nor n — 1. By duality, it suffices to
prove that

(. 6)] < € (18sullaany + 18ull s ) 16l o any
for all smooth (0, gg)-forms ¢ where @ = 2n + m. To do so, note that by Hodge
decomposition,
<u7 ¢> = <abua aqu¢> + <8bu7 aqu¢>

where K, is the relative solution operator for O, on (0, ¢) forms. To estimate this,
recall that near each point, there is a neighborhood U on which a local frame of holo-
morphic tangent vectors Z1, ..., Z, is defined, and that the conclusion of Theorem 1
holds for ¢ supported there. Since M is compact, we can cover it by finitely many
such charts, and let )" n2 = 1 be a partition of unity subordinate to it. We shall
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estimate (n,0pu, nagqu@ for each a: Let wy,...,w, be a dual frame of (0,1) forms
to Z1,...,Zy, on the support of 7, and write

5bu = Z (gbu)[wl
[T|=q+1
there. Since ¢ # n — 1, either ¢ = n in which case dyu = 0 and we have a trivial
estimate, or Jpu is a (0,¢ 4+ 1) form with ¢ +1 < n, so for each multiindex I with
|I| = q + 1, there exists an index j that does not appear in I. Since 9ydyu = 0, on
the support of 7, we have

Zj (5bu)1 = Z iik(gbu)jlk + O(Ebu)
kel
where Iy is I with k removed, and O(Oyu) represent terms that are Oth order in
components of Jyu. Now write

where X; and X,,1; are the real and imaginary parts of Z; respectively. Then

X (0a001)1 + X (i60pu)1 + Y £ X5 (0a0bw)j1, = Xtk (inadsu)jz, = O(Dpu).
kel
Note that at any point, the non-isotropic dimension attached to the real vector fields
Xq,..., X9, is at most @ = 2n+m, because the missing direction 7" can be generated
by at most m brackets of these vector fields (in other words, in the notations of
Theorem 1, ny = 2n and n;, = 1 for some 2 < j, < m, with all other n; being zero).
Since the conclusion of Theorem 1 holds in the support of 7,, we have

‘/M na(gbu)lna(gqu¢)1dV019 < CHgbu”Ll(M)Hnagqud)”NL?(M)

< CllOvull L1 an 9l e an,

the last estimate following from Theorem 5.12 of Koenig [7] on the regularity of K.
Here we used the facts that M is pseudoconvex CR manifold of real dimension > 5,
that 0y has closed ranges on L? on all forms, that M is of finite commutator type and
that M satisfies condition D(gp). This proves the desired estimate for |(Oyu, 0pKy0)|,
and a similar calculation establishes the desired estimate for |(,u, 8, K,¢)|.

Similarly, to prove (b), if v is a smooth (0,¢qo — 1) form on M orthogonal to the
kernel of 0y, then

(v,0) = (Opv, Gy, 19)

for all smooth (0,gp — 1) forms ¢, where G;O_l is the relative fundamental solution
of 8, : L2(A%90) — L2(A%%~1). Note now ¢y < 2 <n,s0oq—1#n—1and dyv is
not a top form. It follows that every component of d,v satisfies some divergence type

condition as above. Using an argument similar to the one above, and Corollary 5.13
of Koenig [7] on the regularity of G;rl under our assumptions on M, we then get

(v, O) < ClowollLr (anllll Laar),

and the desired estimate follows.
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The proof of (c) is similar to (b), except that we write, for smooth (0,n — go + 1)
form w orthogonal to the kernel of 5:, that

<’LU, ¢> = <6Zw7 Gn*’]o¢>
for all smooth (0,n—go+1) forms ¢, where G, ¢, is the relative fundamental solution
to dp: L2(A%"~90) — L2(A%~90+1) and use that d,w is not a function instead. The
required regularity for G,,_g, is again guaranteed by Corollary 5.13 of Koenig [7]. O

Proof of Theorem 3. The proof is very similar to Theorem 2 above. In fact the key
ingredients to the proof of Theorem 2 are the Hodge decompositions for [, 05 and
5:, and the corresponding maximal subelliptic estimates as given by the theorem of
Koenig. We have all these when M satisfies condition Y (q) instead; in fact then Jy
satisfies a subelliptic % estimate and K, gains 2 derivatives in the good directions (see
Folland-Kohn [4] and Rothschild-Stein [12]). The details of the proof are omitted. O
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