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SINGULARITIES OF LAGRANGIAN MEAN CURVATURE FLOW:
MONOTONE CASE

André Neves

Abstract. We study the formation of singularities for the mean curvature flow of mono-

tone Lagrangians in Cn. More precisely, we show that if singularities happen before

a critical time then the tangent flow can be decomposed into a finite union of area-
minimizing Lagrangian cones (Slag cones). When n = 2, we can improve this result

by showing that each connected components of the rescaled flow converge to an area-
minimizing cone, as opposed to possible non-area minimizing union of Slag cones. In

the last section, we give specific examples for which such singularity formation occurs.

1. Introduction

We study the formation of singularities for Lagrangian mean curvature flow when
the initial condition is a Lagrangian in Cn for which the Liouville-class equals the
Maslov-class. The standard examples of such Lagrangians are the Clifford torus in
C2 which, under mean curvature flow, shrink to a point at time 1/2. In this paper, we
show that if the singularity occurs for some time T < 1/2, then the tangent flow at the
singularity has the same properties as the tangent flow at a singularity when the initial
condition is a zero Maslov-class Lagrangian (see [4]). More precisely, we show that
the tangent flow decomposes into a finite union of Slag cones (Theorem A) and, when
n = 2, we improve this result and show that connected components of the rescaled
flow converge to a single SLag cone (Theorem B) as opposed to a union of SLag cones
which might have different Lagrangian angles and hence not be area-minimizing. If
this property did not hold, it would be very difficult to obtain any kind of regularity
theory for the Lagrangian at the singular time T . For instance, the optimal regularity
result expected for the flow of Lagrangian surfaces is that singularities are isolated.
Furthermore, the size of the singular set of blow-ups is never smaller than the size of
the singular set of the surface at the singular time. These two facts together suggest
that if one wants to develop a regularity theory for Lagrangian mean curvature flow,
then we should show first that the singular set of blow-ups consists at most of isolated
points. Theorem B says that is indeed the case because the set where SLag cones are
not smooth are isolated.

A similar result was obtained in [4] in the context of rational Lagrangians having
oscillation of the Lagrangian angle smaller than π.

In the last section, we give examples of Lagrangians which are Hamiltonian isotopic
to a Clifford torus and for which the type of singularities described above occurs
(Theorem C). Similar examples were also constructed in [1] where it is shown that
Type I singularities do not occur for the flow of monotone Lagrangians before a certain
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predetermined time. In addition, in [1] the authors also study the behavior of the
flow assuming some rotational symmetry for the initial condition.

The organization of the paper is as follows. In the next section we introduce
notation and derive some evolution equations. In Section 3 we state Theorem A,
Theorem B, and Theorem C. Section 4 is devoted to the proof of Theorem A and in
Section 5 we prove Theorem B. Theorem C is proven in Section 6.

Acknowledgments The author would like to thank Mu-Tao Wang for many inter-
esting discussions regarding the use of the Liouville form in the field. The author is
also thankful to the referee for many useful suggestions.

2. Preliminaires

The standard complex structure and standard symplectic form on Cn are denoted
by J and ω respectively. We consider also the closed complex-valued n-form given by

Ω ≡ dz1 ∧ . . . ∧ dzn

and the Liouville form given by

λ ≡
n∑

i=1

xidyi − yidxi, dλ = 2ω,

where zj = xj + iyj are complex coordinates for Cn.
A smooth n-dimensional submanifold L in Cn is called Lagrangian if ωL = 0 and

this implies that (see, for instance, [2])

ΩL = exp(iθ)volL,

where volL denotes the volume form of L and the multivalued function θ is called
the Lagrangian angle. Nevertheless, dθ is a well defined closed form on L and its
cohomology class is denoted by Maslov-class. If θ ≡ θ0, then L is calibrated by

Re (exp(−iθ0)Ω)

and hence area-minimizing. In this case, L is referred as being Special Lagrangian.
Note that the Lagrangian condition implies that λ is a closed form on L. A La-

grangian L is said to be monotone if

[λ] = c[dθ]

for some positive constant c. When c = 1 we call L a normalized monotone Lagrangian
and note that every monotone Lagrangian can be rescaled to a normalized one. The
standard examples of monotone Lagrangians in C2 are the Clifford torus

Tr ≡ {(z1, z2) ∈ C | |z1| = r and |z2| = r}.

The Clifford torus is normalized monotone when r = 1.
Let L0 be a monotone Lagrangian and denote by (Lt)0≤t<T a solution to La-

grangian mean curvature flow. Denoting by Ft the normal deformation by mean
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curvature, we have

d

dt

∫
Ft(γ)

λ =
d

dt

∫
γ

F ∗t λ =
∫

γ

LHF
∗
t λ =

∫
γ

dF ∗t (Hyλ) + F ∗t (Hy2ω)

= −2
∫

γ

dF ∗t θt = −2[dθt]

for every [γ] in H1(Lt). Therefore, the monotone condition is preserved under the
flow and we can combine this with the fact that [dθt] is in H1(Lt, 2πZ) in order to
obtain

Lemma 2.1. For all t < T ,

[λ] = (c− 2t)[dθt] in H1(Lt).

This computation was communicated to the author by Smoczyk and can be seen
as a higher codimension analogue of the fact that curve shortening flow decreases
enclosed area linearly. We obtain from Lemma 2.1 the existence of smooth functions
γt on Lt such that

(1) dγt = λ+ (2t− c)dθt

or, equivalently,
∇γt = (Jx)> +∇θt

where (Jx)> denotes the tangential projection on TxLt. The following computation
can also be found in [1].

Proposition 2.2. The functions γt can be chosen so that

dγt

dt
= ∆γt.

Proof. Assume without loss of generality that the family of functions (γt) is smooth
with respect to the time parameter. Denoting by d∗ the negative adjoint of d, it is
know that dθt satisfies the equation (see [6])

d(dθt)
dt

= dd∗(dθt).

Furthermore, we can see from [4, Lemma 6.2] that

d∗λ = Hyλ,

from which it follows that
dλ

dt
= LHλ = d(Hyλ) +Hy2ω = dd∗λ− 2dθt.

Combining this with identity (1), we obtain that

d(dγt)
dt

= dd∗(λ+ (2s− c)dθt) = d∆γt

and thus, we can add a time dependent constant to each γt so that the desired result
follows.

�
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3. Statement of results

If we consider a solution to mean curvature flow (Lt)0≤t<T for which the initial
condition is a normalized monotone Lagrangian, then Lemma 2.1 shows that some
sort of singular behavior happens at time t = 1/2. We focus in this paper on singu-
larities that happen at the point (x0, T ) in space-time with T < 1/2. The results we
present next show that these type of singularities have the same behavior as finite
time singularities for the mean curvature flow of zero Maslov-class Lagrangians. We
now give an heuristic argument for why this phenomena is somehow expected.

Consider any point x1 in Cn and define

L̄s ≡ exp(s)(L(1−exp(−2s))/2 − x1).

Then, L̄s solves
dx

ds
= H + x⊥,

where x⊥ denotes the orthogonal projection on (TxL̄s)⊥ of the vector determined by
the point x in Cn. The change of basepoint does not change the cohomology class
of λ and so, we obtain by Lemma 2.1 that L̄s is a normalized monotone Lagrangian.
This implies the existence of smooth functions γ̄s such that, using Proposition 2.2,

J∇γ̄s = H + x⊥ and
dγ̄s

ds
= ∆γ̄s + 2γs.

This computations highlights the analogy between the family (L̄s) and a solution to
mean curvature flow of zero Maslov-class Lagrangians. Note that (L̄s) exist for all
time precisely when T = 1/2 and so, arguing heuristically, finite-time singularities
for zero Maslov-class Lagrangians “correspond” to singularities at time T < 1/2 for
normalized monotone Lagrangians.

In order to study finite time singularities for mean curvature flow, take any sequence
(σj) going to infinity and consider

(2) Lj
s ≡ σj(LT+s/σ2

j
− x0) for − σ2

jT < s < 0,

which is still a solution to Lagrangian mean curvature flow (called the rescaled flow).
For the rest of this paper, the initial condition for the flow L0 will have the property
that, for some constant C0,

Hn
(
L0 ∩BR(0)

)
≤ C0R

n

for all R > 0
Arguing informally, the following theorem states that a sequence of rescaled flows

at a singularity converges weakly to a finite union of integral Special Lagrangian
cones.

Theorem A. Let L0 be a normalized monotone Lagrangian in Cn for which the
Lagrangian mean curvature flow develops a singularity at time T < 1/2. For any se-
quence of rescaled flows (Lj

s)s<0 at a singularity, there exists a finite set of Lagrangian
angle {

exp(iθ̄1), . . . , exp(iθ̄N )
}

and integral Special Lagrangian cones

L1, . . . , LN
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such that, after passing to a subsequence, we have for every smooth function φ with
compact support, every f in C2(S1), and every s < 0,

lim
j→∞

∫
Lj

s

f (exp(iθj,s))φdHn =
N∑

k=1

mkf
(
exp(iθ̄k)

)
µk(φ)

where µk and mk denote the Radon measure of the support of Lk and its multiplicity
respectively.

Furthermore, the set
{
exp(iθ̄1), . . . , exp(iθ̄N )

}
does not depend on the sequence of

rescalings chosen.

When n = 2 we can strengthen this result and show that on each connected
components of Lj

s ∩ BR(0) the Lagrangian angle converges to a constant. Arguing
heuristically, this property shows that the formation of singularities exhibits a “nice”
behavior. A similar property was proven in [4] in the context of rational Lagrangians
in Cn with oscillation of the Lagrangian angle less than π.

Theorem B. Let L0 be a normalized monotone Lagrangian in C2 for which the
Lagrangian mean curvature flow develops a singularity at time T < 1/2. The following
property holds for all R > 0 and almost all s < 0.

For any sequence Σj of connected components of B4R(0)∩Lj
s that intersect BR(0),

there exists a Special Lagrangian cone Σ in B2R(0) with Lagrangian angle θ̄ such that,
after passing to a subsequence,

lim
j→∞

∫
Σj

f (exp(iθj,s))φdHn = mf
(
exp(iθ̄)

)
µ(φ)

for every f in C2rem(S1) and every smooth φ compactly supported in B2R(0), where µ
and m denote the Radon measure of the support of L and its multiplicity respectively.

Without the connectedness assumption on each Σj the theorem would fail for trivial
reasons. The requirement that Σj intersects BR(0) is necessary in order to prevent
its area to converge to zero.

From the proof of Theorem A, it follows that for almost all s < 0 and all R > 0,

lim
j→∞

∫
Lj

s∩BR(0)

|∇θj,s|2 dH2 = 0.

We remark that this alone is not enough to show Theorem B because the sequence of
smooth manifolds Lj

s are becoming singular when j goes to infinity and so, no Poincaré
inequality holds with a constant independent of j. This means we cannot conclude
that, on each connected component of Li

s, the Lagrangian angles θi,s converge to a
constant. To overcome this obstacle we will need to explore the fact that a function
γt satisfying (1) is well defined.

Finally, assuming some rotational symmetry, we construct examples that show that
the type of singularities considered in Theorem A and Theorem B occur.

Theorem C. There is a normalized monotone Lagrangian L0 which is Hamiltonian
isotopic to a Clifford torus and for which the Lagrangian mean curvature flow develops
a singularity at the origin at time T < 1/2. The rescaled flow is a transverse union
of two Lagrangian planes with the same Lagrangian angle.
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4. Proof of Compactness Theorem A

Before proving Theorem A we recall Huisken’s monotonicity formula [3] valid for
any smooth family of k-dimensional submanifolds (Nt)t≥0 moving by mean curvature
flow in Rm. Consider the backward heat kernel

Φx0,T (x, t) =
1

(4π(T − t))k/2
e−

|x−x0|
2

4(T−t) .

When (x0, T ) = (0, 0), we denote it simply by Φ. The following formula holds

d

dt

∫
Nt

ftΦx0,T =
∫

Nt

(
d

dt
ft −∆ft −

∣∣∣∣H +
(x− x0)⊥

2(T − t)

∣∣∣∣2 ft

)
Φx0,T

where ft is a smooth function with polynomial growth at infinity and (x − x0)⊥

denotes the orthogonal projection on (TxN)⊥ of the vector determined by the point
(x− x0) in Rm.

The aim of this section is to prove Theorem A, which we restate it for the sake of
convenience.

Theorem A. Let L0 be a normalized monotone Lagrangian in Cn for which the
Lagrangian mean curvature flow develops a singularity at time T < 1/2. For any se-
quence of rescaled flows (Lj

s)s<0 at a singularity, there exists a finite set of Lagrangian
angle {

exp(iθ̄1), . . . , exp(iθ̄N )
}

and integral Special Lagrangian cones

L1, . . . , LN

such that, after passing to a subsequence, we have for every smooth function φ with
compact support, every f in C2(S1), and every s < 0

lim
j→∞

∫
Lj

s

f (exp(iθj,s))φdHn =
N∑

k=1

mkf
(
exp(iθ̄k)

)
µk(φ),

where µk and mk denote the Radon measure of the support of Lk and its multiplicity
respectively.

Furthermore, the set
{
exp(iθ̄1), . . . , exp(iθ̄N )

}
does not depend on the sequence of

rescalings chosen.

Proof. Set u(x) ≡ 〈Jx0, x〉, where x0 is the point at which the singularity occurs.
According to Proposition 2.2, we can choose a family of functions γt so that

dγt = λ+ (2t− 1)dθt − du and
dγt

dt
= ∆γt.

A simple computation shows that

d

dt

∫
Lt

γ2
t Φx0,T dHn

= −
∫

Lt

(
2|∇γt|2 + |H − (x− x0)⊥/2(T − t)|2γ2

t

)
Φx0,T dHn
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and hence

lim
t→T

∫ T

t

∫
Ls

|∇γs|2Φx0,T dHnds = 0.

From Huisken’s monotonicity formula we know that

lim
t→T

∫ T

t

∫
Ls

∣∣H + (x− x0)⊥/(2(T − t))
∣∣2 Φx0,T dHnds = 0

and thus, because the identity

J∇γt = −(x− x0)⊥ + (2t− 1)H

implies that

|(2T − 1)H|2 ≤ 2|∇γt|2 + 8(T − t)2)|H + (x− x0)⊥/(2(T − t))|2,

we obtain

(3) lim
t→T

∫ T

t

∫
Ls

(
|H|2 + |(x− x0)⊥/(T − t)|2

)
Φx0,T dHnds = 0.

Fix any a < b < 0. In terms of the sequence of flows (Lj
s), it follows from the above

identity that

(4) lim
j→∞

2
∫ b

a

∫
Lj

s

(
|x⊥|2 + |H|2

)
Φ dHnds = 0

and hence, we can choose a < 0 so that

lim
i→∞

∫
Li

a∩BR(0)

(
|x⊥|2 + |H|2

)
dHn = 0

for all positive R.
The rest of the proof follows from adapting the arguments used in the proof of [4,

Theorem A]. The first step consists in showing

Proposition 4.1. Let (Lj) be a sequence of smooth Lagrangians in Cn such that, for
some fixed R > 0, the following properties hold:

(a) There exists a constant D0 for which

Hn(Lj ∩B2R(0)) ≤ D0R
n

for all j ∈ N;
(b)

lim
j→∞

Hn−1
(
∂Lj ∩B2R(0)

)
= 0

and

lim
j→∞

∫
Lj∩B2R(0)

|H|2 dHn = 0.

Then, there exist a finite set

{exp(iθ̄1), . . . , exp(iθ̄N )}

and integral Special Lagrangians

L1, . . . , LN
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such that, after passing to a subsequence, we have for every smooth function φ com-
pactly supported in BR(0) and every f in C(S1)

lim
j→∞

∫
Lj

f(exp(iθj))φdHn =
N∑

j=k

mkf(exp(iθ̄k))µk(φ),

where µk and mk denote, respectively, the Radon measure of the support of Lk and
its multiplicity.

Proof. A slightly different version of this proposition was proven in [4, Proposition
5.1] where Lj was assumed to be zero Maslov-class. The same proof applies straight-
forwardly provided we consider the sets

{x ∈ Lj | | exp(iθj(x))− exp(iθ̄1)| ≤ ε}
and the functions cos θj instead of the sets

{x ∈ Lj | |θj(x)− θ̄1| ≤ ε}
and the functions θj respectively. �

A standard fact (see, for instance, [4, Lemma B.1]) implies the existence of a
constant D0 for which

Hn
(
Lj

a ∩BR(0)
)
≤ D0R

n

for all positive R. Hence, we can apply Proposition 4.1 to the sequence (Lj
a) and,

after a simple diagonalization argument, obtain a subsequence (still indexed by j) for
which there are integral Special Lagrangians

L1, . . . , LN

and a finite set
{exp(iθ̄1), . . . , exp(iθ̄N )}

such that for every smooth function φ compactly supported and every f in C2(S1)

lim
j→∞

∫
Lj

a

f(exp(iθj,a))φdHn =
N∑

j=k

mkf(exp(iθ̄k))µk(φ),

where µk and mk denote, respectively, the Radon measure and the multiplicity of Lk.
The fact that

lim
k→∞

∫
Lj

a∩BR(0)

|x⊥|2 dHn = 0

for all positive R implies that the Special Lagrangians Lk are all cones.
It is well known that (see, for instance, [6])

d exp(iθj,s)
ds

= ∆ exp(iθj,s) + exp(iθj,s)|H|2,

and so, a simple computation shows that

Pj,s ≡
df(exp(iθj,s))

ds
−∆f(exp(iθj,s))

satisfies

(5) |Pj,s|+ |∇f(exp(iθj,s))|2 ≤ C|H|2,
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where C = C(f). Hence,

d

ds

∫
Lj

s

f(exp(iθj,s))φdHn = −
∫

Lj
s

〈∇f(exp(iθj,s)),∇φ〉 dHn

+
∫

Lj
s

f(exp(iθj,s))〈H,Dφ〉 dHn +
∫

Lj
s

Pj,sφdHn

−
∫

Lj
s

f(exp(iθj,s))|H|2φdHn.

It follows from (4) and (5) that the integral in time of the right hand side converges
to zero and so

lim
j→∞

∫
Lj

b

f(exp(iθj,b))φdHn = lim
j→∞

∫
Lj

a

f(exp(iθj,a))φdHn

=
N∑

k=1

mkf(exp(iθ̄k))µk(φ)

for all b < 0.
We now prove the uniqueness statement of the theorem. Let(

L̂j
s

)
s<0

be another sequence of rescaled flows for which there are Special Lagrangian cones

L̂1, . . . , L̂P

and a finite set
{
exp(iθ̂1), . . . , exp(iθ̂P )

}
such that, for every smooth function φ with

compact support, every f in C2(S1), and every s < 0,

lim
j→∞

∫
bLj

s

f(exp(iθk,s))φdHn =
P∑

k=1

m̂kf(exp(iθ̂k))µ̂k(φ)

where µ̂k and m̂k denote the Radon measure of the support of Lk and its multiplicity
respectively. We want to argue that{

exp(iθ̂1), . . . , exp(iθ̂P )
}

= {exp(iθ̄1), . . . , exp(iθ̄N )}.
For any real number y and any integer q, we have the following evolution equation

d

dt
(cos θt − y)q = ∆(cos θt − y)q + U |H|2,

where
U ≡ q(cos θt − y)q−2((cos θt − y) cos θt − (q − 1) sin2 θt).

Therefore
d

dt

∫
Lt

(cos θt − y)qΦx0,T dHn

=
∫

Lt

(
U |H|2 − |H − (x− x0)⊥/2(T − t)|2γ2

t

)
Φx0,T dHn

and we obtain from (3) that

lim
t→T

∫
Lt

(cos θt − y)qΦx0,T dHn
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exists. Hence, from scale invariance, we have for all s, u < 0

lim
j→∞

∫
Lj

s

(cos θj
s − y)qΦ dHn = lim

j→∞

∫
L̂j

u

(cos θj
u − y)qΦ dHn

= lim
t→T

∫
Lt

(cos θt − y)qΦx0,T dHn

and therefore, for all positive integer q and all y in R,

N∑
k=1

mk(cos θ̄k − y)qµk(Φ) =
P∑

k=1

m̂k

(
cos θ̂k − y

)q
µ̂k(Φ).

Likewise, we can use the same arguments to show that

N∑
k=1

mk(sin θ̄k − y)qµk(Φ) =
P∑

k=1

m̂k

(
sin θ̂k − y

)q
µ̂k(Φ)

for all positive integer q and all y in R and this implies that{
exp(iθ̂1), . . . , exp(iθ̂P )

}
= {exp(iθ̄1), . . . , exp(iθ̄N )}.

�

5. Proof of Compactness Theorem B

This section is devoted to the proof of Theorem B.

Theorem B. Let L0 be a normalized monotone Lagrangian in C2 for which the
Lagrangian mean curvature flow develops a singularity at time T < 1/2. The following
property holds for all R > 0 and almost all s < 0.

For any sequence Σj of connected components of B4R(0)∩Lj
s that intersect BR(0),

there exists a Special Lagrangian cone Σ in B2R(0) with Lagrangian angle θ̄ such that,
after passing to a subsequence,

lim
j→∞

∫
Σj

f (exp(iθj,s))φdHn = mf
(
exp(iθ̄)

)
µ(φ)

for every f in C(S1) and every smooth φ compactly supported in B2R(0), where µ
and m denote the Radon measure of the support of L and its multiplicity respectively.

Proof. The fact that L0 is monotone implies that, for each Lj
s,

(6) [λ] = σ2
j (1− 2T + 2s/σ2

j )[dθj,s].

Moreover, identity (4) implies that, after passing to a subsequence if necessary,

(7) lim
j→∞

∫
Lj

s∩BR(0)

|H|2 + |x⊥|2 dH2 = 0

for almost all s < 0 and all R > 0.
The next proposition shows that each connected components of B4R(0)∩Lj

s has a
well defined Lagrangian angle and a primitive for the Liouville form.
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Proposition 5.1. For almost all s < 0 and all R > 0 the following property holds.
Let (Σj) be a sequence of connected components of B4R(0)∩Lj

s that intersect BR(0).
Then, for all j sufficiently large, the Lagrangian angle θj,s is well defined, there is a
smooth function βj,s so that dβj,s = λ, and

H2(Σj) ≥ C0R
2,

where C0 is some universal constant.

Proof. We start by showing that an isoperimetric inequality holds for almost all s < 0.

Lemma 5.2. There is some universal constant C such that, for all j sufficiently
large, (

H2(A)
)1/2 ≤ CH1(∂A),

where A is any open subset of Lj
s ∩B6R(0) with rectifiable boundary

Proof. Recall that according to the Michael-Simon Sobolev inequality there exists a
universal constant C so that(

H2(A)
)1/2 ≤ C

∫
A

|H| dH2 + CH1(∂A)

and so (
H2(A)

)1/2 ≤ C
(
H2(A)

)1/2
(∫

A

|H|2
)1/2

+ CH1(∂A).

The claim follows from (7). �

Denote the intrinsic ball of radius r around x in Σj by B̂j(x, r) and set

ψj(r) ≡ H2
(
B̂j(x, r)

)
which has, for almost all r, derivative given by

ψ′j(r) = H1
(
∂B̂j(x, r)

)
.

Hence, we have for all j sufficiently large, all x in Σj , and all r < R

(ψj(r))1/2 ≤ Cψ′j(r),

from which it follows that

(8) H2(B̂j(x, r)) ≥ C0r
2,

where C0 is some universal constant. An immediate consequence is that

H2(Σj) ≥ C0R
2.

The lower density bounds (8) combined with the uniform upper bounds on H2(Σj)
imply the existence of some universal constant k so that, for all j sufficiently large,

diam Σj ≤ kR.

Hence, for all j sufficiently large, we have that every loop γ in Σj satisfies∫
γ

λ = 0
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because ∣∣∣∣∫
γ

λ

∣∣∣∣ ≤ 4R length(γ)

and, due to (6), ∫
γ

λ = σ2
j (1− 2T + 2s/σ2

j )2nπ for some n ∈ Z.

Note that from (6) we also obtain that∫
γ

dθj,s = 0

for every loop γ in Σj and thus the proposition is proven. �

Pick s0 < 0 so that both (7) and Proposition 5.1 hold, and consider a sequence Σj of
connected components of B4R(0)∩Lj

s0
that intersect BR(0). We can apply Proposition

4.1 and conclude that, after passing to a subsequence, Σj converges weakly in B2R(0)
to a finite union of Special Lagrangian cones that we denote by Σ. From Proposition
5.1 we know that Σ has positive measure. Next, using the argumentation in [4], we
show that the support of Σ is contained in the support of a Special Lagrangian cone.

According to (6), we have

[λ+ 2(s− s0)dθj,s] = (σ2
j (2T − 1)− 2s0)[dθj,s]

and thus, we can find a sequence (bj) converging to one so that b−1
j (σ2

j (2T −1)−2s0)
is an integer, which implies that

b−1
j (λ+ 2(s− s0)dθj,s) ∈ H1(Lj

s,Z)

for all s < 0. Hence, there is a multivalued function αj,s so that

dαj,s = b−1
j (λ+ 2(s− s0)dθj,s)

and

uj,s ≡ cosαj,s

is a well defined function.
Assume without loss of generality that for s = −1 both (7) and Proposition 5.1

hold. As a result, we have that, for all R > 0 and all j sufficiently large, both
the Lagrangian angle and the primitive for the Liouville form are well defined on
Lj
−1 ∩B2R(0).

Lemma 5.3. There is a set

{(cos β̄1, sin β̄1), . . . , (cos β̄Q, sin β̄Q)}

of distinct pairs and integral Special Lagrangian cones

P1, . . . , PQ
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such that, after passing to a subsequence, we have for all smooth φ with compact
support and all f in C(R)

lim
j→∞

∫
Lj
−1

f(cos(b−1
j βj,−1))φdH2 =

Q∑
k=1

pkf(cos β̄k)νk(φ)

lim
j→∞

∫
Lj
−1

f(sin(b−1
j βi,−1))φdH2 =

Q∑
k=1

pkf(sin β̄k)νk(φ),

where νk and the positive integer pk denote, respectively, the Radon measure of the
support of Pk and its multiplicity.

Proof. Due to Proposition 4.1, Proposition 5.1, and identity (6), the proof given in
[4, Lemma 7.2] applies with no modifications. �

We can combine this lemma with Proposition 4.1 and assume that, after a re-
arrangement of the supports of the Special Lagrangian cones and its multiplicities,
for all φ with compact support, all f in C(R), and all y ∈ R,

lim
j→∞

∫
Lj
−1

f
(
cos
(
b−1
j (βj,−1 + 2yθj,−1)

))
φdH2

=
N∑

k=1

mkf(cos(β̄k + 2yθ̄k))µj(φ),

where µk denotes the Radon measure of the support of Lk and the elements of the
set

{(cos β̄1, sin β̄1, θ̄1), . . . , (cos β̄N , sin β̄Q, θ̄N )}
are all distinct.

According to Proposition 4.1, the functions αj,s can be chosen so that
duj,s

ds
= ∆uj,s + uj,s|b−1

j (x⊥ + 2(s0 − s)H)|2.

This evolution equation will be used to show

Lemma 5.4. For all φ with compact support, all f, h in C2(R), and all θ̄ ∈ R,

lim
j→∞

∫
Lj

s0

h(cos(θj,s0 − θ̄))f(cos(b−1
j βj,s0))φdH2

=
N∑

k=1

mkh(cos(θ̄k − θ̄))f(cos(β̄k − 2(s0 + 1)θ̄k))µk(φ).

Proof. The proof is the same as in [4, Lemma 7.3]. Set

vj,s ≡ h(cos(θj,s − θ̄))f(uj,s).

A simple computation shows that, for min{s0,−1} ≤ s < 0,

Pj,s ≡
dvj,s

ds
−∆vj,s

satisfies

(9) |Pj,s|+ |∇vj,s|2 ≤ C(H2 + |x⊥|2),
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where C = C(s0, f, h). Hence,

d

ds

∫
Lj

s

vj,sφdH2 = −
∫

Lj
s

〈∇vj,s,∇φ〉 dH2 +
∫

Lj
s

vj,s〈H,Dφ〉 dH2

+
∫

Lj
s

Pj,sφdH2 −
∫

Lj
s

vj,s|H|2φdH2.

Thus, it follows from (4) and (9) that the integral in time of the right hand side
converges to zero and so

lim
j→∞

∫
Lj

s0

h(cos(θj,s0 − θ̄))f(cos(b−1
j βj,s0))φdH2 = lim

j→∞

∫
Lj

s0

vj,s0φdH2

= lim
j→∞

∫
Lj
−1

vj,−1φdH2 = lim
j→∞

∫
Lj
−1

h(cos(θ−1,s − θ̄))f(uj,−1)φdH2

=
N∑

k=1

mkh(cos(θ̄k − θ̄))f(cos(β̄k − 2(s0 + 1)θ̄k))µk(φ).

�

Without loss of generality we can assume that

cos(β̄1 − 2(s0 + 1)θ̄1), . . . , cos(β̄N − 2(s0 + 1)θ̄N )

are all distinct real numbers because this is true for all but countably many s0.
Moreover, we can use [4, Proposition A.1] and assume that on Σj the sequence
(cos(b−1

j βj,s0)) converges to a constant. Let γ be the value of this constant and define
f ∈ C2(R) to be a nonnegative cutoff function that is one in small neighborhood of γ
and zero everywhere else.

As a result, if µΣ denotes the Radon measure of Σ, we can use Lemma 5.4 to
conclude that, for every nonnegative test function φ with support in B2R(0),

µΣ(φ) = lim
j→∞

∫
Σj

f(cos(b−1
j βj,s0))φdH2

≤ lim
j→∞

∫
Lj

s0

f(cos(b−1
j βj,s0))φdH2

=
N∑

k=1

mkf(cos(β̄k − 2(s0 + 1)θ̄k))µk(φ).

Therefore, the fact that the support of f can be made arbitrarily small and that the
elements of the set

{cos(β̄1 − 2(s0 + 1)θ̄1), . . . , cos(β̄N − 2(s0 + 1)θ̄N )}.

are all distinct, implies that

γ = cos(β̄k0 − 2(s0 + 1)θ̄k0)

for a unique k0. As a result,

µΣ(φ) ≤ mk0µk0(φ)
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for all φ ≥ 0, which means that the support of Σ is contained in the support of the
Special Lagrangian Lk0 .

In order to consider to complete the proof we need to show convergence of the
Lagrangian angle. Note that this indeed requires an argument because the support
of Lk0 can be Special Lagrangian with two different orientations.

We know from [4, Proposition A.1] that (cos(b−1
j βj,s0)) converges to a constant

when restricted to connected components of Lj
s0
∩B4R(0) that intersect B2R(0). Let

Σ̃j denote those connected components for which (cos(b−1
j βj,s0)) converges to γ. Using

θ̄ = θ̄k0 in Lemma 5.4 and keeping f to be as defined above, we obtain that for every
φ compactly supported in B2R(0),

lim
j→∞

∫
Σ̃j

cos(θj,s0 − θ̄)φdH2 = lim
j→∞

∫
Lj

s0

cos(θj,s0 − θ̄k0)f(uj,s0)φdH2

= lim
j→∞

∫
Lj
−1

cos(θj,−1 − θ̄k0)f(uj,−1)φdH2

= mk0µk0(φ) = lim
j→∞

∫
Σ̃j

φdH2.

Hence, for all small ε > 0,

lim
j→∞

H2({x ∈ Σ̃j | cos θj,s0(x− θ̄k0) ≤ 1− ε}) = 0

and so the desired result follows. �

6. Examples

This section is devoted to the proof of

Theorem C. There is a normalized monotone Lagrangian L0 which is Hamiltonian
isotopic to a Clifford torus and for which the Lagrangian mean curvature flow develops
a singularity at the origin at time T < 1/2. The rescaled flow is a transverse union
of two Lagrangian planes with the same Lagrangian angle.

Proof. Given an embedded curve γ in the complex plane, it is easy to see that

L = {(γ cosα, γ sinα) | α ∈ R/2πZ}

is a Lagrangian in C2 which will be embedded if γ is preserved by the antipodal map.
If we evolve L by mean curvature flow, then each Lt is also rotational symmetric and
the corresponding γt evolve according to

(10)
dγ

dt
= k− x⊥/|x|2,

where k is the curvature of γ and x⊥ denotes the orthogonal projection of the position
vector x on the orthogonal complement of Txγt. A detailed study of this equation is
done in [1].

In [4] we showed that the curve in C given by

γ̄ ≡ {s+ i | s ∈ R} ∪ {s− i | s ∈ R}
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Figure 1. L̄ at the initial time and at the time of the singularity.

(which gives rise to a zero Maslov-class Lagrangian L̄) develops a finite time singularity
at the origin and its tangent flow is a union of two Lagrangian planes having the same
Lagrangian angle (see Figure 1).

Denote by γa the family of ellipsoids

γa = {x+ iy ∈ C |x2/a2 + y2/4 ≤ 1}

and the correspondent family of Lagrangian torus by La. A simple calculation shows
that, after choosing a parametrization γa(s),

ΩLa
=

γa

|γa|
γ′a
|γ′a|

volLa
and λLa

= 〈iγa, γ
′
a〉ds.

Hence, one can easily check that for all a > 0, La is monotone with the monotonicity
constant ca equal to the area of the region enclosed by γa divided by 2π. Denote the
solution to Lagrangian mean curvature flow starting at La by (La,t)t≥0.

Choose a large enough so that ca/2 is strictly bigger than T̄ , the time at which the
flow (L̄t)t≥0 with initial condition L̄ develops a singularity. Note that for all t ≤ T̄
and while the solution exits, the region enclosed by γa,t must contain the origin and,
by Lemma 2.1, its area is greater than a positive constant. The maximum principle
for smooth solutions to equation (10) implies that γ̄t cannot touch γa,t while the
solution remains smooth and so La,t must develop a singularity at time T < ca/2 (see
Figure 2). The initial condition La can be made normalized monotone after rescaling
and in this case the singularity will occur at time T < 1/2. We are left to argue that
the singularity happens at the origin. This follows from either [1, Theorem 1.14] or
the argument we present next.

For a short time, the curves γa,t can be parameterized according to

γa,t(s) = rt(s)eis, s ∈ R/2πZ

and, as can be seen from [4, Lemma 4.6],

(11)
dr

dt
= −θ

′

r
=
rr′′ − 2r2 − 3(r′)2

r(r′)2 + r3
,

where θt is the Lagrangian angle of La,t. Using the formula

θ0(s) = arg(γtγ
′
t) = 2s+ arg(r′0 + ir0),

one can check that θ′0(s) ≥ 0. Thus, arguing in the same way as in [4, Lemma 5.2],
we obtain
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Figure 2. La at the initial time and at the time of the singularity.

Lemma 6.1. While the solution to (11) exists smoothly,

dr

dt
≤ 0.

If a singularity happens for equation (11) at time t1, then Lemma 6.1 implies that
the curve γt1,a can be parameterized as rt1(s)e

is. Thus, t1 must also equal T (the
singularity time (10)) because otherwise γt1,a would be smooth and so rt1(s) would
also be smooth.

Lemma 6.2. For any t < T , rt(s) is nonincreasing when either 0 ≤ s ≤ π/2 or
π ≤ s ≤ 3π/2, and nondecreasing when either π/2 ≤ s ≤ π or 3π/2 ≤ s ≤ 2π.

Proof. Direct computation shows that, denoting r′t by ut,

dut

dt
=

u′′t
(r′)2 + r2

+ u′tb(rt, ut, u
′
t) + utc(rt, ut, u

′
t),

where the functions b and c are bounded for each t < T .
Because γt,a is symmetric with respect to the coordinate axes, it is immediate to

recognize that
ut(0) = ut(π/2) = ut(π) = ut(3π/2) = 0

for all t < T . The result follows from the maximum principle. �

Suppose now that the singularity for the flow happens at a point x0 = reiα with
r > 0. From Theorem A we know that the tangent flow at the singularity is a union
of planes and so, by White’s regularity Theorem [7],

lim sup
δ→0

H1 (γT−δ2 ∩Bδ(x0))
2δ

≥ 2.
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This is impossible because, using Lemmas 6.1 and 6.2, we can argue like in [4, Theorem
4.1] and conclude that, for all δ sufficiently small and all t < T ,

H1 (γt ∩Bδ(x0))
2δ

≤ 3/2.

�
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