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ON THE BEHAVIOUR OF EIGENVALUES OF HECKE
OPERATORS

OzLEM IMmAMOGLU, NICOLE RAULF

ABSTRACT. In this paper we use the Selberg trace formula for Hecke operators in order
to obtain information on the distribution of the eigenvalues of Hecke operators in the
situation of the hyperbolic 3-space. We prove that the eigenvalues are equidistributed
with respect to a measure that tends to the Sato-Tate measure.

1. Introduction

Let E be an elliptic curve E over Q without complex multiplication and let N(p)
denote the number of points of £ modulo p, p a prime. The Sato-Tate conjecture

says that, as p — oo, the angles 6(p) = arccos (Hg%/g(p)) are equidistributed with

respect to the measure dug = %sin29d9. Similarly, for a Hecke eigenform f(z) =
> pr(n)e*™ = of weight k for the group SL2(Z), the generalized Sato-Tate conjecture
predicts that the angles (p) in 2 cos 0 (p) = p!=*)/2p;(p) are uniformly distributed
with respect to dug (cf. [Ser68]). This is a deep conjecture which is intimately related
to the analytic properties of symmetric power L-functions ([Mu]). Recently in a major
breakthrough R. Taylor [T], building on important work by Clozel, Harris, Shepard-
Barron and Taylor([CHT], [HS-BT]), proved the Sato-Tate conjecture for an elliptic
curve F over any totally real field with multiplicative reduction at some prime.

For a general holomorphic cusp form or a Maafl form f one can also change the
viewpoint and try to understand the much easier problem of distribution of the Hecke
eigenvalues ps(p) of non-CM f for fixed p and varying f. This situation has been
studied for holomorphic cusp forms in [CDF], [Ser97] and for Maaf forms in [Sar].
Denote the set of cusp forms of weight k for the modular group SLo(Z) that are also
eigenfunctions of the Hecke operators by Si. Then Conrey, Duke and Farmer [CDF]
proved that for a fixed prime p, {p (f,p) :=p*=%/2p;(p) : f € Sk} is equidistributed
with respect to

dpy(x) = *7 P) (14+3)" ~Fa

0 otherwise

£ (1+1) A ffal <2,

as k — oo and that as p — oo, p prime, and k& — oo with k& > P, {p(f,p) :
f € Sk} becomes equidistributed with respect to the Sato-Tate measure. We note
that p, is essentially the Plancherel measure of GL2(Q,). Apart from these results
a discussion for congruence subgroups can also be found in [Ser97]. See also [Go]
and [MS]. In both of these papers the authors obtained error terms for the Serre
and Conrey-Duke-Farmer theorem. The error bound in [MS] is effective. As already
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mentioned the analogue situation for Maaf} forms is treated in [Sar]. If A is the Laplace
operator corresponding to the hyperbolic metric on the upper half-plane H? and the
eigenfunctions (u;) ;>0 of the discrete spectrum of —A on L?(SLy(Z) \ H?) are chosen
such that T,,u; = p;(n)u; with T,, being the Hecke operator, then Sarnak [Sar] showed
that if z; € I—[p[—(zfl/2 +pt/2), p=Y/2 4 p!/?] is defined by z; := (p;(2), p;(3),...),
then (x;); is equidistributed with respect to pn =[], y1p.

In this paper we turn to the case of SLy(O) where O is the ring of integers of
an imaginary quadratic field K of class number one. We consider the hyperbolic 3-
space H3 equipped with the hyperbolic metric and regard it as a subset of Hamilton’s
quaternions. The Laplace - Beltrami operator corresponding to this metric is given by

A (PP PN
o 0x2  9y? 0922 or’

A careful treatment of its spectral theory can be found in [EGM]. The groups
SL2(O) := {M € Mat (2 x 2, O) : det M = 1} and I' :=PSL5(0O) := SL2(0)/{+I}
act on H? and they can be thought of as the analogue of SLy(%) and PSLy(%Z), respec-
tively. It is well-known that the spectrum of —A on L?(I'\ H?) consists of a discrete
part and an absolutely continuous part (cf. e. g. [EGM]). We denote the eigenfunctions
belonging to the discrete spectrum by (€., )m>0 and the corresponding eigenvalues by
(Am)m>0 where the eigenvalues are counted with multiplicity and ordered according
to their size. Moreover, we choose the eigenfunctions (e, )m>0 so that they are also
eigenfunctions of the Hecke operators T,, p € O a prime. For the definition and
basic properties of the Hecke operators see section 2. Let p,,(p) be the eigenvalue of
the Hecke operator T, that belongs to e, i.e. Tyem = pm(p)emn. Then our main
theorem shows that there exists a measure du, with respect to which (pp,(p))m>1 is
equidistributed. More precisely, we prove

Main Theorem. For a prime p € O let p,,, (p) be the eigenvalue of the Hecke operator
T, with corresponding eigenfunction e,,. Then (pp,(p))m>1 is equidistributed with
respect to the measure

i(1+#)— vi—2®  dr if |z| < 2,

=\ 70) )

0 otherwise.

dpp(x) ==

Note that this measure tends to the Sato-Tate measure as N(p) — oo.

Another natural question in this context is the dependence of the distribution of
Hecke eigenvalues on the level structure. The second author has already made some
progress in this direction.

2. The Hecke Operators

To introduce the Hecke operators we follow the approach of Heitkamp [Hei]. First,
we recall the action of GLa(C) := {M € Mat(2 x 2,C) : det M # 0} on H3: If
M =(2%) € GLy(C) and P € H, we set ¢ := v/det M and

MP :=q "(aP +b)(cP +d) q,
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with the inverse being taken in the skew field of quaternions. Moreover, for v € O\ {0}
let M, :={M € Mat (2 x 2, O) : det M = v} and V, be a system of representatives
for the right cosets of M, modulo SL2(Q). Then the Hecke operator T, is defined by:

(T, f)(P) =]$() S fup),
MeVv,

f being a I' - invariant function. Note that the factor 1/4/N(v) does not appear in the
definition of the Hecke operators in [Hei]. We prefer to work with this factor because
it simplifies the recurrence relation satisfied by the Hecke operators. The theory of
Hecke operators as it is needed for the discussion in this paper is developed in [Hei].
Let O* be the set of units of O. Then it follows from [Hei], p.83 that for any prime
p € O and n € N the set

Vpn 1= {( .« ) . de0/O*, ad = p", beO/(d>}

is a set of representatives of My~ mod SLy(O). Thus

TP =yomm 2 (5 0)P):

deO/O*  ad=p™,
beO/{(d)

Similarly to the two-dimensional case (cf. [Gun], p. 60) we find the following recurrence
relation for the Hecke operators.

Lemma 2.1. Forn € N and a prime p € O\ {0} we obtain

Tprn = Tpn+1 —+ Tpn—l.

Proof. The proof of this identity is very similar to the proof of the relation of the
Hecke operators for SLy(Z). Let f be a I'-invariant function and note that

asp  bap ~ (azpz+bap [p"|
( 0 d )‘“> - (dz o] "

_ (a22+b2 \p"‘1| ’I“)
da/p 7 |da/pl

for P = (z,7) € H3. Then we get
N(p)F (T Ty 1)(P)
b b
S > ooa((y (e r)e)

dle(’)/(’)*, a1di=p, dgeO/O*, azda=pm,
b1 €0/(dy) ba €O /(da)
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_ Z Z f (< a10a2 albgdl-tijldQ )P)

d1€O/O*, a1d1=p,d2€0/O*, azda=p™,
b1€0/(dy) b €0 /(dg)

_ Z Z f as by + brds p
0 dap
b1E0/(p) d2€O/O*, azds=p™,
bo €O /(da)

Z azp  bap
d2€O/O*, azda=p™,
bo €O /(dg)

DD (KA
0 dop
b1€0/(p) d2€O/O*, azda=p™,
by€O/(d2)

pn+1 0 agp bgp
+f(< o 1 )P)+ > AU a )P
d2€O/O*, azda=p™,
plda, bp €O /(dg)

= N(p)*F (Tyeer f)(P) + Z f(( aép bjf )P)

d2€0/O*, azd2=p",
plda, bo€O/(d2)

n+1 a/ b/
ORI S (A T
d'€0/0*, a’d =pn—1,
b/ eo/(d")

n—1

= N(p)F (Tpues )(P) + Np)N(9) = (Tpems /)(P).
This proves the lemma.

Remark 2.2. This lemma can be compared to [Hei], Theorem 6.5, p. 40.
With the help of Lemma 2.1 we infer the following lemma for the Hecke operators.

Lemma 2.3. For any n € N and a prime p € O the following identity holds:

(AN

Moreover, for n € Ng ={0,1,2,...} and a prime p € O
il 2n +1 2n +1 ‘
() ()
j=

Proof. If we consider the identity of Lemma 2.1 then induction yields

w5 (02) (5 )

The second formula follows by applying the Hecke operator to this identity.
Remark 2.4. A similar relation can be found in [Hei|, Corollary 6.6, p.43.
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3. The Selberg trace formula

In order to obtain information on the statistical properties of the eigenvalues of
the Hecke operators we use the Selberg trace formula. Our notation in this section
is the same as in [EGM] and in [Rau] where the trace of a Hecke operator on a fixed
eigenspace of the Laplace operator is determined. The appropriate Selberg transform
for our problem is the same as the one used for proving Weyl’s law. In the situation
of the hyperbolic 3-space this function can e.g. be found in [EGM], p. 307.

Definition 3.1. For € > 0 define the function h. by

he(1 4 12) = e,

Furthermore, the Fourier transform g, of h. can be computed and we have:

Lemma 3.2. For € > 0 the following identity holds:

2
1 ) ) —e—x” /(4e)
ge(x) / he (1+t%) e "*dt = £ 7

T o oo 4de

Proof. See [EGM], p. 307. O

By the inversion formulas of [EGM], Lemma 5.5, p. 121 we can also determine the
corresponding point-pair invariant to he.

Lemma 3.3. Fore >0 andt > 1 we have

log(t + V2 — 1) 1 7 log(t+vVE—1)
ke(t) = .
(®) (4e)3/2ec4/t2 — 1 <t+\/t2—1>

and k(1) = W The corresponding point-pair invariant is given by K (P, Q) :=
keo6(P,Q).

Then the function h, is the Selberg transform of the point-pair invariant K.

As in [Rau], p. 114 we introduce the following subset of PSLa(C).

Definition 3.4. For every prime p € O\ {0} and [ € Ny let
.1 d —b
AV U ( 0 a )F.

deO/O*, ad=p!,
beO/(d)

Furthermore, as in [Rau], p.114 we define the following invariant functions that
depend on the chosen point-pair invariant and the Hecke operators.
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Definition 3.5. For P, Q € H,p € O\ {0},1 € Ny and € > 0 let
LEp(P,Q) = Y K(P, Q)

~yel
2. Hr(P, Q) = [47r|(’)|/ he(1+t2)E(P, it)E(Q, it) dt
3. KF:l(P, Q) = Z KE(P PYQ)
WGF*
4 Hy: (P.Q) [F47r|(9| Z/ he(1+ 2)E(MP, it B(Q, i) dt

AIGV

Here E(P, s) denotes the Eisenstein series where we use the definition of [EGM],
chapter 6, p.266, [I' : I', ] is the index of I, in 'y and M runs through a set V,:
of representatives of M, modulo SLy(O). Moreover, |O| is the Euclidean measure of
a fundamental domain of the lattice O.

The following function that appears in the Fourier expansion of the Eisenstein series
will also be important in our discussion.

Definition 3.6. Let (x denote the zeta function of K and dx be the discriminant
of K. For s € C we set:
21 Ck(s)

o) = T Gt e

Theorem 3.7. Let F be a fundamental domain of T and p € O\ {0} a prime. Then
for e >0 and n € N the equation

PO Z () - (L2 ) v

/f (Kp* (P,P)~ Hr, (P, P)) dv(P)

holds and for n € Ny we have

oo = S ((32)) - (L2 )) v

m>0 Jj=

/}- (KF 2541 (P, P)— HF;2j+1 (P, P)) dv(P).

Proof. If (em)m>0 is a complete orthonormal set of eigenfunctions of the discrete
spectrum of —A in L? (I‘ \ IH3) with corresponding eigenvalues (A,)m>0 and if every
eigenfunction e, of —A is also an eigenfunction of every Hecke operator Ty, p €
O\ {0}, with corresponding eigenvalue p,,(p), then we infer from the decomposition

Kr(P, Q) — Hr(P, Q) = ) he( P)en(Q)

m>0



ON THE BEHAVIOUR OF EIGENVALUES OF HECKE OPERATORS 57

(cf. [EGM], Proposition 4.1, pp. 278-279) and from Lemma 2.3
Z he(Am)pir (P)em(P)em(Q) = (TP)% Z he(Am)em(P)em(Q)

m>0 m2>0

>((2)-(.2)

XN (p)~’ (Kr;;zj (P, Q) — Hr-, (P, Q)) :

Thus the first formula of the theorem follows if we set P = Q and integrate over the
fundamental domain F. In order to obtain the second formula we just have to replace
the identity for (7},)*" by the formula for (7})? 1. O

For each fixed I € {0,...,n} the integrals appearing in Theorem 3.7 can be com-
puted using the approach of the Selberg trace formula, i.e. by dividing the sets I‘;2j
and I';2;.: into T'-conjugacy classes. For this let I € N and let F(C(M)) denote a
fundamental domain of C(M), M € I',,, with C(M) being the centralizer of M in I'.
Furthermore, if M € F;l has no cusps of I as fixed points, we define:

Ce (M) := / K.(P, MP)dv(P).
F(c(M))

It can be seen that the leading term in the asymptotics comes from the contribution
of the identity element. Since the contribution to the trace of the identity, the elliptic
elements and the loxodromic elements that do not stabilize cusps of I' are very similar
to the ones in [Rau] we give the results as a series of propositions below.

Proposition 3.8. If F;l contains the identity I, i.e. if l=0 mod 2, we get:

|2 (2) / h 2y 2 gy ARk (2)
) = 1OET T SKLE) 1 _ K770k (2)
cei(l) Gy ) AT = e e
Proof. See [EGM], p.307 and [Rau|, Theorem 3.2, p.118. O

Proposition 3.9. Let T' be a lozodromic element of I‘;L whose centralizer C(T) =
(To) x E(T) contains at least one element of infinite order. Then we obtain:
log NTj

) = [T a() — o) ]
where |E(T)| is the order of the set E(T) of all elements having finite order contained
in C(T), and Ty is a primitive lozodromic element generating the infinite cyclic group
(To). Here we call a lozodromic element Ty € T' primitive if NTy is minimal among
all norms of loxodromic elements from I' having the same fived points as T.

5 ge(log NT')

Proof. This proposition follows by generalizing the arguments of [EGM], pp. 191-192.
See also [Rau2] or [Rau], Theorem 3.3, p.119. O

Proposition 3.10. If R is an elliptic element of F;, having no cusps of I' as fixed
points, then its contribution to the trace is given by:
log NTO
cel(R)

= Je@w) st O
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Here |E(R)| is the order of the maximal finite subgroup of C(R), Ty is a primitive
lozodromic element from C(R) and 0 is defined by tr R = 2 cos®.

Proof. This proposition can be proved by generalizing the arguments of [EGM],
pp. 193-198. See also [Rau2] or [Rau], Theorem 3.5, p.119. O

We next introduce the numbers c¢.(00,1), | € Ny, coming from the continuous spec-
trum.

Definition 3.11. Let R denote a set of representatives of O/{+1} and for | € Ny
and a prime p € O set d(p') := > ad=pt, 1 =1+ 1. Then for € > 0 we define

deO
p! 1+ 1)h(1
ce(o0,l) = [1“0<3|:|I"}<62(l)f6(l)+(§()
1o o\ " ¢
— (142 192 Gty ar
+87r/_00h( +17) > <d|> 5 (i)
ad=p!,
deO
sinh x dz
+7 Z / 6 a—d|2 al2+|d|2
ad ol log coshx—|— ‘2IPZ‘| | |2‘p,,|‘|
a#dER
log <‘( a=d )‘2)
1 b,a—d |@‘
- 1 ad}
Y2 X Taam QE(Og(w)))
ad=p!,
a#deER,

beO /<a—d>

with

l o] /
fe(l) == ge(0) <1°g2p | + %O - v) + héil) — % / he(1+t2) 1%(1 +it) dt

— 00

and d2(1) := 1 if [ is even and d2(1) := 0 otherwise.

With the help of this definition, Theorem 3.7, Proposition 3.8, Proposition 3.9,
Proposition 3.10 and the arguments of [Rau] we finally get:

Theorem 3.12. Let p € O be a prime. For e >0 and n € N we obtain

S e = ; ((2)- (L2 ) ver

m>0

/
x CE,Qj(I) + Z CE,Qj + Z Ce 2] +C€ o0 2])
{R} {T}
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and for n € Ny

mae = S (20w

m>0 j=0

Nl

li
X Z Ce2j+1(R) + Z ce(T) + ce(00,25 + 1)
{R} {1}
Here the primes indicate that the sums on the right-hand side are extended over the
T'-conjugacy classes of those elliptic or loxodromic elements in I'f,; resp. F;zHl not
having cusps of I' as fized points.

p

In order to prove our main theorem we have to determine the behaviour of the two
expressions appearing in Theorem 3.12 as € — 0.

Lemma 3.13. Forn € N and any ¢ > 0 we get, as € — 0,

> oap)e O =

m>0
vol (T') «— 2n 2n —j _—3/2 —1/2—¢
ADE(() (3 o o)
j=
and for n € Ny we have, as € — 0,

> Pt (p)e= M =0 (e*”“') .

m>0

Proof. First of all note that for each | € {1,...,2n} there are only finitely many
I'-conjugacy classes of elliptic elements R € F:l that do not stabilize cusps of T'.
Hence due to the form of ¢ ;(R) their contribution to the trace is O (6_1/2). For the
contribution of the loxodromic elements that do not stabilize cusps of I' we infer from
Lemma 3.9

Z . (T) _ Z IOg NTO e—e—(log NT)?/(4¢)
ol E(T)[|a(T) — a(T)1]2 Vare

{T} {T}
Z logNToe (log NT)?/(4e0)
\/47re T)lla(T) — a(T)~1?

e—G
= O _—
)
as € — 0 since the last series on the right-hand converges as a result of [Rau], Lemma
3.1, p. 116 if ¢ is sufficiently small (see also [Rau], Lemma 3. 25, p.136). The simple

terms of c¢.(0c0,l) that contain h. or g also yield O (6_1/2) so that we only have to
discuss the integrals appearing in c.(00,1). According to [EGM], p. 307 we have

/ he(1 + t2)%(1 +it)dt = O (6*1/2*6’)

— 00

<
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for any € > 0. In order to treat the contribution of

/jo he(L+17) ) <:Z> i’;(it)dt

ad=p!,
deO

we recall that

) = (
¢
({;(1 z‘t)-é).

Then %(1 —it) = O (log|t|) (cf. [Pr], Theorem 7.1, pp.131-132) and the form of
he(1 + ) imply

/o;he(lthQ) 3 (El) ‘Z( Bt =0 (/)

ad=p!,
deo

K 1t

) - —(1 +it) — 1%(1 —it) — (?((1 +it) + 1)

for any € > 0. The statement of the lemma finally follows if we also consider Lemma
3.8 and Theorem 3.12. (]

By means of a Tauberian theorem we then deduce
Theorem 3.14. Let p € O be a prime. For n € N we obtain, as N — oo,

S - S, 3 )

Am <N j=0
N3/2
0]
" (logN)

1
2n+1
2 /i (logN )

Am <N

and for n € Ny

Proof. The two results of the theorem follow from Lemma 3.13 and from the Theorem
of Karamata-Freud that can be found in the following form in [Te], p. 231: Let A(t)
be a non-decreasing function such that the integral

F(o):= / e Tt dA(t)
0
converges for all ¢ > 0. Suppose that two real numbers ¢ > 0,w > 0 and an increasing
function ¥(t) exist such that
P(t) — oo, t7¥Y(t) decreases (t — 00)
and
c+0(v()™)

O-UJ

F(o)= (0 — 0+).
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Then

4@ = (40 () TR 7. ¢
See also [EGM], p. 308. O

We recall Weyl’s law:

Theorem 3.15. Let N(I',N):=[{m >0: \,, < N}|. Then
vol(T'\ H?)

= N3/2,
v

N(T,N) ~

Proof. See [EGM], Theorem 9.2, p. 405. O
This yields
Theorem 3.16. For k € Ny and a prime p of O we have, as N — o0,

> pﬁ(p)z{zy—o((n"j)(nf’l))N(p)j, if k= 2n,

0, otherwise.

lim —————
N_’OON(FvN) A <N

4. Equidistribution of the eigenvalues

Having obtained the analogue of Weyl’s law for powers of eigenvalues of Hecke
operators in the last section we determine the limit distribution in this section. First
of all, we recall the definition of equidistribution:

Definition 4.1. A sequence (z,,) is equidistributed on a space X with respect to the
measure 4 or simply p-equidistributed if for every f € C.(X) the following identity

holds: )
lim ~ 3 f(wn) = /X f(@)dp(z).

N—oo N
n<N

We want to show that we have equidistribution with respect to the measure

L(HL)— VIS g if |2 < 2,
27 N(p) (1+N%p))2_NI(2p) | ‘—

0 otherwise.

dpp () :=

To this end we first note that an easy computation along the lines of [CDF], p.408
gives

Lemma 4.2. For k € N and a prime p € O we have

/DO l‘kdup(aj) = {OZJ—O ((nllj) - (nfgnfl)) N(p)™?, ifk=2n,

oo , otherwise.
Note that the polynomial functions are dense in the space C..([—(1/N (p")+1//N(p)!),
VN (p') +1/4/N(p)l]. Now using the method of moments (cf. e. g. [Fe], pp. 225-227
and [Fe], p.251), Theorem 3.16, Lemma 4.2 and the definition of equidistribution

proves the main theorem stated in the introduction.
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5. The error term

As is in the case of Weyl’s law, the error term in Theorem 3.14 can be improved.
Recently Lapid and Miiller [LM], in a beautiful paper, proved a general Weyl’s law
with an error term for SL(n,IR)/SO(n). Their method is more general than the
method involving Selberg’s zeta function and can also be applied in our situation.

In this section we use Hérmander’s method as in [M] to improve the error term in
Theorem 3.14 and prove

Theorem 5.1. Forn € N we obtain, as N — oo,
on - vol (F) " 2n _ 2n —j A13/2
Am <N §=0

+O(N).

The rest of this section is devoted to the proof of this theorem where we follow
closely the arguments of [M]. Let g € C°(R) be an even function and h(z) :=
75 g(u)e™™*du. For t € R we set hy(z) = h(t — 2) + h(t + z). Then hy(z) =
hi(—2) and gi(u) = 5= [7° hy(r)e™dr = e"""g(u) + e*g(—u). Furthermore, we
symmetrize the spectrum A, = 1+ 72, m > 0, of —A by r_,, := —r,,, m € N, so
that A_,, = Ay, and we set p_n, (p) = pm(p), m € N. Then the trace formula for
Hecke operators will read as in Theorem (3.7) with g, h; instead of the functions

ge, he that we had before. Namely,

(1) > par®h(t —rn) =

meZ

STMG ) [ eas (D + S era(R)+ S oy (T) + elt, 00,2j)

J=0 {Rr} {1}

sano= (7 )= (0 50 )

Here the ¢, 2;’s and c(t, 00,2j) are given as in Proposition 3.8, 3.9, 3.10 and Defi-
nition 3.11. The primes on the right-hand side of (1) indicate that the sums on the
right-hand side are extended over the I'-conjugacy classes of those elliptic or loxo-
dromic elements in F;zj not having cusps of I' as fixed points. Now choose ¢ > 0 so
small that log NT > ¢ for all loxodromic T € I'; that do not fix cusps of I' and let
the function g be supported on (—¢,€). Then formula (1) simplifies to

S e = Y MG (9 [ e nrtar

2w
meZ

with
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As before |E(R)| denotes the order of the maximal finite subgroup of C(R), T is a
primitive loxodromic element from C(R) and 6 is defined by tr R = 2 cos 6.
Moreover, we can assume that h € S(R) was chosen in such a way that h > 0,
h >0 on [—a,a], a € R, h(0) = 1 and that supp h is contained in (—e,€) (see proof
of Lemma 2.3 in [DG] or [M], p.140). Here h(z) = Jg h(r)e”*dr is the Fourier
transform of h.
In order to derive the asymptotics stated in the theorem we first determine the be-
haviour of the right-hand side of (2) as |t| — 0.

Lemma 5.2. For h as above we have

> P2t —rm) = O (1)

MEZ

Proof. First of all consider the contribution coming from the identity. Here we get
o0
/ h(t — r)r’dr = O (£*)
— 00

as |t| — oo. Since there are only finitely many I'-conjugacy classes of non-cuspidal
elliptic elements of I'*,, we easily see that

p2I
! log NTj
———— =01
”{ER:} e~ W

as |t| — oo.
In order to treat c(t,00,2j) recall that it has the following form. If R denotes a
set of representatives of O/{£1} then

, i ~ L, (25 + DA()
to00.2j) = P L [ fo54 BT
C(7OO7 j) [Foorgo] ft( J)+ 4
ir
L[ lal \ ¢ .
— h(t — — — d
+47r n (t—r) Z <|d|> ¢(zr) r
ad:p2.7)
deO
i 1 /OO () sinh z dx
5 N gi\x —d? 21]d[2
2 S Jos(iahl T cosha + gl — Lt
a#dER
2
log (‘“d ‘ >
1 (bva_d) |a|
- 1 il
te X g (Og(u))
ad=p2i
a#dER,
beO/<a—d>
with
. log [p%| ko h(t
1) = 2m (2|+2_7 1
1 [ I . I’ .
—5 7ooh(t —7) (F(l +ir) + ?(1 - zr)) dr.
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As in [M], p. 19 we have as [t| — oo

(3) /_00 h(t—r) I%(1 +ir)dr = O(log |t])
and
h —-r M ' gf 1) dr = O(lo
(@ JRL )ad_zw,(w (ir) dr = O(log )
since
o(5) 2  Ck(s) 2m ¢(s)L(s, xk)

~sy/Jdx] Sk(L+5)  sy/Jdg] C(1+8)L(1+ 5, xK)
Here dg is the discriminant of K and yxx denotes the character of K. Using the
functional equation of the zeta function and the L-function it follows that in order to

estimate the growth of ¢'/¢(ir) we have to determine the behaviour of terms of the

form
! ! !

r . C , L )
f(l +r), z(l +4r) and f(l +ir, XK)-

This can be done with Stirling’s formula (see e.g. [Brii], p.55) and [Pr], Theorem
7.1, pp. 131-132 and then (4) follows. The remaining terms of ¢(t, co,2j5) contribute
only O(1) as [t| — oco. Thus we deduce

> ot )h(t —rm) = O ([t]%)
meZ
as [t| — oo. O
This estimate is valid if, in particular, the considered Hecke operator is the identity

and then by the same arguments as in the proof of [M], Lemma 2.2, p. 139 we obtain
that for each a > 0 there exists a C' > 0 such that

() Hm e rm —pl <a} <O+ pl?)

for all p € R. With the help of estimate (5), we obtain the following analogue of [M],
Lemma 2.3, p. 140.

Lemma 5.3. For every h as above there exists a constant C = C(p,n) depending on
p and n such that for N > 1 the following inequalities hold:

(6) [ dem- ) < on?,
[P ] <N |/ RA[=NN]
N

(7) > / P2 (p)h(t — ) dt] < CNZ.
‘T7n‘>N -N

Proof. With some minor modifications the proof of the lemma follows the proof of
[M], Lemma 2. 3, p. 140. For the convenience of the reader we give the details. Using



ON THE BEHAVIOUR OF EIGENVALUES OF HECKE OPERATORS 65

the trivial bound on the Hecke eigenvalues p,,(p) < 2N(p), (5) and the fact that
h(r) < C(1+|r])~® for some C' > 0 we get

> ‘/wpi?(p)h(t—m)dt’ < C ) / h(t — )| dt

[rm|<N N 7 | <N

C Z/ 1+‘t| it

‘7771‘<N —Tm
[N]-1

1
szm

k=—|N| k<t <k+1

IN

AN
Q
=
s
?
3
[
<=
IN
J—
—

A\
Q
M
:
?E
Q
=

The inequality (7) follows from a similar argument. 0

Now we collect the above lemmata to prove Theorem 5.1.

Proof. We start with the following elementary identity

/ Z h(t —rp)dt = Z/ h(t — 1) dt

m=—oo [P | <N

Z 2™ (p) h(t — 1) dt
R

Irm | <N \[=N,N]
N
(8) + > p / h(t — 1) dt
|7 | >N N

and note that this identity together with fz(O) = 1 implies

N
S om = [ X e

[rm|<N meZ
£ e bt — 1) di
rngN R\[—-N,N]
(9) — > op) N h(t — ) dt
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To get the asymptotics of the theorem we integrate (2) from —N to N with respect
to the variable ¢:

/ Zp h(t — ry) dt =

mEZ

(10) jiOM(j,n (VOI // yr2dr dt

iy /N ’
Y 4\5 |sin?(0) J_n

N
+ / c(t, 00,27) dt) .
-N

By the estimate for the non-cuspidal elliptic elements, (3) and (4) the contribution of
the last two terms of (10) to the asymptotics is O(N log N). Furthermore, using (6),
(7), (9) and (10), yield

n N oo
(11) 2 Z P2 (p) = vol(l) ZM(j,n,p) / h(t —r)r®drdt + O (N?).

P <N J=0 N =0

For the term involving the identity we obtain

N o0 N 2
/ / h(t —r)r?drdt = / r2d7"+O(N2) = 7N3+O(N2)
—N J—o0 - N 3

as N — oo. For justifying this identity we note that there exists a C' > 0 such
that |h(r)] < C(1 + |r|)~® and imitate the arguments of [M], p. 140 with p(r) = r2.
Inserting this result into (11) we ﬁnally get

> ) = VOl ZM 4, p)N? + 0 (N?)

rm <N 7=0
as N — oo. Since \,, = 1 + 12, this proves the theorem. O
Acknowledgements

Part of this work was done while the second author was a guest at the Institute
for Mathematical Research at the ETH in Ziirich and she gratefully acknowledges
its hospitality. During the preparation of the final version of the paper the second
author visited the Max Planck Institute for Mathematics in Bonn and she thanks the
institute for its hospitality. Furthermore, the authors want to thank Y. Petridis for
his comments on an earlier version of this paper, B. Winn for useful discussions and
the referee for his/her careful reading of the paper which resulted in a correction of
an error.

References

[Brii] J. Briidern, Einfihrung in die analytische Zahlentheorie, Springer, (1995).
[CHT] L. Clozel, M. Harris, and R. Taylor, £-adic lifts of automorphic mod ¢ Galois representa-
tions, Publ. Math. Inst. Hautes Etudes Sci. 108 (2008), 1-181.



[CDF]
[DG]
[EGM]
[Fe]
[Go]

[Gun]
[HS-BT]

[Hei]

(LM]

(M]

[Mu]
[MS]
(Pr]
[Rau]
[Rau2]
[Sar]
[Ser68]
[Ser97]
(T]

[Te]

ON THE BEHAVIOUR OF EIGENVALUES OF HECKE OPERATORS 67

J. B. Conrey, W. Duke, D. W. Farmer, The distribution of the eigenvalues of Hecke oper-
ators, Acta Arith. 78 (1997), no. 4, 405-409.

J. J. Duistermaat and V. Guillemin, The spectrum of positive elliptic operators and periodic
bicharacteristics, Invent. Math. 29 (1975), no. 1, 39-79.

J. Elstrodt, F. Grunewald, and J. Mennicke, Groups Acting on Hyperbolic Space, Springer
(1998).

W. Feller, An Introduction to Probability Theory and Its Applications, Volume 2, Second
Edition, John Wiley & Sons, Inc., New York, London, Sydney, Toronto, 1966.

E. P. Golubeva, The distribution of the eigenvalues of Hecke operators, J. Math. Sci. 133
(2006), no. 6, 1622-1626.

R. C. Gunning, Lectures on Modular Forms, Springer (1998).

M. Harris, N. Shepard-Barron, and R. Taylor, A family of Calabi- Yau varieties and poten-
tial automorphy, preprint.

D. Heitkamp, Hecke - Theorie zur SL(2, O), Dissertation Miinster (1990), published in:
Schriftenreihe des Math. Inst. Univ. Miinster, 3rd Series, Volume 5, Univ. Miinster, Miinster
(1992).

E. Lapid and W. Miiller, Spectral asymptotics for arithmetic quotients of SL(n,R)/SO(n),
Duke Math. J. 149 (2009), 117-155.

W. Miiller, Weyl’s law in the theory of automorphic forms, in: Groups and Analysis, The
legacy of Hermann Weyl, Cambridge Univ. Press, 2008, 133-163 (http://www.math.uni-
bonn.de/mueller/papers/weyllaw.pdf).

K. V. Murty, On the Sato-Tate conjecture, Number theory related to Fermat’s last theorem,
Proc. Conf., Prog. Math. 26 (1082), 195-205.

R. Murty and K. Sinha, Effective equidistribution of eigenvalues of Hecke operators, Jour-
nal of Number Theory 129 (2009), no. 3, 681-714

K. Prachar, Primzahlverteilung, Grundlagen der mathematischen Wissenschaften 91,
Reprint, Springer 1978.

N. Raulf, Traces of Hecke operators acting on three-dimensional hyperbolic space, J. Reine
Angew. Math. 591 (2006), 111-148.

N. Raulf, Traces of Hecke Operators Acting on Three-Dimensional Hyperbolic Space, Dis-
sertation, Miinster 2004.

P. Sarnak, Statistical Properties of Figenvalues of the Hecke Operators, in: Analytic Num-
ber Theory and Diophantine Problems (Stillwater, OK, 1984), Progr. Math. 70, Birkh&user,
Boston, 1987, 321-331.

J. P. Serre, Abelian l-adic representations and elliptic curves, Benjamin, New York, 1968.
J. P. Serre, Répartition asymptotique des valeurs propres de l'opérateur de Hecke Tp,
(French) [Asymptotic distribution of the eigenvalues of the Hecke operator Tp] J. Amer.
Math. Soc. 10 (1997), no. 1, 75-102.

R. Taylor, Automorphy for some £-adic lifts of automorphic mod ¢ Galois representations
I, Publ. Math. Inst. Hautes Etudes Sci. 108 (2008), 183-239. .

G. Tenenbaum, Introduction a la théorie analytique et probabiliste des nombres, Cours
Spécialisés, Collection SMF, Numéro 1 (1995).

DEPARTMENT OF MATHEMATICS, ETH ZURICH, RAMISTRASSE 101, 8092 ZURICH, SWITZERLAND
E-mail address: ozlem.imamoglu@math.ethz.ch

UMR CNRS 8524, UFR DE MATHEMATIQUES, UNIVERSITE LILLE 1, CITE SCIENTIFIQUE, 59655
VILLENEUVE D’AscQ, FRANCE
E-mail address: nicole.raulf@math.univ-1illel.fr



